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Abstract

Using Relativistic Quantum Geometry we show that the entropy can decrease in very small BHs,

under certain circumstances, but always increases in very massive Black-Holes.
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I. INTRODUCTION AND MOTIVATION

In 1973 Bekenstein[1] suggested that the area A of the event horizon of a black hole is a

measure of its entropy. This was a great advance in theoretical physical which was bolstered

by Hawking’s application of quantum field theory to black holes in 1975[2], when he deduced

that these objects emit thermal radiation with a characteristic temperature has an entropy

SBH determined by

SBH =
A
4L2

P

, (1)

LP being the Planck length. In 2003, Davis et al[3] studied the evolution of the cosmological

horizon in some cosmological models. They showed that sometimes an apparent entropy

decrease when black holes disappear over the cosmological event horizon. The aim of this

work is to study the change of the entropy of a black hole when it is surrounded by matter,

and absorb this matter. We shall study the particular case where the black hole is charged,

and matter surrounded the black hole has mass and also charge. To make it we shall work

using Relativistic Quantum Geometry (RQG)[4], with the aim to describe the variation of

the entropy using a geometrical displacement from a Riemann to a Weyl manifold[5]. In

order to the Einstein tensor (and the Einstein equations), can be represented on a Weylian

manifold, the variation of the metric tensor must be done in a Weylian integrable manifold

using an auxiliary geometrical scalar field θ. In the sense of the Riemannian geometry, the

covariant derivative of the metric tensor is null, so that ∆gαβ = gαβ;γ dx
γ = 01.

II. OVERVIEW OF RQG

In this work we shall consider a Weylian geometry characterized connections

Γα
βγ =







α

β γ







+ gβγθ
α, (2)

such that the Weylian covariant derivative of the metric tensor is nonzero (non-zero non-

metricity). For this reason [see the work [4]] the Weylian variation of the metric tensor will

1 We shall denote with a ; covariant derivatives on a Riemann manifold and with a | covariant derivatives
on a Weyl manifold.
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be also nonzero2

δgαβ = gαβ|γ dx
γ = − [θβgαγ + θαgβγ] dx

γ , (3)

where 3

dxα |B〉 = ÛαdS |B〉 = δx̌α(xβ) |B〉 , (4)

is the eigenvalue that results when we apply the operator δx̌α(xβ) on a background quantum

state |B〉, defined on the Riemannian manifold4. Furthermore, Ûα are the components of

the Riemannian velocities. Here, we denote with a hat the quantities represented on the

Riemannian background manifold. The Weylian line element is given by

dS2 δBB′ =
(

ÛαÛ
α
)

dS2 δBB′ = 〈B |δx̌αδx̌
α|B′〉 . (5)

Hence, the differential Weylian line element dS provides the displacement of the quantum

trajectories with respect to the classical (Riemannian) ones. When we displace with paral-

lelism some vector vα on the Weylian manifold, we obtain

δvα = θαgβγv
βdxγ , → δvα

δS
= θαvβ gβγ Û

γ , (6)

where we have taken into account that the variation of vα on the Riemannian manifold, is

zero: ∆vα = 0. From the action’s point of view, the scalar field θ(xα) drives a geometrical

displacement from a Riemannian manifold to a Weylian one, that leaves the action invariant

I =

∫

d4x
√

−ĝ

[

R̂

2κ
+ L̂

]

=

∫

d4x
[

√

−ĝe−2θ
]

{[

R̂

2κ
+ L̂

]

e2θ

}

, (7)

2 In what follows we shall denote with a ∆ variations on the Riemann manifold, and with a δ variations on

a Weylian manifold.
3 We can define the operator

x̌α(t, ~x) =
1

(2π)3/2

∫

d3k ěα
[

bk x̌k(t, ~x) + b
†
k x̌

∗
k(t, ~x)

]

,

such that b†k and bk are the creation and destruction operators of space-time, such that
〈

B

∣

∣

∣

[

bk, b
†
k′

]∣

∣

∣
B
〉

=

δ(3)(~k − ~k′) and ěα = ǫαβγδ ě
β ěγ ěδ.

4 In our case the background quantum state can be represented in a ordinary Fock space in contrast with

LQG, where operators is qualitatively different from the standard quantization of gauge fields.
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where R̂ is the Riemannian scalar curvature, κ = 8πG, G is the gravitational constant and

L̂ is the matter lagrangian density on the background Riemmanian manifold. If we require

that δI = 0, we obtain

− δV

V
=

δ
[

R̂
2κ

+ L̂
]

[

R̂
2κ

+ L̂
] = 2 δθ, (8)

where δθ = θµdx
µ is an exact differential and V̂ =

√
−ĝ is the volume of the Riemannian

manifold. Of course, all the variations are in the Weylian geometrical representation, and

assure us gauge invariance because δI = 0. This means that the Weylian volume in the

second row of the side of (7) will be V = V̂ e−2θ.

III. RELATIVISTIC DYNAMICS ON A WEYLIAN MANIFOLD

The Einstein tensor can be written as[4]

Ḡαβ = Ĝµν + θα;β + θαθβ +
1

2
gαβ

[

(θµ);µ + θµθ
µ
]

, (9)

where we have made use of the fact that the connections are symmetric. Here, Ḡµν are

the Weylian components of the Einstein tensor and Ĝµν the Riemannian (background) ones,

such that Ḡαβ = Ĝµν− ĝµνΛ, where Λ is the cosmological constant. As can be demonstrated:

(θµ);µ ≡ �̂θ = 0 and θµθ
µ = −(4/3)Λ. Notice that Λ is a Riemannian invariant but not a

Weylian one: Λ ≡ Λ(θ, θα). Hence, we can consider a functional

Λ(θ, θα) = −3

4

[

θαθ
α + �̂θ

]

, (10)

to define a geometrical quantum action on the Weylian manifold

W =

∫

d4x
√
−g Λ(θ, θα). (11)

The dynamics of the geometrical field θ, is given by the Euler-Lagrange equations, after

imposing δW = 0:
δΛ

δθ
− ∇̂α

(

δΛ

δθα

)

= 0, (12)

where the variations are defined on the Weylian manifold. One of the interesting conse-

quences of this fact is the explanation of the variation of the cosmological constant Λ along

the evolution of the universe. For instance, if we take as the initial volume of the pri-

mordial universe the Planckian volume: V̂ = VP , we obtain that the present day volume
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V = 4
3
π
(

c
H0

)3

is 10183 times bigger than V̂ , where we have taken c
H0

= 1.27× 1026meters.

This expression can be rewritten as

V = V̂ e
ΛS

2

3 , (13)

where the value of the present day cosmological constant, is Λ =
3H2

0

c2
= 1.8621 ×

10−52meters−2. Hence, if we use the fact that δW = 0, we obtain that δΛ
Λ

= − δV
V
, so

that the value of the cosmological constant at the Planck time, should must been

ΛP = 1.8621× 10131meters−2. (14)

This means that δΛ 6= 0, but ∆Λ = 0.

Furthermore, Πα = δΛ
δθα

= −3
4
θα is the geometrical momentum and the dynamics of θ

describes a free scalar field

�̂θ = 0, (15)

so that the momentum components Πα comply with the equation

∇̂αΠ
α = 0. (16)

If we define the scalar invariant Π2 = ΠαΠ
α, we obtain that

[

θ,Π2
]

=
9

16
{θα [θ, θα] + [θ, θα] θ

α} = 0, (17)

where we have used that θαU
α = Uαθ

α, and

[θ(x), θα(y)] = −iΘα δ(4)(x− y),

[θ(x), θα(y)] = iΘα δ
(4)(x− y), (18)

with Θα = ~ Ûα. Therefore we can define the relativistic invariant Θ2 = ΘαΘ
α = ~

2Ûα Û
α.

Additionally, it is possible to define the Hamiltonian operator

H =

(

δΛ

δθα

)

θα − Λ(θ, θα), (19)

such that the eigenvalues of quantum energy becomes from H |B〉 = E |B〉. Can be

demonstrated that δH = 0, so that the quantum energy E is a Weylian invariant.
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IV. ENTROPY EVOLUTION OF A REISSNER-NORDSTRÖM BLACK-HOLE

(RNBH) BY ABSORPTION OF CHARGED PARTICLES

We consider a RNBH with mass M and squared electric charge Q2, such that outside the

horizon radius r+ = GM

[

1−
(

1−
(

2Q
GM

)2
)1/2

]

, there are massive charged particles which

are absorbed by the BH. The line element is given by

dS2 = f(r)dt2 − 1

f(r)
dr2 − r2 dΩ2, (20)

where dΩ2 = sin2 θ dφ2+dθ2 is the square differential of solid angle and f(r) = 1− 2GM
r

+ Q2

r2
,

such that (GM)2 ≥ (Q)2 and Q = q
4πǫ0

.

Making use of the fact that δW = 0, we can obtain the relationship between the scalar

flux and the change of area δA of the black-hole

dθ

dS
= − 3

S
ln

[

δA
Ā + 1

]

, (21)

where δA
Ā

= 2 r+
r̄2+
δr+,

δA
Ā

+ 1 =
(

r+
r̄+

)2

= e
2
9
ΛS2 ≥ 1, and the square of the radius between the

final r+ and the initial horizon radius r̄+ is related with the change of area. We can relate

the area of the horizon radius to the Bekenstein-Hawking entropy (1). Using the fact that

LP =
√

G~/c3 = 1.616× 10−35meters, the expression (21) can be rewritten as

dθ

dS
= − 3

S
ln

[

δSBH

S̄BH

+ 1

]

, (22)

or
δSBH

S̄BH

= e
2

9
ΛS2 − 1. (23)

This result can be expressed in terms of the volume of the manifold evaluated at the horizon

radius:
δSBH

S̄BH

=

(

V

V̂

)2/3

− 1

∣

∣

∣

∣

∣

r=r+

. (24)

This is a relevant result because describes in general the change of the horizon entropy as

a function of the radius between the final and initial volumes related to the horizon radius.

It is obvious from (24) that an increasing volume increases SBH and vice versa. Moreover,

using the fact that δW = 0, we obtain that the change of volume of the Weylian manifold

(the black-hole’s increasing of volume evaluated at the horizon radius), with respect to the

Riemannian one
√
−ĝ, is

V = V̂ e−
∫
dθ = V̂ e

ΛS
2

3 , (25)
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where ΛS2 > 0. This means that V ≥
√
−ĝ, for S2 ≥ 0, Λ > 0 and dθ < 0. Therefore, we

require a metric’s signature (−,+,+,+) in order for the cosmological constant to be positive

and a metric’s signature (+,−,−,−) in order to have Λ ≤ 0.

The variation of mass can be expressed in terms of the area and charge variations

δM = K
δA
8πG

+
QδQ

r+
, (26)

where K is the temperature on the horizon radius.

When we study the entropy evolution δA
A
, we distinguish two different cases

• When dθ
dS

> 0, one obtains that δA
A

< 0, and must be fulfilled that

δM <
QδQ

GM
. (27)

This condition is always fulfilled when the absorbed charge has the same sign than

the inner charge of the BH. Therefore, if the charge of the BH is positive (negative),

is necessary that only positive (negative) charge to be absorbed by the BH, in or-

der for the entropy to be decreasing. This condition will be favored by very small BHs.

• When dθ
dS

< 0, one obtains that δA
A

> 0, and must be fulfilled that

δM >
2QδQ

GM
. (28)

This condition is always fulfilled for any sign of charges absorbed by the BH with any

sign of charge in its interior, and will be favored by very massive BHs.

V. FINAL COMMENTS

In RQG the dynamics of a geometrical scalar field defined in a Weyl integrable manifold

preserves the gauge-invariance under transformations of the Einstein equations and the

geometrical vector fields[6], that involves the cosmological constant. Using this formalism,

we have demonstrated that [see equation (24)], an increasing volume of the horizon radius

drives an increment of the Bekenstein-Hawking entropy, and vice versa. In particular, we

have studied the evolution of a RNBH’s entropy when it is surrounded by charged particles.

In particular, if the charge of the BH is positive (negative), is necessary that only positive
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(negative) charge to be absorbed by the BH, in order for the entropy to be decreasing.

The interesting result is that under certain circumstances this entropy can decrease. This

behavior is more plausible in small BHs.
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