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1. Introduction

The importance of the Voigt function V(x) arises in several fields of
physics and applied mathematics. This function is the convolution of
two probability distributions: a Gaussian G(x) and a Lorentzian L(x). It
is very useful in the study of stellar atmospheres, X-ray and plasma
spectroscopies, physics of nuclear-fission reactors, etc.

Particularly, in atomic physics, several relative transition probabil-
ities and natural linewidths, which are related to the lifetime of the
corresponding decays, require accurate determinations due to the large
discrepancy among the different data published. The application of the
Voigt function in this field permits to describe the characteristic line
profiles in a realistic way, because they involve a Gaussian contribution
due to instrumental features and a Lorentzian component intrinsic of
the nature of the emission process.

Due to the lack of a closed-formexpression for theVoigt function, the
pseudo-Voigt function is a usual approach in X-ray spectroscopy [1–4].
This function is a linear combination of a Gaussian and a Lorentzian. In
order to avoid this approach, a number of attempts were done; for
instance, an empirical approximation was published by Liu et al. [5].
Previously, other approximation to the standardized Voigt functionwas
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made by Kielkopf [6] and computational procedures were reviewed by
Drayson [7]. Thompson [8] summarizeddiverse typesof approximations
to V(x) and Brablec et al. [9] proposed a general deconvolution method
based in the B-splines for the related inversionproblem, and comment a
specific application to V(x). Recently, an expression based in the power
series expansion for the Voigt function, was developed [10]. The ex-
pression for V(x) given in Eq. (14) of that publication, based in the
solution of a first order differential equation, is erroneous, since V(x)
satisfies a non-homogeneous second order differential equation; never-
theless, the power series expansion in terms of the Kummer functions
given by Eqs. (6) and (7) of the same article, is correct, as deduced in a
previous publication [11].

In this work, the proper second order differential equation is consi-
dered to achieve a simple expression to describe the Voigt function. The
evaluation of the obtained formula requires less computational time
than previous algorithms keeping a degree of accuracy higher than the
one required for spectroscopic applications. It is important to rely on a
rapid and accuratemethodwhen hundred of millions of evaluations are
required; for instance, in the case of certain iterative algorithms for
spectral fitting, or in the study of stellar atmospheres, where thousands
of spectral lines are simulated with multiple atmospheric layers at
different temperatures and pressures.

The expression obtained is implemented in a numerical algorithm
of parameter optimization in electron probe microanalysis, and
applied to determine natural linewidths for several transitions to
the uranium M levels.
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2. Implementation of a new expression for the Voigt function

In view of the different nomenclatures used for the Gaussian,
Lorentzian and Voigt functions and the parameters related to them, it
is useful to remark the conventions followed in the present work. All
these functions will be normalized to unity:

∫∞
−∞
P xð Þdx ¼ 1

where x is the independent variable (wavelength, energy, etc.) and P
refers to the function of interest. The half width at half maximumwill
be denoted by γ and the subindexes G, L and V, indicate Gaussian,
Lorentzian and Voigt, respectively.

With the above conventions, the normalized distributions are:

G xð Þ ¼
ffiffiffiffiffiffiffiffi
ln2

pffiffiffiffiffiffiffiffiffi
πγG

p exp − ln2 x=γGð Þ2
h i

ð1Þ

and

L xð Þ ¼ 1
πγL

γ2
L

x2 þ γ2
L

� � ð2Þ

therefore

V xð Þ ¼
ffiffiffiffiffiffiffiffi
ln2

p
γL

π3=2γG
∫ ∞

−∞

exp − ln2 x′=γGð Þ2½ �
x−x′ð Þ2þγ2

L

dx′ ð3Þ

By defining the dimensionless parameter a as:

a ¼
ffiffiffiffiffiffiffiffi
ln2

p
γL=γG ð4Þ

and the dimensionless variables y and b as:

y ¼
ffiffiffiffiffiffiffiffi
ln2

p
x′=γG; b ¼

ffiffiffiffiffiffiffiffi
ln2

p
x=γG ð5Þ

Eq. (3) can be rewritten in the form:

V a; bð Þ ¼ a2

γLπ3=2 ∫
∞

−∞

exp −y2ð Þ
y−bð Þ2þa2

dy ð6Þ

According to previous publications [12,13], taking the derivative of
Eq. (6), the following second order differential equation is obtained:

d2V a; bð Þ
db2

þ 4b
dV a; bð Þ

db
þ 4b2 þ 2 2a2 þ 1

� �� �
V a; bð Þ ¼ 4a2

πγL
ð7Þ

The solution of Eq. (7), given by Roston and Obaid [12], results:

V a; bð Þ ¼ a
γL

ffiffiffi
π

p fea2−b2 erfc að Þ cos 2abð Þ− 2ffiffiffi
π

p e−b
2

cos 2abð Þ∫ b
0
eu

2 sin 2auð Þdu− sin 2abð Þ ∫ b
0
eu

2 cos 2auð Þdu
� �g

ð8Þ

where erfc denotes the complementary error function. In order to
overcome the inefficiency of using two integrals, the use of simple
trigonometric identities leads to a more suitable expression of Eq. (8),
written in terms of one integral, as has been expressed by Zaghloul [14]:

V a; bð Þ ¼ a
γL

ffiffiffi
π

p ea
2−b2 erfc að Þ cos 2abð Þ þ 2ffiffiffi

π
p ∫ b0 e− b2−u2ð Þ sin 2a b−uð Þ½ �du

	 

ð9Þ
In the present work, an alternative strategy was followed; the
integrals in Eq. (8) were expressed in terms of the error function erf
with complex argument, as shown in the following equation:

V a; bð Þ ¼ aea
2−b2

γL
ffiffiffi
π

p ferfc að Þ cos 2abð Þ þ cos 2abð Þ½erf að Þ

−Re erf aþ ibð Þð Þ� þ sin 2abð Þ½Im erf aþ ibð Þð Þ�g ð10Þ

Eq. (10) does not explicitly involve integrals, but it is expressed
in terms of the error function, which is available in many software
packages. If an expression in terms of real arguments is required,
an infinite series approximation for the error function with com-
plex argument can be used; for instance, the expansion given by
Abramowitz and Stegun [15]:

erf aþ ibð Þ ¼ erf að Þ þ exp −a2
� �
2πa

1− cos 2abð Þð Þ þ i sin 2abð Þ½ �

þ 2
π
exp −a2

� �
∑
∞

n¼1

exp −n2=4
� �

n2 þ 4a2
fn a; bð Þ þ ign a; bð Þ½ � þ e a; bð Þ

where

fn(a,b)=2a−2acosh(nb)cos(2ab)+nsinh(nb)sin(2ab)
gn(a,b)=2acosh(nb)sin(2ab)+nsinh(nb)cos(2ab)
|ε(a,b)|≈10−16|erf(a+ ib)|

which, in turn, allows us to express Eq. (10) as:

V a; bð Þ ¼ a exp −b2
� �

γL
ffiffiffi
π

p ferfc að Þ exp a2
� �

cos 2abð Þþ 1
2πa

1− cos 2abð Þð Þ

þ 2
π

∑
∞
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exp −n2=4
� �

n2 þ 4a2 ½gn a; bð Þ sin 2abð Þ−fn a; bð Þ cos 2abð Þ�g
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The product erfc(a) exp(a2) must be carefully evaluated, since it can
lead to overflow/underflow errors for large values of a. To this end, the
expression proposed by Cody [16] was used (see Appendix A). The
uncertainty level of this expression is very low, relative errors being
less than 10−18 in the a range indicated by the author. In this work, the
lower limit for the parameter a was extended from 0.46875 down to
0.01 keeping an accuracy of the order of 10−12.

The Voigt function was implemented in the software POEMA
developed for electron probe microanalysis (EPMA) for the optimiza-
tion of atomic and experimental parameters [17]. With this purpose,
Eq. (11) was used for bb75, while for greater values of b, the
asymptotic expansion given by Di Rocco and Aguirre Téllez [18]:

V a; bð Þ e a2

πγL a2 þ b2ð Þ 1−
cos 3 arctan b=að Þ½ �

2 a2 þ b2ð Þcos arctan b=að Þ½ �
	 


ð12Þ

was adopted, because it results sufficiently accurate (see below).
The method of optimization consists in minimizing the differences

between an experimental spectrum and an analytical function pro-
posed to predict it. This function takes into account characteristic
peaks, bremsstrahlung and different detection artifacts. Thus, the
quantity to be minimized is:

χ2 ¼ 1
N−P

∑
i

~
Ii−Ii

� �
Ii

2

ð13Þ

whereN is the number of channels in the spectral region of interest, P is
the number of parameters fitted, Ĩ i and Ii are respectively the predicted
and experimental intensities for the energy Ei of the channel i.

3. Experimental

Measurements were performed with a scanning electron micro-
scope LEO 1450VP at the Laboratorio de Microscopía Electrónica y



Fig. 2. Relative differences between the results obtained by Eqs. (11) and (12) and the
ones given by Zaghloul [14] for a=0.01 (solid line), 0.5 (circles), 5 (dotted line) and 15
(stars).
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Microanálisis (LABMEM) of the Universidad Nacional de San Luis.
This equipment is furnished with a wavelength dispersive spectro-
meter (WDS) INCAWAVE 700. The arrangement of the WDS system
is Johansson type for the crystal used in this work. The photons
diffracted by the analyzing crystal are collected by two proportional
counters operated in tandem: the first of them is a P10 (90%Ar–10%
CH4) flow counter and the second one is a sealed Xe counter.

TheM X-ray spectrum from a uranium pure standard was collected
by using a PETcrystal with a slit size of 0.1mm,within an energy range
from2.36 to 5.00 keV, at 15 kV and a beam current of 186 nA. The take-
off angle and the acquisition time were 29° and 53 min, respective-
ly. The variation of the number of collected photons produced by
fluctuations in the beam current was taken into account by normal-
izing the spectrum with the specimen current measured at different
wavelength values.

The instrumental resolution σ is governed by the angular
divergence Δθ of the analyzer crystal and it can be derived from the
Bragg's law:

σ ¼ γGffiffiffiffiffiffiffiffiffiffiffi
2 ln2

p ¼ ΔθE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2d
hc

E

 �2

−1

s
ð14Þ

where d is the interplanar spacing of the crystal, h is the Planck
constant and c is the speed of light in vacuum. Eq. (14) is a lower limit
for the instrumental resolution, since defocusing problems and, at a
lower extent, the width of the rocking curve of the crystal, contributes
to the experimental peak broadening [19].

4. Results and discussion

4.1. Comparison between Voigt and pseudo-Voigt profiles

Although the pseudo-Voigt function has largely been used as an
approximated expression to depict the characteristic line profiles [1,2],
it may lead to discrepancies too large in some cases. Fig. 1 shows an
example where experimental data corresponding to the uranium Mβ
line were fitted by using a Voigt profile as well as a pseudo-Voigt
profile. The satellite band at the high energy side was fitted with a
Fig. 1. Uranium Mβ line fitted with a Voigt function (up) and with a pseudo-Voigt
function (down). Dots: experimental, black solid line: prediction, grey solid line: parent
line and dotted line: satellite band.
pure Gaussian function. The goodness of fit, related to the parameter
χ2, given in Eq. (13), was similar in both cases, which indicates that a
good agreementwas achievedwith both strategies. Nevertheless, both
approaches lead to different results for the characteristic widths. The
2γL value obtained using the Voigt profile (4.78 eV) is much closer to
other experimental (between 3.6 and 4.3 eV — see Refs. [20–22]) and
theoretical (4.7 eV — calculated according to Refs. [23,24]) data than
the one obtained by means of a pseudo-Voigt approximation (6.12 eV).

Bearing in mind that the pseudo-Voigt profile PV can be expressed
as:

PV xð Þ ¼ wG xð Þ þ 1−wð ÞL xð Þ

it is important to note that this profile involves, besides the widths γL

and γG, a weighting factor w (0.212 in the present example). This
additional parameter permits to perform a good fit, but the resulting
widths lack of physical meaning. This fact may not be very significant
in several situations, but leads to a misinterpretation of the spectra
when atomic or experimental parameters need to be determined.
For instance, in X-ray spectroscopy, the Lorentzian width correspond-
ing to a characteristic line is related to the life time of the hole in
the initial state and the Gaussian width corresponds to instrumental
broadening. Another example is the study of stellar atmospheres,
were γL and γG are mainly related to pressure effects and Doppler
broadening, respectively.

4.2. Performance of the expression given for the Voigt function

In order to properly match experimental spectra with fitting
parameters that keep physical significance, the use of a Voigt profile
becomes essential. The expression presented in Eqs. (11) and (12) is
very useful, since it is easy to implement in any spectral analysis
procedure. To evaluate the performance of this expression, a values
within 0.01 and 15 were considered, and the domain of b was taken
between 0 and 200. The Voigt function for ab0.01 may be considered
as a pure Gaussian, whereas for aN15, as a pure Lorentzian, with the
degree of accuracy required for several spectroscopic applications. On
the other hand, within the studied a range, for bN200, the Voigt
function takes values between 102 and 106 times lower than its
maximum value, which is usually comparable to the statistical
fluctuations.

The precision of the present method was compared with the
results published by Zaghloul [14], since the data published by this
author have relative errors very low (b10−13) within the a and b
domains studied here. In order to perform the comparison, it was
necessary to multiply Eqs. (11) and (12) by the scale factor

ffiffiffi
π

p
γL=a,



Table 2
Natural linewidths in eV corresponding to 12 different M uranium transitions

Lines This work Ref. [20] Ref. [21] Ref. [22] Calc. [23,24]

M1–N2 56±2
M2–N1 9.6±0.6
M2–N4 18±1 18.1±0.2 24.4
M3–N1 17.0±0.5 20.2±0.8 24.4
M3–N5 (Mγ) 11.1±0.3a 14c

M3–O5 8±1b 8.2±0.1
M4–N2 9.9±0.4 15±1 13±2 11.9
M4–N6 (Mβ) 4.78±0.07 3.6±0.1 4.3±0.3 3.9±0.2 4.7
M4–O2 11±1
M4–O6 18±2
M5–N3 13.3±0.8 12.8±0.3 15±2 10.8
M5–N7 (Mα1) 4.82±0.04b 3.5±0.1 4.1±0.3 3.8±0.2 4.5

The uncertainty intervals correspond to one standard deviation. Main complications for
each determination: aTwo satellite structures; bdoublet and satellite band; cline
distorted by M5 absorption edge.
The results obtained in this work are compared with other determinations.

Table 1
Number N of terms used in the assessment of the series in Eq. (11) for each b range. The
mean time required per evaluation of the Voigt function is also indicated

N b range Time per evaluation (μs)⁎

15 [0,3] 24
50 (3,20] 73
110 (20,50] 155
150 (50,75] 211
Asymptotic expansion (75,∞) 0.1

⁎Calculations were carried out by means of a 1.60 GHz AMD Sempron microprocessor
with 512 MB RAM.
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since these equations are normalized to unity. The relative differences
between bothmethods are plotted in Fig. 2. The gap observed at b=75
is due to the asymptotic approach – Eq. (12) – assumed above this
value of b.

To obtain the accuracy shown in Fig. 2, the series in Eq. (11) was
summed up to a value N which depends on the b range. The N values,
as well as the corresponding average time to perform one evaluation
of the Voigt function, are presented in Table 1. The last raw shows the
range of b for which the asymptotic approximation – Eq. (12) – is used.

The time per evaluation of the present algorithm is much shorter
than the one reported by Zaghloul [14] — of the order of milliseconds.
The relative error of the present method in the less favorable case is
9×10−8, which is two, four or five orders of magnitude lower than
those obtained by the methods reported by Letchworth and Benner
[25], Dryson [7] and Hui et al. [26], respectively.

4.3. Determination of uranium M natural linewidths

The measured uranium spectrum is shown in Fig. 3 along with the
fit performed by means of the POEMA program [17]. As can be seen,
the agreement is very good in the whole energy range studied. The fit
was obtained using the models for characteristic and bremsstrahlung
generation and attenuation detailed in a previous work and references
therein [27]. The spectrometer efficiency was determined by means
of a method based on the comparison of two experimental spectra:
one of them measured with an energy dispersive spectrometer, and
the other one, with the wavelength dispersive spectrometer whose
efficiency is to be determined [28].
Fig. 3. Experimental and predicted X-ray spectrum of uranium. All the charact
In order to calculate the angular divergence Δθ, almost constant for
the Johansson arrangement [19], the parameters γG obtained with the
optimization algorithm for uranium, thorium, bismuth and lead Mβ
lines, were fitted using the function given by Eq. (14). Finally, with the
value obtained for Δθ, the parameter γL was determined from the
optimization process for twelve M uranium transitions. The corre-
sponding natural linewidths (2γL) can be seen in the second column of
Table 2 compared with other experimental and theoretical values. In
the third column, results obtained by high-resolution X-ray spectro-
scopy are displayed [20]; the fourth column shows experimental
values measured with PAX (photoelectron analysis of X-rays) [21];
and linewidths measured by high-resolution double crystal X-ray
spectroscopy are presented in the fifth column [22]. The theoretical
linewidths given in the sixth column were obtained by Raboud de
Villarsiviriaux [20] by adding the widths of the M and N levels
involved in each transition, taken from McGuire's predictions (Refs.
[23] and [24], respectively).

The value for γL given by Keski-Rakhonen and Krause [21] for the
Mγ line is indicated by these authors as distorted by theM5 absorption
edge. This inconvenience was overcome in this work by taking into
account all the absorption edges involved in the prediction of the
eristic lines were fitted with the Voigt profile given by Eqs. (11) and (12).



Fig. 4. Uranium spectrum in the region corresponding to the Mα and Mβ lines. Dots: experimental, black solid line: prediction, light grey thick solid lines: parent lines, dashed lines:
satellite bands and grey thin solid lines: residuals.
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spectrum
~
I . Another problem arises in relation to this transition:

between the Mγ and the M3N4 lines there is a broad structure that
may be attributed to a M5P1 quadrupole transition, and several
unresolved lines tentatively assigned to the M3N4 N satellite, to the
M4O3 and to the M5P3 transitions [20]. It is almost impossible to
perform a reliable fit of the M3N4 line because of that combination of
problems; thus it was not included in Table 2. Another case difficult to
deal for the present approach is the Mα doublet, since the two lines
involved are overlapped with a satellite structure. The M3O1 line was
not considered because it is extremely weak to yield a reliable value
for γL.

The satellite bands at the high energy side of the Mα1, Mβ, Mγ and
M3O5 lines were fitted with Gaussian profiles with variable ampli-
tudes and widths, centered at 10.1, 6.5, 11.0 and 11.0 eV from the
parent line, respectively. The main mechanism in the generation of
these bands is the emission of an N electron after a Coster–Kronig
transition (CK) within the M shell. When the doubly ionized atom
decays to fill the M vacancy, the energy levels are altered due to the N
spectator hole and then, the characteristic photon is emitted with an
energy slightly greater than the corresponding to the diagram line.
The amount of the satellite shift depends on the shell to which the
spectator hole belongs: between 7 and 10 eV for the Mα1 and Mβ
lines, according to theoretical calculations performed by Keski-
Rahkonen and Krause. When the incident beam energy is sufficient
to ionize the L shell, an Auger LMM decay leaving the atom in a double
M vacancy state is possible; in this case, the distortion of levels is
much stronger, producing a satellite shift of more than 50 eV. This
Table 3
Coefficients required to calculate the product erfc(a) exp(a2) given by Eq. (A1)

j p q

0 1.23033935479799725272E3 1.23033935480374942043E3
1 2.05107837782607146532E3 3.43936767414372163696E3
2 1.71204761263407058314E3 4.3626190901432471582E3
3 8.81952221241769090411E2 3.29079923573345962678E3
4 2.98635138197400131132E2 1.62138957456669018874E3
5 66.1191906371416294775 5.37181101862009857509E2
6 8.88314979438837594118 1.17693950891312499305E2
7 0.56418849698867008918 15.7449261107098347253
8 2.15311535474403846343E−8 1.0
case, however, is excluded in the present experiment, since the
excitation energy is only 15 keV. Another mechanism of decay is the
shake-off, for which a second electron is ejected from a more external
shell (O, P or Q, for the heaviest elements) without CK transitions. This
second vacancy distorts very weakly the atomic energy levels; thus,
the characteristic photon completing the decay is emitted with an
energy almost equal to that of the diagram line (ΔEb1 eV) fromwhich
is usually undistinguishable [22].

When a satellite band is present, the determination of the line-
width of the associated diagram line is influenced by the description
of that satellite structure. The uranium experimental spectrum in the
regions involving theMα andMβ lines is shown in Fig. 4 together with
the fitting curve, the contributions of each line and the corresponding
satellite bands. As mentioned above, the fitting method used in this
work is based on a minimization process carried out in awide spectral
range. Raboud de Villarsiviriaux [20] performs the fitting in narrow
spectral regions also by a minimization routine, although he includes
one or two Voigt profiles without giving a clear justification of the
criterion used in each case. Other authors, instead of fitting the satel-
lite structure along with the parent lines, only fit the main lines and
assign the residuals to the satellite band [21,22]. This strategy
introduces a systematic overestimation in the diagram line intensity,
since the low energy tail of the satellite structure is accounted for as a
part of the main peak.

The results obtained in the present work are in agreement with the
values given by other authors by considering the important discre-
pancies among them. The better experimental resolution related to the
s t

6.58749161529837803157E−4 2.33520497626869185443E−3
1.60837851487422766278E−2 6.05183413124413191178E−2
0.125781726111229246204 0.527905102951428412248
0.360344899949804439429 1.87295284992346047209
0.305326634961232344035 2.56852019228982242072
0.0163153871373020978498 1.0
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spectrometers used by those authors is not sufficient to obtain precise
values for γL, since these natural linewidths are large enough to
complicate the deconvolution in certain cases, particularly for peaks
accompanied by satellite structures. Besides that, a good fitting
method that take into account most of the fundamental and
experimental processes in a realistic manner is necessary. In this
sense, a parameter refinement method involving Voigt profiles for the
description of the characteristic peaks, like the one implemented in the
POEMA program [17], shows a good performance in this application.

5. Conclusion

A simple expression for the Voigt function was developed in terms
of the complementary error function with complex arguments, which
in turn, was expressed in terms of series of trigonometric and
hyperbolic functions with real arguments. Far from the maximum, a
very simple asymptotic expansion was used.

The proposed expression has an accuracy better than 10−8 within
the studied range, which compares favorably with most of the
algorithms available, and widely exceeds the requirements of spectro-
scopic applications. Moreover, the time per evaluation, of the order of
tens of microseconds, results useful for the most stringent applica-
tions, which require billions of evaluations. In addition, all the tools
necessary to implement the present algorithm are explicitly included
in this work, which facilitates the use of the expression proposed. This
approachwas successfully implemented in an algorithm of atomic and
instrumental parameter refinement in EPMA to describe the char-
acteristic line profiles in an X-ray emission spectrum.

The natural widths of 12 characteristic uranium M lines were
obtained with this methodology. The determination of these values is
very important because they are scarce in the literature due to the
theoretical and experimental difficulties related to the complexity of
the more external shells. Reasonable agreement was found between
our results and the available experimental and theoretical data,
bearing in mind the large discrepancies among them. In addition,
natural linewidths were provided for four transitions not previously
determined up to our knowledge.
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Appendix A

The product erfc(a) exp(a2) used in Eq. (11) was evaluated
according to the algorithm proposed by Cody [16].

erfc að Þexp a2
� � ¼

∑
8

j¼0
pjaj

∑
8

j¼0
qja j

0:46875 V a V 4

1
a

1ffiffiffi
π

p −
1
a2

∑
5

j¼0
sja−2j

∑
5

j¼0
tja−2j

0BBBB@
1CCCCA az 4

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

ðA1Þ
For the purposes of the present work, the lower limit in the upper
branch of Eq. (A1) was extended down to 0.01 keeping the required
degree of accuracy.

The coefficients pj, qj, sj and tj are presented in Table 3.
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