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Abstract. It is known that any tropical polytope is the image under the valuation map of ordinary
polytopes over the Puiseux series field. The latter polytopes are called lifts of the tropical polytope.
We prove that any pure tropical polytope is the intersection of the tropical half-spaces given by
the images under the valuation map of the facet-defining half-spaces of a certain lift. We construct
this lift explicitly, taking into account geometric properties of the given polytope. Moreover, when
the generators of the tropical polytope are in general position, we prove that the above property is
satisfied for any lift. This solves a conjecture of Develin and Yu.

1. Introduction

The max-plus semiring Rmax, sometimes also referred to as the tropical semiring, consists of the
set R ∪ {−∞} equipped with x⊕ y := max{x, y} as addition and x� y := x+ y as multiplication.
The set Rnmax is a semimodule over the max-plus semiring when equipped with the component-wise
tropical addition (u, v) 7→ u ⊕ v := (u1 ⊕ v1, . . . , un ⊕ vn) and the tropical scalar multiplication
(λ, u) 7→ λ � u := (λ � u1, . . . , λ � un). For our purposes, it turns out to be more convenient
to restrict ourselves to points with finite coordinates, and work in the tropical projective space
TPn−1 := Rn/(1, . . . , 1)R (also known as tropical projective torus [MS15]), modding out by tropical
scalar multiplication.

The tropical analogues of ordinary polytopes in the Euclidean space are defined as the tropical
convex hulls of finite sets of points in the tropical projective space. More precisely, the tropical
polytope generated by the points v1, . . . , vp of TPn−1 is defined as

(1) P = tconv
(
{v1, . . . , vp}

)
:=
{

(λ1 � v1)⊕ · · · ⊕ (λp � vp) ∈ TPn−1 | λ1, . . . , λp ∈ R
}
.

A tropical polytope is said to be pure when it coincides with the closure of its interior (with respect
to the topology of TPn−1 induced by the usual topology of Rn). We refer to Figure 1 below for
an example (for visualization purposes, we represent the point (x1, . . . , xn) of TPn−1 by the point
(x2 − x1, . . . , xn − x1) of Rn−1).

The interest in tropical polytopes (also known as semimodules or max-plus cones), and more
generally in tropically convex sets, comes from different areas, which include optimization [Zim77],
idempotent functional analysis [LMS01] and control theory [CGQ99]. They are also interesting
combinatorial objects, with connections to, for example, subdivisions of a product of simplices
and polyhedral complexes [DS04], monomial ideals [BY06, DY07], and oriented matroids [AD09].
Some algorithmic aspects of tropical polytopes have also been established, see for instance [Jos09,
AGG13].

As in classical convexity, tropical polytopes are precisely the bounded intersections of finitely
many tropical half-spaces, i.e. they also admit finite external representations. A tropical half-space
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Hadamard. An important part of this work was done during a visit of Ricardo D. Katz to the Ecole Polytechnique,
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is defined as a set of the form

(2)
{
x ∈ TPn−1 | ⊕i∈Ici � xi ≥ ⊕j∈Jcj � xj

}
,

where I, J is a non-trivial partition of {1, . . . , n} and ck ∈ R for k ∈ {1, . . . , n}. Tropical polytopes
also arise as the images under the valuation map of ordinary polytopes over non-archimedean
ordered fields, such as the fields of real Puiseux or Hahn series. In this context, a lift of a tropical
polytope P is any polytope P over the non-archimedean ordered field whose image under the
valuation map is P (see Section 2.3 for details).

A recurrent problem in tropical geometry is to study whether we can obtain a representation of
a given “tropical object” by tropicalizing the representation of a certain lift, i.e. by considering the
image under the valuation map of this representation. This has been initially studied in the case
of tropical varieties, which are defined as the image under the valuation map of algebraic varieties
over a non-archimedean and algebraically closed field. In more details, it has been shown that
any ideal of polynomials over such a field has a tropical basis, i.e. it has a finite generating set
{f1, . . . , fm} such that the tropical variety associated with the ideal is given by the intersection of
the tropical hypersurfaces associated with the polynomials in {f1, . . . , fm}. We refer to [MS15] and
the references therein for further details.

In the case of polytopes, it is natural to study the images under the valuation map of the external
representations of lifts provided by their facet-defining half-spaces. An additional motivation for
this is the fact that the notion of faces, in particular of facets, is not yet well understood in the
tropical setting, see [DY07]. In this regard, Develin and Yu conjectured in [DY07, Conjecture 2.10]
the following result, the proof of which is the main contribution of this paper.

Theorem 1. For any pure tropical polytope P there exists a lift P such that the images under the
valuation map of the facet-defining half-spaces of P are tropical half-spaces whose intersection is
P. If, in addition, the generators of P are in general position, then any lift works.

Using the notation of Theorem 1, this establishes that, when the tropical polytope P is pure,
the following diagram commutes:

facet-defining
half-spaces

convex polytope P

tropical half-spaces tropical polytope P

intersection

intersection

valuation valuation

A few such commutation results on tropical polytopes have been established so far. Before stating
their conjecture, Develin and Yu show in [DY07, Proposition 2.9] that if the intersection of the
tropical half-spaces obtained from the facet-defining half-spaces is pure, then the diagram above
commutes. Independently, Allamigeon et al. have shown in [ABGJ15] that this also holds when
these tropical half-spaces are in a general position. In fact, the latter result can be recovered
from the one of Develin and Yu, since the general position assumption implies the purity condition
of [DY07, Proposition 2.9], see [JL15, Theorem 46] for a proof.

This paper is organized as follows. Section 2 is devoted to recalling results and concepts that
are needed in this paper. In Section 3 we establish some combinatorial properties of pure tropical
polytopes, which are essential in our proof Theorem 1. Notably, we identify a particular external
representation for pure polytopes which is used in Section 4 to prove the second part of Theorem 1.
The part of Theorem 1 concerning generators not necessarily in general position, which is dealt
with in Section 5, is more difficult to prove because in that case not every lift works. To prove it we
use the result when the generators are in general position together with a symbolic perturbation
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Figure 1. A pure tropical polytope (in grey), and the half-space H(a, I) with
a = (0, 2, 2) and I = {2, 3} (in green). The extreme points v1, . . . , v4 of the polytope
are depicted in blue. The point v3 = (0, 6, 2) is extreme of type 2 because it is the
only point of the polytope contained in the sector S (v3, 2) (in orange).

technique, where the perturbation is based on some geometric properties of the tropical polytope.
Finally, it is worth mentioning that our proof of Theorem 1 is constructive.

2. Preliminaries

Given a natural number n, in what follows we denote the set {1, . . . , n} by [n].
The tropical permanent of a square matrix U = (uij) ∈ Rn×nmax is defined by

(3) tper(U) :=
⊕

σ∈Σ(n)

u1σ(1) � · · · � unσ(n) = max
σ∈Σ(n)

(u1σ(1) + · · ·+ unσ(n)) ,

where Σ(n) is the set of permutations of [n]. The matrix U is said to be tropically singular when
the maximum in (3) is attained at least twice. We shall say that the points v1, . . . , vp of TPn−1 are
in general position when every square submatrix of the n× p matrix whose columns are v1, . . . , vp

is tropically non-singular.
Consider the tropical half-space given in (2). The point a = (−c1, . . . ,−cn) ∈ TPn−1 will be

called the apex of the half-space. This half-space will be then denoted by H(a, I), i.e.

H(a, I) :=
{
x ∈ TPn−1 | ⊕i∈I(−ai)� xi ≥ ⊕j∈[n]\I(−aj)� xj

}
.

See Figure 1 for an illustration. A signed (tropical) hyperplane is a set of the form{
x ∈ TPn−1 | ⊕i∈I(−ai)� xi = ⊕j∈J(−aj)� xj

}
,

where I, J is a non-trivial partition of [n] and ak ∈ R for k ∈ [n]. It corresponds to the boundary
of the tropical half-space H(a, I). A tropical hyperplane is defined as the set of points x ∈ TPn−1
where the maximum in a tropical linear form ⊕i∈[n](−ai)� xi = maxi∈[n](−ai) + xi is attained at

least twice. In both cases, the point a = (a1, . . . , an) ∈ TPn−1 is referred to as the apex of the
hyperplane. These objects are illustrated in Figure 2.
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Figure 2. Left: the signed hyperplane
{
x ∈ TP2 | x1 ⊕ (−3)� x3 = (−5)� x2

}
,

with apex a = (0, 5, 3). Right: the tropical hyperplane with apex a and the associ-
ated sectors.

Observe that the complement of the tropical hyperplane with apex a can be partitioned in n
connected regions. The closure of each of these regions is a set of the form

S (a, i) :=
{
x ∈ TPn−1 | (−ai)� xi ≥ ⊕j∈[n]\{i}(−aj)� xj

}
,

where i ∈ [n]. This is a special tropical half-space usually known as (closed) sector, see the right
hand-side of Figure 2. The tropical half-space H(a, I) is the union of the sectors S (a, i) for i ∈ I.
Another property of sectors is the following equivalence, which we will use several times in the rest
of the paper:

(4) b ∈ S (a, i) ⇐⇒ S (b, i) ⊂ S (a, i) .

A set S ⊂ TPn−1 is said to be tropically convex if the point (λ�x)⊕(µ�y) belongs to S for all
x, y ∈ S and λ, µ ∈ R. Tropical polytopes, half-spaces and (signed) hyperplanes are all tropically
convex sets.

Henceforth, P ⊂ TPn−1 denotes the tropical polytope (1) generated by the points v1, . . . , vp

(which we assume are all distinct). The type of a ∈ TPn−1 with respect to the points v1, . . . , vp is
defined as the n-tuple S(a) = (S1(a), . . . , Sn(a)) where, for each i ∈ [n], the set Si(a) consists of
the super-indexes r ∈ [p] such that vr is contained in the sector S (a, i):

Si(a) :=
{
r ∈ [p] | vr ∈ S (a, i)

}
=
{
r ∈ [p] | (−ai)� vri ≥ (−aj)� vrj for all j ∈ [n]

}
.

Thus, S(a) provides information on the relative position of a with respect to the points v1, . . . , vp.
Given a n-tuple S = (S1, . . . , Sn) of subsets of [p], the set XS composed of all the points whose

type contains S, i.e.
XS :=

{
x ∈ TPn−1 | Si ⊂ Si(x), ∀i ∈ [n]

}
,

is a closed convex polyhedron, see [DS04, Lemma 10]. More precisely, we have

(5) XS =
{
x ∈ TPn−1 | (−xi)� xj ≥ (−vri )� vrj for all j, i ∈ [n] and r ∈ Si

}
.

Recall that the natural cell decomposition of TPn−1 induced by the points v1, . . . , vp is the polyhedral
complex formed by the convex polyhedra XS , where S ranges over all the possible types. For
instance, Figure 3 illustrates the cell decomposition induced by the generators v1, . . . , v4 of the
polytope in Figure 1. A point a ∈ TPn−1 is called a pseudovertex of the cell decomposition when
{a} is one of its (zero-dimensional) cells. By [DS04, Theorem 15] it is known that the tropical
polytope P precisely coincides with the union of the bounded cells. The latter are characterized
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Figure 3. The cell decomposition of TP2 induced by the points v1, . . . , v4 (for the
sake of readability, only the types of 2-dimensional cells are provided). This cell
decomposition has 10 pseudovertices which are depicted in blue, green and red. The
bounded cells are shaded in gray.

as the cells XS such that Si 6= ∅ for all i ∈ [n]. We refer the reader to [DS04] for a detailed
presentation of types and the associated cell decomposition, warning that the results of [DS04] are
in the setting of the min-plus semiring, which is however equivalent to the setting considered here.

2.1. Tropical semirings associated with totally ordered abelian groups. In Section 5 we
will work with a tropical semiring whose elements represent symbolic perturbations of the elements
of the max-plus semiring Rmax. As the max-plus semiring, this tropical semiring arises from an
ordered group. In this regard, let us recall that with a totally ordered abelian group (G, ·,�) it is
possible to associate a tropical semiring which is defined as follows. Its ground set T(G) consists of
the elements of G and an extra element ⊥ 6∈ G. The ordering and group law are extended to T(G)
by setting ⊥ � λ and ⊥·λ = λ ·⊥ = ⊥ for all λ ∈ G. The set T(G) is equipped with the maximum
(according to the order �) as addition, and the group law · as multiplication. Thus, the max-plus
semiring can be obtained in this way by instantiating (G, ·,�) as the group (R,+,≤). By abuse of
notation, the operations of T(G) will be still denoted by ⊕ and �. The tropical addition and scalar
multiplication can be defined as well over elements of (T(G))n. As we did before, we introduce the
projective space TPn−1(G) as the quotient of Gn by the equivalence relation ∼ given by x ∼ y if
x = λ� y for some λ ∈ G.

2.2. The Hahn series field. Given a totally ordered abelian group (G, ·,�), the field R[[tG]] of
real Hahn series with value group (G, ·,�) consists of formal power series of the form

x =
∑
α∈G

xαt
α ,
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where xα ∈ R for α ∈ G and the set {α ∈ G | xα 6= 0}, called the support of x, is well-ordered.
The valuation val(x) of a non-null Hahn series x is defined as −αmin(x), where αmin(x) is the least

element of the support of x. By convention, we define val(x) as the null element ⊥ of T(G) when
x is the identically null series. The valuation map x 7→ val(x) extends to vectors component-wise.

We say that a non-null Hahn series x is positive, and write x > 0, when xαmin(x) > 0. We write
x ≥ 0 if x is positive or null, and x ≥ y if x − y ≥ 0. Equipped with the sum and product of
formal power series, the set R[[tG]] constitutes a totally ordered field. Then, the usual theory of
discrete geometry applies in (R[[tG]])n, and in particular we can define polyhedral sets in the usual
way. We will denote by conv

(
{vr}r∈[p]

)
the convex hull of the points v1, . . . ,vp ∈ (R[[tG]])n, and

by cone
(
{vr}r∈[p]

)
their conic hull.

Observe that, for all x,y ∈ R[[tG]], we have

val(xy) = val(x)� val(y)

val(x + y) ≤ val(x)⊕ val(y)

and that the inequality above turns into an equality in particular when x and y are positive.
For the sake of simplicity, in what follows we denote by K the field of real Hahn series with value

group (R,+,≤), and by K+ the set of its positive elements. The field of Puiseux series with real
coefficients is obviously a subfield of K.

2.3. Lifts of tropical polytopes. As we mentioned in the introduction, tropical polytopes are
images under the valuation map of ordinary polytopes over the Hahn series field:

Proposition 2 ([DY07, Proposition 2.1]). Without loss of generality, assume vr1 = 0 for all r ∈ [p].
For each r ∈ [p], let vr ∈ (K+)n be such that val(vr) = vr. Then, P = val

(
conv

(
{vr}r∈[p]

))
.

In Proposition 2 it is assumed that vr1 = 0 for all r ∈ [p] only for simplicity. Alternatively, we
can ignore this condition and define P = cone

(
{vr}r∈[p]

)
⊂ Kn, where vr ∈ (K+)n are such that

val(vr) = vr for r ∈ [p]. Then, the conclusion of Proposition 2 holds for the polyhedral cone P ,
i.e. we have P = val(P). We will call any such cone P a lift of P. In [DY07] a lift of P is any
polytope conv

(
{vr}r∈[p]

)
over the Puiseux series field defined as in Proposition 2. Observe that

when the points vr in Proposition 2 are taken so that vr1 = 1 for all r ∈ [p], then conv
(
{vr}r∈[p]

)
is nothing but the section of P defined by the hyperplane

{
x ∈ Kn | x1 = 1

}
. In consequence, the

two definitions are essentially equivalent in what concerns the facial structure of the lift.

Remark 3. Observe that if the points v1, . . . , vp are in general position and vr ∈ (K+)n are such
that val(vr) = vr for r ∈ [p], then the points v1, . . . ,vp are also in general position, meaning that
the determinant of every square submatrix of the matrix whose columns are the points v1, . . . ,vp is
non-null.

The relation between hyperplanes and half-spaces over the Hahn series field and their tropical
analogues is given by the following proposition.

Proposition 4 ([DY07, Proposition 2.4]). Assume fi ∈ K for i ∈ [n] are non-null. Then, under the
valuation map, the image of the hyperplane

{
x ∈ Kn |

∑
i∈[n] fixi = 0

}
is the tropical hyperplane

with apex a = (−val(f1), . . . ,−val(fn)), the image of
{
x ∈ Kn |

∑
i∈[n] fixi ≥ 0

}
∩ (K+)n is the

tropical half-space H(a, I), where I = {i ∈ [n] | fi > 0}, and the image of
{
x ∈ Kn |

∑
i∈[n] fixi =

0
}
∩ (K+)n is (the signed tropical hyperplane given by) the boundary of H(a, I).

Observe that in order to obtain a tropical half-space (resp. signed hyperplane), it is necessary to
consider only the images of the points of the half-space (resp. hyperplane) which belong to (K+)n.
For the sake of simplicity, in this paper we refer to the image (under the valuation map) of the
intersection of a half-space with (K+)n simply as the image of the half-space.
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3. Properties of pure polytopes

3.1. Extreme points. A point v ∈ P is said to be extreme in the tropical polytope P if v = x⊕ y
with x, y ∈ P implies v = x or v = y. Thus, the set of extreme points of P is a subset of its set of
generators {vr}r∈[p]. We recall the following characterization of extreme points.

Proposition 5 ([GK07, BSS07]). The point v ∈ TPn−1 is extreme in the tropical polytope P if and
only if there exists i ∈ [n] such that v is the only point of P contained in the sector S (v, i), or,
equivalently, v is a minimal element of the set

{
z ∈ Rnmax | z ∈ P, zi = vi

}
w.r.t. the coordinate-wise

ordering ≤.

In view of Proposition 5, if v ∈ TPn−1 is the only point of P contained in the sector S (v, i),
then v is said to be an extreme point of P of type i. We refer to Figure 1 for an illustration.

Remark 6. Note that for any x ∈ P and i ∈ [n] there exists an extreme point v of P of type i such
that v ∈ S (x, i). This follows from the fact that the set

{
z ∈ Rnmax | zi = xi, zj ≤ xj for all j ∈

[n]
}
∩ P is compact and non-empty, and so it has a minimal element w.r.t. ≤.

In consequence, if v is an extreme point of P of type i, then there exists a (open) neighborhood N
of v such that v ∈ S (x, i) for all x ∈ P ∩ N . To see this, assume the contrary. Let (xk)k be a
sequence of points of P converging to v and such that v 6∈ S (xk, i) for all k. Recall that P has a
finite number of extreme points. Thus, by first part of the remark, there exists an extreme point u
of P of type i verifying u ∈ S (xk, i) for infinitely many k. As a result, u 6= v and u ∈ S (v, i),
contradicting the fact that v is extreme of type i.

In general, an extreme point can be of several types (for example, the point v1 of the polytope
depicted on the left-hand side of Figure 4 below is extreme of types 1 and 3). The next lemma
shows that the uniqueness of the extremality type characterizes pure polytopes, a property which
will play an important role in our proof of Theorem 1.

Lemma 7. The tropical polytope P is pure if, and only if, all its extreme points have a unique
extremality type.

Proof. We prove the statement by contraposition. First, let v be an extreme point of P, and
suppose that it is extreme of types i and j, with i 6= j. By Remark 6, we know that there exists a
(open) neighborhood N of v such that v ∈ S (x, i) and v ∈ S (x, j) for all x ∈ P ∩ N . It follows
that (−vi) � xi = (−vj) � xj for all x ∈ P ∩ N , and so P ∩ N has an empty interior. Since N is
open, the interior of P ∩N is equal to the intersection of N with the interior of P. Hence, no point
of N can be in the interior of P. Therefore, P is not pure.

Conversely, suppose that P is not pure. In this case, the cell decomposition induced by the
generators of P contains a maximal cell XS which is not full-dimensional. As XS is not full-
dimensional, by [DS04, Proposition 17] we know that Si ∩Sj 6= ∅ for two distinct indexes i, j ∈ [n].
By (5), we deduce that the quantity (−zi) � zj is constant when z ranges over XS . Let x be a
point in the relative interior of XS . Since the cell XS is maximal, there exists a neighborhood N
of x such that (−zi)� zj = (−xi)� xj for all z ∈ P ∩N .

We claim that P ∩S (x, i) = P ∩S (x, j). To see this, consider y ∈ P ∩S (x, i). By definition,
we have (−xk) � yk ≤ (−xi) � yi for all k ∈ [n], and it suffices to show that the equality holds
for k = j to ensure y ∈ S (x, j). If the inequality was strict for k = j, consider the point
z = x ⊕ (ε � xi � (−yi)) � y, where xj � (−xi) � yi � (−yj) > ε > 0. Then, z would belong to P
because P is tropically convex. Besides, since xk ≤ zk ≤ xk + ε for all k ∈ [n], the point z would
also belong to the neighborhood N of x, provided that ε is small enough. However, zi = xi+ ε > xi
and zj = xj , which would contradict the fact that (−zi)� zj = (−xi)� xj for all z ∈ P ∩N . This
proves the inclusion P ∩S (x, i) ⊂ P ∩S (x, j). The other inclusion follows from the symmetry
between i and j.
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Let Q be the tropical polytope given by P ∩S (x, i) = P ∩S (x, j). Observe that for all y ∈ Q,
we have (−yi)� yj = (−xi)�xj . Consequently, any extreme point of Q of type i is also extreme of
type j, and vice versa. Let v ∈ Q be such a point (which exists by Remark 6, as Q is not empty). To
complete the proof, it is enough to show that v is also an extreme point of P of types i and j. By (4)
we have S (v, i) ⊂ S (x, i) and S (v, j) ⊂ S (x, j). Therefore, the sets P ∩S (v, i) = Q ∩S (v, i)
and P ∩ S (v, j) = Q ∩ S (v, j) are both reduced to the singleton {v}, which shows the desired
property. �

3.2. External representations and (I, j)-pseudovertices. An external representation of the
tropical polytope P is any finite set of tropical half-spaces whose intersection is P. One way of
proving Theorem 1 is showing that the set of images under the valuation map of the facet-defining
half-spaces of a lift contains a specific external representation of P. In this section, we build such an
external representation of P, based on the study of the non-redundant representations in [AK13].

An external representation of a tropical polytope is said to be non-redundant when the elimination
of any of its half-spaces does not lead to another external representation. We restrict our attention
to external representations composed of half-spaces whose apices belong to the polytope. Under
this assumption, it was shown in [AK13] that any tropical polytope has an essentially unique non-
redundant external representation. In more details, all non-redundant representations precisely
involve the same set of apices, which are called the non-redundant apices of the polytope. The next
theorem provides a characterization of a superset of the set of these apices:

Theorem 8 ([AK13, Theorem 43]). Let a be a non-redundant apex of P. Then, there exist a
non-empty proper subset I of [n] and j ∈ [n] \ I such that the following properties hold:

(i)
⋃
i∈I Si(a) = [p];

(ii) for each k ∈ [n] \ I there exists i ∈ I such that Si(a) ∩ Sk(a) 6= ∅;
(iii) Si(a) ∩ Sj(a) 6⊆

⋃
h∈I\{i} Sh(a) for all i ∈ I.

A point a ∈ TPn−1 satisfying the three properties above is a pseudovertex of the cell decomposition
induced by the generators of P which will be called a (I, j)-pseudovertex of P.

The properties in Theorem 8 have a geometric interpretation in terms of the tropical polytope P
and the half-space H(a, I) which can be associated with the (I, j)-pseudovertex a. On the one
hand, Property (i) states that H(a, I) contains all the generators vr for r ∈ [p]. Equivalently, this
means that P is included in H(a, I). On the other hand, Properties (ii) and (iii) are related to the
tightness of H(a, I) w.r.t. the polytope P. More specifically, Property (ii) tells us that every sector
S (a, k) not contained in H(a, I) must contain at least one generator of P which also belongs to
a sector contained in H(a, I). Finally, Property (iii) states that every sector S (a, i) contained in
H(a, I) must contain at least one generator of P which also belongs to the special sector S (a, j),
but not to the other sectors composing H(a, I).

Example 9. Using the results of [AK13], it can be shown that the non-redundant apices of the
polytope P of Figure 1 are the points a1 = (0, 3, 3), a2 = (0, 5, 1), a3 = (0, 6, 5) and a4 = (0, 1, 4),
depicted in green in Figure 3. Thus, {a1, a2, a3, a4} is precisely the set of apices of the half-spaces
in any non-redundant representation of P composed of half-spaces whose apices belong to P. It
follows from Theorem 8 that these points are (I, j)-pseudovertices of P. For instance, we have
S(a1) = ({1, 2}, {2, 3}, {1, 4}), and the properties of Theorem 8 are satisfied for I = {2, 3} and
j = 1. On the other hand, the points v1, . . . , v4, u1 and u2 of Figure 3 are pseudovertices of the
cell decomposition induced by the generators of P, but they are not (I, j)-pseudovertices of P.

Given a (I, j)-pseudovertex a of P, the tightness properties of Theorem 8 enforces that H :=
H(a, I) is a minimal half-space containing P, meaning that for every half-space H′, P ⊆ H′ ⊆ H
implies H′ = H (see [AK13, Proposition 42]). As shown in [AK13, Lemma 38], if P is pure, there
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x2 − x1

x3 − x1

v1

v2

v3

Figure 4. The non-pure tropical polytope generated by the points v1 = (0,−1, 1),
v2 = (0, 0, 0) and v3 = (0, 1,−1). The point v1 is an (I, j)-pseudovertex for I = {2}
and any j ∈ {1, 3}. The corresponding half-space, depicted in orange, only contains
the generator v1 in its boundary.

exists at most one minimal half-space with a given apex. Obviously, there is always a non-redundant
external representation of P composed of minimal half-spaces. By Theorem 8, their apices are (I, j)-
pseudovertices of P. Therefore, when P is pure, every minimal half-space appearing in such an
external representation is of the form H(a, I), where a is a (I, j)-pseudovertex of P. This leads to
the following proposition:

Proposition 10. If the tropical polytope P is pure, the set of half-spaces H(a, I) associated with
the (I, j)-pseudovertices a of P constitutes an external representation of P.

Example 11. Consider again the tropical polytope of Figure 1. In this case, it can be shown
that the (I, j)-pseudovertices of P coincide with the non-redundant apices of P. Thus, recalling
Example 9, it follows that the external representation provided by Proposition 10 is composed of the
half-spaces: H(a1, {2, 3}), H(a2, {3}), H(a3, {1}) and H(a4, {2}).
Remark 12. It is worth mentioning that except when n = 3, the external representation given
in Proposition 10 may contain superfluous half-spaces. In other words, this may not be a non-
redundant external representation.

As illustrated in Figure 4, if the tropical polytope P is non-pure, the half-spaceH(a, I) associated
with a (I, j)-pseudovertex a of P may contain strictly less than n−1 generators of P in its boundary.
In contrast, when P is pure, any lift P of P is full-dimensional, and so the facets of P contain at
least n− 1 generators of P . In such a case, if H(a, I) was the image of a facet-defining half-space
of P as we want, then H(a, I) should contain at least n− 1 generators of P in its boundary. In the
next proposition we use Lemma 7 and the three properties of Theorem 8 to prove that when P is
pure, the boundary of H(a, I) indeed contains at least n−1 generators of P. In fact, we prove that
the boundary of H(a, I) contains n− 1 extreme points of P satisfying certain properties involving
their extremality types.

Proposition 13. Let a be a (I, j)-pseudovertex of P (j ∈ [n] \ I). If P is pure, then the boundary
of H(a, I) contains at least n− 1 extreme points of P.

More precisely, there exists a subset {vrk}k∈[n]\{j} of {vr}r∈[p] such that:

(i) for all k ∈ [n] \ (I ∪ {j}), vrk is an extreme point of P of type k verifying rk ∈ Sk(a);
(ii) for all i ∈ I, vri is an extreme point of P of type j verifying ri ∈ (Si(a) ∩ Sj(a)) \(⋃

h∈I\{i} Sh(a)
)
.
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Proof. By Property (ii) of Theorem 8, for each k ∈ [n]\ (I ∪{j}), the set Sk(a) is not empty, and so
there exists a generator vr of P in S (a, k). Let vrk be an extreme point of P of type k (provided
by Remark 6) such that vrk ∈ S (vr, k). Then, by (4) we have vrk ∈ S (a, k), i.e. rk ∈ Sk(a).

Now, let i ∈ I. By Property (iii) of Theorem 8 there exists r ∈ [p] such that r ∈ Si(a) ∩ Sj(a)
and r 6∈

⋃
h∈I\{i} Sh(a). Moreover, by Remark 6 we know that there exists ri ∈ [p] such that vri is

extreme of type j and vri ∈ S (vr, j). It follows that (−vrij )� vrih ≤ (−vrj )� vrh ≤ (−aj)� ah for all

h ∈ [n], where the last inequality is strict for h ∈ I \ {i}. Thus, we have (−ah)� vrih ≤ (−aj)� vrij
for h ∈ {i}∪ ([n] \ I) and (−ah)� vrih < (−aj)� vrij for h ∈ I \ {i}. Besides, since vri ∈ P ⊂ H(a, I)

(by Property (i) of Theorem 8), there exists k ∈ I such that (−ak)�vrik ≥ (−aj)�vrij . We conclude

that k must be equal to i, and so (−ai)� vrii = (−aj)� vrij ≥ (−ah)� vrih for all h ∈ [n], with strict

inequality for h ∈ I \ {i}. In consequence, we have ri ∈ (Si(a) ∩ Sj(a)) \
(⋃

h∈I\{i} Sh(a)
)
.

Observe that for i, h ∈ I, we have ri 6= rh if i 6= h, since ri ∈ Si(a)\Sh(a) while rh ∈ Sh(a)\Si(a).
Moreover, by Lemma 7, the extreme points vrk for k ∈ [n] \ (I ∪ {j}) are pairwise distinct, and
distinct from the extreme points vri for i ∈ I.

Finally, note that for each k ∈ [n] \ {j} there exists h ∈ [n] \ I such that rk ∈ Sh(a). This
together with Property (i) of Theorem 8 imply that vrk belongs to the boundary of H(a, I) for all
k ∈ [n] \ {j}. �

Example 14. Once more, consider the tropical polytope P of Figure 1. For the (I, j)-pseudovertex
a1 = (0, 3, 3), we have S(a1) = ({1, 2}, {2, 3}, {1, 4}), and so I = {2, 3} and j = 1. In this
case, only Property (ii) of Proposition 13 applies because [n] \ (I ∪ {j}) = ∅. Observe that 2 ∈
(S2(a

1)∩S1(a1))\S3(a1) and v2 is extreme of type 1. Similarly, we have 1 ∈ (S3(a
1)∩S1(a1))\S2(a1)

and v1 is extreme of type 1. Thus, in Proposition 13 we have r2 = 2 and r3 = 1 for a = a1.
Now, consider the (I, j)-pseudovertex a2 = (0, 5, 1). Since S(a2) = ({2}, {3}, {1, 2, 3, 4}), we

have I = {3}, and j can be either 1 or 2. Let us take j = 2, so that [n] \ (I ∪{j}) = {1}. Note that
2 ∈ S1(a2) and v2 is extreme of type 1. Besides, we have 3 ∈ (S3(a

2) ∩ S2(a2)) and v3 is extreme
of type 2. Thus, in Proposition 13 we have r1 = 2 and r3 = 3 for a = a2.

4. Proof of the theorem when the generators are in general position

In this section we prove the second part of Theorem 1. With this aim, it is convenient to recall
the following results.

Lemma 15 ([RGST05, Lemma 5.1]). The points u1, . . . , un ∈ TPn−1 are contained in a tropical
hyperplane if, and only if, the n× n matrix whose columns are these points is tropically singular.

Theorem 16 (Corollary of [AGG14, Theorem 1.3]). If the points u1, . . . , un−1 ∈ TPn−1 are in
general position, then there exists a unique signed tropical hyperplane which contains these points.

Recall that when the points v1, . . . , vp are in general position and p ≥ n, the facets of any lift
of P are simplicial cones, and all lifts are combinatorially equivalent, see [DY07, Proposition 2.3].
Before proving the second part of Theorem 1, we establish the following characterization of the
facets of the lifts of P.

Proposition 17. Assume the points v1, . . . , vp are in general position, and p ≥ n. Let R be a
subset of [p] with n− 1 elements, and P = cone

(
{vr}r∈[p]

)
be a lift of P.

Then, cone({vr}r∈R) is a facet of P if, and only if, there exists a half-space H(a, I) such that
P ⊂ H(a, I) and the set {vr}r∈R is contained in the boundary of H(a, I). When such a half-space
H(a, I) exists, it coincides with the image under the valuation map of the half-space which defines
the facet cone({vr}r∈R).

10



Proof. Suppose first that cone({vr}r∈R) is a facet of P . Let H =
{
x ∈ Kn |

∑
i∈[n] fixi ≥ 0

}
be

the corresponding facet-defining half-space, so that it contains P , and its boundary contains the
set {vr}r∈R (note that fi 6= 0 for all i ∈ [n] because the points v1, . . . ,vp are in general position).
By Proposition 4, the image under the valuation map of H∩ (K+)n is a tropical half-space H(a, I),
and the image of

{
x ∈ Kn |

∑
i∈[n] fixi = 0

}
∩ (K+)n is a signed hyperplane, which is equal to the

boundary of H(a, I). It follows that P ⊂ H(a, I), and the set {vr}r∈R is contained in the boundary
of H(a, I).

Reciprocally, assume that there exists a half-space H(a, I) such that P ⊂ H(a, I) and the set
{vr}r∈R is contained in the boundary of H(a, I). Let

{
x ∈ Kn |

∑
i∈[n] fixi = 0

}
be the unique

hyperplane which contains the set {vr}r∈R (again we have fi 6= 0 for all i ∈ [n] because the points
v1, . . . ,vp are in general position). Then, by Proposition 4, the image under the valuation map of{
x ∈ Kn |

∑
i∈[n] fixi = 0

}
∩ (K+)n is the signed hyperplane:

(6)
{
x ∈ TPn−1 | ⊕i∈I′(−bi)� xi = ⊕j∈J ′(−bj)� xj

}
,

where I ′ = {i ∈ [n] | fi > 0}, J ′ = {j ∈ [n] | fj < 0} = [n]\I ′ and bi = −val(fi) for i ∈ [n]. Besides,
since

∑
i∈[n] fiv

r
i = 0 for r ∈ R, the set {vr}r∈R is contained in this signed hyperplane. Then, by

Theorem 16 we deduce that the signed hyperplane (6) coincides with the boundary of H(a, I).
Thus, we can assume without loss of generality that I ′ = I (replacing f by −f if necessary), and
that ai = bi for all i ∈ [n].

Let us fix now r ∈ [p] \ R. Since P ⊂ H(a, I), we have ⊕i∈I(−ai) � vri ≥ ⊕j∈[n]\I(−aj) � vrj .
It follows that ⊕i∈I(−ai) � vri > ⊕j∈[n]\I(−aj) � vrj because the points v1, . . . , vp are in general

position, and so vr cannot belong to the boundary of H(a, I) by Lemma 15. Thus, there exists
k ∈ I such that

(−ak)� vrk > (−aj)� vrj for all j ∈ [n] \ I ,
which implies

val(fkv
r
k) > val(fjv

r
j ) for all j ∈ [n] \ I .

It follows that
∑

i∈[n] fiv
r
i > 0 because fi > 0 for i ∈ I ′ = I. Since this holds for any r ∈ [p] \ R,

we conclude that P ⊂
{
x ∈ Kn |

∑
i∈[n] fixi ≥ 0

}
.

As a consequence, the half-space
{
x ∈ Kn |

∑
i∈[n] fixi ≥ 0

}
defines a facet of P . Thanks to

Proposition 4, we know that the image under the valuation map of this half-space is H(a, I). This
completes the proof. �

We are now ready to prove the second part of Theorem 1, exploiting Proposition 10 and the
half-spaces associated with the (I, j)-pseudovertices.

Theorem 18. Assume the points v1, . . . , vp are in general position, and P is pure. Then, the
images under the valuation map of the facet-defining half-spaces of any lift of P provide an external
representation of P by tropical half-spaces. More precisely, this external representation contains all
the half-spaces associated with the (I, j)-pseudovertices of P.

Proof. Let P be any lift of P. First of all, recall that the image under the valuation map of any
facet-defining half-space of P is a tropical half-space which contains P.

Given a (I, j)-pseudovertex a ∈ TPn−1 of P (j ∈ [n] \ I), by Proposition 13 we know that there
exist n− 1 distinct extreme points of P, vrk for k ∈ [n] \ {j}, contained in the boundary of H(a, I).
Moreover, as P is pure, we necessarily have p ≥ n (if p < n, we can find a tropical hyperplane
containing P). Then, from Proposition 17 it follows that cone

(
{vrk}k∈[n]\{j}

)
is a facet of P , and

that the image under the valuation map of the corresponding facet-defining half-space is H(a, I).
We conclude by using Proposition 10. �
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Remark 19. The external representation provided by Theorem 18 can contain superfluous half-
spaces, even in the case where the representation of Proposition 10 is non-redundant. For example,
consider the following points of TP4:

v1 = (0, 2.5176, 10.5161,−0.484, 2.5151) v2 = (0, 3.5149, 11.0142, 0.0149, 3.0115)

v3 = (0, 3.0217, 11.5012, 0.0101, 3.0009) v4 = (0, 3.0154, 11.0145, 0.0056, 3.5239)

v5 = (0, 2.0238, 14.5216, 13.0094, 13.0252) v6 = (0, 2.0131, 14.0181, 13.5023, 13.0153)

v7 = (0, 2.0005, 14.0202, 13.0097, 13.5148) v8 = (0, 0.5033, 2.5111, 10.5037, 6.5084)

v9 = (0, 1.5245, 3.001, 11.0068, 7.0053) v10 = (0, 1.0232, 3.0155, 11.511, 7.0175)

v11 = (0, 1.0083, 3.0047, 11.0005, 7.5248)

Note that these points have been numerically perturbed to ensure that they are in general position.
The tropical polytope P generated by these points is pure and has generic extremities. This gener-
icity property, introduced in [AK13, Section 5], ensures in particular that the non-redundant apices
of P are precisely the (I, j)-pseudovertices of P, see [AK13, Theorem 51]. This allows us to verify
that the external representation of Proposition 10, consisting of 26 half-spaces, is non-redundant.
In contrast, the number of facets of any lift P of P, which can be determined thanks to Propo-
sition 17, is equal to 27. More precisely, the points v1, v3, v5, and v8 define a facet of P, and
the image under the valuation map of the corresponding facet-defining half-space is H(a, {2, 4, 5}),
where a = (0, 2.5176, 10.9971, 10.5037, 9.5007). The type of a is

S(a) =
(
{1, 8}, {1, 2, 3, 4}, {3, 5}, {8, 9, 10, 11}, {5, 6, 7}

)
.

If this point was a (I, j)-pseudovertex of P, then by Property (i) of Theorem 8 we would necessarily
have I ⊃ {2, 4, 5}. However, observe that for any j ∈ {1, 3}, there exists i ∈ {2, 4, 5} which falsifies
Property (iii) of Theorem 8. We deduce that the half-space H(a, {2, 4, 5}) is superfluous in the
external representation of P provided by Theorem 18.

5. Proof of the theorem when the generators are in arbitrary position

In this section we consider the case in which P is pure but its generators v1, . . . , vp are not
necessarily in general position. In consequence, the lifts of P may not be combinatorially equivalent
anymore.

As announced earlier, our proof of the first part of Theorem 1 relies on a symbolic perturbation
technique. With this aim, we consider the tropical semiring associated with the group (R3,+,≤lex),
as defined in Section 2.1. The relation ≤lex refers to the lexicographic ordering over triples, and
the group law + is the component-wise addition. Intuitively, the triple (λ1, λ2, λ3) ∈ R3 represents
the element λ1 +λ2ε+λ3ε

2, where ε > 0 plays the role of an infinitesimal, and λ2 and λ3 stand for
a first-order and a second-order perturbation respectively. For the sake of simplicity, henceforth
we denote by T̃ the tropical semiring associated with (R3,+,≤lex), by T̃Pn−1 the corresponding

projective space, by K̃ the field of real Hahn series with value group (R3,+,≤lex) and by K̃+ the

set of positive elements of K̃. Given x̃ = (x̃1, x̃2, x̃3) ∈ T̃, we denote by πi(x̃) := x̃i the projection

on the i-th coordinate. We extend this notation to T̃n and T̃Pn−1 in a coordinate-wise way.
Our approach relies on the application of Theorem 18 to a tropical polytope of T̃Pn−1 encoding a

perturbation of P. To this aim, we need to make sure that Theorem 18 still holds in the perturbed
setting, i.e. when substituting T by T̃ and K by K̃. The proof of Theorem 18 and of its main
ingredient, Proposition 17, involve two kinds of results. On the one hand, it is based on the
connection between ordinary polyhedral sets and their tropical counterparts through the valuation
map, presented in Section 2.3. It can be verified that these results remain valid in the perturbed
setting. In more details, their proof uses the fact that the valuation map from K̃+ ∪ {0} to T̃ is a
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monotone (semiring) homomorphism. In Proposition 4, we also use the fact that if ⊥ < x ≤ y, then
we can find two positive elements x and y such that deg(x) = x, deg(y) = y and x < y. On the
other hand, the proof of Theorem 18 depends on several properties of tropical objects (polytopes,
hyperplanes and half-spaces), namely Lemmas 7 and 15, Theorems 8 and 16, and Propositions 5,
10 and 13. We propose to use arguments from model theory to ensure that these results are still
correct when replacing T by T̃. Indeed, their statements can be expressed as first-order formulæ
in the language of ordered groups.1 The groups (R,+,≤) and (R3,+,≤lex) are both models of
the theory of non-trivial ordered divisible abelian groups, i.e. they satisfy the axioms defining the
theory of such groups (see [Mar02] for an introduction to these concepts). As shown by Marker
in [Mar02, Corollary 3.1.17], the models of this theory are elementarily equivalent, meaning that
a formula is valid in a model of the theory if and only if it is valid in any of its models. In other
words, the aforementioned results hold in T̃, based on the fact that they are valid in T. Following
this discussion, it can be checked that the arguments used in the proof of Proposition 17 and
Theorem 18 are still correct in the setting of T̃. We deduce that Theorem 18 can be applied to
tropical polytopes of T̃Pn−1 and their lifts over K̃n.

We consider a symbolic perturbation of the generators v1, . . . , vp of P given by the following
points of T̃Pn−1:

(7) ṽr :=

{
(vr, ei, γr) if vr is an extreme point of P of type i,

(vr, 0, γr) otherwise,

for r ∈ [p], where ei ∈ Rn is the i-th element of the canonical basis of Rn, 0 is the origin of Rn, and
γr is a point of Rn. Note that the points ṽr are well-defined because each extreme point of P has a
unique extremality type (by Lemma 7). The points γ1, . . . , γp are chosen to be in general position.
Thanks to this assumption, the symbolically perturbed points ṽ1, . . . , ṽp are also in general position.
We define P̃ ⊂ T̃Pn−1 as the tropical polytope generated by the points ṽ1, . . . , ṽp. This provides a
perturbation of P, in the sense that π1(P̃) = P, since π1(ṽ

r) = vr for all r ∈ [p]. This perturbation
scheme is illustrated in Figures 5(a) and 5(b). We point out that a symbolic perturbation technique
was already used in the context of tropical convexity [ABGJ14]. The perturbation of [ABGJ14] is
not comparable to the one considered here since, in particular, the former is applied to a system of
inequalities defining a tropical polytope, while the latter to a set of generators. In any case, they
lead to different perturbed polytopes.

The first-order perturbation that we have made ensures that the extremality types, and their
uniqueness, are preserved:

Lemma 20. For all r ∈ [p] and i ∈ [n], the following equivalence holds: vr is an extreme point of

P of type i if, and only if, ṽr is an extreme point of P̃ of type i.

Proof. First, suppose that vr is not an extreme point of P of type i. By Remark 6 we know that
there exists s ∈ [p] such that vs ∈ S (vr, i) and vs is an extreme point of P of type i. Then
s 6= r, and by (7) for any k ∈ [n] \ {i} we have (−ṽrk) � ṽsk ≤lex ((−vrk) � vsk, 0, (−γrk) � γsk), while
(−ṽri )� ṽsi = ((−vri )� vsi , 1, (−γri )� γsi ). Since vs ∈ S (vr, i), i.e. (−vrk)� vsk ≤ (−vri )� vsi for all

k ∈ [n], it follows that ṽs ∈ S (ṽr, i), and so ṽr is not an extreme point of P̃ of type i.

Now, suppose that ṽr is not an extreme point of P̃ of type i. Let ṽs be the extreme point of P̃ of
type i provided by Remark 6 which satisfies ṽs ∈ S (ṽr, i). Then, we have s 6= r and vs ∈ S (vr, i),
and so vr is not an extreme point of P of type i. �

Thanks to Lemma 7, we obtain:

1The language of ordered groups is given by L = {0,+,−, <}, where 0 is a constant standing for the neutral
element, + and − are respectively binary and unary functions representing the addition and its inverse, and < is a
binary relation representing the (proper) ordering.
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ṽ2

(b)

x2 − x1

x3 − x1

ã2
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Figure 5. (a) The pure tropical polytope P generated by the points v1 = (0, 0, 0),
v2 = (0, 1, 0) and v3 = (0, 0, 1). These points are extreme of type 1, 2 and 3

respectively; (b) A representation of the polytope P̃, neglecting the second-order

perturbation, i.e. an element (x̃1, x̃2, x̃3) of T̃ is represented by x̃1+εx̃2, where ε > 0

is fixed; (c) The half-spaces associated with the (I, j)-pseudovertices of P̃; (d) The
projection under π1 of the previous half-spaces.

Corollary 21. The tropical polytope P̃ is pure.

The choice of the first-order perturbation is also motivated by the following lemma. It will allow
us to show in Proposition 23 that an external representation of P can be obtained by “projecting”
under the map π1 the external representation of P̃ associated with its (I, j)-pseudovertices. We
refer to Figures 5(c) and 5(d) for an illustration.

Lemma 22. Let ã be a (I, j)-pseudovertex of P̃. Then, up to the (tropical) multiplication of ã by
a scalar, the vector π2(ã) ∈ TPn−1 is given by (π2(ã))i = 0 if i ∈ I, and (π2(ã))i = 1 otherwise.

Proof. By abuse of notation, in this proof we denote by S(x̃) the type of x̃ ∈ T̃Pn−1 with respect
to the points ṽ1, . . . , ṽp. Up to multiplying ã by a scalar, we can assume that (π2(ã))j = 1.

In the first place, let us consider i ∈ I. By Property (ii) of Proposition 13 applied to P̃, we

know that there exists ri ∈ Si(ã) ∩ Sj(ã) such that ṽri is an extreme point of P̃ of type j. Then,
Lemma 20 ensures that vri is an extreme point of P of type j, and so ṽri is of the form (vri , ej , γri).
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Thus, in particular we have π2(ṽ
ri
i ) = 0 and π2(ṽ

ri
j ) = 1. Since (−ãi) � ṽrii = (−ãj) � ṽrij (due to

the fact that ri ∈ Si(ã) ∩ Sj(ã)) and (π2(ã))j = 1, we deduce that (π2(ã))i = 0.

Similarly, given k ∈ [n] \ (I ∪ {j}), by Property (i) of Proposition 13 applied to P̃ there exists

an extreme point ṽrk of P̃ of type k such that rk ∈ Sk(ã). By Property (i) of Theorem 8, there
exists i ∈ I such that rk ∈ Si(ã). This leads to the equality (−ãi)� ṽrki = (−ãk)� ṽrkk . Besides, by
Lemma 20 we deduce that π2(ṽ

rk
i ) = 0 and π2(ṽ

rk
k ) = 1. From this and the fact that (π2(ã))i = 0

(shown in the previous paragraph), we conclude that (π2(ã))k = 1. �

By Corollary 21, we can apply Proposition 10 to the tropical polytope P̃, and so the half-spaces
associated with the (I, j)-pseudovertices of P̃ constitute an external representation of P̃. It is also

useful to observe that given ã ∈ T̃Pn−1 and I ⊂ [n], the projection π1(H(ã, I)) coincides with the
half-space H(π1(ã), I).

Proposition 23. The images under π1 of the half-spaces associated with the (I, j)-pseudovertices

of P̃ provide an external representation of P.

Proof. Let ã be a (I, j)-pseudovertex of P̃. We claim that x ∈ π1(H(ã, I)) implies (x, 0, 0) ∈
H(ã, I). Indeed, if x ∈ π1(H(ã, I)), then (as we observed above) x ∈ H(π1(ã), I), and so there
exists i ∈ I such that (−π1(ã))j � xj ≤ (−π1(ã))i � xi for all j ∈ [n] \ I. Since by Lemma 22
(−π2(ã))j < (−π2(ã))i for any j ∈ [n] \ I, we deduce that (−ãj) � (xj , 0, 0) ≤lex (−ãi) � (xi, 0, 0)
for all j ∈ [n] \ I, and so (x, 0, 0) ∈ H(ã, I). This proves our claim.

As a result of the previous paragraph, if x belongs to the intersection of the images under π1 of
the half-spaces associated with the (I, j)-pseudovertices of P̃, then (x, 0, 0) lies in the intersection

of these half-spaces, and so in P̃ by Proposition 10, which ensures x ∈ P since P = π1(P̃).
Reciprocally, P is obviously included in the intersection of the images under π1 of the half-spaces

associated with the (I, j)-pseudovertices of P̃ because each of these half-spaces contains P̃ and

P = π1(P̃). �

Now, let us consider the lift P̃ of P̃ over K̃n defined as the cone generated by the vectors
ṽ1, . . . , ṽp, where

(8) ṽri := t−ṽ
r
i

for all i ∈ [n] and r ∈ [p]. By Theorem 18, we know that the set composed of the images under the

valuation map of the facet-defining half-spaces of P̃ contains all the half-spaces associated with the
(I, j)-pseudovertices of P̃. We are going to build a lift P of P based on the lift P̃ which will prove
the first part of Theorem 1.

Given real numbers µ and ν satisfying 0 < µ � ν � 1, we define P as the cone generated by
the vectors v1, . . . ,vp, where

(9) vri :=
(
µ−π2(ṽ

r
i )ν−π3(ṽ

r
i )
)
t−π1(ṽ

r
i )

for all i ∈ [n] and r ∈ [p]. Observe that val(vr) = π1(ṽ
r) = vr for all r ∈ [p], and so P is a lift of

P, as desired.
The next result will allow us to relate P̃ to P .

Lemma 24. Let x̃ =
∑

α∈R3 x̃αt
α be an element of K̃ with finite support, and let µ and ν be real

numbers satisfying 0 < µ� ν � 1. If we define x :=
∑

α∈R3(x̃αµ
π2(α)νπ3(α))tπ1(α) ∈ K, then

val(x) = π1(val(x̃)) ,

and the signs of x and x̃ are identical.
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Proof. Let Ã ⊂ R3 be the support of x̃. Defining A := π1(Ã), we can write x =
∑

β∈A dβt
β and

x̃ =
∑

β∈A d̃βt
(β,0,0), where the dβ and d̃β are respectively given by:

dβ =
∑

α∈Ã∩π−1
1 (β)

x̃αµ
π2(α)νπ3(α)

d̃β =
∑

α∈Ã∩π−1
1 (β)

x̃αt
(0,π2(α),π3(α))

Provided that ν is sufficiently small, and that µ is sufficiently small with respect to ν, dβ ∈ R and

d̃β ∈ K̃ have the same sign. The result now follows from the fact that the sign of x̃ is given by the

sign of d̃π1(−val(x̃)), and that we obviously have val(x) = π1(val(x̃)) by the definition of x. �

We are now ready to provide a proof of the first part of Theorem 1, which is given by the next
proposition.

Proposition 25. The images under the valuation map of the facet-defining half-spaces of the lift
P defined above provide an external representation of P.

Proof. By Lemma 24, each minor of the matrix with columns v1, . . . ,vp has the same sign as the
corresponding minor of the matrix with columns ṽ1, . . . , ṽp. Besides, the valuation of the former is
given by the image under π1 of the valuation of the latter. In consequence, the polyhedra P and
P̃ are combinatorially equivalent. Moreover, if H =

{
x ∈ Kn |

∑
i∈[n] fixi ≥ 0

}
is the defining

half-space of a facet of P , and H̃ =
{
x̃ ∈ K̃n |

∑
i∈[n] f̃ix̃i ≥ 0

}
is the defining half-space of the

corresponding facet of P̃ , then the vectors val(f) and π1(val(f̃)) coincide in TPn−1. Indeed, up to

a multiplicative factor applied to f and f̃ , each coefficient fi is given by a minor of the matrix
with columns v1, . . . ,vp, and f̃i is given by the corresponding minor of the matrix with columns
ṽ1, . . . , ṽp. Since by Proposition 4 we have val(H ∩ K+) = H(a, I) and val(H̃ ∩ K̃+) = H(ã, I),

where a = (−val(f1), . . . ,−val(fn)), ã = (−val(f̃1), . . . ,−val(f̃n)), and I = {i ∈ [n] | fi > 0} = {i ∈
[n] | f̃i > 0}, it follows that π1(val(H̃∩K̃+)) = π1(H(ã, I)) = H(π1(ã), I) = H(a, I) = val(H∩K+).

By Theorem 18, we know that the set composed of the images under the valuation map of the
facet-defining half-spaces of P̃ is an external representation of P̃ which contains all the half-spaces
associated with the (I, j)-pseudovertices of P̃. Besides, by Proposition 23, the images under π1 of
these half-spaces form an external representation of P. Finally, the image of any facet-definining
half-space of P under the valuation map contains P. We deduce from the previous paragraph
that the images under the valuation map of the facet-defining half-spaces of P yield an external
representation of P. �

We conclude the paper with a remark concerning Theorem 1.

Remark 26. The first part of Theorem 1 does not apply to all lifts of P when its generators are
in arbitrary position. For instance, consider the tropical polytope P in Figure 5(a) generated by the
points (0, 0, 0), (0, 1, 0) and (0, 0, 1), and the lift P generated by w1 = (1, 1, 1), w2 = (1, t−1, δ) and
w3 = (1, δ, t−1), where the coefficient δ belongs to ]0, 1[. As illustrated in Figure 6, it can be verified
that the intersection of the images under the valuation map of the facet-defining half-spaces of this
lift strictly contains the initial polytope.

In a similar way, we remark that Theorem 1 cannot be extended to non-pure tropical polytopes,
even if their generators are in general position. As an example, consider the tropical polytope P
generated by the points v1 = (0,−1, 1), v2 = (0, 0, 0) and v3 = (0, 1,−1), which are in general
position (this polytope has been depicted on the left-hand side of Figure 4 above). Thanks to the
characterization given in Proposition 17, it can be verified that the facet-defining half-spaces of any
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x2

x3

w1

w3

w2 x2 − x1

x3 − x1

Figure 6. Left: A representation of a lift of the polytope of Figure 5(a) which does
not satisfy the first part of Theorem 1. This lift is represented by its section with
the hyperplane {x ∈ K3 | x1 = 1}, and by instantiating the formal parameter t by
a sufficiently small positive value. Right: the intersection of the images under the
valuation map of the facet-defining half-spaces of the lift consists of P along with
the (unbounded) set of points of the form (0, 1, λ) and (0, λ, 1) for λ ∈ R≤0 (the
boundaries of the half-spaces are depicted by dashed lines).

lift of P provide the tropical half-spaces H((0, 0, 1), {2, 3}), H((0, 1, 0), {2, 3}) and H((0, 1, 1), {1}).
These half-spaces are precisely the half-spaces whose boundaries are depicted on the right-hand side
of Figure 6, and so their intersection (which is an unbounded set) strictly contains P.
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