J. Math. Anal. Appl. 434 (2016) 125-135

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Hopf lemma for the fractional diffusion operator and its @ Cosshark
application to a fractional free-boundary problem

Sabrina D. Roscani *"*

& CONICET, Argentina

Y Departamento de Matemdtica, FCEIA, Universidad Nacional de Rosario, Pellegrini 250, Rosario,
Argentina

ARTICLE INFO ABSTRACT
Article history: We consider a one-dimensional moving-boundary problem for the time-fractional
Received 26 September 2014 diffusion equation, where the time-fractional derivative of order o € (0, 1) is taken

Available online 8 September 2015

' in the Caputo sense. A generalization of the Hopf lemma is proved and then used
Submitted by R. Popovych

to prove a monotonicity property for the free-boundary when a fractional free-
boundary Stefan problem is investigated.
© 2015 Elsevier Inc. All rights reserved.

Keywords:

Fractional diffusion equation
Caputo derivative
Moving-boundary problem
Free-boundary problem

1. Introduction

The development of fractional calculus dates from the XIX century. Mathematicians as Lacroix, Abel,
Liouville, Riemann and Letnikov proposed several definitions of fractional derivatives. While the definition
given by Caputo in 1967 [6] motivated the physical applications, the previous definitions enabled a great
theoretical progress.

The study of fractional differential equations started to develop at the end of 50’s, and in the past decades
many authors pointed out that derivatives and integrals of non-integer order are very useful to describe the
properties of various real-world materials such as polymers or some types of non-homogeneous solids. The
trend indicates that the new fractional order models are more suitable than integer order models previously
used, since fractional derivatives constitute an excellent tool to describe properties of memory and heritage
of various materials and processes. Works in this direction are e.g. [1,7,10,15,26].
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The fractional derivative in the Caputo sense of arbitrary order o > 0 is defined by

t n—oa— n
ﬁfa(t—ﬂ Lfo)(rydr, n—1<a<n

JDYf(t) =
T f(n)(t)v =T,

where n € N and I is the Gamma function defined by T'(z) = [~ w" e~ “duw.
This paper deals with the fractional diffusion equation (hereinafter FDE), obtained from the standard
diffusion equation by replacing the first order time-derivative by a fractional derivative of order « € (0,1)

in the Caputo sense:
oD&u(w,t) = N uge(2,t), —c0<x<o00, t>0,0<a<]l.

The FDE has been investigated by a number of authors (see [11,16,19,21,23]) and several applications
were considered. In particular, Mainardi in [22] studied the application to the theory of linear viscoelastic-
ity.

Eberhard F. Hopf was an Austrian mathematician who made significant contributions in differential
equations, topology and ergodic theory. One of his most famous works is related to the strong maximum
principle for partial differential equations of elliptic type. In [13,14] the proof of an important theorem related
to the sign of the outside directional derivative of a solution to an elliptic partial differential inequality is
given. This theorem was extended later for partial differential operators of parabolic type by A. Friedman
[9] and R. Viborni [27] separately. A one-dimensional version of this theorem can be found in [5], under the
name of Hopf Lemma, and its generalization for the FDE is the aim of this work.

That is to say, under certain assumptions that will be given in detail later, we can prove that
uz(s2(to), to) > 0; provided that u attains its maximum at (s2(t),to) and

(1) oDfu(w,t) = N2 uge(z,t), s1(t) <z <s3(t), 0<t<T, 0<a<l,
(i) wu(si(t),t) = g(t), 0<t<T,
(757)  u(s2(t),t) = h(t), 0<t<T,
() wu(z,0) = f(z), a<z<b s(0)=a, s2(0)=0, (1)

where s; and s9 are given functions.
2. Fractional Hopf lemma

Consider the moving-boundary problem for the FDE defined in (1) assuming the hypotheses below:

(H1) s is given and it is an upper Lipschitz continuous function in [0,77].!

(H2) s is given and it is a lower Lipschitz continuous function in [0, 7.

(H3) s1(0) = a, s2(0) = b, where a < b, and condition () of problem (1) is not considered if a = b.
(H4) s1(t) < so(t) for all t € (0, 7).

(H5) f is a non-negative continuous function defined in [a, b].

(H6) g and h are non-negative continuous functions defined in (0, 7.

We consider the following two regions:

1 We say that f is an upper (respectively, lower) Lipschitz continuous function in [0, T'] if there exists a constant ¢ > 0 such that
f(t2) — f(t1) > —c(ta —t1), 0 < t1 < to < T (respectively, f(t2) — f(t1) < —c(te —t1), 0 <t1 < t2 <T).
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Fig. 1. Region [ao, bo] X [0,T] where u is defined.

Dy = {(z,1)/s1(t) < x < s2(t), 0 <t < T};
OpDr = {(s1(t),), 0 <t < T}U{(s2(t),%), 0 <t < T}U{(,0), a < = < b},

where the latter is called parabolic boundary.
Definition 1. A function u = u(z,t) is a solution of problem (1) if

1. w is defined in [ag, bo] x [0, T], where ag := min{s1(t), t € [0, 7]} and by := max{sa(t), t € [0,T]}.

2. u € CWp, := C(Dr) N WL((0,T)) N C2(D7), where W}((0,T)) := {f(z,:) € C1((0,T)) N L*0,T)
for every fixed = € [ag, by}

3. w is continuous in Dy U 9, Dy except perhaps at (a,0) and (b, 0) where

0 < liminf w(z,t) < limsup u(w,t) < o0
(@,t)—(a,0) (x,t)—(a,0)

and

0< liminf w(z,t) < limsup u(z,t) < +oo.
(@,t)—(b,0) (x,t)—(b,0)

4. u satisfies the conditions in (1).

Remark 1. We request u to be defined in [ag, bo] % [0, 7] since the fractional derivative o D{u(x,t) involves
values ut(x, 7) for all 7 in [0, ¢]. See Fig. 1.

Remark 2. This kind of problem has not yet been deeply studied. Nevertheless, taking into account the
results obtained in [24] and [25], we can assert that the following problem:

oDfu(x,t) = Upp(x,t), 0<z<t¥? 0<t<T, 0<a<l,
u(0,t) = B, 0<t<T,
u(t*/? t) = C, 0<t<T,

where B and C are constants, admits the solution given by

C-B

u(z,t) = B+ - W (-L-2,1) [I—W(—ta%,—%ﬂ)}
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where W ( =5, 1) is the Wright function with the parameters p = —5 and =1,

Sk

W(vavﬂ)zzia ZGC? p>_]-v 5€R
2 Kok + )

The function 1 — W(—-,—%,1) is the “fractional error function”, which satisfies

i% 1—W(—=x, —%, 1) = erf (;)
(see [24, Theorem 4.1]).

Hereinafter we take A = 1, and denote by D the fractional derivative in the Caputo sense with starting
point a = 0, oD, and by L the operator associated with the FDE, L := 5‘?—;2 — D~

Proposition 1. If u is a function with L*[u] > 0 in D, then u does not attain its mazimum at Dr.
Proof. Suppose that there exists (xg,t9) € Dr (that is, s1(tg) < 29 < s2(to), 0 < to < T), such that u

attains its maximum at (xo, tp). Due to the extremum principle for the Caputo derivative (see [20]), we have

D¢u(zo,t9) > 0. Moreover, since u € C2(Dr), we have %(xo,to) < 0. Then, L[u](zo,t0) < 0 which is a

contradiction. 0O
The following corollary is an immediate consequence of previous proposition.
Corollary 1. If u is a function with L*[u] < 0 in Dy, then u does not attain its minimum in Dr.

The results obtained in [18] can be adapted to the moving-boundary problem (1). For this reason we
omit the proof of the following assertion.

Theorem 1. Let u € CWp,. be a solution of (1). Then either
u(z,t) >0 for all (x,t) € Dr or wu attains its negative minimum on 0, Dr.
Let us state the main result of this paper.

Theorem 2. Let u € CWp.. be a solution of problem (1) satisfying the hypotheses (H1)-(H6).

1. If there exist to > 0 and 6 > 0 such that

u(sa2(to),to) = M = sup wu, (2)
8,Dr
[s1(to) — s2(to)| =6 and wu(x,tg) < M for every x € (sa(to) — 6, s2(to)), (3)
then
limint “8:f0) Zulsalto).to) o (4)
x Msa(to) x — s2(to)

If u, exists at (sa2(to),to), then

uz(s2(to), to) > 0. ()
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2. If there exist to > 0 and 6 > 0 such that

u(sa(to),to) =m = 8ir113fT u,

|s1(to) — s2(to)] >0 and wu(z,to) > m for every x € (s2(to) — 9, s2(to)),
then

limsup u(ac,to) — ’U,(Sg(to),to)

< 0.
1/‘82(&)) €T — SQ(tO)

If u, exists at (s2(to),to), then
UI(SQ(to),to) < 0.

Proof. We prove only point 1. The proof of point 2 is analogous.
Consider

Eq (pAtY)
Eo (nAtg)

where A, p and € will be determined, M is defined in (2) and E,, is the Mittag—Leffler function defined by

We(z,t) =€ {1 —exp{—p(z — s2(to))} +M

eC, > 0.
kZ:OFozk—i-l ¥ @

Note that w, = M for every point in the curve

Eo(pAt®)

exp{—p(z — 82(t0))}m

—1 (6)

and that curve (6) is the graph of the function

1 (EapAt) |
f(t) = 'ul <Ea(/1,At8)> + Q(t()), t e (O,to].

Clearly,
f(to) = s2(tp) and f is an increasing function if u > 0. (7)

Furthermore, there exists t; < to such that f(t) < sa2(t), t € (t1,t0). In fact, we know from assumption
(H2) that sg is a lower Lipschitz continuous function. Then there exists a constant L > 0 such that
$2(t) > L(t — to) + sa(to), for every 0 < ¢ < &.

ayk

Besides, taking into account that E, (pAt®*) = > 12, % is a uniform convergent series over compact

sets, and zI'(z) =T(z + 1) for all z € Q@ =C — {z = —n, n € Ny}, we have

aktak 1 oo (NA)k+1tak+a—l
(LAt)] N WA AR B, (AR,
[Ea(p D Sy kz ok T a) p o(AL®)

where the function F, , is the generalized Mittag-Leffler function with the parameters p = 8 = «,

o ok
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PO = o g e B 0t™) = 55 T D (8)

Define the function H: R} — R such that H(t) = %.
H is positive and continuous in [0, 00). H(0) = P(a) > 0 since 0 < a < 1. H(400) = C > 0 because it is

a quotient of continuous functions with equal order in co (see [12]). Then, there exists mg > 0 such that
H(t)>mo forall¢t>0, for every A, u > 0. (9)

From (8) and (9), f'(to) > —2xmyg. Selecting A > 0 such that ne —A-mg > L we can assure that f’(ty) > L.
0

Finally, let p be a positive number such that f’(tg) — p > L. Due to the differentiability of f at ¢ there
exists t1 < to such that for every t € (t1,to),

L<f/(t0)_p<M

t—to = f(t) < L(t — to) =+ f(to) = L(t — to) =+ SQ(tO) < SQ(t).

Note that assumption (3) and condition (7) imply that we can select ¢ so that s1(t) < f(t) < s2(t) for all
t € (ty,to).

Now, consider the points A(z1,to) (where x1 = f(t1)), B(s2(to),to) and C(x1,t1). Hypothesis (3) allows
to set t1 again such that z1 € (s2(tg) — 6, s2(t9)) and uw < M in AC.

Let R be the region limited by AB, AC and the portion of the graph of f from B to C, which we call
CB (see Fig. 2). The region Ry, = R° U (AB — {4, B}) and its parabolic boundary 9,R = AC U CB will
be considered.

Next, we analyze the behavior of u and w, in the parabolic boundary 0,R. Let My = . ma<x u(zxy,t).
1< to
Because of the continuity of w, assumption (3) and the possibility to reset ¢; if it is necessary, we have

My < M. Calling n = M — My, it yields
u<M-n inAC and u<M in CB. (10)
Moreover,

We>-n+M inAC and wo=M inCB. (11)
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In fact, E,(uAt®) is an increasing function in AC, then

Eo (pAt®)
Eq (HAtF)
> e[l —exp{—p(e1 = s2(to))}] + M = —n + M,

waler,t) = € |1 - exp {—p(a1 - sa(t0))) M >

n

exp {—p(z1 — s2(to))} — 17
Considering the fact that D¥(E, (uAt*)) = pAE,(nAt®) (see [16]) and applying the operator L* to the

function w,,

ife=

Eq (pAt®)

S (A - p?) <0 ifp=A+1 12
Ea(uAto)( ) (12)

L[wal(x,t) = eexp {—p(z — s2(t0))}

Finally, we define z = w, — v in R and analyze the behavior of z in the parabolic boundary 9,R. From
(10) and (11) we obtain

—

2>0 in AC and 2z>0 in CB.
Also, from (12), we have L[z] = L*w,] — L*[u] < 0 in Ry, .
Applying Corollary 1, we can state that z does not attain its minimum at R;,. Then z > 0 in R. In
particular,
z(z,tg) = wa(x,to) — u(x,to) >0, forall x; <z < sy(tp). (13)

Recall that u(s2(to), to) = wa(s2(to, to)) = M, so the next inequality is equivalent to (13):

u(x7t0) — U(SQ(tO),tO) > wa(x,to) — wa<82(t0,t0)) )

14
r — s3(to) - x — sa(to) (14)
Then
hm lnf U(l’,to) — U(Sg(to),to) Z hmlnf ’wa(l',to) — wa(SQ(to,to))
) x — s2(to) zsa(to) x — s3(to)

But w,, is a differentiable function at (s(to), o), therefore

liminf wa(x, o) — wa(s2(to, to))

:wazst ,t =€ :6A+1 >O
x5z (to) x — s2(to) (wa)z(s2(to), to) = e = €( )

and condition (4) holds.
Finally, if the derivative u, exists at (s2(to),to), the inequality (14) implies that wu.(s2(to),t0) >
(Wq)z(s2(tg), to) > 0 and hence the condition (5) holds. O

Analogous results hold if we consider s; instead of ss.

Theorem 3. Let u € CWp,. be a solution of problem (1) satisfying the hypotheses (H1)-(HG).

1. If there exist to > 0 and 6 > 0 such that

u(s1(to),to) = M = sup u,
SPDT

[s1(to) — s2(to)] =6 and wu(x,to) < M for every x € (s1(to), s1(to) + 0),
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then

lim sup u(m, to) - ’U,(Sl(to), to)

< 0.
= /51 (to) x — s1(to)

If u, exists at (s1(to),to), then
UI(Sl (to), to) < 0.
2. If there exist tg > 0 and § > 0 such that

to),to) = m = inf
U(81(0)7 0) m 61111%“,

[s1(to) — s2(to)] =6 and wu(x,tg) > m for every x € (s1(to), s1(to) + 0),
then

i inf u(z,to) — u(s1(to), to)

> 0.
z 751 (to) x — s1(to)

If u, exists at (s1(to),to), then
uz(81<t0), to) > 0.
Remark 3. As we said before, this result can be found in [5] for the case a = 1, where the author works
only with exponential functions. It is well known that the Caputo derivative of the exponential function is
not an exponential function. Therefore, we use the Mittag—Leffler function.

3. An application to fractional free-boundary Stefan problems

In this section we consider the following fractional free-boundary Stefan problem for the FDE

(1) D%u(z,t) = uge(z,t), O0<zx<s(t), 0<t<T, 0<a<l, A>0
(i) u(x,0) = f(z), 0<z<b=s(0),
(77) w(0,t) = g(¢), 0<t<T,
(i) wu(s(t),t) =0, 0<t<T,
(v) D%s(t) = —kug(s(t),t), 0<t<T, k>0 constant, (15)

ds(t
where we have replaced the Stefan condition %) = kug(s(t),t), t > 0, by the fractional Stefan condition

D%s(t) = —kugy(s(t),t), t>0, 0<a<l.
Definition 2. A pair {u, s} is a solution of problem (15) if
1. w is defined in [0, bg] x [0,T] where by := max{s(t), 0 <t < T}.
2. u € CWDT-

3. w is continuous in Dy U d, Dy except perhaps at (0,0) and (b,0) where

0< liminf w(z,t) < limsup wu(z,t) < +oo
(,t)—(0,0) (w,t)—(0,0)
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and

0< liminf w(z,t) < limsup u(z,t) < +oo.
(z,t)—(b,0) (@,8)—(b,0)

4. sis a continuous function in [0, 7] such that s € W(0,T).
5. There exists uz(s(t),t) for all ¢ € (0,T].
6. w and s satisfy (15).

This kind of problem has recently been treated in [3,8,17,24], and numerical solutions can be found in [4].
Our next goal is to prove the following assertion involving the monotonicity of the free boundary.

Theorem 4. Let {u1,s1} and {us, s2} be solutions of the fractional free-boundary Stefan problems (15)
corresponding to the data {b1, f1,91} and {ba, fa, g2}, respectively. Suppose that by < by, 0 < f1 < fo and
0<g1 <g2. Then s1(t) < sa(t) for allt € [0,T).

Proof. We know that s; and sy are continuous functions, and s1(0) = by < by = s2(0). Suppose that the
set A = {t€[0,T]]| (s1 —s2)(t) =0} # 0, and let be t¢ = min A. Due to the continuity of s; and so,
s1(to) = sa2(to), and tg is the first ¢ for which s1(tg) = s2(to).

Let h(t) = (s1 — s2)(t), t € [0,t0]. This function has the following properties:

(h-1) h € C1(0,t5] N C[0,t0] (due to Definition 2).
(h-2) h(0) = by — by < 0.
(h-3) h is a non-positive function and h(tg) = 0.

From (h-1)—-(h-3), h attains its maximum value at .

h(to) — h(0)

Using the estimate [2, Eq. (12)], we obtain D*h(ty) > tg‘lg(lifa)'
Then,
by — b
D%h(tg) > ———— > 0. 16
() > s (16)

Taking into account the linearity of the Caputo fractional derivative and the fact that s; and sy satisfy
the Stefan condition (15)-(v), from the inequality (16) we derive

’UJQI(SQ(to), to) — le(sl(to), to) > 0. (17)
Observe that w(x,t) = us(x,t) — uy (z,t) is a solution of the moving-boundary problem

Dew(z,t) = wey(x,t), 0<z<si(t), 0<t<ty, 0<a<l,

w(0,1) = (g2 —g1)(t) 20, 0 <t <to,

w(s1(t),t) = ua(s1(¢),t), 0<t<to,

w(z,0) = (foe— fr)(x) >0, 0<z<b; =s1(0). (18)

Applying Theorem 1 to us in the region D—fo, where Dfo ={(z,t) | 0 <t <tg, 0 <z < s2(t)}, we have
ug(s1(t),t) > 0.

For w satisfying the problem (18), Theorem 1 gives the condition w > 0 in D—tlo7 where Dj = {(z,t) |
0<t<tg 0<z<s1(t)}. Then w attains a minimum at (s1(to), o).
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If there exists € > 0 such that w(z,tp) > 0 for all © € (s1(to) — €, $1(to)), applying Theorem 2-2 we
can conclude that w;(s1(t0),0) < 0. And then ug,(s2(to),t0) — ui1z(s1(to),to) < 0, which contradicts the
inequality (17).

If, by contrast, we have a sequence {¢,} such that €, — 0 and, for every n € N there exists z,, €
(s1(to) — €n, s1(to)) such that w(zy,to) = 0, then

lim w(xnvtO) - w(Sl(tQ),to)

n—00 €n

=0.

But the derivative w,(s1(to), to) exists by Definition 2-6. Then w,(s1(to),t0) = 0. Therefore ua,(s2(to), to) —
u15(51(t0), to) = 0, which contradicts the inequality (17) again.

This contradiction comes from assuming that there exists ty > 0 such that ¢y is the first ¢ for which
s1(to) = s2(to). Therefore s1(t) < so(t) forall t € [0,T). O
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