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Abstract
In this comment we analyze the results derived recently by Bowen et al (2014 Phys. Scr. 89
015301). We first show that the eigenvalues of the family of the anharmonic oscillators studied
by those authors already exhibit a branch point but it is irrelevant for perturbation theory.
Second, we show that one of the authors’ main contributions, namely that the variational method
yields the correct dependence of the eigenvalues on the coupling constant, has been known since
long ago. Third, the authors’ statement that their Bohr–Sommerfeld eigenvalues are exact is
proved wrong by comparison with accurate numerical results.

Keywords: anharmonic oscillators, bound states, Bohr–Sommerfeld, variational method

1. Introduction

In a recent paper Bowen et al [1] discussed the eigenvalues of
the family of anharmonic oscillators with potential

= !V x x( ) g

k
k

(2 )
2 , = …k 1, 2, by means of two approximate

methods: the Bohr–Sommerfeld and canonical quantization
procedures. They showed that the eigenvalues exhibit a
branch-point singularity at g = 0 and concluded that there
cannot be a convergent power series expansion in the cou-
pling constant. According to the authors this fact severely
restricts the analytic continuation of the coupling constant g in
the complex plane. The authors also claimed to have obtained
exact solutions for the eigenvalues of such a family of
monomial potentials.

According to the authors this paper is a follow-up of a
previous study [2]. What they forgot to say is that the results
of that earlier paper were proved to be incorrect by Bender
and Boettcer [3] and Amore and Fernández [4].

The purpose of this comment is to show that the results
derived by Bowen et al [1] are well known and that some of
the conclusions are incorrect or at least misleading. In
section 2 we derive the analytic behaviour of the eigenvalues
with respect to the coupling constant by means of the
Symanzikʼs scaling relation and discuss the application of
perturbation theory to those oscillators. In section 3 we

discuss the application of the scaling variational method to
those oscillators and show that it yields the correct depen-
dence on the coupling constant. In section 4 the straightfor-
ward comparison of accurate numerical eigenvalues with
those provided by the Bohr–Sommerfeld formula illustrates
the well- known fact that the latter are not exact. Finally, in
section 5 we summarize the main results of this comment and
draw conclusions.

2. Symanzikʼs scaling relation

The family of anharmonic oscillators considered by Bowen
et al [1] is given by

= +
!

= …H
p

m

g

k
x k

2 (2 )
, 1, 2, , (1)k

2
2

where the coordinate x and momentum p operators satisfy the
canonical commutation relation = x p i[ , ] . One can easily
obtain the exact dependence of the eigenvalues En(g) on the
coupling constant g by means of the canonical transformation

α α= =† † −U xU x U pU p, , (2)1

where U is a unitary operator and =† −U U 1 its adjoint.
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The Hamiltonian operator is transformed according to

α α= +
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If we take into account that †U HU and H are isospectral and
choose α = − +g k1 (2 2) then we conclude that

= +E g g E( ) (1), (4)n
k

n
1 ( 1)

which is known as the Symanzikʼs scaling relation [5] (and
references therein). Any reasonable approximation to the
eigenvalues of the Hamiltonian (1) should at least exhibit this
behaviour; for this reason Bowen et al [1] were able to derive
it by means of the Bohr–Sommerfeld and canonical quanti-
zation procedures.

Equation (4) tells us that each eigenvalue of the Hamil-
tonian (1) exhibits a branch-point of order k at g = 0. In view
of this result the authors state that: ‘There are several pro-
found consequences of this behavior. Firstly, it is not possible
to expand the energy of any level in a convergent power
series in g about zero.’ It is well known that one cannot obtain
a perturbation series about g = 0 because as →g 0 the point
spectrum of the Hamiltonian (1) becomes a continuous
spectrum and, therefore, the application of Rayleigh–Schrö-
dinger perturbation theory (or some of its variants) is non-
sensical. In other words: one cannot obtain the discrete
spectrum of the Hamiltonian (1) from the continuous spec-
trum of the unperturbed or reference Hamiltonian =H p

m0 2

2

by means of straightforward perturbation theory. Therefore,
one of the main conclusions drawn by Bowen et al is at least
irrelevant. A rigorous discussion of the analytic properties of
the eigenvalues of a closely related family of anharmonic
oscillators (for which perturbation theory makes sense) was
provided by Simon[5] some time ago (see also the references
therein).

3. The scaling-variational method

Bowen et al [1] obtained an approximate expression for the
lowest eigenvalue of the family of anharmonic oscillators (1)
by means of the so-called canonical quantization procedure.
The result proves to be exact for the harmonic oscillator and
in the other cases it exhibits the correct dependence on the
coupling constant. In what follows we show that the canonical
quantization procedure is merely the well known scaling-
variational method [6].

To do so we resort to the canonical transformation (2)
and construct a trial function φ φ=α U , where φ φ = 1.
The expectation value of H is then given by

α φ φ φ φ
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so that the variational method α α∂ ∂ =αH ( ) 0
op

yields the

optimum value of α
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and the approximate energy
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Note that the approximate variational energy exhibits the
correct g-dependence α ∝ +H g( )op

k1 ( 1) disregarding the
chosen function φ. Similar expressions appear in the treat-
ment of more complex problems such as atoms and molecules
[6]. That the scaling-variational method yields the correct
dependence of the energy on the coupling parameter for
homogeneous interactions (  =V sVr. ) has been known for
some time [7]; however, over and over again unaware
researchers rediscover it.

It is worth adding that by a suitable choice of φ the
scaling-variational method also yields the correct semi-
classical dependence on the quantum number = …n 0, 1,
(see next section). In fact, in the case of the Hamiltonian (1)
one may obtain α = + + +H C n g( ) ( 1 2)op k

k k k2 ( 1) 1 ( 1) where
Ck is independent of both g and n [7].

4. The Bohr–Sommerfeld quantization condition

Bowen et al [1] also calculated the eigenvalues of the
Hamiltonian (1) by means of the Bohr–Sommerfeld quanti-
zation formula

∫ − = +
−
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2
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1

2
, (8)

x

x

where ±x are the classical turning points given by = ±E V x( ).
They compared the eigenvalues obtained by this expression
with those coming from straightforward diagonalization of
the Hamiltonian operator and appeared to conclude that they
had in fact obtained the exact eigenvalues of the anharmonic
oscillators. They used expressions such as ‘This means that
there is now a much larger set of exactly soluble Hamilto-
nians’ and ‘This means that we now have a whole family of
exactly diagonalized Hamiltonians of which the SHO is a
member’ to refer to their Bohr–Sommerfeld results.

It is well known that the Bohr–Sommerfeld formula (8) is
equivalent to the leading term of the WKB expansion. Bender
et al [8] have explicitly shown how the accuracy of the
approximate WKB eigenvalues for the quartic oscillator
(k = 2) increases with the addition of correction terms.
Besides, the accuracy of the WKB series truncated to any
order increases with the quantum number. The Bohr–Som-
merfeld formula (8) is by no means exact and its supposed
agreement with the numerical results in figure 2 of Bowen
et alʼs paper is merely due to the scale used. Therefore, the
statements quoted above from this paper are wrong or at least

2

Phys. Scr. 89 (2014) 097002 Comment



unhappily phrased in a misleading way. In order to make this
point clearer to the reader in what follows we compare
Bohr–Sommerfeld eigenvalues with accurate ones. To do so
we first obtain suitable dimensionless eigenvalues that are
independent of the physical and coupling constants. If we

change the coordinate α=x q, where α = ! +⎡
⎣⎢

⎤
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Therefore we can compare the dimensionless eigenvalues
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calculated by both methods. We obtained accurate numerical
eigenvalues by means of the Riccati–Padé method
(RPM) [9, 10].

Table 1 shows the first eigenvalues of the quartic oscil-
lator (k = 2) calculated with the RPM (accurate to ten digits)
and with the Bohr–Sommerfeld formula. We appreciate that
the error (fourth column) decreases steadily but rather slowly
as n increases. This fact clearly illustrates the semiclassical
nature of the Bohr–Sommerfeld formula. In order to obtain
more accurate results by means of the semiclassical method
we have to add WKB corrections of higher order [8] as
mentioned above.

5. Conclusions

In this comment we want to make clear the following facts:
First, it is true (and well known for some time) that the

eigenvalues of the family of the anharmonic oscillators (1)
exhibit a branch point of order k. Here we have illustrated
how to derive such dependence without resorting to any
approximate method. On the other hand, Bowen et al con-
jectured that such a dependence was correct by comparing the
results of two approximate methods. However, this knowl-
edge is irrelevant for perturbation theory because its appli-
cation is hindered by the fact that the unperturbed
Hamiltonian = =H H g( 0)0 does not exhibit a discrete
spectrum (for this reason nobody would seriously attempt to
carry out such calculation).

Second, the fact that the variational method yields the
correct dependence of the eigenvalues on the coupling con-
stant has been known for some time [7]. Here we have also
shown that such an approximate method may also yield the
semiclassical dependence on the quantum number.

Third, we have illustrated the well-known fact that the
Bohr–Sommerfeld formula is approximate while Bowen et al
appeared to believe that their results were exact. Table 1
clearly proves them wrong.

It is likely that some of the present conclusions may also
apply to the future paper that the authors are preparing for
submission: ‘We have shown elsewhere (to be submitted) that

the other members of the family of potentials will show the
same agreement.’
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