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Abstract We study left-invariant locally conformally Kahler structures on Lie groups, or
equivalently, on Lie algebras. We give some properties of these structures in general, and
then we consider the special cases when its complex structure is bi-invariant or abelian. In
the former case, we show that no such Lie algebra is unimodular, while in the latter, we
prove that if the Lie algebra is unimodular, then it is isomorphic to the product of R and a
Heisenberg Lie algebra.

Keywords Hermitian metric - Locally conformally Kihler metric - Abelian complex
structure

Mathematics Subject Classification (2010) 53C15 - 53B35 - 53C30

1 Introduction

Let (M, J, g) be a 2n-dimensional Hermitian manifold and let w be its fundamental 2-form,
that is, w(X,Y) = g(JX,Y) for any X, Y vector fields on M. The manifold (M, J, g)
is called locally conformally Kdihler (or LCK, for short) if g can be rescaled locally, in a
neighborhood of any point in M, so as to be Kihler, or equivalently, if there exists a closed
1-form 6 such that

do =0 N w.

This 1-form 6 is called the Lee form. This notion was introduced by Libermann [23] in 1954,
but the geometry of these manifolds was not developed until the 70’s, with the work of L.
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Vaisman. These manifolds are a natural generalization of the class of Kédhler manifolds, and
they have been much studied by many authors (see for instance [11,31,36]). According to
[16], a locally conformally Kéhler manifold is in the class #4 of the Gray-Hervella classifi-
cation of almost Hermitian manifolds. An important class of LCK metrics is given by those
whose Lee form is parallel with respect to the Levi-Civita connection. These LCK structures
are called Vaisman, and their existence imposes topological and cohomological restrictions
on the underlying Hermitian manifold (see for instance [36]).

We will consider locally conformally Kihler structures on solvmanifolds, that is, compact
quotients I'\G where G is a simply connected solvable Lie group and I is a lattice in G,
which are induced by left-invariant locally conformally Kéhler structures on the Lie group.
According to [25], such a Lie group is necessarily unimodular. These structures have been
the subject of study in several recent papers. For instance, it was shown in [30] that if a
non-toral nilmanifold (i.e., a solvmanifold as above with G nilpotent) admits an invariant
locally conformally Kihler structure, then it is a quotient of R x Hp,1, where Hp, 11 is the
(2n + 1)-dimensional Heisenberg Lie group. In [31] it was proved that any invariant locally
conformally Kéhler structure on a solvmanifold such that o = —0 A JO 4+ d(J0) is in fact
Vaisman. According to [28] this condition is related to the existence of a potential for the
LCK metric. In [21] it is proved the non-existence of Vaisman metrics on solvmanifolds
satisfying certain cohomological conditions.

In this article we study LCK structures on unimodular Lie algebras with two special kinds
of complex structures. First, we take into account bi-invariant complex structures on Lie
algebras, i.e., an endomorphism J of a Lie algebra g that satisfies

JP=—Id, J[X,Y]=[X,JY]forall X,Y €g.

This condition holds if and only if both left- and right-translations on the corresponding
simply connected (real) Lie group are holomorhic, or equivalently, this Lie group is in fact a
complex Lie group.

The other special kind of complex structures that we consider is given by the so called
abelian complex structures. Recall that an abelian complex structure on a Lie algebra g is an
endomorphism J of g that satisfies

JP=—Id, [JX,JY]=[X,Y]forall X,Y €g,

or equivalently, the i-eigenspace of J in g€ is an abelian subalgebra of gC. There are well
known obstructions for the existence of abelian complex structures. For instance, if the Lie
algebra g admits such a structure, then g has abelian commutator (i.e., g is two-step solvable),
and the center of g is J-invariant, among other properties (see Lemma 2.2). These structures
are very important in several areas of geometry and they have been studied by many authors
recently (see for instance [6,10,24]).

The outline of this article is as follows. In Sect. 2 we review some known results about LCK
manifolds and left-invariant complex structures on Lie groups. In Sect. 3 we determine some
properties of Lie algebras endowed with an LCK or Vaisman structure. Next, in Sect. 4 we
prove that there exists no unimodular Lie algebra g equipped with an LCK structure (J, (-, -))
where J is bi-invariant (Theorem 4.1). Finally, in Sect. 5 we prove that if (g, J, (-, -)) is LCK
with an abelian complex structure J and g is unimodular then g >~ R X bhj,41, where
hon+1 is the (2n + 1)-dimensional Heisenberg Lie algebra. Moreover, there is only one, up
to equivalence, monoparametric family (Jo, (-, -)1), A > 0, of LCK structures on this Lie
algebra, where the metrics (-, -), are pairwise non-isometric.
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2 Preliminaries
2.1 Locally conformally Kéhler manifolds

A Hermitian metric on an almost complex manifold (M, J) is a Riemannian metric g such
that g(X, Y) = g(J X, JY) for any vector fields X, ¥ on M. In this case (M, J, g) is called an
almost Hermitian manifold. When the almost complex structure J is integrable (i.e., (M, J)
is a complex manifold), then (M, J, g) is called a Hermitian manifold.

Given an almost Hermitian manifold (M, J, g), the fundamental 2-form is defined by
w(X,Y)=g(JX,Y) for any vector fields X, Y on M.

A Kdhler metric on acomplex manifold (M, J) is a Hermitian metric g whose fundamental
2-form w is closed, that is, dw = 0. Then M is called a Kidhler manifold.

Kihler manifolds are by far the most important Hermitian manifolds. Nevertheless, this
condition might be very restrictive in some cases, and therefore, weaker conditions are stud-
ied. One way to do so is to consider Hermitian manifolds whose metric is locally conformal
to a Kéhler metric.

The Hermitian manifold (M, J, g) is locally conformally Kdihler (LCK) if there exists an
open covering {U; }ic; of M and a family { f;};c; of local C*°-functions, f; : U; — R, such
that each local metric

gi = exp(—fi) glu; ey

is Kiéhler. Also (M, J, g) is globally conformally Kdhler (GCK) if there exists a global
C®°-function, f : M — R, such that the metric exp(— f)g is Kihler.

We recall an important characterization of LCK manifolds, which can be proved by dif-
ferentiating (1).

Theorem 2.1 [22] The Hermitian manifold (M, J, g) is LCK if and only if there exists a
closed 1-form 0 globally defined on M such that

do =0 N w. (2)
Moreover, (M, J, g) is globally conformally Kdhler if and only the 1-form 6 in (2) is exact.

Remark 2.1 (i) A simply connected LCK manifold is GCK, in particular the universal cover
of an LCK manifold is GCK.
(ii) An LCK manifold (M, J, g) is Kahler if and only if & = 0. Indeed, 8 A v = 0 and w
non-degenerate imply 8 = 0. We consider LCK manifolds (M, J, g) suchthat (M, J, g)
is not Kéhler, therefore from now on we assume that 6 # 0.
(iii) For dimensional reasons, if (M, J, g) is a Hermitian manifold with dim M > 6 such
that (2) holds for some 1-form 0, then 6 is automatically closed, therefore M is LCK.

The 1-form 6 of the previous theorem is called the Lee form and it was introduced by H.
C. Lee in [22]. The Lee form is uniquely determined by the following formula:

1
0 =———0w)oJ, 3)
n—1
where w is the fundamental 2-form, § is the codifferential and 2n is the real dimension of

M. In general this formula is used to define the Lee form of any almost Hermitian manifold,
which in this more general setting is called the torsion form (see [12]).
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Example 2.1 The Hopf manifolds are examples of locally conformally Kihler manifolds
which are not GCK. Let A € C, |A| # 1 and A, be the cyclic group generated by trans-
formations z — Az of C" — {0}. The quotient space CH;! = (C" — {0})/A; is a complex
manifold and it is called Hopf’s complex manifold. It can be seen that C H;' is diffeomorphic
to S! x §2"~1, Particularly C H}! is compact and its first Betti number is b1 (C H;') = 1. Since
all odd Betti numbers of a compact Kihler manifold are even, it follows that C H. f cannot
admit a Kdhler metric.
We consider now the Hermitian metric on C" — {0}

dz; ®dz;
h = J J ,
Z | z |2
and canonical complex structure J. This metric is invariant by A, then it induces a Hermitian
metric on C H;' which is called the Boothby metric (it was discovered by Boothby for n = 2
in [7]). This Hermitian structure on C H;' is in fact LCK.

The example above is more than LCK: its Lee form 6 is in fact parallel with respect to the
Levi-Civita connection. LCK manifolds with this property are very special and thus deserve
their own definition: Given an LCK manifold (M, J, g), the metric g on M is called Vaisman
if the Lee form 6 is parallel with respect to the Levi-Civita connection of (M, g). A Vaisman
manifold is an LCK manifold with a Vaisman metric. This notion is due to I. Vaisman, who
used the terminology “generalized Hopf manifolds” (see [36,37]).

Itisknown that Vaisman manifolds have several special properties which do not necessarily
hold in LCK manifolds. For example, the first Betti number of a Vaisman manifold is odd
[20,37], while the Oeljeklaus—Toma manifolds are examples of LCK manifolds with even
first Betti number [26]. Moreover, Vaisman manifolds always have an LCK potential [27]
and have rank 1 [13].

2.2 Complex structures on Lie algebras

A left-invariant almost complex structure J on a Lie group G is a (1, 1)-tensor such that
Jg : TG — TG is an endomorphism with ng = —1Id for all g € G and left-translations
are holomorphic. As usual, the almost complex structure J on G is called integrable if

VX, JY]- X, Y]-J(JX, Y]+ [X,JY]) =0,

for any X, Y vector fields on G. In this case, J is called a left-invariant complex structure
and (G, J) is a complex manifold.

A left-invariant (almost) complex structure is determined by its value on the identity of G,
and therefore it is possible to define an (almost) complex structure on the Lie algebra g of G.
Namely, a complex structure J on a Lie algebra g is an endomorphism J : g — g satisfying
J?=—Idand

[JX, JY]-[X,Y]-J(JX, Y]+ [X,JY]) =0,

forany X, Y € g.

In this article we will be interested in two special kinds of almost complex structures
on Lie algebras, namely bi-invariant complex structures and abelian complex structures. An
almost complex structure J on g is called bi-invariant if

JIX,Y]=[X,JY], forall X,Y € g,
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and it is called abelian if
[JX,JY]=[X,Y], forall X,Y € g.

Remark 2.2 Note that in both cases the almost complex structure is automatically integrable.
Also, a complex structure on g cannot be bi-invariant and abelian at the same time, unless g
is an abelian Lie algebra.

Remark 2.3 In general, right-translations are not holomorphic on a Lie group G with a left-
invariant complex structure J. This holds only when G is a complex Lie group with the
holomorphic structure given by J, or equivalently, J is bi-invariant.

Next, we include some properties about abelian complex structures in the following lemma
(see [3,5,29] for their proofs).

Lemma 2.2 Let g be a Lie algebra with 3(g) its center and g' := [g, g] its commutator ideal.
If J is an abelian complex structure on g, then
1. J3(g) = 5(9)-
2. g'NnJg Cig +Jg).
3. The codimension of ¢’ is at least 2, unless g is isomorphic to aff(R) (the only 2-dimen-
sional non-abelian Lie algebra).
4. ¢ is abelian, therefore g is 2-step solvable.

A rich family of Lie algebras with (abelian) complex structures is obtained by considering
a finite dimensional real associative algebra .o and aff(<7), namely, the vector space &7 @ </
equipped with the Lie bracket given by

[(a,b), (@', b)] = (aa’ —d'a,ab’ —ad'b), a,b,d',b e .
If J is the endomorphism of aff(<7) defined by
J(a,b) = (b, —a), a,be .,

then it is easy to see that J is a complex structure on aff(</). This complex structure is called
standard. Moreover, when </ is commutative, J is abelian. We prove next a result about
aff(<) that will be used later. We recall that a Lie algebra is called unimodular if the adjoint
representation is trace-free, i.e., tr(adx) = 0 for any x in the Lie algebra. Moreover, if a Lie
group G is unimodular (i.e., its left-invariant Haar measure is also right-invariant), then its
Lie algebra g is unimodular, and the converse holds when G is connected (see [25]).

Lemma 2.3 If </ is an associative commutative algebra and aff(</) is unimodular, then <f
is nilpotent. Therefore aff(</) is a nilpotent Lie algebra.

Proof Suppose that <7 is not nilpotent, then there exists 0 # e € .7 such that e> = e. We
consider (e, 0) € aff(«/) and we compute ad o) (x, y) = (0, ey) = (0, [.(y)) where [, is
the left-multiplication by e. Therefore the matrix of ad o) is of the form

00
ad(e,()) = (Ol ) @

Since le2 =1, and [, # 0, there exists a basis of .« such that

10

and therefore tr(ad,0)) # 0. O
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Remark 2.4 With a similar proof, one can show that if <7 is an associative algebra with
identity, then aff(.¢/) is not unimodular.

3 Left-invariant LCK metrics on Lie groups

One way to produce examples of manifolds equipped with LCK structures is by considering
Lie groups carrying left-invariant LCK structures. However, when the Lie group is simply
connected, the LCK is in fact globally conformally Kihler, according to Remark 2.1(i). In
order to obtain LCK structures which are not GCK, we may consider quotients by lattices
of the group (i.e., co-compact discrete subgroups), and the LCK structure descends to the
quotient. The existence of a lattice imposes restrictions on the Lie group, since according to
Milnor [25] such a group has to be unimodular. This is our motivation to study left-invariant
LCK structures on unimodular Lie groups.

Let G be a Lie group with a left-invariant complex structure J and a left-invariant metric g.
If (G, J, g) satisfies the LCK condition (2), then (J, g) is called a left-invariant LCK structure
on the Lie group G. That is, there exists a closed 1-form 6 on G such that dw = 6 A . We
will see next that the Lee form 6 is left-invariant. Therefore 6 is determined by its value in
the identity.

Proposition 3.1 Let G be a Lie group with a left-invariant LCK structure (J, g), with 0 the
associated Lee form. Then 0 is left-invariant.

Proof Recall that if « is any left-invariant form on G, then do, *« and o = £ % o d o *«
are also left-invariant. Since J is left-invariant, the claim follows from (3). O

This fact allows us to define LCK structures on Lie algebras.

Let g a Lie algebra, J a complex structure and (-, -) a Hermitian inner product on g, with
o its fundamental 2-form. The triple (g, J, (-, -)) is called locally conformally Kdhler (LCK)
if there exists 6 € g*, with d6 = 0, such that

do =0 N w. (6)

A Lie algebra g with a Hermitian structure (J, (-, -)) is Vaisman if (g, J, (-, -)) is LCK and
the Lee form is parallel (see Lemma 3.3 below).

Example 3.1 Letg = R X ho,41, where ho,41 is the (2n 4+ 1)-dimensional Heisenberg Lie
algebra. There is a basis {X1, ..., X,, Y1,..., Yy, Z1, Z>} of g with Lie brackets given by
[X;,Yi]=Z fori =1,...,n and Z; in the center. We define an inner product (-, -) on g
such that the basis above is orthonormal. Let J be an almost complex structure given by:

JoXi =Y, JoZi=—-2Z, fori=1,...,n.

It is easily seen that Jy is a complex structure on g. Let {x/, y', z!, z%} be the 1-forms dual
to {X;, Y;, Z1, Z,} respectively. Then the fundamental form is:

n
w = Z(xi A yi) -7 A
i=1
Thus,

2

do =7° Nw,
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and therefore (g, Jo, (-, -)) is LCK. It can be seen that the Lee form 6 = z2 is parallel, hence
the LCK structure is Vaisman. This example appeared in [8].

It is known that g is the Lie algebra of the Lie group R x Hz;,1, where Ha,4 1, known
as the Heisenberg group, is the group of all matrices with real coefficients which have the
following form:

1A ¢
P=|01I1,B"|, ceR, I, =1Id,x,.
00 1

where A = (a1,...,ay) € R", B = (by,...,b,) € R" and ¢ € R. Let I' C Hop41
be the subgroup of all matrices with integer coefficients. Then I"\ Hy, 4 is compact and the
nilmanifold N = S! x I \ H2;,+1 admits an LCK structure which is Vaisman. The nilmanifold
N is known as the Kodaira-Thurston manifold, and it was the first example of a compact
symplectic manifold that does not admit K&hler structures [32].

Remark 3.1 The complex structure Jy defined in the previous example is abelian. Moreover,
it was proved in [5] that if J is a complex structure on a Lie algebra g with dim g’ = 1, then
J is abelian.

Example 3.2 In [9] the following example of an LCK solvmanifold was given. Let g be the
4-dimensional solvable Lie algebra given by

g =span{A, X, Y, Z}
[A,X]=X, [A,Y]=-Y, [X,Y]=Z.

Let {a, x, y, z} be the dual basis of {A, X, Y, Z}. We can check by direct computation that
dae=0, dx=—aAx, dy=aAny, dz=—-xAYy.

Let (-, -) be a inner product on g such that {A, X, Y, Z} is an orthonormal basis. If we define
J by

JA=Y, JZ=X,
then (g, J, (-, -)) is Hermitian with the fundamental 2-form w given by
wo=0aANYy+IANX.
Therefore we obtain
do = —o Aw.

Hence it is LCK with Lee form 6§ = —«. This structure is not Vaisman, since « is not parallel
(see also Lemma 3.3 below). It was proved in [9] that the associated simply connected
solvable Lie group G admits a lattice I" and therefore the solvmanifold "\ G admits a LCK
structure. It is proved in [19] that this LCK solvmanifold is holomorphically homothetic to
the Inoue surface Solf /I" equipped with the locally conformal Kihler structure constructed
by Tricerri in [33].

Remark 3.2 All 4-dimensional simply connected unimodular Lie groups with left-invariant
LCK structures were classified in [18]. In particular, the reductive Lie groups U(2) and
GL(2,R) admit such structures. Recently, in [1] it was proved that if a reductive Lie
group admits a left-invariant LCK structure then it is locally isomorphic to one of these
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4-dimensional groups. Moreover, if a compact Lie group admits a left-invariant LCK struc-
ture, then it is locally isomorphic to U(2) and the LCK structure is in fact Vaisman ([1,
Theorems 4.6 and 4.15]).

Now we study some properties about Lie algebras equipped with an LCK or Vaisman
structure. Recall that if « € g* and 5 € /\2 g*, then their exterior derivatives do € /\2 g* and
dn e /\39* are given by

da(X,Y)=—a(X, Y], dnX,Y,Z)=—n(X,Y]. 2) — (Y, Z]. X) = n([Z, X]. Y),

forany X, Y, Z € g.
Let (g, J, (-, -)) be LCK and suppose that g is not Kéhler, that is, dw = 6 A w where 0 is
closed and 6 # 0. Then the codimension of ker € is 1 and then we can choose

A € (ker0)* such that 6(A) = 1, @)
and therefore g can be decomposed orthogonally as
g = span{A} @ kerd, with g Ckerf. (8)

Note that since 6 # 0, g cannot be a semisimple Lie algebra. Since J is skew-symmetric
we obtain (JA, A) = 0 and therefore JA € ker 6. If W is the orthogonal complement of
span{J A} in ker 6, we have

g =span{A, JA} @&+ W, )

and W is invariant by J.

According to (8), any X € g can be writtenas X =tA + Y, withr e Rand Y € ker6.
From the definition of A we obtain t = 6(X). On the other hand, computing (X, A) we get
(X, A) = t|A|?, and consequently the Lee form can be written explicitly as

(X, A)

0= Tap

forall X € g. (10)

Thus |6(X)| represents the length of the orthogonal projection of X with respect to A.
Lemma 3.2 If (g, J, (-, -)) is LCK then J o ad 4 is a symmetric endomorphism of g.

Proof Forany X, Y € g we compute

do(JA, X, Y)=—-w(JA, X].Y) —o(X,Y], JA) —o(Y, JA], X)
=—(JI[JA,X].Y)—=(JIX, Y], JA) — (J[Y, JA], X)
=—(J[JA,X],Y)— (JIY, JA], X).

On the other hand, using (10), we obtain

OANw(JA,X,Y)=0X)w(Y,JA)+0(Y)w(JA, X)
_ X, A
=g YT Tap

=0.

(A, X)

It follows from (6) that (J[JA, X],Y) = (J[JA, Y], X) forall X, Y € g,hence J oad4 is
symmetric. O

Now we consider a Vaisman structure (J, (-, -)) on g, with 6 its parallel Lee form. In this
context the Vaisman condition can be characterized as follows.
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Lemma 3.3 Let (g, J, (-, -)) be LCK and let A € g be as in (7). Then (g, J, {-, -)) is Vaisman
if and only if ad s is a skew-symmetric endomorphism of g.

Proof Recall first that the Levi-Civita connection V of a left-invariant Riemannian metric
on a Lie group is itself left-invariant, that is, Vx Y is a left-invariant vector field whenever
X, Y are left-invariant. Similarly, VT is a left-invariant tensor if 7 is a left-invariant tensor.
In particular, if 5 is a left-invariant 1-form, we have that (Vxn)(Y) = —n(VxY) for X, Y
left-invariant vector fields.

Let us now compute VO, where V is the Levi-Civita connection on g associated to (-, -)
and 0 is the Lee form. Given X, Y € g we have that

(VxY, A) 1

(V) () =—0(Vx V) === ==

(X, Y], A) = (Y, AL, X) + ([A, X]. )},

where we have used the Koszul formula for the Levi-Civita connection in the left-invariant
setting. Since A

(VxO)(Y) = {{[A, Y], X) + ([A, X]. Y)}

20AP
Therefore (Vx6)(Y) = 0if and only if ([A, Y], X) = —([A, X],Y) forall X, Y € g. ]

Remark 3.3 Let H be a Lie group equipped with a left-invariant metric 4. It is well known
that an endomorphism ady of its Lie algebra b is skew-symmetric with respect to i, = (-, -)
if and only if the left-invariant vector field on H determined by X is Killing.

4 LCK structures with bi-invariant complex structure

In this section we consider a Lie algebra equipped with an LCK structure such that its
complex structure is bi-invariant. Equivalently, we are considering left-invariant LCK metrics
on complex Lie groups. The aim of this section is to prove that in each even (real) dimension,
there is only one Lie algebra admitting such metrics.

First, we exhibit some examples. Beginning with R*" equipped with a complex structure Jo
and a Hermitian inner product (-, -), consider the Lie algebra RZxR?" (withR? = span{u, v}),
where the Lie brackets are given by [u, v] = 0, [u, X] = X and [v, X] = JoX for all
X € R?". Extending Jy by Jou = v, it is easy to check that Jy is a bi-invariant complex
structure on R? x R?*. Extend also (-, -) to an inner product (-, -)5 on R? x R>" by setting
(R2,R?"y =0, (u,v) = Oand |u| = |v| = A forsome A > 0.Itis easy to see that (Jo, (-, -)x)
is an LCK structure, but it is not Vaisman (see Lemma 3.3). Furthermore, the metrics (-, -)
are pairwise non-isometric, since the scalar curvature of (-, -), is —%.

Theorem 4.1 Let (J, (-, -)) be an LCK structure on the Lie algebra g with a bi-invariant
complex structure J. Then g ~ R? x R?" as above and (J, (-, -)) is equivalent to a Hermitian
structure (Jo, (-, -)») as above for some A > 0.

In order to prove this theorem, we recall the following well known result concerning the
existence of Kéhler metrics on complex Lie groups [15].

Lemmad.2 If (g, J, (-, -)) is Kdhler with J bi-invariant, then g is abelian.

Proof (of Theorem 4.1) Recall from (8) the orthogonal decomposition g = span{A} ® ker 6.
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Lemma 4.3 The endomorphism ad s : g — ¢ is symmetric.

Proof Since J is bi-invariant we have that J o adj4 = — ady4, and it follows from Lemma
3.2 that ad 4 is symmetric. O

Next, from (9) we have
g = span{A, JA} et w,

where g’ C ker® = span{JA} @ W and W is J-invariant. The fact that J is bi-invariant
implies that also g’ is J-invariant, and therefore g’ C W. In fact, g’ = W, since for X € W
we have dw (A, X, JX) = —2([A, X], X) and 6 A w(A, X, JX) = |X|?, therefore

—2([A, X1, X) = |X|*,
this implies that g = W. Then we obtain
g =span{A, JA} & ¢/,

with Jg' = ¢'.

On the other hand (g’, J lg'> (-, +)) is Kihler, since the fundamental form of g’ is the
restriction of w to g’ x g, and dw = 0 on g’. From Lemma 4.2 we get that g’ is abelian, that
is, g’ = R>".

Since ad 4 is symmetric and dw(A, X, JY) =0 A w(A, X, JY), we have that

2([A, X1,Y)=—(X.,Y), X,Yegqg.

Therefore [A, X] = —%X forall X € g'. Setting B = J A, we obtain [A, B] = 0,ad4 |p2 =
—11d and adp |2 = Jads = —4J. Setting u = —2A and v = —2B, we obtain g ~
R2 x R with (J, (-, -)) equivalent to (J, (-, -);) for A = |2A4|. o

Corollary 4.4 There exists no unimodular Lie algebra g with an LCK structure (J, (-, -))
such that J is a bi-invariant complex structure.

Proof With the notation from the proof of Theorem 4.1, it follows that tr(ad4) = —% # 0,
and therefore g is not unimodular. O

Remark 4.1 (i) It follows from Theorem 4.1 and Lemma 3.3 that an LCK structure with a
bi-invariant complex structure is never Vaisman.

(ii) The Lie algebra R? x R?"* with the Lie brackets as above is in fact an almost abelian
complex Lie algebra C x C" such that [Z, U] = U forall U € C", where C is generated
by Z.

Let M be a compact complex parallelizable manifold. According to [38], M may be
written as a quotient I'\G, where G is a simply connected complex Lie group and I" is a
discrete subgroup. Note that according to [25], G must be unimodular. Let 7 : G — M
denote the holomorphic projection.

Corollary 4.5 With notation as above, M does not admit any LCK metric g compatible with
its holomorphic structure such that w*g is a left-invariant metric on G.

Proof Letus assume such a metric exists. Since 7 * g is left-invariant, G admits a left-invariant
LCK metric with bi-invariant complex structure, and this determines an LCK structure on g,
the Lie algebra of G. But g is unimodular (as G is unimodular), and this contradicts Corollary
4.4. O
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Remark 4.2 In [17], it is proved more generally that a compact complex parallelizable man-
ifold does not admit any LCK metric compatible with its holomorphic structure.

The LCK structure (Jy, (-, -),) on the Lie algebra R? x R?" induces a left-invariant LCK
structure on the corresponding simply connected Lie group, which is diffeomorphic to R2*+2.
Let (xy, x2, u1, vy, ..., Uy, v,) be the canonical global coordinates, thus the left-invariant
metric g, associated to (-, -), is given by

gr = 22(dx{ +dx3) + e D (duj + dvp),
k

where A = |2A|. The fundamental form is

w, = 22 (dx) Adxy) + e Z(duk A dug).
k

The conformal metric /i, = ¢2*! g, is Kihler.

Remark 4.3 Note that in the 4-dimensional case the metric g; for A = 1 is locally confor-
mally hyper-Kihler. Indeed, according to [4], the metric £ is hyper-Kéhler with respect to a
hypercomplex structure /1, I, I3. Moreover, the bi-invariant complex structure Jy is not in
the 2-sphere of complex structures generated by 1;, j =1, 2, 3.

5 LCK structures with abelian complex structure

In this section we consider a Lie algebra equipped with an LCK structure such that its complex
structure is abelian. Our aim is to prove that the only unimodular Lie algebras that admit
such metrics are the product of a Heisenberg Lie algebra by R, and the LCK structure is
in fact Vaisman. From now on we assume that the Lie algebras we work with are at least
4-dimensional.

Before stating the main result, we consider the following variation of Example 3.1. Recall
that R X h2,41 has a basis {Xy,..., X, Y1,..., Yy, Z1, Z3} such that [X;, Y;] = Z; for
i = 1,...,n, and that this Lie algebra admits an abelian complex structure Jy given by
JoXi; =Yi, JoZ = —Z,. For any A > 0, consider the inner product (-, -), such that the
basis above is orthogonal, with | X;| = |Y;| = 1 but |Z1| = |Z>| = % It is easy to see (just
as in Example 3.1) that (Jo, (-, -)») is an LCK structure, in fact, it is Vaisman. Furthermore,

the metrics (-, -), are pairwise non-isometric, since the scalar curvature of (-, -), is —%.

Theorem 5.1 Let (J, (-, -)) be an LCK structure on g with abelian complex structure J. If
dim g > 4 and g is unimodular then g >~ R X hoy,1, where 2,11 is the (2n + 1)-dimensional
Heisenberg Lie algebra, and (J, (-, -)) is equivalent to (Jy, (-, -)») for some X > 0.

We will provide the proof of this theorem in a series of results. Recall from (8) that
g = span{A} @ ker 6,

where A € (ker §)* such that (A) = 1. This series of results will be divided roughly in two
parts. The first part will culminate in Proposition 5.10, where it is proved that both A and
J A are central elements of g. In the second part, we shall determine all the Lie brackets on
g, which will allow us to establish an isomorphism g >~ R X h2,41.

Lemma 5.2 The endomorphism ady : g — g is symmetric.
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Proof It is an immediate consequence of Lemma 3.2. O

In particular ad 4 |kerg : ker@ — ker 0 is symmetric, therefore it is diagonalizable and
there is an orthogonal decomposition

ker = Zgl,
reS

where S C R is the spectrum of adg [kerg and g, is the eigenspace associated with the
eigenvalue X.

According to Lemma 2.2 (iii) the codimension of [g, g] is at least 2. Therefore go # {0},
that is O € S. Hence we obtain the orthogonal decomposition

g=RAG g D o, (11)
reS*

where S* := § — {0}. Note that the Jacobi identity and the fact that g’ is abelian imply that:

e g, is anideal for A € S*,
e g is a subalgebra.

Now we consider g;, = [go, go] and (gé)l, its orthogonal complement in g, that is,
g0 = g0 ® (gp)*.
r_
Note also that g’ = g, ® ZAGS* 9.
For any X, Y € ker 6, we compute

dw(A, X,Y)=—-w(A,X],Y) —w(X,Y],A) —w(Y, A], X)
=—(J[A, X],Y) = (JIX, Y], A) — (J[Y, A], X)
=([A, X1, JY) +([X, Y], JA) + ([Y, A], J X)
ONw(A X, Y)=0A)o(X,Y)+0(X)o(Y,A) +6(Y)w(A, X)
=(JX,Y).
Therefore we have

([A, X1, JY) +([X, Y], JA) + ([Y. A], JX) = (JX,Y),

for all X, Y € ker 6. From this we get three equations that will be important later:

([X,Y], JA) = (JX,Y), for X, Y € go. (12)
A+u+D)(JX,Y)=0, forX eg,,Y egyand A, u € S*. (13)
(X, Y], JA) = (u+ 1){(JX,Y), for X € go, Y € gy, n € S*. (14)

Lemma 5.3 J(g)) C RA & (g))*.

Proof If X,Y € go we can write J[X, Y] =aA + Zo + ers* Z, witha € R, Zy € go

and Zy € g Then [A, JIX. Y =[A. > Zil=D  _ AZ.
On the other hand, from (11), JA = X¢ + ers* X, with Xo € goy X). € gy for
A€ S
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Then

[A, JIX, Y]] = —[JA,[X, Y]] = =[Xo+ D X;, [X, Y]] = —[Xo, [X, Y]] € go
res*
since g is subalgebra and g’ is abelian. Therefore Z; = 0 for all A € S*.
Moreover, it follows from (12) and the fact that g’ is abelian that J (g;,) and g, are orthog-
onal. Then we must have Zy € (gé))J-, and this implies the result. O

Now, we define A C S* in the following way: A € A if and only if there is not any " € S*
such that . + A" + 1 = 0, or equivalently, A = {» € §* : —(A + 1) ¢ S*}. Note that » ¢ A
if and only if —(A + 1) ¢ A.

Lemma 5.4 Let A € S*. Then,
(i) ifr € Athen J(g:) C RA® (gp)*.
(i) if » € A° then J(g:) C RA @ (gj)* ® gy, where A + 1/ + 1 = 0.

Proof (i) If A € A, from (13) we have that J(g,) is orthogonal to g, for all © € S*, and
therefore J(g;) C RA & go. Moreover, for X, € g,,Y € g(), it follows from Lemma 5.3
that (J X, Y) = —(X,, JY) = 0. This proves (i), and in a similar way we prove (ii). o

Let b be the orthogonal complement of g’ + J g’ in g. Note that h is J-invariant. Thus, we
can write
o=@ +Jg)®h. (15)

We will show that this orthogonal complement b is non-zero. We begin with an auxiliary
result.

/ !/
Lemma 5.5 ¢ NJg = ZAeAC g.NJ (Z/\EI\C El/\)'

Proof GivenY € g¢'NJg then Y = JZ for Z € g¢'. Since g’ = g(, @ Z
write

rest g5, We can

Y=Yo+ D> Vi. Z=Z0+ D Z
rES* LES*

with Yy, Zg € 96 and Y, Z, € gy. Then JZ = JZy + zxes* JZ,. From Lemma 5.3 and
. 7N\ L . _ /
Lemma 5.4 we obtain JZ € RA ® (gy)~ @ Z,\eAv gr.Since JZ =Y € g, @ Z s

res*
we get Yo = O and ¥, = O for all A € A, therefore Y € Z g). In the same way,

re A€

/ 4 . .
Z E] Z,\em 5., and thereforeg' N J g’ C E rene B0 ( E enc g,\).The other inclusion
is clear. .

Lemma 5.6 With notation as above, ) # 0.

Proof If we suppose that h = {0} we get from (15) that g =g’ + Jg'.

Claim g’ N Jg = {0}.

Indeed, according to Lemma 5.5 and to Lemma 2.2 (ii) we have
gnJg=>" gxﬁJ(Z gx) C3(0).

AEANC AENC
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Given Y € g’ N Jg’, it can be written as ¥ = Z
and therefore Y = 0. This proves the claim.
As a consequence, we have the direct sum decomposition

o Ya-Then 0 =[A, Y] = >

A AEAC

g=g ®Jg.

According to [2, Corollary 3.3], the Lie bracket on g induces a structure of commutative
associative algebra on g’ given by X % ¥ = [JX, Y]. Furthermore if &/ denotes the com-
mutative associative algebra (g, %), then /> = < and g is holomorphically isomorphic to
aff(«) with its standard complex structure (see Sect. 2.2). Since g is unimodular, it follows
from Lemma 2.3 that <7 is nilpotent. This is a contradiction with the fact that .«/> = 7,
hence h # {0}. O

Since A is orthogonal to g’, we have that J A is orthogonal to Jg'. More precisely, we
have

Lemma 5.7 JA €y

Proof Let u be the orthogonal complement of g’ N Jg' in ¢/, that is
g =ud@nJg).
Since g’ N Jg' is J-invariant we have
Jg'=Ju® (@ NnJg),
and therefore
g +Jgd =ud@nig)® Ju

As J A is orthogonal to Jg/, it follows from (15) that JA = U + B for some U € u and
B € b. Since u C g/, the lemma will follow if we prove 8 = 0.
Now, for any X € g such that (A, X) = (JA, X) = 0, we compute

da)(]ﬁ, X, .]X) =0 /\a)(]lB, X, ]X)
(A, JB)
|A|2
L
([JB, X1, X) +([JB, JX], JX) = AF

Moreover ([JB, A], A) =0 and ([JB, JA], JA) = 0, due to Lemma 3.2 and the fact that b
is orthogonal to ¢’. Let {X{, J X1, ..., X,, JX,} be an orthonormal basis of W, where W is
givenin (9). Note that 7 > 1 since dim g > 4. We compute next tr(ad j8), taking into account
(16):

—(lJB, X1, X) + (X, JX], =B]) +([VX, JB]. J X) = |X|?

1X|?. (16)

tr(adg) = ([JB, A], A) + ([JB, JA], JA)

1A]2 A2
r

+ D (LB X1, X)) + (LB, T X1, TX )
j=1

1B

= 21X
|A|= 4
J=1
Since g is unimodular, it follows that 8 = 0. O
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Remark 5.1 1t follows from Lemma 5.7 and (15) that if H € b, then H is orthogonal to A
and J A.

Lemma 5.8 If H € b, then

W ([H,JH], JA)=|H|2,

Gi) |[H, JHIP = 2L

Proof For H € ), we compute first

dw(A,H,JH) =0 Aw(A, H,JH)
(A,H)*> (JA, H)?

2 — 2 _ -
(lA,H], J°H) +([H, JH], JA) +([JH, A], JH) = |H| AP AP

([H,JH1, JA) = |H|?,

since b is J-invariant and orthogonal to g’. This proves (i).
Now we compute

do(JIH,JH],H,JH) =0 Aw(J|H,JH],H, JH)

(A, J[H, JH])
—|[H, JH] = TWP
s = 10
9 - |A|2 bl
where we used (i) for the last equality. This proves (ii). O

Lemma 5.9 IfH € b, then

G) [H, JH] = 22 ya,

(1) [H,Y]=0forall Y € by such that (Y, JH) =0,
(i) [H, gyl =0,
(iv) [H,g.] =0forall ) e S* — {—3}

Proof (i) Using Lemma 5.8 and the Cauchy—Schwarz inequality we obtain

|H[*
|H|4=<[H,JH],JA>25|[H,1H]|2|A|2—|A|2|A| = |H[",

so that we have equality everywhere and therefore for all H € b there exists ¢(H) > 0 such
that

[H,JH] =c(H)JA.

From Lemma 5.8 (ii) again we get that |H|2 = c(H)|A|2, and therefore [H, JH] = I\IZ|‘2 JA
forall H € .
(i) We calculate [H, Y] for Y € b such that (Y, JH) = 0.

do(JIH,Y],H,Y)=(J[H,Y],H,JY)—|[H, Y]|2 + (Y, J[H,Y]l, JH)
= —|[H, Y]
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since b is J-invariant and orthogonal to g’. On the other hand

OANw(J[H,Y],H,Y —7<A’J[H’Y]> JH,Y +<A’H>(JY J[H,Y])
OWUH, Y] H,Y) = S0 (JHLY) o+ = (Y T H,
(A7) _
— o (Y1) =0,

since A is orthogonal to h and (J H, Y) = 0. Therefore [H, Y] = 0.
Finally, both (iii) and (iv) will follow from the next computation. Given H € h, X, Y € ¢
we compute
do(H,X,JY)=—-w(H,X],JY) —o(X,JY], H) —o([JY, H], X)
=—(J[H, X],JY) = (J[X,JY], H) = (J[JY, H], X)
= —([H, X].Y)+([X,JY],JH) +([JY, H], JX)
=—([H, X1, Y)+([JY, H], JX),

since b is J-invariant and orthogonal to g’. On the other hand we have

Orhw(H,X,JY)=0H)w(X,JY)+0(X)o(JY,H)4+0(JY)w(H, X)
_(A,H)XY (A,X)YH+(A,JY)
= Tap T e e

=0,

(JH, X)

since (H, A) = 0 and (h, g’) = 0. Therefore we get ([H, X],Y) = ([JY,H],JX). In
particular, if we take ¥ = [H, X] we obtain
[H, X11* = ([J[H. X1, H]. JX). (17)

(iii) If X € g it follows from Lemma5.3 that J X € RAGB(gE))J‘. Since[J[H, X],H] € ¢
we get from (17) that |[H, X)2=o0.

@v) If X, € gy, L € A, it follows from Lemma 5.4 (i) that JX € RA & (gé))L. In the
same way as above we get |[H, X]|? = 0.

However, if X; € gy, A € A and A # —% from Lemma 5.4 (ii) we obtain that J X €
RA @ (g))* @ g5/, where A’ = —A — 1 and )/ # A since A # —%. On the other hand
[J[H, X], H] = —[[H, X], JH] € g, since g, is an ideal. Therefore from (13) and (17) we
get |[H, X]|> = 0. o
Proposition 5.10 With notation as above, we have:

(i) S ={0}, thatis, A, JA € 3(g),
(i) g =g ® Jg' @b, an orthogonal sum.
Proof (i) Let » € §* — {—%} and take H € h, H # 0 and X, € g,. Lemma 5.9 (i) implies
that

[[H,JH], JX,] = |H|2[JA JX;]= lleAX

) , )\—lAlz ) A—|A|2 A
whereas Lemma 5.9 (iv) and the fact that f is J-invariant imply that
[[H, JH], JX;]=—[lJH, JX;], H] — [[J Xy, H], JH] = 0.

Then X; = 0 and therefore S* — {—%} =0.1f —% € §* then it is the only eigenvalue
in S$*, hence g is not unimodular, that is a contradiction. As a consequence, S* = ¢, that is,
S = {0}, or equivalently, A € 3(g). It follows from Lemma 2.2 that JA € 3(g) too.
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(ii) It follows from Lemma 5.5 that g’ N Jg’ = {0}. Therefore
g=g®Jg Db
where g’ = g,. Moreover, this decomposition is orthogonal, because of Lemma 5.3. O
Remark 5.2 If (g, J, (-, -)) is Vaisman with J abelian, it is much easier to show that A, JA €

3(g). Indeed, from Lemmas 5.2 and 3.3 we have that ad 4 is symmetric and skew-symmetric,
so A € 3(g). Then J abelian implies that JA € 3(g) too.

Proposition 5.11 The commutator ideal g' is 1-dimensional, generated by J A.
Proof Let us assume that dimg’ > 2, and let X € ¢/, | X| # 0, such that (X, JA) = 0.

Claim [X,JY] = %JA for any Y € g’ such that (Y, JA) = 0.

Indeed, we compute
do(J[X,JY],X,JY)=—(J[X,JY],X],Y)—(X,JY],[X,JY])
+([JY, J[X, JY]l, JX).

Since g’ and Jg' are orthogonal, we get {[JY, J[X, JY]], JX) = 0. From Jacobi identity
and the fact that g’ is abelian we have that

[JIX,JY], X]=—-[[X,JY],JX]=[lJY, JX], X]+[[VX, X],JY]=[lJX, X], JY].
Therefore dw(J[X, JY], X, JY) = —|[X, JY]|* + (adjisx,x1Y, Y). On the other hand,
(A, J[X,JY]) (A, X)
a0 T
_ (A, JY)
|A|2
_(AJIX,JY])
=AWy
(X,Y)?
|A|2

OAno(J[X,JY], X,JY) =

(Y, J[X,JY])

([X,JY], X)

)

where we have used (A, X) = (Y, JA) = 0 in the second equality and (12) in the last

equality. Therefore

(X.7)*
|A|?

(adypyx.x Y. Y) = (X, JY]]* — (18)

Using (12), the Cauchy—Schwarz inequality and (18) we get
(X, V) = ([X, JY], JA) < [[X, JYIPIAP = (adypyx, ) Y, VAP + (X, V)2, (19)
and this implies
(adysx.x1Y.Y) > 0.

Recalling that tr(adsx,x]) = O, since g is unimodular, we will show next that the
inequality above is in fact an equality.

We know thatadjyx,x) A =adyyx,x) JA =0(since A, JA € 3(g)),adjyx.x] JZ =0
for all Z € g’ (since g’ is abelian) and ad;;x,x) H = 0 for all H € b (due to Lemma
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5.9). Therefore tr(ad [y x,x]) = Zj (adssx, x]€j, e;) for any orthonormal basis {e;} of g'.

Choosing ] = % and e) = |X—|, we have

(adyrx.x1 X. X) + D (adysx.xiej. e5). (20)
=3

0=tr(adysx,x7) =
[/X,X] |X|2

Thus (ad;sx.x1Y,Y) = 0 for any ¥ € ¢ with (Y, JA) = 0, since such Y is a linear
combination of {e; | j > 2}.

As aconsequence, we obtain from (19) that[X, JY] = ¢(X, Y)JA for some c(X,Y) > 0.
It follows from (18) that ¢(X, ¥) = LXY) 7 A Therefore [X, JY] = XX s A forall Y € ¢
with (Y, JA) = 0.

This proves the claim.

In order to finish the proof of Proposition 5.11, recall the following orthogonal decompo-
sitions of g:

\AI2 \A|2

g=span{A}®go=g ® Jg' DY,

with A € Jg', JA € ¢, where g’ and Jg are abelian subalgebras. Since g;, = ¢/, it follows
from Lemma 5.9 (iii) that [, g’'] = [h, Jg'] = 0 and, moreover, the only non-zero brackets

~ _ g
inhare [H, JH] = AT
non-zero brackets in g are multiples of J A, therefore we arrive at a contradiction with the
assumption that dim g’ > 2.

Therefore, dim g’ = 1, and g’ is generated by J A. m}

J A. From this and the claim just proved, it is clear that the only

Proof (of Theorem 5.1) As a consequence of Lemma 5.9, Proposition 5.10 and Proposition
2
5.11, the only non-vanishing brackets on g are [ X, J X] = X JAfor X e gwith (X, A) =0

|AJ?
and (X, JA) = 0. Considering an orthonormal basis {X1q, ..., X,, Y1,..., Y, } of b, with
JX; = Y;, we have that the only non-vanishing brackets on g are [X;, ¥;] = ‘ A|2 Setting
Z) = %, Zr = ﬁ, itis clear that g is isomorphic to R x h,1 and (J, (-, -)) is equivalent
to (Jo, (-, -)») for & = |Al. o

Remark 5.3 We will give a sketch of an alternative proof of Theorem 5.1. From Proposition
5.10 we have that A, JA € 3(g) then g = span{A, JA}® W and g’ C span{JA}® W.If his
the projection of the Lie bracket on g to W, then it can be seen that (W, &, (-, -)|lwxw, J|w)
is a unimodular Kihler Lie algebra with an abelian complex structure. According to [3,

Theorem 4.1], it follows that (W, k) is abelian. Then g’ = span{J A}, and moreover, the only
2
non-zero Lie brackets are [X, JX]| = %

result as above.

JA for X € W, obtaining in this way the same

Remark 5.4 On R x ho,41 there are [ ] + 1 equivalence classes of complex structures, all
of them abelian (see [2, Proposition2.2]). It follows from the proof of Theorem 5.1 that if
(J, (-, -)) is an LCK structure on this Lie algebra, then J is equivalent to the complex structure
Jo, so that representatives of only one equivalence class of complex structures may admit
LCK metrics (compare [34]).

In terms of solvmanifolds, we can rewrite Theorem 5.1 as follows.

Corollary 5.12 Let I'\G be a compact solvmanifold with an LCK structure induced from a
left invariant LCK structure on G with an abelian complex structure, and G simply connected.
Then G is isomorphic to R x Hy, 41, and R X Hay, 41 has a left-invariant LCK structure induced
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by (Jo, (-, -),) for some A > 0. In particular, I'\G is a nilmanifold and the LCK structure is
Vaisman.

The LCK structure on the Lie algebra R x 7,1 induces a left-invariant LCK structure on
R x Hyp41. Let (¢, x1, ..., Xn, Y1, ..., Yn, 2) be a global coordinate system on R x Hp, 41,
which is diffeomorphic to R?**2. The left-invariant metric g, associated to (-, -}, is given
by

2
g =D (dxf +dy}) +272 | de? + dz =D xidyi ) ]

i i
where A = |A|, while the fundamental form wj is given by

w) = de,' Ady; + 272t A (dz — Zx,'dy,').

This left-invariant LCK structure on R x Hp,41 descends to an LCK structure on the nil-
manifold I'\(R x Hp,41) = St x I’'\Hy, 41, where I' = 7Z x I' is a lattice in R X Hop41,
with I" a lattice in Hop41.

Remark 5.5 The lattices in Hp,+1 have been classified in [14]. We fix for each k € N the
lattice I} in Hp, 41 given by

lay...ay c/k
1 b1
I = Iaj,bj,CGZ
1 b,
1

Clearly, I, C [y if and only if r divides s. Thus, I'1\ Ha,4+1 covers [\ Ho,+1 for all k.
Moreover, it can be shown that Iy /[ I}, I'x]isisomorphic to Z*"@® 7. Hence, the nilmanifolds

My = (Z x T)\(R x Hyyp1) = S' x (It\Hant1)

are non-homeomorphic for different values of k.
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