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1. Introduction

The motive of this work is to respond to comments raised in a discussion [1], questioning the formulation presented in
“T.G. Ritto, M.R. Escalante, Rubens Sampaio, M.B. Rosales, Drill-string horizontal dynamics with uncertainty on the frictional
force, Journal of Sound and Vibration 332 (2013) 145-153" [2].

As is well known, variational formulation incorporates the dynamical boundary conditions in a functional, and the
natural boundary conditions in the definition of the admissible functions. Also, variational formulations give scalar equa-
tions, since this is one of the ways to write equations in a Hilbert space framework. Another way is to write the equations in
the distribution sense, in this case some of the boundary conditions may appear as delta functions [3,4]. If the equations are
going to be discretized via Finite Elements, variational formulations are convenient.

Let us answer each pointed raised by [1]. For the sake of clarity some statements will be repeated.

1. Considering the discretized system obtained by means of the FEM. Any finite element book or structural dynamics
book [5-9] shows the steps to go from —EAd*u/ox? to Kx, for instance. As it is well known, using linear shape functions, the
finite element stiffness matrix might be written as
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where A is the area of the cross-section, E is the elasticity modulus, and I is the size of the finite element. Note that after
integrating the continuous equation, the dimensions of the terms of the discretized system are all in N. Also, it is a common
assumption to add, a posteriori, a proportional matrix C = aM + K to model the damping. For a more complete explanation
and a step-by-step procedure, the reader should consult an appropriate textbook [5-9].

2. The Dirac delta function & is commonly used to represent a discontinuity. For instance, a system might have a dis-
continuity in time X +x +x = §(t — 5), see [9], for example, or the discontinuity might be in space, 6(x—5), which is the case
under analysis. This is well known notation employing standard theory.

3. On the assumptions of the model. There are many ways to model this specific dynamical system, and some
assumptions must be made. If these assumptions do not represent well the real system, they must be changed. As stated [2],
this article was the first attempt to model the horizontal drill-string dynamics. The industrial view is that it is acceptable to
consider a harmonic force at the bit, for instance. Note that recently a more complete model for the horizontal drill-string
dynamics was proposed by [10], where a kinematic condition is imposed on the left of the column.

To conclude, it should be noted that there is a series of publication inspired by the problem of drill-string oil-well
dynamics. In 2007, [11], the coupled axial/torsional vibrations of drill-strings were analyzed. After that, as a result of more
research, other papers have been published [12-17]. Different formulations were considered in the cited publications. The
most complete model is found in [12]. Finally, the first models proposed for the horizontal drill-string dynamics were
published in 2013 [2] and 2015 [10]. These models were extensively verified, and, recently, the results of the torsional
dynamical model of the drill-string were compared with drill-string dynamical field data (5 km drill-string). For some
conditions, the torsional model presented excellent results comparing with the field data.

References

[1] Z. Li, Comments on “T.G. Ritto, M.R. Escalante, Rubens Sampaio, M.B. Rosales, Drill-string horizontal dynamics with uncertainty on the frictional force,
Journal of Sound and Vibration 332 (2013) 145-153". Journal of Sound and Vibration, in press, 2016.
[2] T.G.Ritto, M.R. Escalante, Rubens Sampaio, M.B. Rosales, Drill-string horizontal dynamics with uncertainty on the frictional force, Journal of Sound and
Vibration 332(2013) 145-153.
[3] H. Bresis, Function Analysis, Sobolov Spaces and Partial Differential Equations, Springer, USA, 2011.
[4] A. Ibrahimbegovic, Nonlinear Solid Mechanics - Theoretical Formulations and Finite Element Solution Methods, Springer, France, 2009.
[5] K.-J. Bathe, Finite Element Procedures, 2nd edition, USA, 2014.
[6] TJ.R. Hughes, The Finite Element Method: Linear Static and Dynamic Finite Element Analysis, Dover Civil and Mechanical Engineering, USA, 2000.
[7] O.C. Zienkiewicz, R.L. Taylor, ].Z. Zhu, The Finite Element Method: Its Basis and Fundamentals, 7th edition, Butterworth-Heinemann, USA, 2014.
[8] J. Fish, T. Belytschko, A First Course in Finite Elements, Wiley, USA, 2007.
[9] DJ. Inman, Engineering Vibration, 4th edition, Pearson, USA, 2013.
[10] AJR. Cunha, C. Soize, R. Sampaio, Computational modeling of the nonlinear stochastic dynamics of horizontal drillstrings, Computational Mechanics 56
(2015) 849-878.
[11] R. Sampaio, M. Piovan, G.V. Lozano, Coupled axial/torsional vibrations of drill-strings by means of non-linear model, Mechanics Research Commu-
nications 34 (2007) 497-502.
[12] T.G. Ritto, C. Soize, R. Sampaio, Non-linear dynamics of a drill-string with uncertain model of the bit rock interaction, International Journal of Non-
Linear Mechanics 44 (2009) 865-876.
[13] T.G. Ritto, C. Soize, R. Sampaio, Probabilistic model identification of the bit rock-interaction-model uncertainties in nonlinear dynamics of a drill-string,
Mechanics Research Communications 37 (2010) 584-589.
[14] T.G. Ritto, C. Soize, R. Sampaio, Stochastic dynamics of a drill-string with uncertain weight-on-hook, Journal of the Brazilian Society of Mechanical
Sciences and Engineering 32 (2010) 250-258.
[15] T.G. Ritto, C. Soize, R. Sampaio, Robust optimization of the rate of penetration of a drill-string using a stochastic nonlinear dynamical model, Com-
putational Mechanics 45 (2010) 415-427.
[16] T.G. Ritto, R. Sampaio, Stochastic drill-string dynamics with uncertainty on the imposed speed and on the bit-rock parameters, International Journal for
Uncertainty Quantification 2 (2012) 111-124.
[17] T.G. Ritto, R. Sampaio, Measuring the efficiency of vertical drill-strings: a vibration perspective, Mechanics Research Communications 5 (2) (2013) 32-39.


http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref4
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref7
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref8
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref9
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref10
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref10
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref10
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref11
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref11
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref11
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref12
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref12
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref12
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref13
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref13
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref13
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref14
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref14
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref14
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref15
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref15
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref15
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref16
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref16
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref16
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref17
http://refhub.elsevier.com/S0022-460X(16)30406-0/sbref17

	Commentary on “T.G. Ritto, M.R. Escalante, Rubens Sampaio, M.B. Rosales, Drill-string horizontal dynamics with...
	Introduction
	References




