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Abstract

Let (X, d) be a compact metric space and f : X — X, if X" is

the product of r-copies of X, r>1 and ®: X" — R. Then the
V-statistics with kernel ® are defined as

Vo, X) =n—1ro > 1<1><f‘1(x>, o T ().
<ip, ., ip<n—

In this article, we are mainly interested in the multifractal
decomposition Eg | = {x : A[®](x) = I}, where A[®](x) are limit
points of the sequence n — Vg (n, x) and | is a closed interval. We

obtain a variational expression for the topological entropy of Eg, .
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l. Introduction

The multiple ergodic averages are being considered an interesting field
and motive of active research. In his seminal work, Furstenberg [7] studied
ergodic averages in a measure-preserving probability space (X, B, u, f) of

the form

N-1
Z w(AN FPAN N K1), oy

n=M

1
N-M

where Ae B and je N. The main result of that work states that if
1 N ,
uw(A) >0, then liminf ——— > w(AN f"AN---N fI"A) >0, which
Now N-M n=M

is a dynamical version of the Szemerédi theorem in combinatorial number
theory. From this, were studied multiergodic averages not only to make an
interplay between Number Theory and Dynamical Systems, but also to be
applied in other fields.

In particular, in the area of multifractal analysis problems on
convergence of multiple ergodic averages motivate Fan et al. [5] to study the
multifractal spectra of V-statistics. Let us consider a topological dynamical
system (X, f) with X a compact metric space and f a continuous map. Let

X" = X x---x X be the product of r-copies of X with r >1, if ®: X" > R
is a continuous map, then let

Vo)== 3 o(fi(x), ., fr(x). @)

1Si1, e il’ <n

These averages are called the V-statistics of order r with kernel ®. The
multifractal decomposition for the spectra of V-statistics is

Ep(a) = {x: lim Vg (n, x) = a}.
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In [5], the authors established the following variational principle:
Rop(Eae) = sp{ (1) [ oc™ al,

where hy, is the topological entropy for non-compacts nor invariant sets and

r

h,(f) is the measure-theoretic entropy of p. Here u®" means px-ex

r-times. The condition imposed on the dynamics is specification. This
principle is a generalization of that established by Takens and Verbitski for
r=17[9]

In a previous article [8], we have analyzed the irregular part, or historic
set, of the spectrum of V-statistics. This is the set of points x for which

lim Vg (n, x) does not exist. We proved that the irregular part of the
n—oo

spectrum of multiple ergodic averages, or V-statistics, has the same
topological entropy as the whole space X. The condition imposed on the
dynamics was specification, under this condition, the system becomes
saturated.

In this work, we shall consider the following multifractal decomposition
spectra:

Ep 1 = {x: A[®](x) =1}, @)

where A[®](x) is the set of limit points of the sequence n — Vg (n, x) and

I is a closed interval. The study of these spectra may give another point of
view in the study of the dimension of the irregular set. In [1], Barreira et al.
proved, for the single case r =1 and for the special case of full shifts, that
the spectra of limit points are residual, i.e., contain a dense Gg set. In this
article, following [10], a Gg set is constructed. The conditions imposed on
the dynamical system will be the Almost Product Property (APP), which
is weaker than specification and the uniform separation property. The

respective definitions will be given in the next section. The result to be
proved is:
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Theorem. Let (X, f) be a dynamical system with the Almost Product

Property (APP) and the uniform separation property. Let ® € C(X"), for I

a closed real interval. Then holds
hop(Ew, 1) = inf{hu(f) ; J@du@ = |}.
This theorem is a generalization of the main result of [10] to V-statistics.

I1. Preliminary Definitions

Firstly, let us recall the Bowen definition of topological entropy of sets.
Let f: X — X with X a compact metric space, for n > 1 the dynamical

metric, or Bowen metric, be dy,(x, y) = max{d(f'(x), f'(y)):i=0,1 ...,
n —1j. We denote by By, ;(x) the ball of centre x and radius & in the metric

d,. Let Z < X and let C(n, €, Z) be the collection of finite or countable

coverings of the set Z by balls By, .(x) with m > n. Let

M(Z, s, n g)= inf -
(Z,s,n,¢) BeCI(rr]Lg,Z)B %)GB exp(—sm)

and set

M(Z,s, €)= lim M(Z, s, n, g).

n—o0

There is a unique number § such that M(Z, s, €) jumps from +o to 0. Let
H(Z, &) =5 =sup{s: M(Z, s, ) = +o} = inf{s: M(Z, s, ¢) = 0}
and

hiop(Z) = lim H(Z, ). (4)
e—0

The number hy,,(Z) is the topological entropy of Z.
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The dynamical ball for f : X — X is
B ¢(x) = {y : max{d(f'(x), f'(y)):i=0,1..,n-1 <g}

Let g : N —> N be a non-decreasing, non-bounded function such that

$<1 and #aOasn—MO.

The dynamic ball for f and g is defined as:

B, ¢(9, X) ={y :thereisa Ay < {0, 1, .., n—1} with
card({0,1, .., n =1} — A,) < g(n)

and max{d(fi(x), fliy):ie A} < gl

Definition. A map f : X — X has the specification property if: for
any ¢ > 0, there is an integer M (&) such that for any collection of intervals

¥ =[aj,bj]cZ+, j=0,.., k-1 such that aj —bj_; >Mf(e), ]j

1 .., k—=1andforany Xxg, ..., Xx_1 € X, thereisan x € X such that

d(faj+n(x), f”(xj)) <g for 0<n<bj-a;, j=012 ., k-1
Definition. Amap f : X — X satisfies the g-Almost Property Product

(APP) with g a function as above, if there exists a map m : R™ — N such
that for any points xq, X, ..., X, € X, for any & >0,&, >0, ..., >0

and for any numbers n; > m(g;), i =1, 2 ,..., k holds

k
ni-1
) "7 (Bn, 5, (0 %)) = @.
j=1
The specification property implies APP [10].
Definition. Two points x, y are (n, ¢)-separated if d( f J'(x), f J'(y)) > €

holds for some j=0,1,..,n. A set Ec X is (n, ¢)-separated if all
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points of E are (n, ¢)-separated. A pair of points x, y are (3, n, ¢)-separated
if card{j=0,1..,n-1:d(f j(x), fj(z)) >gpb>0n A set EcX is
(8, n, €)-separated if all points of E are (3, n, ) -separated.

By M(X) we denote the space of measures in X and by M, (X, f)

the space of f-invariant measures on X. The space M(X) can be endowed

with a metric D compatible with the metric in X, in the sense that D(3,, 8y)

=d(x, y), where & is the point mass measure. More precisely, the metric
considered in M(X) will be

0

DG v) = Z J‘(Pndl/l - I@ndv

n=1 2n” Pn "oo

where {p,} is a dense setin C(X). We denote by Bg(n) the ball of center

u and radius R in the above metric. The topology induced by this metric is
the weak =-topology and if X is compact, then M(X) is compact in the weak

topology. The weak convergence is the convergence in the metric which
induces the weak topology. By 7, is denoted the filter of neighborhoods of

u in the weak =-topology.

The empirical measures on X associated to the dynamical system
(X, f) are defined as

1 n-1
En(X) = ﬁzc;afi(x)-
i=

We denote the weak limits of the sequence {£,(x)} by V(x). Since X is
compact, V(x) = &. If wis a measure on X, then a point x € X is p-generic
if V(x)={u}, by G(u) is denoted the set of p-generic points. A system is
called saturated if

hhop (G(1)) = hy, (F). ®)
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Bowen [4] proved the inequality
hop (G(w)) < hy, (),

while in [6], the opposite inequality for systems satisfying the property of
specification was proved.

Let F < M(X) and
Xn = 1x:&n(x) e F}.
By Ry ¢ F is denoted the maximal cardinality of (n, €)-separated sets

contained in X, g and by R . g the maximal cardinality of (5, n, €)-

separated sets contained in X, g.

Definition. Themap f : X — X has the uniform separation property if
the following condition is satisfied: for any y > 0, there are numbers & > 0,

€ > 0 such that for any ergodic measure u and for any F e 7, there is a

natural N = N(F, p, v) such that for any n > N,
Rs n.z F 2 exp(n(h,(f)—7v)).
I11. Proof of the Theorem
Let us denote
Mg, = {u e M (X): J@du®r € I}.
We begin by proving the inequality
hop(Ew, 1) = infi{h,(f):p e Mg}
Following [10], it can be constructed a set E — Eg | and such that

hhop(E,1) = h. =inf{h,(f):pe Mg} —v, for v > 0. To construct this

set, is used uniform separation Almost Property Product (APP). Let us recall
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that Rmr CET denote the maximal cardinality of (n", €)-separated sets
contained in Xn T By [10], uniform separation property implies that there

are numbers & > 0, € > 0 such that for any ergodic measure p and for any

F' e ]—“u®r, there is a number N = N(F", p, v) such that forany n > N,

Rg, neFr 2 exp(nr(hp(f) - Y))

Let us choose sequences {n,}, {Rx}, {ex} with R\,0 and g,\,0. By
the APP, it may be assumed that

Sne > 2g(ng ) +1 and %<8ka
k

where g is the function of APP definition.

From the above facts, by [10], for a given sequence {pq, P2, .. Pk}
< M(X) and for & > g, there exista & > 0 and a (3, ny, €) -separated set
I < {x: &y (x) € Br, (pk)} such that

XEFk, Ze Bnk,sk(g’ X):>5nk(2)€ BRk+8k(pk)'

Let us choose now a strictly increasing sequence {N, } such that

k

Nk 11 < szanj
j=1

and

M7

-1 k
nJNJ < RanJNJ
j=1 j=1

We consider stretched sequences {nj}, {ej}, {[j} such that if j=

Ny +--+Ng_g +q with 1< g < Ny, then nj =ny, & =g and I'j = I.
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Finally, we can define
k o
B= () By g (%)) (6)

with Mj =ng +n +---+nj and
E :=ﬂEk. ©)
k>1

Any element of E can be labelled by a sequence xq, Xp, ... with

xj € T'j. According to Pfister and Sullivan [10], the following holds: let
Xi Y el“j, Xj = Yj, if xe an‘ej(g, xj), y e anﬁj(g, yj). Then
max{d(f¥(x), f¥(y)):k =0, .., nj ~1} > 2¢ with & > ¢, /4.
Let us consider any measure p;j, i =1, 2, ..., k, belonging to the set
K={p:pe Mg, forany ® e C(X")}.

Let us extend the set measures {pi, ps, ..., px} t0 a set {p1, P2, ...,
Pk, - such that {pj: j>n}=K (the bar means closure) and such
that D(pj, pj;1) = 0 as j — oo. By [10], for any x € E, the sequences

{Em, (0} and {py, } with My =n{ +n5 + -+ n have the limit points.
Therefore, the sequences {Vz(My, X)} and {j cf)dp%/li} have the same limit

points and so A[®](x) € I. Since | ® - ® | < ¢, forany & > 0, we have

that A[®](x) € I. Thus, E c Eg ;.

Let us show that hy,o(E) > h. Let s < h, the set E is closed and so it is
compact, let us consider a finite covering ¢/ by balls By, .(x) having non-

empty intersection with G. Now
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M(E, s, N,g)= inf Z exp(—sm).
UeC(n,g, E) By 5 (X)ld
For any finite covering &/ of E, we can construct a covering Uy in
the following way: each ball By, .(x) is replaced by a ball By,  (x) with
My <m< M,,;. Thus,

M(E,s, N,g)=  inf exp(—sm)
UeC(n, g, E) B, 8%)6”

> inf Z exp(—=sM 1)
UeC(N, g, E
«C(N.e )BMr’SeUO

Now we can consider a covering U in which m = max{r : there is a
ball By ¢(X) € Up}. We set

Let Xj, ¥; el“j, Xj # Yj as we pointed out earlier, if x e BNrjygrj(xj),

yeBN/j,Srj(yj), then d(f'(x), f'(y))>28, for any 1=0,..,N;-1

and with & > g /4. Now, for any X e BMr,E(z)ﬂ G, there is a uniquely
determined z = z(x) e W,. A word W er with j=1,2, ..k, iscalled a
prefix of a word w € W if the first j-letters of W agree with the first j-letters

of w. The number of times that each w € Wy is a prefix of a word in Wy, is
cardW,, /cardWw,
thus if W is a subset of Wy, then

i card(W NWy)

card(Wy) > card (W, ).
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If each word in W,,, has a prefix contained ina W < Wj,, then

O card(W W) 51
Z cardW,)

and since U is a covering each point of Wy, has a prefix associated to a ball

in Ug. By this and because cardw, > exp(hM ), we obtain

Z exp(—sM,) > 1.

BMr,SEUO

Thus, if r is taken such that k >r, then sMy,; <hM,, for N > M,,
U € G(N, g, e). Therefore,

Z exp(-sm) > 1

Bmﬁg(x)eZ/{

and so

M(e, s, N, g) > 1.
By this, hyop(E) > h.
To prove the other inequality, we set
ECD‘, = {x : A[®](x) has at least a limit point in I}

and we shall firstly prove that
htop(lgq),,)s sup{h“(f) ; j@du®r € I}.

Let us consider the r-empirical measures

1
& == S(h(x),... 117 ()

N 1<y, ip<n
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Let Fc M(X) and F"' = F x---xF < M(X") be the product of

r-copies of F. We set

X pr = {x:Ep(x) e F".

Let R, be the maximal cardinality of (n", ¢)-separated sets

Fr

contained in an e In similar way than in [10] can be proved that for
any pe M(X) and for any ¢> 0, there is a set F = F(u, &) e F,

u® e F", thereisanatural N = N(F) such that

R < exp[n’ (h,(f)+9)],

n", e F'

forany & > 0. Let t = sup{h,(f):pe Mg |} and let T be such that -t
= 25 > 0. Then we have
M(an’Fr, t,n", e)< Z exp(—sm)

Bmvg(x)eB

nf>m
SRy pr exp(-tn") < exp(-on").

®r

Since the map pu — j@du is continuous, Mg, | is a compact subset

of M(X"), forany ® e C(X"). Thus, it can be covered by sets of the form
Fj = Fluj,e)e Fy, with pj e K, j=12 .. k. If x e Eg, thenthe

sequence {&}(x)} has a limit point in Mg, |, so that there are a jy e

{1, 2, ..k} andan Mwith n" > M such that x e X Thus,

M, F (ujg.e)

M(Ep, 1, £, M, &) <k Z exp(=n").

n">m
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Then

Rop(Eo,1) < t = sup{hy(1): [0 e 1.

Because E cE , for an e Mg 1, we have

htop (Eop, 1) < hy(f), forany ue Mg |

and so

hop(Eq, 1) < inf{h,(f):pne Mg} O

Let
Ep,1 = {x 1 A[®](x) = 1}.

The following proposition is a generalization of the main result in [5],

which corresponds to | = {a}.

Proposition. For dynamical systems with the specification property
holds

hop(Eop, 1) = sup{hu(f) ; J@dp®r E I}.
Proof. The inequality
hop (B, 1) < Sup{hu(f) : .[CI)du@r 5 I}

is an immediate consequence of the above theorem. To prove the opposite

inequality is used the following result appeared in [5]: for any ® € C(X")

and for any e > 0, there is a map ®: X" > R of the form

n
5= ¢V ool
j=1

with (p(Ji) e C(X) andsuchthat [ ® - @ | <.
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Let x € G(un) with p e Mg | so that

lim V3 (n, x) = J.cbdu®r

n—oo

We have

lim Vg (n, x) = | &dp®"

n—o0

— lim Vz(n, x ‘
n—oo CD( )

I|m V(D(n X) — J.(Ddu®r

+ J.&)du@)r —I@dp®r < 2e.

Thus, lim Vg(n, x) = I@dp®r el, since ue Mg . In this way is
n—o

proved that G(u) = Eg |, from this and the saturatedness, which holds

under specification property, is obtained
heop (Eap, 1) 2 hop(G(w)) = 1y, (F),

then taken sup over the measures p € Mg, |, We get
htop(E(I),l)2 SUp{hp(f): e M(I),I}- U
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