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Abstract 

Let ( )dX ,  be a compact metric space and ,: XXf →  if rX  is                 

the product of r-copies of X, 1≥r  and .: R→Φ rX  Then the          

V-statistics with kernel Φ are defined as 

( ) ( ( ) ( ))∑
−≤≤

Φ Φ=
1..,,0 1

1 ....,,1,
nii

ii
r

r

r xfxf
n

xnV  

In this article, we are mainly interested in the multifractal 

decomposition [ ]( ){ },:, IxxE I =Φ=Φ A  where [ ]( )xΦA  are limit 

points of the sequence ( )xnVn ,Φ→  and I is a closed interval. We 

obtain a variational expression for the topological entropy of ., IEΦ  
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I. Introduction 

The multiple ergodic averages are being considered an interesting field 
and motive of active research. In his seminal work, Furstenberg [7] studied 
ergodic averages in a measure-preserving probability space ( )fX ,,, μB  of 

the form 

 ( )∑
−

=

μ
−

1
,1 N

Mn

knn AfAfAMN ∩"∩∩  (1) 

where B∈A  and .N∈j  The main result of that work states that if 

( ) ,0>μ A  then ( )∑
−

=∞→
>μ

−

1
,01inflim

N

Mn

jnn
N

AfAfAMN ∩"∩∩  which 

is a dynamical version of the Szemerédi theorem in combinatorial number 
theory. From this, were studied multiergodic averages not only to make an 
interplay between Number Theory and Dynamical Systems, but also to be 
applied in other fields. 

In particular, in the area of multifractal analysis problems on 
convergence of multiple ergodic averages motivate Fan et al. [5] to study the 
multifractal spectra of V-statistics. Let us consider a topological dynamical 
system ( )fX ,  with X a compact metric space and f a continuous map. Let 

XXX r ××= "  be the product of r-copies of X with ,1≥r  if R→Φ rX:  

is a continuous map, then let 

 ( ) ( ( ) ( ))∑
≤≤

Φ Φ=
nii

ii
r

r

r xfxf
n

xnV
...,,1 1

1 ....,,1,  (2) 

These averages are called the V-statistics of order r with kernel Φ. The 
multifractal decomposition for the spectra of V-statistics is 

( ) { ( ) }.,lim: α==α Φ
∞→

Φ xnVxE
n
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In [5], the authors established the following variational principle: 

( ( )) ( ) ,:sup
⎭
⎬
⎫

⎩
⎨
⎧ α=μΦ=α ∫ ⊗

μΦ
r

top dfhEh  

where toph  is the topological entropy for non-compacts nor invariant sets and 

( )fhμ  is the measure-theoretic entropy of μ. Here r⊗μ  means ,μ××μ "  

r-times. The condition imposed on the dynamics is specification. This 
principle is a generalization of that established by Takens and Verbitski for 

1=r  [9]. 

In a previous article [8], we have analyzed the irregular part, or historic 
set, of the spectrum of V-statistics. This is the set of points x for which 

( )xnV
n

,lim Φ
∞→

 does not exist. We proved that the irregular part of the 

spectrum of multiple ergodic averages, or V-statistics, has the same 
topological entropy as the whole space X. The condition imposed on the 
dynamics was specification, under this condition, the system becomes 
saturated. 

In this work, we shall consider the following multifractal decomposition 
spectra: 

 [ ]( ){ },:, IxxE I =Φ=Φ A  (3) 

where [ ] ( )xΦA  is the set of limit points of the sequence ( )xnVn ,Φ→  and 

I is a closed interval. The study of these spectra may give another point of 
view in the study of the dimension of the irregular set. In [1], Barreira et al. 
proved, for the single case 1=r  and for the special case of full shifts, that 
the spectra of limit points are residual, i.e., contain a dense δG  set. In this 

article, following [10], a δG  set is constructed. The conditions imposed on 

the dynamical system will be the Almost Product Property (APP), which         
is weaker than specification and the uniform separation property. The 
respective definitions will be given in the next section. The result to be 
proved is: 
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Theorem. Let ( )fX ,  be a dynamical system with the Almost Product 

Property (APP) and the uniform separation property. Let ( ),rXC∈Φ  for I 

a closed real interval. Then holds 

( ) ( ) .:inf,
⎭
⎬
⎫

⎩
⎨
⎧ ∈μΦ= ∫ ⊗

μΦ IdfhEh r
Itop  

This theorem is a generalization of the main result of [10] to V-statistics. 

II. Preliminary Definitions 

Firstly, let us recall the Bowen definition of topological entropy of sets. 
Let XXf →:  with X a compact metric space, for 1≥n  the dynamical 

metric, or Bowen metric, be ( ) { ( ( ) ( )) ...,,1,0:,max, == iyfxfdyxd ii
n  

}.1−n  We denote by ( )xBn ε,  the ball of centre x and radius ε in the metric 

.nd  Let XZ ⊂  and let ( )Zn ,, εC  be the collection of finite or countable 

coverings of the set Z by balls ( )xBm ε,  with .nm ≥  Let 

( )
( )

( )
( )
∑

∈
ε∈

ε

−=ε
BCB xBZn

m

smnsZM
,

expinf,,,
,,

 

and set 

( ) ( ).,,,lim,, ε=ε
∞→

nsZMsZM
n

 

There is a unique number s  such that ( )ε,, sZM  jumps from ∞+  to 0. Let 

( ) ( ){ } ( ){ }0,,:inf,,:sup, =ε=+∞=ε==ε sZMssZMssZH  

and 

 ( ) ( ).,lim
0

ε=
→ε

ZHZhtop  (4) 

The number ( )Zhtop  is the topological entropy of Z. 
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The dynamical ball for XXf →:  is 

( ) { { ( ( ) ( )) } }.1...,,1,0:,max:, ε<−==ε niyfxfdyxB ii
n  

Let NN →:g  be a non-decreasing, non-bounded function such that 

( ) 1<n
ng    and   ( ) 0→n

ng  as .∞→n  

The dynamic ball for f and g is defined as: 

( ) { { }1...,,1,0aisthere:,, −⊂Λ=ε nyxgB nn  with 

{ }( ) ( )ngncard n ≤Λ−− 1...,,1,0  

{ ( ( ) ( )) } }.:,maxand ε<Λ∈ n
ii iyfxfd  

Definition. A map XXf →:  has the specification property if: for  

any ,0>ε  there is an integer ( )εM  such that for any collection of intervals 

[ ] ,, +⊂= Zjjj baI  1...,,0 −= kj  such that ( ),1 ε≥− − Mba jj  =j  

1...,,1 −k  and for any ,...,, 10 Xxx k ∈−  there is an Xx ∈  such that 

( ( ) ( )) ,, ε<
+

j
nna xfxfd j   for  .1...,,2,1,0,0 −=−≤≤ kjabn jj  

Definition. A map XXf →:  satisfies the g-Almost Property Product 

(APP) with g a function as above, if there exists a map NR →+:m  such 
that for any points ,...,,, 21 Xxxx k ∈  for any 0...,,0,0 21 >ε>ε>ε k  

and for any numbers ( ),ii mn ε≥  ki ,...,2,1=  holds 

( ( ))∩
k

j
jn

n xgBf jj
j

1
,

1 .,
=

ε
−

∅≠  

The specification property implies APP [10]. 

Definition. Two points x, y are ( )ε,n -separated if ( ( ) ( )) ε>yfxfd jj ,  

holds for some ....,,1,0 nj =  A set XE ⊂  is ( )ε,n -separated if all  
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points of E are ( )ε,n -separated. A pair of points x, y are ( )εδ ,, n -separated 

if { ( ( ) ( )) } .,:1...,,1,0 nzfxfdnjcard jj δ≥ε>−=  A set XE ⊂  is 

( )εδ ,, n -separated if all points of E are ( )εδ ,, n -separated. 

By ( )XM  we denote the space of measures in X and by ( )fXinv ,M  

the space of f-invariant measures on X. The space ( )XM  can be endowed 

with a metric D compatible with the metric in X, in the sense that ( )yxD δδ ,  

( ),, yxd=  where δ is the point mass measure. More precisely, the metric 

considered in ( )XM  will be 

( ) ∑
∫ ∫∞

= ∞ϕ

νϕ−μϕ
=νμ

1
,

2
,

n n
n

nn dd
D  

where { }nϕ  is a dense set in ( ).XC  We denote by ( )μRB  the ball of center 

μ and radius R in the above metric. The topology induced by this metric is 
the weak ∗-topology and if X is compact, then ( )XM  is compact in the weak 

topology. The weak convergence is the convergence in the metric which 
induces the weak topology. By μF  is denoted the filter of neighborhoods of 

μ in the weak ∗-topology. 

The empirical measures on X associated to the dynamical system 
( )fX ,  are defined as 

( ) ( )∑
−

=

δ=
1

0
.1 n

i
xfn inxE  

We denote the weak limits of the sequence ( ){ }xnE  by ( ).xV  Since X is 

compact, ( ) .∅≠xV  If μ is a measure on X, then a point Xx ∈  is μ-generic 

if ( ) { },μ=xV  by ( )μG  is denoted the set of μ-generic points. A system is 

called saturated if 

 ( )( ) ( ).fhGhtop μ=μ  (5) 
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Bowen [4] proved the inequality 

( )( ) ( ),fhGhtop μ≤μ  

while in [6], the opposite inequality for systems satisfying the property of 
specification was proved. 

Let ( )XF M⊂  and 

( ){ }.::, FxxX nFn ∈= E  

By FnR ,, ε  is denoted the maximal cardinality of ( )ε,n -separated sets 

contained in FnX ,  and by FnR ,,, εδ  the maximal cardinality of ( )εδ ,, n -

separated sets contained in ., FnX  

Definition. The map XXf →:  has the uniform separation property if 

the following condition is satisfied: for any ,0>γ  there are numbers ,0>δ  

0>ε  such that for any ergodic measure μ and for any ,μ∈ FF  there is a 

natural ( )γμ= ,,FNN  such that for any ,Nn ≥  

( ( ( ) )).exp,,, γ−≥ μεδ fhnR Fn  

III. Proof of the Theorem 

Let us denote 

( ) .:,
⎭
⎬
⎫

⎩
⎨
⎧ ∈μΦ∈μ= ∫ ⊗

Φ IdX r
invI MM  

We begin by proving the inequality 

( ) { ( ) }.:inf ,, IItop fhEh ΦμΦ ∈μ≥ M  

Following [10], it can be constructed a set IEE ,Φ⊂  and such that 

( ) { ( ) } ,:inf. ,, γ−∈μ=≥ ΦμΦ IItop fhhEh M  for .0>γ  To construct this 

set, is used uniform separation Almost Property Product (APP). Let us recall 
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that rr Fn
R

,, ε
 denote the maximal cardinality of ( )ε,rn -separated sets 

contained in .
, rFn

X  By [10], uniform separation property implies that there 

are numbers ,0>δ  0>ε  such that for any ergodic measure μ and for any 

,r
rF ⊗μ
∈ F  there is a number ( )γμ= ,,rFNN  such that for any ,Nn ≥  

( ( ( ) )).exp
,,,

γ−≥ μεδ
fhnR r

Fn r  

Let us choose sequences { },kn  { },kR  { }kε  with 0↘kR  and .0↘kε  By 

the APP, it may be assumed that 

( ) 12 +>δ kk ngn   and  ( ) ,k
k
k

n
ng

ε<  

where g is the function of APP definition. 

From the above facts, by [10], for a given sequence { }kρρρ ...,,, 21  

( )XM⊂  and for ,1ε>ε  there exist a 0>δ  and a ( )εδ ,, kn -separated set 

{ ( ) ( )}kRnk kk Bxx ρ∈⊂Γ E:  such that 

( ) ( ) ( ).,, , kRnnk kkkkk BzxgBzx ρ∈⇒∈Γ∈ ε+ε E  

Let us choose now a strictly increasing sequence { }kN  such that 

∑
=

+ ≤
k

j
jjkk NnRn

1
1  

and 

∑ ∑
−

= =

≤
1

1 1
.

k

j

k

j
jjkjj NnRNn  

We consider stretched sequences { },jn′  { },jε′  { }jΓ′  such that if =j  

qNN k +++ −11 "  with ,1 kNq ≤≤  then ,kj nn =′  kj ε=ε′  and .kj Γ=Γ′  
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Finally, we can define 

 ( ( ))∩ ∪
k

j x
jn

M
k

jj
jj

j xBfE
1

,
1:

= Γ′∈
ε′′

−

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
= −  (6) 

with jj nnnM ′++′+′= "21  and 

 ∩
1

.:
≥

=
k

kEE  (7) 

Any element of E can be labelled by a sequence ...,, 21 xx  with 

.jjx Γ′∈  According to Pfister and Sullivan [10], the following holds: let 

,, jjj yx Γ′∈  ,jj yx ≠  if ( ),,, jn xgBx jj ε∈  ( ).,, jn ygBy jj ε∈  Then 

{ ( ( ),max xfd k  ( )) } ε>−= 21...,,0: j
k nkyf  with .41ε>ε  

Let us consider any measure ,...,,2,1, kii =ρ  belonging to the set 

{ ( )}.anyfor,: ,
r

I XCK ∈Φ∈ρρ= ΦM  

Let us extend the set measures { }kρρρ ...,,, 21  to a set { ...,,, 21 ρρ  

}...,kρ  such that { } Knjj =>ρ :  (the bar means closure) and such           

that ( ) 0, 1 →ρρ +jjD  as .∞→j  By [10], for any ,Ex ∈  the sequences 

{ ( )}xkME  and { }kMρ  with kk nnnM ++′+′= "21  have the limit points. 

Therefore, the sequences { ( )}xMV k ,~Φ  and 
⎭
⎬
⎫

⎩
⎨
⎧ ρΦ∫ ⊗r

Mk
d~  have the same limit 

points and so [ ] ( ) .~ Ix ∈ΦA  Since ,~ ε<Φ−Φ ∞  for any ,0>ε  we have 

that [ ] ( ) .Ix ∈ΦA  Thus, ., IEE Φ⊂  

Let us show that ( ) .hEhtop ≥  Let ,hs <  the set E is closed and so it is 

compact, let us consider a finite covering U  by balls ( )xBm ε,  having non-

empty intersection with G. Now 
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( )
( )

( )
( )
∑

∈
ε∈

ε

−=ε
UCU xBEn

m

smNsEM
,

.expinf,,,
,,

 

For any finite covering U  of E, we can construct a covering 0U  in       

the following way: each ball ( )xBm ε,  is replaced by a ball ( )xB rrM ε,  with 

.1+≤≤ rr MmM  Thus, 

( )
( )

( )
( )
∑

∈
ε∈

ε

−=ε
UCU xBEn

m

smNsEM
,

expinf,,,
,,

 

( )
( )∑

∈
+

ε∈
ε

−≥
0,

.expinf 1
,, UCU

rMB
r

EN
sM  

Now we can consider a covering 0U  in which { :max rm =  there is a 

ball ( ) }.0, U∈ε xB rM  We set 

∏
= =

=Γ=
k

i

m

k
kmik WWW

1 1

.,: ∪  

Let ,, jjj yx Γ′∈  jj yx ≠  as we pointed out earlier, if ( ),, jN xBx jj ε′′∈  

( ),, jN yBy jj ε′′∈  then ( ( ) ( )) ,2, ε>yfxfd ll  for any 1...,,0 −= jNl    

and with .41ε>ε  Now, for any ( ) ,, GzBx rM ∩ε∈  there is a uniquely 

determined ( ) .rWxzz ∈=  A word jWw ∈  with ,...,,2,1 kj =  is called a 

prefix of a word kWw ∈  if the first j-letters of w  agree with the first j-letters 

of w. The number of times that each kWw ∈  is a prefix of a word in mW  is 

,km cardWcardW  

thus if W is a subset of ,mW  then 

( )
( ) ( )∑

=

≥
m

k
m

k
k WcardWcard

WWcard

1
.∩  
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If each word in mW  has a prefix contained in a ,mWW ⊂  then 

( )
( )∑

=

≥
m

k k
k

Wcard
WWcard

1
1∩  

and since 0U  is a covering each point of mW  has a prefix associated to a ball 

in .0U  By this and because ( ),exp rk MhcardW ≥  we obtain 

( )∑
∈ε

≥−
0,

.1exp
UrMB

rsM  

Thus, if r is taken such that ,rk ≥  then ,1 kk MhMs ≤+  for ,rMN ≥  

( ).,, eN ε∈ GU  Therefore, 

( )
( )
∑

∈ε

≥−
UxBm

sm
,

1exp  

and so 

( ) .1,,, ≥εNseM  

By this, ( ) .hEhtop ≥  

To prove the other inequality, we set 

{ [ ]( ) }IxxE I inpointlimitaleastathas:~
, Φ=Φ A  

and we shall firstly prove that 

( ) ( ) .:sup~
,

⎭
⎬
⎫

⎩
⎨
⎧ ∈μΦ≤ ∫ ⊗

μΦ IdfhEh r
Itop  

Let us consider the r-empirical measures 

( ) ( ( ) ( ))∑
≤≤

δ=
nii

xfxfr
r
n

r
rii

n
x

...,,1
...,,

1
1 .1E  
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Let ( )XF M⊂  and ( )rr XFFF M⊂××= "  be the product of       

r-copies of F. We set 

{ ( ) }.::
,

rr
nFn

FxxX r ∈= E  

Let rr Fn
R

,, ε
 be the maximal cardinality of ( )ε,rn -separated sets 

contained in .
, rr Fn

X  In similar way than in [10] can be proved that for     

any ( )XM∈μ  and for any ,0>ε  there is a set ( ) ,, μ∈εμ= FFF  

,rr F∈μ⊗  there is a natural ( )FNN =  such that 

[ ( ( ) )],exp
,,

δ+≤ με
fhnR r

Fn rr  

for any .0>δ  Let { ( ) }Ifht ,:sup Φμ ∈μ= M  and let t  be such that tt −  

.02 >δ=  Then we have 

( ) ( )
( )
∑
≥

ε ∈

−≤ε

mrn
m

rr
xB

r
Fn

smntXM
B,

exp,,,
,

 

( ) ( ).expexp
,,

rr
Fn

nntR rr δ−≤−≤
ε

 

Since the map ∫ ⊗μΦμ rd6  is continuous, I,ΦM  is a compact subset 

of ( ),rXM  for any ( ).rXC∈Φ  Thus, it can be covered by sets of the form 

( ) jjj FF μ∈εμ= F,  with ,Kj ∈μ  ....,,2,1 ε= kj  If ,~
, IEx Φ∈  then the 

sequence { ( )}xr
nE  has a limit point in ,, IΦM  so that there are a ∈0j  

{ }εk...,,2,1  and an M with Mnr ≥  such that ( ).,, 0 εμ
∈

j
rFM

Xx  Thus, 

( ) ( )∑
≥

εΦ δ−≤ε
mn

r
I

r
nkMtEM .exp,,,~

,  
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Then 

( ) ( ) .:sup~
,

⎭
⎬
⎫

⎩
⎨
⎧ ∈μΦ=≤ ∫ ⊗

μΦ IdfhtEh r
Itop  

Because ,~
,,

⎭
⎬
⎫

⎩
⎨
⎧ μΦΦ

Φ
∫ ⊗⊂ rdI EE  for any ,, IΦ∈μ M  we have 

( ) ( ),, fhEh Itop μΦ ≤  for any I,Φ∈μ M  

and so 

 ( ) { ( ) }.:inf ,, IItop fhEh ΦμΦ ∈μ≤ M  
 

Let 
{ [ ]( ) }.:, IxxE I ⊂Φ=Φ A  

The following proposition is a generalization of the main result in [5], 
which corresponds to { }.α=I  

Proposition. For dynamical systems with the specification property 
holds 

( ) ( ) .:sup,
⎭
⎬
⎫

⎩
⎨
⎧ ∈μΦ= ∫ ⊗

μΦ IdfhEh r
Itop  

Proof. The inequality 

( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ ∈μΦ≤ ∫ ⊗

μΦ IdfhEh r
Itop :sup,  

is an immediate consequence of the above theorem. To prove the opposite 

inequality is used the following result appeared in [5]: for any ( )rXC∈Φ  

and for any ,0>ε  there is a map R→Φ rX:~  of the form 

( ) ( )∑
=

ϕ⊗⊗ϕ=Φ
n

j

r
jj

1

1~ "  

with ( ) ( )XCi
j ∈ϕ  and such that .~ ε<Φ−Φ ∞  
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Let ( )μ∈ Gx  with I,Φ∈μ M  so that 

( ) ∫ ⊗
Φ∞→

μΦ= .~,lim ~ r
n

dxnV  

We have 

( ) ( ) ( )xnVxnVdxnV
nn

r
n

,lim,lim,lim ~Φ∞→
Φ

∞→

⊗
Φ

∞→
−≤μΦ− ∫  

( ) ∫ ⊗
Φ∞→

μΦ−+ r
n

dxnV ~,lim ~  

.2~ ε<μΦ−μΦ+ ∫ ∫ ⊗⊗ rr dd  

Thus, ( ) ∫ ∈μΦ= ⊗
Φ

∞→
,,lim IdxnV r

n
 since ., IΦ∈μ M  In this way is 

proved that ( ) ,, IEG Φ⊂μ  from this and the saturatedness, which holds 

under specification property, is obtained 

( ) ( )( ) ( ),, fhGhEh topItop μΦ ≥μ≥  

then taken sup over the measures ,, IΦ∈μ M  we get 

 ( ) { ( ) }.:sup ,, IItop fhEh ΦμΦ ∈μ≥ M  
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