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1. Introduction

In this work we address a generalization of the maximum weighted stable set problem which arises in the solution of
the vertex coloring problem via column generation techniques. Given a graph G = (V, E), a family of nonempty vertex-
subsets 8 € 2Y, and a weight w : § — R, we define the maximum stable set problem with weights on vertex-subsets
(STABws) as the problem of finding a stable set I of G (i.e., a set | C V such that no two vertices from I are adjacent) that
maximizes the sum of the weights of the sets in 4§ that intersect I. Formally, STABws consists in finding a stable set] C V
maximizing ) {w(S) : S € $and S NI # #}. In this context, the vertex subsets in 4§ are called structures. For v € V, define
Sw)y={Ses:veSs}

STABws naturally arises within the column generation procedure of a straightforward algorithm for the classical vertex
coloring problem [2]. In this setting, let § < 2" be the set of maximal stable sets of G. We have a binary variable z; for every
I € 4, and the constraints
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In a standard column generation approach, the pricing problem reduces to finding a maximum weighted stable set [3-5].
However, if additional cutting planes are added then the column generation problem no longer corresponds to a classical
weighted stable set problem, since the objective function now includes the dual variables corresponding to the added
inequalities.

Indeed, let Sq, ..., Sy C V be subsets of vertices and assume that the following cuts have been added to the original
formulation:

Zlel', i=1,...,k, (2)
1€8:1NS;#%

where by, ..., by € R are suitable values making these inequalities valid, i.e., b; is a lower bound on the minimum number
of colors needed to color the subgraph induced by S;. If A, is the dual variable corresponding to Eq. (1), for v € V, and u;
is the dual variable corresponding to the inequality (2), fori = 1, ..., k, then the column generation problem consists in
finding a stable set] € V maximizing > {A, :v €I} + > {ui:SiNI#@,i=1,...,k}. This problem reduces to STABws,
where the structures are § := {S,-}f-‘=1 U {{v}},ev. Note that it is not necessary to consider vertex weights in the definition of
STABws, since we can consider a singleton structure for each vertex, thus modeling such weights.

This pricing problem is addressed in [2], where the authors point out that the pricing problem is not exactly a maximum
weight stable set problem anymore, give some insights on how the two problems relate to each other, and use these insights
in order to improve the bounds of the coloring formulation. Section 6.4 from [2] points out the difficulty to deal with cut
generation approaches for the vertex coloring problem (based on the original column generation algorithm in [5]). In [2], the
authors attempt to circumvent this difficulty by stating an optimization problem that is “a good approximation of the pricing
problem”. In practice, such an approximation leads to small improvements in the lower bound, at the cost of a moderate
increase in the running times. However, the authors state that the enumeration tree is in most cases significantly smaller.
Thus, one can expect that more efficient strategies to solve the pricing problem when cuts are present could help to improve
the performance of the whole procedure for solving the vertex coloring problem.

There are two possible approaches for tackling STABws, namely searching for combinatorial algorithms and studying
its polyhedral structure with the objective of implementing an algorithm based on integer programming techniques.
Combinatorial algorithms for the maximum stable set problem are more effective than integer-programming-based
procedures [6,7], but it is not clear how such algorithms can be applied to STABws. This motivates the present work, which
aims at providing more details on the structure of the generalized problem and its similarities and main differences with
the weighted maximum stable set problem.

In this work we address STABws from an integer programming point of view. We are interested in partial descriptions of
the polytope associated with a natural integer programming formulation of this problem. We provide general results on this
polytope, including some properties of general facet-inducing valid inequalities, relations between facets of this polytope
and facets of the stable set polytope, a straightforward lifting lemma, and a lifting procedure for generating more complex
facet-inducing inequalities. We also show how STABws can be reduced to a stable set problem on a larger graph. Although
this reduction may not be useful from a practical point of view, it shows additional connections between the polytope studied
in this work and the standard stable set polytope. Finally, we present three families of facet-inducing inequalities, two of
them being of a quite general nature.

This paper is organized as follows. In Section 2 we present an integer programming formulation of STABws and provide
some initial results on the associated polytope P (G, $) (to be defined in Section 2). Section 3 presents a procedure for deriving
strong inequalities for P(G, §) from the stable set polytope. Section 4 presents relations between P (G, $) and the stable set
polytope, and in Section 5 we explore general families of facets for P(G, $). Finally, Section 6 closes the paper with concluding
remarks and open problems.

2. Integer programming formulation

In this section we present an integer programming formulation for STABws. For each vertex v € V, we introduce the
binary vertex variable x,, such that x, = 1 if and only if the vertex v belongs to the solution. For each structure S € &, we
introduce the binary structure variable ys such that ys = 1 only if the solution intersects S. With these definitions, STABws
can be formulated as follows.

max Z wsys

Ses
Xy +x, <1 Yuv eE (3)
YS<Y x VSes (4)
ves
x,€{0,1} VYveV (5)
ys €{0,1} VSes. (6)

The objective function asks for the total weight to be maximized. Constraints (3) assert that no two adjacent vertices can be
selected (hence x is the characteristic vector of a stable set), whereas constraints (4) assert that ys = 0 if no vertex from S is
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selected. Note that we do not constrain ys to take value 1 when some vertex from S is selected in the current solution, since
we assume the weights to be non-negative.

Definition 1. Given a graph G = (V, E) and a family of vertex-subsets § C 2V, we define P(G, ) to be the convex hull of
the vectors (x, y) € RIVI1¥ satisfying constraints (3)-(6).

We now collect some straightforward facts on P(G, §). For v € V, we denote by N;(v) the neighborhood of v in G, and
we simply write N (v) when the graph is clear from the context.

Theorem 1. (i) The polytope P(G, §) is full-dimensional.

(ii) For each uv € E, the model constraint (3) induces a facet of P(G, 8) if and only if uv is not contained in a larger clique,
ie, Nu)NN() =4a.

(iii) Foreach S € 4§, the model constraint (4) induces a facet of P(G, ).

(iv) For each v € V, the inequality x, > 0 induces a facet of P(G, §). For each S € 3§, the inequality ys > 0 induces a facet of
P(G, 3).

The following lemma states a property that will be useful throughout the paper. A similar property holds for the
x-variables in the stable set polytope STAB(G), defined as the convex hull of the vectors x € R!I satisfying constraints
(3)and (5).

Lemma 1. Let wx 4+ uy < mo be a facet-inducing inequality of P(G, 8),S € 8 and v € V. If the inequality differs from ys > 0,
then us > 0. If the inequality differs from x, > 0 and us = 0 forall S € S(v), then r, > 0.

Proof. Since mx+uy < my is different from ys > 0 and is facet-inducing, there exists a solution (x, y) satisfying the inequal-
ity with equality and such that ys = 1 (otherwise, ys = 0 for every point in the face induced by the inequality, contradicting
facetness). Construct a new feasible solution (x, y') only differing from (x, y) in y; = 0. If us < 0 then this new solution
violates wx + uy < mo, a contradiction. Hence, s > 0 for every S € 4.

Now assume that the inequality is different from x, > 0 and us = 0 for all S € S(v). Therefore, there exists (x,y) €
P(G, 48) satisfying wx + uy = mg, x, = 1andys = 0, forall S € S(v). Changing the x, to 0 leads to another feasible solution
that does not violate the inequality only if 7, > 0. O

The polytope P (G, §) admits facet-inducing inequalities with negative coefficients for x-variables, in contrast to STAB(G),
whose facets have nonnegative coefficients—with the exception of x, > 0 for v € V. This can only happen for vertices that
belong to at least one structure, as the following corollary to Lemma 1 shows.

Corollary 1. If v € V does not belong to any structure in 8 and wx + uy < mo is a facet-inducing inequality of P(G, §) different
fromx, > 0, then, > 0.

The particular structure of the formulation (3)-(6) provides a simple lifting result for the structure variables, as the
following proposition shows.

Lemma 2 (Lifting Lemma). Every facet-inducing inequality for P(G, $) is also valid and facet-inducing for P(G, 8 U {S}), for any
SCV,S¢8,S#0.

Proof. Ifthe facet-inducing inequality for P(G, §) isx, > 0, then the lemma holds by Theorem 1. Otherwise, let rx+uy < mo
be an inequality inducing the facet F of P(G, 8) and S C V,S & 8, S # {. Select affinely independent points (x', y"), ...,
(xIVI+181 ylVI+181y in F. Since these selected points cannot be all in the intersection with the facet {(x, y) € P(G, 8) : x, = 0}
forany v € V,letus consider a point (x', '), forsomei € {1, ..., |V|+]|8|}, such that there existsav € S withx; = 1.Hence,
oLy, 1), 'y, 0), ..., GVIFBLyIVIFIS 0y are |V| + | 8| + 1 affinely independent points in {(x, y, ys) € P(G, 8 U {S}) :
X+ puy = me}. O

The projection of P(G, $) onto the space of the vertex variables coincides with the stable set polytope STAB(G), so every
valid inequality for STAB(G) is also valid for P(G, §). Furthermore, Lemma 2 shows that facetness is also preserved.
Corollary 2. Every facet-inducing inequality of STAB(G) is also valid and facet-inducing for P(G, ).

On the other hand, as x € STAB(G) implies (x, 0) € P(G, ) and (x, y) € P(G, $) implies x € STAB(G), we get a converse
for the above statement.

Proposition 1. If wx < mq is facet-inducing for P(G, 8), it is also valid and facet-inducing for STAB(G).

Lifting Lemma implies that all the facets for P(G, $) translate to P(G, § U {S}), forany S ¢ §. There exist additional facets,
in particular facets involving ys with a nonzero coefficient (which furthermore must be positive, by Lemma 1). In those cases,
we have the following result.
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Fig. 1. (a) Example instance (G, 4) of STABws with 8 = {S;, S,, S3} and (b) the instance (G', 4’) constructed by the procedure in Section 3. The vertices vz
and v, are adjacent to just one vertex from S, so they are deleted. Structure S; has a vertex not adjacent to any vertex from S and structure Ss gets at least
one vertex deleted, so they are removed from 4§.

Proposition 2. If S € & induces a clique, then a valid inequality wx + uy < mo with us > 0 is facet-inducing if and only if it
coincides with the model constraint (4).

Proof. The “if” part is a direct rephrasing of Theorem 1(iii). For the converse direction, we claim that every feasible solution
(x, y) satisfying the inequality with equality also is in the facet {(x, y) € P(G, ) : ys = Y, s Xy}. Since S induces a clique,
by (3)-(4) we haveys < )" _«x, < 1.Ifys = 0and }_, s x, = 1, then by setting ys = 1 we still have a feasible solution
which violates wx+ uy < mq (since us > 0), a contradiction. We conclude thatys = > _¢ x, and, since (, y) is an arbitrary
solution satisfying wx 4+ uy = mo, the claim holds. O

ves

In the facetness results throughout this paper we will ask for the structures participating in the valid inequalities to
not induce cliques of G (or, alternatively, stronger hypotheses implying this condition). Proposition 2 ensures that these
hypotheses are indeed necessary for achieving facetness.

3. A procedure for generating strong valid inequalities

Lifting Lemma (Lemma 2) shows that every facet-inducing inequality of STAB(G) is also facet-inducing for P(G, 4§). In this
section we show that facets of P(G, $) involving the structure variables (i.e., the y-variables) can also be generated from
facets of the stable set polytope in certain particular situations, and we provide an iterative procedure for accomplishing
this task. If A, B C V are two vertex sets, we denote E(A,B) = {uv € E : u € A, v € B} to be the set of edges with one
endpoint in A and the other endpoint in B.

Procedure. LetS C V,S & 8,5 # 0.

1. Remove from G all vertices v € V\S such that E(S, {v}) # S x {v}and E(S, {v}) # 0. CallR C V the removed vertices
and G = (V, E) the resulting graph.

2. Remove from & any structure S’ such that S’ MR # @orS' N{v : E(S, {v}) = B} orS' NS # @. Call 8’ the resulting family
of structures. B

3. Identify the vertices in S onto a single vertex s. This identification operation consists in deleting all vertices in S from V
(and its incident edges), adding the new vertex s, and adding an edge sv for every v € 1% \ S such thatE(S, {v}) = S x {v}.
Call G = (V’, E’) the resulting graph (see Fig. 1 for an example).

4. Find a facet wx' + puy’ < mo of P(G', 4’), and output the inequality

D mXe+AYs+ Y psys < o (7)

veV/\{s} S'es’

Recall that Corollary 1 implies that 7z; > 0, which is required by Lemma 1 for (7) to define a facet.

Theorem 2. The inequality (7) generated by the procedure is valid for P(G, 8 U {S}). In addition, if S is not a clique, then (7) is
facet-inducing for P(G, 8’ U {S}).

Proof. Let (x, y) € P(G, 8§ U{S}) be an arbitrary integer solution, and let (x, y’) € {0, 1}V"I*1¢' be an associated solution (to
be shown to belong to P(G', 8')), defined by x, = x, for v € V'\{s}, x; = ys,and y,, = ys for S’ € §'. Since every v € Ny (s)
has E(S, {v}) = S x {v} by construction, then x; + x,, = ys + x, < 1 holds. Moreover, N¢'(v) € Ng(v) U {s}, forall v # s.
Then, ¥’ induces a stable set in G'. Also, if y;, = 1 for some S’ € 4§’ then x;, = 1 for some v € §’, since all the vertices in
§’ remain in G'. Hence, (x',y’) € P(G,S’). Since nx’ + py < mo is valid for P(G', 8’) and x; = ys, we conclude that the
inequality generated by the procedure is valid for P(G, 8 U {S}).

In order to prove that (7) induces a facet of P(G, 8' U {S}), we construct |\7| + |8’| + 1 affinely independent points in the
face induced by the inequality. To this end, fix some u € S and define @ : P(G', 8') — P(G, ' U{S}) mapping a point (x', y')
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into a point @ (x',y") = (x, y) as follows. We have x, = x| forallv € V' \ {s},x, = ys = x[,x, = 0forallv € S\ {u}, and
ys =y forall S’ € &' Equipped with this mapping, we construct the following affinely independent points satisfying (7)
with equality:

o LetA = {(x,y) },‘Zﬁlg/' be a set of affinely independent points satisfying 7x 1y’ = 7o, and construct {@ (x|, y')}1 1+1%'1,

|

These new points are affinely independent and satisfy the new inequality with equality. =

e Assume w.lo.g. x} = 1 and construct |S| — 1 new points from @ (x!, y') by alternatively replacing u by the remaining
vertices in S. The new points are feasible by construction, satisfy (7) with equality, and are affinely independent with the
preceding points since the new vertices are not present in the previously constructed feasible solutions. This way we get
|S| — 1 additional points.

e Let v, w € S such that vw ¢ E (such vertices exist since S is not a clique), and construct a new point from @ (x', y!)
by replacing u by v and w. Since every neighbor of u in G’ is also a neighbor of v and w in G, then this new solution is
feasible, and satisfies (7) with equality. Differently from the previous points, this point is not included in the hyperplane

Ys = ZUES Xy.

Since there exist |\7| + 8’|+ 1 affinely independent points satisfying (7) at equality, we conclude that this inequality induces
afacetof P(G, 8 U{S}). O

4. Relations to the stable set polytope

In this section we explore the close relationship that exists between P(G, §) and the stable set polytope, although on
a different graph. Fix a graph G and a set of structures &, and consider the following two operations. The first operation
constructs an equivalent instance with no intersecting structures.

Splitting. If there exists some vertex v € V such that S(v) = {Sy, ..., S¢} with k > 2, let Dy, D, be a nontrivial partition
of {1, ..., k} and define a new graph G’ := (V U {v'}, EU {vw : w € Ng(v)}) (i.e., vertex v’ is added to G, in such a way
that v and v’ are false twins), and consider the structure set 8" := [J\S(v)] U{Si:ie D U{S\vh U} :ie D). In
other words, a false twin of v is created and the structures in S(v) are “divided” between these twins, namely the structures
indexed by D; remain with v and the structures indexed by D, are removed of vertex v and receive vertex v’ instead. Define
the weights w’ : 8 — R, as w’(S) = w(S) for S € 8\S(v), w'(S;) = w(S;) fori € Dy, and w'((S;\{v}) U {v'}) = w(S;) for
i € D,.Wecalll; .= (Gq, 81, w) := (G, 8, w) the original instance of STABws, and I, = (G', 8, w’) the instance obtained
after this splitting operation.

Mappings that preserve the objective function value of the solutions of an instance of STABws and the one derived from
the splitting operation are as follows. Let 41 and {/, respectively, be the families of all solutions of the two instances I; and
11 mentioned above.

Definition 2 (¥, 1 : 41 — 7). A solution for I; encoded as (x, y) maps to a solution @; y/(x,y) = (x',¥') of I] such that
X, =X, =x,x, =xforallueV\{v},andy =y.

Definition 3 (¥ 1 : 4} — 44). Asolution (x',y’) € 4} maps to a solution &y 1(x',y’) = (x,y) of I; such thatx, =
max{x,, x },x, =x, forallu e V\ {v},andy’ =y.

The mappings ¢  and @y ; yield an equivalence between the two problems, and imply the following result.

Proposition 3. The optimal values of I; and I} coincide.

After a finite number of applications of this operation, the resulting instance of STABws does not have intersecting
structures. We call I, = (G, 8,, w?) the instance obtained as a fixed point of this splitting operation. Let ®; , represent
the composition of the several applications of @1 ;- that transform a solution of I; into a solution of I,. Similarly, let us define
@, as the converse transformation.

The following operation converts I, into an instance I5 of the maximum weighted stable set problem.

Conversion into cliques. Let G, = (V5, E,) and construct I; = (G, w?) by G3 = (V,, E, U [U5€52{uv Tu,vE S}]). Further-
more, construct vertex weights w? : V, — R, defined by w? = w2 if v € S for some S € 4,, and w? = 0 otherwise, for
every v € V5. Since each vertex belongs to at most one structure in 4,, then w? is well defined. In other words, we add all
the edges among the vertices of each structure S (so it becomes a clique in G3) and assign the structure weight ws to each
vertex in S. Note that the weight of any stable set I in G3 coincides with the weight of the corresponding feasible solution of
I, where all the structures intersecting I are selected. This is the basis of the following result.

Again, an equivalence between the two problems is established by means of a definition of mappings that preserve the
value of the objective function. To this end, let 43 be the family of all solutions of instance I3 defined above.

Definition 4 (®,5 : I, — {3). A solution for I, encoded as (x, y) maps to a solution @, 3(x,y) = X’ of I3 such that 0 <
X, <x, forallveV,and) X, =ys, forall$S € 4.
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Fig. 2. (a) Example instance I; of STABws, (b) splitted instance I, and (c) equivalent instance I3 of the maximum weighted stable set problem.

Definition 5 (@5, : {3 — ). Asolutionx’ € 43 maps to a solution @5 »(x') = (x, y) of I, such thatx, = x, forallv € V,
andys =), s X, forall S € 4,.

Again, the existence of these mappings establishes the following result.

Proposition 4. The optimal values of I, and I3 coincide.

This way, starting from the original instance I; of STABws, we construct an equivalent instance I, of STABws and an
equivalent instance I3 of the maximum weighted stable set problem (see Fig. 2 for an example). Let P; := P(Gq, 41), P, :=
P(G,, 42), and P; := STAB(G3) be the corresponding polytopes. We are interested in the relations among these three poly-
topes, and in this section we provide partial results on this issue.

It is worth remarking that in practice it is not generally a good idea to search for a maximum-weight stable set in I5 instead
of directly tackling I4, since in the setting that motivated this work the number of structures (corresponding to the number
of previously generated cutting planes) may be quite large. Due to this fact, I; will generally be much larger than I; if the
cutting planes have intersecting supports. Nevertheless, the relations between the corresponding polytopes are interesting
and - in our opinion - are worth investigating.

4.1. Relations between P; and P,

We first consider relations between P; and P,. For the sake of simplicity, we assume that G; has exactly one vertex
v contained in more than one structure, and furthermore that v is contained in exactly two structures, called S; and S,
respectively. This is not too strong an assumption, since if there are more than two structures containing v or there are
more vertices in this situation, we can iteratively apply the results we obtain for this basic case. In the new instance I,, we
assume S; to include v, and S, to include the false twin v’.

Given a vector z with entries indexed by a set U, and a subset U" C U, let z;» denote the subvector comprising the entries
indexed by U’.

Proposition 5 (Facets from Py to P,). If wx 4+ puy < mg is valid for Py and 7, > 0, then this inequality is also valid for P,. If,
furthermore, (a) the inequality is facet-inducing for P, and (b) s, = 0 or there exists a feasible solution (x, y) satisfying wx+ Ly
= 7, X, = 1, and Zwe% Xw > 2, then mx + py < my is facet-inducing for P,.

Proof. Let (¥, y') be an integer point in P, and (x,y) = &, 1(x',y’). Since (x,y) € Py, we get wx + uy < 7. In addition,
Definition 3 states thaty = y’ and x/, < x,, holds for all w € V, being satisfied at equality if w # v. Thus, 7, > 0 leads to
Xy, + Ox;, + wy' < x4+ uy < mg, which implies validity.

To show facetness, let (x!, y'), ..., (xIVI¥I81 ylVI+181) be affinely independent pointsin F = {(x, y) € P; : mx+y = mg}.
The points A = {dﬁ].z(xf,yf)}l-i‘:r'&‘ are also affinely independent, and satisfy 7x 4+ uy = mo. Let (x,y) € F withx, = 1,
which exists because 7, > 0 and so the facet-inducing inequality is not —x, < 0. By hypothesis (b), is, = 0 or we can
assume that x, = 1 for some u € S;\{v}. In the first case, construct the feasible solution (x, ¥) € P,, where Xy = x, X,y = X,,
Vs, = 1—ys, andys = ys, forall S # S,. In the second case, construct the feasible solution (X, y) € P,, wherexy = x,x,, =0
and y = y. In both cases, the new solution is feasible and is affinely independent w.r.t. the points in #, since x, = x,» and
y = ¥y hold for every (x,y) € 4. Hence, A U {(x,y)} is a set of |V| + | 8| + 1 affinely independent points in P, satisfying
x + uy < mo with equality, so this inequality induces a facetof P,. O

Some words on the hypothesis (b) are in order. Assume us, # 0. Since ys, < Zwesz Xy and us, > 0 by Lemma 1, then
there is no feasible solution in the face of P; with Zwesz X, > land ys, = 0 (notice that setting ys, = 1 would provide a

larger LHS, thus violating the inequality). This implies that there must exist some feasible solution in this face with Zwesz X
> 2, since otherwise we would get ys, = Zwesz Xy, contradicting the fact that 7x + uy < mg induces a facet and w, > 0.
The hypothesis (b) asks for the existence of such a solution, where moreover one of the selected vertices is v.

Proposition 5 implies that the symmetrical inequality w,x, + ), 2o TuXu + LY < 7o (i.e., the inequality obtained from
wx + ny < mo by replacing x, by x,/) is also valid for P,, and induces a facet under the same assumptions.

For the converse direction, note that P; consists of the intersection of P, with the hyperplane {(x,y) : x, = X}, then
projected down in order to eliminate the variable x/,. If we denote proj,, (P) to be the polytope obtained from P by projecting
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S1 S2

Fig. 3. Instance showing that the inclusion (8) is strict.

out the variable x,/, then

P1 C proj, [P N{(X.y) : X, = Xy}, (8)
and this inclusion can be strict. Indeed, consider the instance depicted in Fig. 3. The point (x, y) withx = (1/2, 1/2, 1/2) and
y = (1, 1) does not belong to P; (since, e.g., it violates ys, +ys, < X, + 1, which is valid for P;) but the corresponding point
inP,,ie,x = (1/2,1/2,1/2,1/2) andy = (1, 1) is a convex combination of (xl,xi/,x;,xfu,y}],ygz) =(1,0,0,1,1,1)
and (x3, X3, X3, X5,, ¥5,, ¥5,) = (0,1,1,0, 1, 1).

Lemma3. Let U = {1,2,...,p}and U = U U {p + 1}. If {z'}icy is a linearly independent set in RP*, then {z{,}ieu has a
linearly independent subset with p — 1 vectors in RP. If {z'};cy is an affinely independent set in RP*1, then {z{,}ieu/ has an affinely
independent subset with p vectors in RP.

Proof. Let A € RP*D*P and Ay € RP*P be the matrices whose columns are the vectors {z'};cy and {z{,}ieu, respectively. If

rank(A) = p, then rank(Ay) > p — 1. This proves the first part. To show the second one, it is enough to recall that {z}icy is
an affinely independent set if, and only if, {z' — zP*'};cy is a linearly independent set. O

Proposition 6. If 7x + puy < mg is valid for P,, then Zu o, TuXu + (ry + )Xy + uy < mq is valid for Py. Furthermore, it is
facet-inducing for Py if mx + uy < mq is facet-inducing for P,, m,y = O and r, > O.

Proof. Let (x, y) be an arbitrary point in Py, and consider (X', y') = ®1,2(x, y). Since this new point belongs to P, 7x’ + py’
< 1 holds. By the definition of @1 ,, we get nx’ + py' = Zu#,v, Xy + (y, + my)X, + ny, and the first part of the
proposition follows.

To show facetness, let (x', y1), ..., (xVI+181+1 yIVI+I181+1) be affinely independent integer points in F = {(x,y) € P :
x4+ uy =mt.leti=1,2,...,|V|+ |8 + 1. lfx;, = 1, then xl;) = 1—otherwise, setting xiv = 1 would lead to another
point in P, violating the inequality, since 7r, > 0. Therefore, max{x!,, x|} = xi. This implies (¥, ') := @, 1(x, y') = (x},, ')
and Y, v X, + (7, + 7)X, 4+ puy' = X' + py' = mo, provided that 7, = 0. Finally, Lemma 3 ensures that the set

A= {(x,, yf)}l‘.i‘f”‘“ has an affinely independent subset with |V| + |$| points. O

4.2. Relations between P, and P

We now consider relations between P, and P;. We will assume that 8§, = {S}, so the following results apply for single-
structure instances, but they can be iteratively applied for general instances. In general, P is a projected face of P,, since
Py ={(x,y) €Py:ys =) s X} isafacet of P, and

Py = projs(Py),
where projs(P) denotes the polytope obtained from P by projecting out the variable ys (see Fig. 4).

Proposition 7. If nx + Bys < mo is a valid inequality for P,, then mx + B Y .cX, < mo is valid for Ps. Furthermore, if

x + Bys < mg induces a facet of P>, then tx + B Zves X, < my is facet-inducing for P3._

Proof. Let x € P; be an arbitrary point in P;, and construct (x, y) = @3 2(x), which is feasible for P,. Since wx 4+ Bys < mo

andys =) s Xy, thenmx + B> X, < 7o also holds. Since x is arbitrary, then this last inequality is valid for Ps.
Now, suppose that the inequality is facet-inducing for P;". Since dim(P;’) = dim(P,) — 1 = |V|, there is an affinely inde-

pendent set A = {(xi,yg) 1i=1,2,...,|V]} of integer points in P; satisfying the inequality at equality. Leti € {1, 2, ...,
[V]}.Since yi = Y, s X, € {0, 1}, we have that ®, 5(x, y) = x'and wx' + B Y, s ¥, = wx' + Byt = 7. To show that {x' :
i=1,2,...,|V|}is affinely independent, consider a combination Y_I'| a;x' = 0. Notice that 3"l eyl = 37 SV ayxd

= 0. The desired result follows by the affine independence of A. O

Proposition 8. If wx < m is a valid inequality for P3 with r; = B for every i € S, then my,\sXy,\s + Bys < 7 is valid for P,.
If, furthermore, the inequality induces a facet of Ps, then wy,\sxv,\s + Bys < o is facet-inducing for P .



230 M. Campélo et al. / Discrete Applied Mathematics 210 (2016) 223-234

A

ys ~
P2 Ys = Zl’v

veS

>
>

X

Fig. 4. The polytope P; is a projected face of P,.

Propositions 8 and 6 allow us to perform a separation procedure in STAB(G3) and convert the obtained inequalities into
valid inequalities for P(G, 4), as long as the separated inequalities for STAB(Gs) have the same coefficient for all the vertices
in each structure (and this can be achieved by, e.g., separating rank inequalities as in [8]).

Overall, these results do not provide a complete characterization of either polytope in terms of the other ones, but still
point to the close relationship that exists between STABws and the maximum weighted stable set problem.

5. General facets of P(G, §)

We now present general families of facet-inducing inequalities for P(G, §). The emphasis on this section lies on generality,
so we shall provide quite general definitions, and when suitable we will provide particular cases corresponding to standard
graph structures.

5.1. The a-inequalities

Let 8 = {S1,...,S} < 4 be a family of structures such that all edges between every pair of structures S;, S;, i,j =
1,...,k i # j, exist, ie, E(S;,S) = Si x S;. If 8 # 0, define S = Uﬁ‘:l Siand N($8') = (,esN(w) \ 'S, i.e, N(8') is
the common neighborhood outside 4§ of the vertices in 4§’. For consistency, if 8 = ¢, defineS = @ and N(§’) = V. Let
U C N(4'). As depicted in the example of Fig. 5, this configuration is such that E(S;, S;) = S; x Sjand E(S;, U) = S; x U, for

alli,j=1,...,ki#j. Finally, for u € U, denote by «, the size of the largest stable set of U containing u. We define
1
—X <1 9
> St Y ys < 9)
ueu Ses’

to be the «a-inequality associated with 4’ and U. These inequalities are inspired by the external inequalities in [1] for the
asymmetric representatives formulation for the classical vertex coloring problem.

Proposition 9. The «-inequality (9) is valid for P(G, §).

Proof. In every feasible solution, if a structure S; € 8’ is chosen, then some v € S; must be chosen as well, which implies
that no vertices in S; € 4, j # i, or in U can be chosen. Consequently, >, ixu + 2565,,5# ys = 0 holds for such a
solution. On the other hand, if none of the structures in 4’ is chosen, then a stable set I C U can be selected. Since |I| < ay,
forallu e I, we get ) Lx,<1and(9)holds. O

uel q

We now address the facetness properties of these inequalities. Following usual notation, we call «(T) the size of the
largest stable set in G[T] (i.e., the subgraph of G induced by T). We say that U is a-maximal in N(8') if U # @ and
a(UU{v}) > a(U), for every vertex v € N(8')\U.Call E(U) := {uv € E : u, v € U}. We say that the edge uv € E(U) is safe
if there exist two stable sets I,;, I, C U such that

o Iu\Iv = {u}v
e [,\I, = {v},and
o |I| =|I,| = oy forallz e I, UI,.
Define G = (U, E’) to be the graph with vertex set U and edge set E' = {uv € E(U) : uv is safe}.

IfA C V, then we define x* € {0, 1}!V! to be the characteristic vector of A within V,i.e,x! = 1ifv € Aandx* = 0
otherwise. If v € V, we write x* := x{*! as a notational shorthand. Similarly, if B C 4, then we denote by y? the characteristic
vector of B within 4, and we define y° := y*! for S € 4.
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Fig. 5. Example of the support for the «-inequalities: E(S1, S;) = S1 X S, E(51,U) =S; x U,and E(S,,U) =S, x U.

Theorem 3. If (a) N(8") = Wor U isa-maximalin N(4"), (b) G[C] contains a stable set of size «,, for every connected component
C of G** and u e C, and (c) no structure in &' induces a clique, then the a-inequality (9) induces a facet of P(G, §).

Proof. Let F be the face of P(G, 8) defined by the inequality (9), and let (r, p, 7o) € RIVH131+1 be such that wx + py = o
for every (x,y) € F. We will show that (i, u) is a multiple of the coefficient vector of (9), thus proving that this inequality
induces a facet of P(G, 4§).
Claim 1: 7, = 0for v € V\(UUS).If v & N(8), then thereare S € 8 and u € S such that uv ¢ E. The points (x*,y°) and
(x?} %), both in F, show that 7w, = 0.If v € N(&"), by (a) U is a-maximal in N(8'), and so there exists a maximum stable set
I C U of G[U] such that I U {v} is also stable. The feasible solutions (x', 0) and (x'“!*}, 0) both satisfy (9) with equality and show
that , = 0.
Claim 2: 7, = O foreveryv € S. Let i € {1, ..., k}. Since S; is not a clique, there exist u, v € S; such that uv ¢ E. The points
&, y%), (¥, y*), and (x'“}, y5i) show that , = m, = 0. For every w € S;\{u, v}, the solutions (x*, y*) and (x*, y*) imply
T, = 1y, hence m,, = 0. We conclude that 7, = 0 for every t € S;.
Claim 3: w, = m, for uv € E’. This equality is derived from points (x'*, 0) and (x'*, 0), where I, and I, are stable sets that
establish that uv is safe.
Claim4: o, = ps; foru e Uandi =1, ..., k. Let C be the connected component of G including u. Let v € Sjand I € U be
a maximum stable set of G[C] containing u (given by hypothesis (b)). Claim 3 implies . = ms for everyr,s € C, hence w, = m,
forall v € I. Moreover, we have |I| = . The points (x', 0) and (x", y*) establish the claim.
Claim 5: us; = Hs; fori,j =1,...,k Regarding Claim 4, it suffices to consider the case where U = (. The points (x*, y%) and
(x¥, y%), for u € S;and v € S;, show the desired equality.

By combining these claims, we get that (7, ) is a multiple of the coefficient vector of (9), hence this inequality induces
afacetof P(G, ). O

Condition (b) in Theorem 3 is satisfied when U is a clique, odd cycle, or odd wheel, among others. Finding a violated «-
inequality such that U is a clique and k = 0 is equivalent to finding a clique of maximum weight. So if we restrict ourselves
to the case where the only violated «-inequalities have this property, the separation problem of these inequalities is NP-
complete. This suggests that the general separation problem for this family of inequalities is computationally hard.

5.2. Outer-set inequalities

Let S € 4§ be astructure, and let T € V\S be a vertex subset. Let k € Z, such that «(T) < k+ 1and every u € S satisfies
«(T\N(u)) < k.In this setting, we define

Ys+ Y x < 1+k (10)
ueTl
to be the outer-set inequality associated with S, T, and k. Fig. 6 shows an example of such a structure, with k = 1. Note that the
anti-neighborhood in T of every vertex u € S (i.e., the set T\N(u)) has stability number k = 1, whereas «(T) = k+ 1 = 2.
This is the key observation for the following result.

Proposition 10. The outer-set inequality (10) is valid for P(G, ).

Proof. Let (x, y) be anarbitrary feasible solution.Ifys = 1then some vertexv € Shasx, = 1,hence ), ; X, = ZueT\N(U) Xy

< (T \N(v)) <k, and (10) is satisfied. On the other hand, if ys = 0 then inequality (10) holds trivially because ), X, <
«(T) < k+ 1.Since (x, y) is arbitrary, the inequality (10) is valid for P(G, ). O

In order to analyze facetness, define a pair u, v € S U T to be safe if there exist two stable sets I,,, I, € S U T such that
o || =|L,I=k+1,
o |[, NT| >k, forr =u,v,
e [,\I, = {u}, and
o I\, = {v}.
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Fig. 6. Example of the support for the outer-set inequalities.

Define G* = (SUT, E’) to be the graph with vertex set S U T and edge set E’ = {uv : uv is safe}. Notice that, ifu, v € T is
a safe pair, then uv € E. However, a safe pair with a vertex from S may be a non-edge.

Theorem 4. If

Q) a(T)=k+1,

b) a(T\N(u)) = k forevery u € S,

) there is a safe pair belonging to S that defines a non-edge,
)

d) T is maximal with respect to properties (a) and (b), i.e., for every vertexv & TUS, a(TU{v}) = k+2or a (TU{v})\N(v)) =
k + 1, forsomeu € S, and

(e) T belongs to a connected component of G,

(
(
(
(

then the outer-set inequality (10) induces a facet of P(G, ).

Proof. Assume § = {S} by the Lifting Lemma. Let # be the face of P(G, $) defined by the inequality (10), and let (;r, u, 7o)
€ RVI+18I+1 be such that wx 4 wy = g for every (x, y) € F. Again, we will show that (;r, 1) is a multiple of the coefficient
vector of (10).

Claim 1: 7, = 7, for u, v € T. Let wz € E’' such that w,z € S U T is a safe pair and take the corresponding stable sets I,, and
I, with k + 1 vertices. Consider three cases:

o w,z € T:wemusthave |l,, N\T| = |, NT| =k e {k, k+1}.If K = k+1, the points (x'», 0) and (x7, 0) arein F.If k' =k,
then there is exactly one vertex from S in both I, and I,, and so (x'», y°) and (x'#, y°) are in ¥ In both cases, we conclude that
Ty = Tz,

e w,z e S:inthis case, |I, NT| = |I, N T| = k. Again (x», y°) and (x, y°) are in F, thus showing that m,, = 7,;

eweT,zeS: now, |, NT| =k+ 1and |, N T| = k. The solutions (x, 0) and (X2, y°) are in ¥. Then, m,, = 7, + us.

These three items imply that w, = 7, for every pair of vertices r,s € S U T belonging to the same connected component of G*,
Since T itself is included in a single connected component of G, the claim follows.

Claim 2: 7w, = 7, for u, v € S. By the hypothesis (b), there exist stable sets | C T\N(u) and I’ C T\N(v), both of size k. The
solutions (x| y5) and (x""°¥), yS) satisfy the inequality at equality and, together with Claim 1, imply 7, = 7.

Claim 3: 7, = Ofor u € S. Let v, w € S be a safe pair such that vw ¢ E, which exists by the hypothesis (c). The solutions
(", ¥y and (x"Y} y*) show that , = 0. Together with Claim 2, this shows 7, = O for every u € S.

Claim 4: s = m, for some v € T. Pick a vertex w € S. By the hypothesis (b), there exists a stable set I C T\N(w) of size k.
Also, the hypothesis (a) asserts that there exists a stable set I' C T with size k + 1. The points (x'**}, y) and (x’/, 0) satisfy the
inequality with equality, implying ps + 7wy + ) _,c; Tu = Y_yep u- Claim 1 and Claim 3 imply ps = m,, forsomev € I’ C T.

Claim 5: 7, = O for v &€ T U S. By the hypothesis (d), either (i) there exist some vertex u € S and some stable set I < (T U
{vP)\N(u) with |I| = k + 1 or (ii) there exists a stable set ' C T U {v} with |I'| = k + 2. Notice that both I and I contain
v. If (i) holds, then the solutions (x"®, y5) and (x"N\} yS) establish the claim. If (ii) holds, then the solutions (x'“*}, 0) and
(x| 0y establish the claim.

By combining these claims, we get that (;r, 1) is a multiple of the coefficient vector of (10), hence this inequality induces
afacetof P(G, §). O

Again, if k = 0 then the outer-set inequality (10) amounts to finding a clique of maximum weight in the common
neighborhood of the vertices in S, hence its separation is NP-complete. We leave open the computational complexity of
the separation problem for general values of k, but we conjecture such problem to be computationally difficult, due to this
observation for k = 0.
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Fig. 7. Support for the cell inequalities.
5.3. Cell inequalities

Let$ = {S1,...,5) C 4,8 #£0.LetW CV,W #£ @, and, fori = 1, ...,k define N; := S; "W and G; = S;\W. Also
define WO .= W\ U{.‘Zl S; (see Fig. 7). An &'-partial transversal stable set (§'-PTSS) is a stable setI C V suchthat |[INS;| < 1
foreveryi=1,..., k. Call «°(W) the size of the largest 8’-PTSS in G[W]. In this setting, we define

k
Yyt Y xm WY Y x (11)

Ses’ vewout i=1 veG
to be the cell inequality associated with 8" and W. We assume N; ## @ fori = 1, ..., k, as otherwise (11) is dominated by the
model constraint (4) associated to S; combined with the cell inequality for 4’\S; and W.
Proposition 11. The cell inequality (11) is valid for P(G, §).
Proof. Let (x, y) be an arbitrary feasible solution, and let 8 = {S; € §' : ZUGN,- Xy > 1}. We claim
Yys+ Y xS d*W),
SeB vewout

since the LHS is at most the size of the largest 8-PTSS included in the solution. Furthermore, for S; ¢ 8 wegetys, < >
since x, = O for every v € N;. By summing these inequalities and 0 < Zs,-egs >
valid. O

veG X,

vec, Xv, We get (11) which is, therefore,

For facetness, define a pair of vertices (u, v) € W x W to be safe if there exist 4’-PTSSs I, and I, in G[W] such that
o | =IL|=a*W),
o [,\I, = {u}, and
o [\, = {v}.
Again, define G = (W, E’) to be the graph with vertex set W and edge set E’ = {uv € E(W) : uv is safe}. Finally, we say
that W is o5-maximal if the addition of any vertex to W strictly increases o> (W), i.e., (W U {v}) > o’ (W) forany v & W.

Theorem 5. If (a) W is o°-maximal, (b) N; has a non-edge whose endpoints are a safe pair, for i = 1, ...,k and (c) G is
connected, then the cell inequality (11) induces a facet of P(G, §).

Proof. Assume § = 4’ by the Lifting Lemma. Let F be the face of P(G, §) defined by the inequality (11), and let (7, , ) €
RVI+I81+1 such that wx + uy = o for every (x, y) € F. Again, we will show that (7, ) is a multiple of the coefficient vector
of (11).Let S =UX_  S;and 8] = {S € 8’ : SN # @}, forl C V.

Claim 1: 7, = 0 for u ¢ SUW. Since W # ) is o5-maximal, there exists an 8'-PTSS I € W such that I U {u} is also an §'-PTSS.
We also get |I| = o5 (W), since otherwise the addition of u to W would keep o (W) unchanged. Then, the solutions (X', y*1) and
(x| 31y settle the claim.

Claim 2: 7, = —pusg, for S; € $ and v € C;. The a®-maximality of W # @ implies that there exists an 8'-PTSS I € W such that
[ U {v} is also an 8'-PTSS. Therefore, the stable set I cannot have a vertex in N;. Then, the solutions (x"°*}, y%VISi}y and (x!, y*)
imply 7w, + ps; = 0.

Claim 3: 7, = Oforu € N; i = 1,..., k. By the hypothesis (b), N; has a non-edge rs whose endpoints are a safe pair. The
set I := I, U I is a stable set (although it is not an 8'-PTSS) and furthermore (x', y*l/) satisfies (11) with equality. The solutions
!, y*) and (xX\"), y*1) show 7, = 0. Since G is connected then 7, = 7 for every t € N;, and the claim follows.
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Claim 4: us, = Us; = my, foralli,j=1,..., kandu € W°". Let wz € E’ be a safe pair of vertices in W. Then, there exist
&'-PTSSs I, and 1, in G[W] such that the solutions (x" Jl/w) and (x’z,yz‘llz) are in F. Since I,\I, = {w} and I,\I,, = {z}, we get
Ty + 1y S = =7, + uy %% Consider the following cases:

e If w € Njandz € N; forsomei,j € {1,...,k}, i # j, we have that 8] \8; = {Si} and 8, \8; = {S;}, so Claim 3 implies
Hs; = MUs;- /

o If w € N; forsomei € {1,...,k}andz € W°, then 8, = 8, U {Si}, which implies us; = 7.

o If w,z e WO then 8 = & , hence m,, = .

Since 8’ # @ and G** is connected, we get the desired equalities.
By combining these claims, we get that (77, 1) is a multiple of the coefficient vector of (11), hence this inequality induces
afacetof P(G, 8). O

Concerning the separation of the cell inequalities, let us consider the case where every S; is a clique and is contained
in W, which implies that G; = @ and o° (W) = o(W). Then the separation problem for the corresponding inequality is
equivalent to finding a maximum weighted stable set in W. In this case, the inequality does not satisfy condition (b) and is
not facet-defining. So, this does not imply that the separation of the cell inequalities is computationally hard, but it leads us
to conjecture that this is indeed the case.

6. Concluding remarks

In this work we started an initial polyhedral study of the maximum stable set problem with weights on vertex subsets.
The polytope associated to a natural integer programming formulation shares many properties with the stable set polytope,
but has many additional features. Many open questions remain. On the one hand, it would be interesting to deepen the
knowledge on the relations between the polytope associated to STABws and the stable set polytope, studied in Section 4.
On the other hand, P(G, §) shows intrinsic properties that do not seem to be inherited from the stable set polytope (as,
e.g., facet-inducing inequalities with negative coefficients in the x-variables), and further studying such properties seems to
be a promising line of research, specially in order to tackle real-life instances arising within column-generation procedures
for the vertex coloring problem.
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