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M. LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL
NUMBERS WITH VERY LOW DISCREPANCY

NICOLAS ALVAREZ AND VERONICA BECHER

ABSTRACT. Among the currently known constructions of absolutely normal
numbers, the one given by Mordechay Levin in 1979 achieves the lowest dis-
crepancy bound. In this work we analyze this construction in terms of com-
putability and computational complexity. We show that, under basic assump-
tions, it yields a computable real number. The construction does not give the
digits of the fractional expansion explicitly, but it gives a sequence of increas-
ing approximations whose limit is the announced absolutely normal number.
The n-th approximation has an error less than 272" To obtain the n-th
approximation the construction requires, in the worst case, a number of math-
ematical operations that is doubly exponential in n. We consider variants on
the construction that reduce the computational complexity at the expense of
an increment in discrepancy.

1. INTRODUCTION

Normal numbers were introduced by Emile Borel in 1909 [9]. A real number «
is normal to an integer base A\ greater than or equal to 2 if its fractional expansion
in base A given by

dy,
a — LO[J = Fv
E>1
where each di is in {0,1,..., A — 1}, is such that, for each positive integer L, each

fixed block of digits of length L appears in (dj)r>1 with asymptotic frequency AL
Borel calls a number absolutely normal if it is normal to every integer base greater
than or equal to 2. Let (&)r>0 be an arbitrary sequence of real numbers in the
unit interval:

DN, (6)z0) = sup [HIEOSRSNandus&<e} )

0<u<v<1

is the discrepancy of (gk),fgol. The sequence (§)k>0 is uniformly distributed in the
unit interval if D(N, (&x)k>0) goes to 0 when N goes to infinity. By a theorem of

Received by the editor September 28, 2015 and, in revised form, March 28, 2016 and May 9,
2016.

2010 Mathematics Subject Classification. Primary 11K16, 11K38, 68-04; Secondary 11-04.

Key words and phrases. Normal numbers, discrepancy, algorithms.

The first author was supported by a doctoral fellowship from CONICET, Argentina.

The second author was supported by Agencia Nacional de Promocién Cientifica y Tecnolégica
and CONICET, Argentina.

©2017 American Mathematical Society

Licensed to Univ of Calif, Berkeley. Prepared on Tue May 16 20:56:55 EDT 2017 for download from IP 136.152.142.145.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mcom/
http://dx.doi.org/10.1090/mcom/3188

2 NICOLAS ALVAREZ AND VERONICA BECHER

D. Wall [10, Theorem 4.14], a real number « is normal to base A if, and only if, the
sequence {a\*};>q, where {¢} = & — |¢] is the fractional part of ¢, is uniformly
distributed in the unit interval.

We use the customary notation for asymptotic growth of functions and we say
f(n)is in O(g(n)) if Ik > 0 Ing Yn > no, |f(n)| < klg(n)|.

Borel [9] proved that almost every real number (in the sense of Lebesgue mea-
sure) is normal to every integer base and Gaal and Gé&l [14] showed that, indeed,
for almost every real number o and for every integer base A the discrepancy

floglog N
D(N, {aX}r>0) is in O < %). For a thorough presentation of normal

numbers and the theory of uniform distribution see the books [I0L13]16].

In 1979 Mordechay Levin [18] considered the notion of normality for real numbers
with respect to bases that are real numbers greater than 1: a real number « is
normal with respect to a real base A if the condition in Wall’s theorem holds, that
is, if the sequence {@\*};>¢ is uniformly distributed in the unit interval. Levin
gave an explicit construction of a number that is normal to countably many real
bases, with controlled discrepancy of normality. More precisely, given a sequence
(Aj)j>1 of real numbers greater than 1, a monotone increasing sequence (t;);>1 of
positive integers and a non-negative real number a, Levin constructs a real number
o greater than o that is normal to each of the bases A;, for j = 1,2,... such

2
that D(N, {oz/\f}kzo) is in O (%w(N)), where w(N) is a non-decreasing
unbounded function determined from (\;);>1 and (¢;);>1. For a convenient choice

k . . (IOgN)S . .
of w(N), D(N,{aX*}k>0) ends up being in O ) With A\; = j + 1 for

j=1,2,.... Levin obtains a number « that is absolutely normal in Borel’s sense.

A particular interest of this construction by Levin is that, among the currently
known methods to construct absolutely normal numbers, it achieves the lowest
discrepancy bound. In the present note we give a plain presentation of Levin’s
work [I8] and analyze it in terms of computability and computational complexity.
Section 2] constructs a real number « that is absolutely normal with respect to
each base in a given countable set of real bases greater than 1. Section [3] shows
that Levin’s construction does not give the digits of the fractional expansion of
the number « explicitly, but it gives a sequence of increasing approximations with
limit . The n-th approximation has an error less than 227" We prove that Levin’s
construction cannot be modified to produce directly the digits of «, one after the
other. We also conclude that any change in the construction implying a faster com-
putation would necessarily yield a larger discrepancy associated to the absolutely
normal number. Section Ml proves that, for basic assumptions on the starting ele-
ments, Levin’s construction yields an algorithm to compute the number «. Finally
Section [l analyzes the computational complexity of the algorithm in terms of the
number of mathematical operations needed in the computation. To obtain the n-
th approximation to the number a the construction requires, in the worst case, a
number of mathematical operations that are doubly exponential in n.

About known constructions of absolutely normal numbers. With the ex-
ception of this work by Levin, known constructions of absolutely normal numbers
considered explicitly the computational complexity but they did not give a closed
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LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL NUMBERS 3

formula for the discrepancy. The recent work of Adrian-Maria Scheerer [21I] pro-
vides these missing calculations. Thus, regarding discrepancy and computational
complexity, known constructions of computable absolutely normal numbers can be
classified as follows:

e Constructions that run in doubly exponential time, which means that to pro-
duce the N-th digit of the expansion of the constructed number « in a given base
they perform a number of operations that are doubly exponential in N. One

example is Alan Turing’s algorithm [4,24] for which D(N, {a/\CQMH}kZO) is in

1
0] (W) proved in [2I], section A.4]. Another is the computable reformulation

1
of Sierpiiiski’s construction [3] for which D(N,{a\*};>0) is in O (—), proved

VN
in [21], section A.1].

e Constructions that run in exponential time, as Wolfgang Schmidt’s algo-
rithm [23] for which D(N, {oz/\k}kzo) is in O (lolgoi%NN
discrepancy bound and he presents a modification of Schmidt’s algorithm such that,
for any fixed positive A, it computes a number that depends on A with associated
discrepancy O ((log N )7A). The variants of Schmidt’s algorithm given by Becher,
Bugeaud and Slaman [2/[7] also require exponential time. These algorithms produce
numbers that are normal to all the bases in a given arbitrary set, while they are
not (simply) normal to any of the multiplicatively independent bases in the com-
plement. Furthermore, the algorithm for computing an absolutely normal Liouville
number « given by Becher, Heiber and Slaman [5] has at least exponential com-
plexity and we have not estimated the discrepancy of the sequence {a)\’“}]k\’:}}, for
positive N.

e Constructions that run in polynomial time, as the algorithm given by Becher,
Heiber and Slaman [6] which computes an absolutely normal number « with just
above quadratic complexity (to produce the N-th digit of « it performs a number
of operations just above quadratic in N). Speed of computation is obtained by
sacrificing discrepancy. The algorithm deals explicitly with the discrepancy at the
intermediate steps of the construction but we have not estimated the discrepancy
of the sequence {a\*};>o.

. Scheerer [21] gives this

About constructions ensuring normality to just one base. There are con-
structions of numbers ensuring normality to just one base which achieve much lower
discrepancy bounds than those for absolute normality. The one with smallest dis-
crepancy was given also by Levin [19] using van der Corput type sequences. Levin

constructs a number a normal to an integer base A, such that the discrepancy
log N)?

D(N, {a)\k}kzo) isin O (% . This discrepancy bound is surprisingly small,

considering that Schmidt proved (see [I0]) that for any sequence (£x)x>o of reals
1 log N

>

oo ~— 25 N

plexity of this construction by Levin has not been studied yet. Recently, Manfred

Madritsch and Robert Tichy [20] found conditions for van der Corput sets and sug-

gested using them for constructions ensuring normality not just to a single base,

but to all integer bases. This line of investigation seems worth studying.

in the unit interval, limsup D(N, (x)k>0) . The computational com-
N
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4 NICOLAS ALVAREZ AND VERONICA BECHER

The construction ensuring normality to one base that has essentially the small-
est computational complexity coincides with the historically first construction of a
number that is normal to base 10, due to David Champernowne in 1933 [I1]. Cham-
pernowne’s constant is the number in the unit interval whose decimal expansion is
the concatenation of the positive integers in their natural order:

0.1234567891011121314151617. . ..

It is computable with logarithmic complexity, which means that the N-th digit in
the expansion can be obtained independently of all the previous digits by performing
O(log N) elementary operations. It is also possible to compute the first N digits of
Champernowne’s constant in O(N) operations. The discrepancy D(N, {aX*}r>0)

1
isin O (m) and it has been proved (see [11[19,22]) that there is a positive K
K

such that for every N, D(N, {a\*}1>0) > g N’

2. LEVIN’S CONSTRUCTION

In this section we give a comprehensible presentation of Levin’s construction [I§].
Hereafter we use the star-discrepancy, which is similar to discrepancy but it is
defined in terms of intervals [0,7) for 0 < v < 1, instead of intervals [u,v) for
0 < u < v < 1. For any positive integer N and for any sequence ({x)r>o of real
numbers in the unit interval,

* k:0<k<Nand & <
D*(N, (& )k>0) = sup # ~ & <7t y
~€(0,1]

The two notions differ at most by a constant factor (see [I6]) because
D* < D <2D".

Definition. Let A be a real number greater than 1 and let A = ();)72; be a
sequence of real numbers, each greater than 1. A number « is normal to base
A if the sequence {a\*}r>o is uniformly distributed in the unit interval, and A-
absolutely normal, if o is normal to base A; for each positive j.

Theorem 1 (Levin [18]). Let A = ()\;);>1 be a sequence of real numbers greater

than 1, let (t;);>1 be a sequence of integers monotonically increasing at any speed

and let a be a non-negative real number. There is a real number o constructed from

a and the sequences (A\;);>1 and (t;)j>1 which is A-absolutely normal and such that
for any positive integer N,

. K - (log N)*w(N)

D*(N,{aAj}k>0) is in O <T ,

where w(N) = 1if N € [1,4s),and w(N) = k if N € [ly,lp1), with £ =

max (t, 1gla§k2ﬂ log, logy Ay|] + 5) and the constant in the order symbol depends

_U_

on Aj.

The real number « proposed by Levin is defined as

> a
r
.S
2””]7“7
T‘=£1
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where
ny=2" -2,
qr =22 T and
a, is an integer between 0 and ¢, that satisfies the property stated in
Lemma [4] which is used in the proof of Theorem [Il
Fix (\;);>1 an arbitrary sequence of real numbers greater than 1, fix (¢;);>1 a
sequence of integers monotonically increasing at any speed and fix a non-negative
real a. Along this note we refer freely to the values ¢,., n,, g,, a, and w(r) for any
positive r as well as to the real a.
We need some further notation. For each pair of positive integers r, j we let
ny; = |n,logy, 2/,
Trj = Nr41,j = Mg, and
Arj = Vil

Before the proof of Theorem [[] we give Lemmas [2 [3] @ and

Lemma 2. For every positive j and for every r > £; — 1,
2r1 logy,2<7; < 2+ logy, 2 and
Tr,j Z max(?, 7_7“+1,j/4)'
Proof. From the definitions we know that 7, ; = 2"logy 2+ 0, ;, where |0, ;[ < 1,

while for r > ¢; — 1 we have 8 = olog; logy A;+3 log)\j 2 < 2" log)\j 2. The wanted
inequalities follow. O

Fix ap =a and for each positive integer m, let a,, in [0, ¢,,). For every r > {1,

T
am
Qpy1 =y, + E .
r+ 1 2nmqm

m=4~£

2mix

We write e(x) to denote e“™*. For integers ¢, m1, mo,r with r > ¢; we define

Trj—1
c ritk mgk
Sri(miyma,) = 3 e (ml (O‘T + 2’%"]7”) A ) :

k=0 Tr

Arj

D= Yl

™1 s ’

mi,ma=—A,;

/!
where = max(1, |m|) and Z denotes that the term with m; = my = 0 is absent
from the sum.

Remark. In [18] the definition of S, ;(m1, ma, ¢) appears with Z/ and the definition

!
of D, ;(c) appears with Z We corrected these because Z excludes the term
my = mg = 0, which only makes sense in the definition of D, ;(c).

Lemma 3 (Lemma 1 in [I8]). Let integers j,r,m1,mo such that r > ¢; and 0 <
max(|m1], [ma|) < A, ;. Then,

1 qr—1 1/2 s 3/2
(— Z |S,«7j(m1,m2,c)|2> <2 <)\_ i 1> Trj-
Y

" =0
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6 NICOLAS ALVAREZ AND VERONICA BECHER

Construction: M.Levin’s construction of absolutely normal numbers

Input : a sequence (););>1 of reals greater than 1; an increasing
sequence (t;);>1 of integers; a non-negative real a.

Output: a sequence of rationals («,.),>1 such that lim «, = o and for
- r—>00

log N)2w(N
each );, the discrepancy of {a)\f}szo is in O (%) )

Define the function /¢, = max(¢, lrglaéckQH logy logy Aj[1 + 5)
<j<

r = fl
ar=a
repeat forever
np=2"—2
g = 22 1
if r in [1,42) then w(r) =1
else w(r) = the unique k such that r in [{y, (1)
for j =1 to w(r) do
Tr,j = Nr41,5 — Ny j
Arj = V7]
end
find the least integer a, in [0,¢,) such that for each j in [1,w(r)]

N\ 372
D, j(ar) <2 (A- i 1) VT (3 +1n Trﬂ.)Q
j

where
A
D — 1Sk (ma, ma, o)
G ET et AR A Ay
mi Mo
mi,me=—Ar;
Sy c k mak
N i+

Stmamue = e (m (o4 ) et 728,

k=0 "qr Tr,j

/
Z denotes the sum without the term with m; = my =0,
m = max(1, |m|).

Ay

Gr1 = Qr * 2”7'(]7’

print o,
r=r-+1

end
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LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL NUMBERS 7

1/2
1 4 1

Proof. Let T, j(mi,ms) = <q— Z |Sr7j(m1,m2,c)|2> .
" e=0

Remark. In [I8] Levin uses S, j(mi,m2). We changed it to the correct expression
Sr.j(m1,ma, c).

For a complex expression S, we write S* for its complex conjugate. Then, the

N
square of the absolute value of S = Z e(xy) is
k=1
N N N
IS?P=8.8* = Ze(:z:k) . Ze(—xk) = Z e(xy — xj).
k=1 k=1 k.j=1

Then,

T2 (my1, ma)

Trj—

1 e-1
=) Y (m1 (ar + —2nfqr) (Aprte = agmathy 4 ma(k — h) h)) .

o
k,h=0 1" ¢=0 T.J

In accordance with the familiar inequality

where ((6)) is the distance of 8 from the nearest integer, we have

N-1

> e(0k)

k=0

N

Tr27j (mlv m2)

Tri—1

qr—1
= Z i Z e (ml (ar + ﬁ) (A-';Lr,j"l‘kf . )\;zw--i-h) + mz(k — h))

Tr,j

1
7.7/T,j+k7>\’7vw,,,"j+h
k,h=0 qu<<mlw>>

If my equals 0, then my does not belong to 0 (mod 7, ;), 7; > 7,0 < |mg| < A, ; <
Tr4, and T} ;(0,mg) = 0. Let |m4| > 0. Let us show that the expression under the
(()) sign above has absolute value less than 1/2. Since r > ¢;, by Lemma 2]

AL < )\7"*”"9%2
J =7

log)\j 9 — 2710g2 logy Aj < 26j73 < 27“73’

A= VT ) < /27t logy 2 <277

|m1()\?r,j+k i )\;LT,j+h)| < 2Ar,j>\;‘lr+ld < 27‘271,7,227‘ _ (1/2)271,(17“7

_ 9Nrt1 _ 9ne92”
= i1 = Qnr9?"

Hence,

and we can replace (()) by the absolute value sign:

oMy

T2 (my,ma) <7rj+2 Y : .
5] ’ — 3] - _ .
s sanzo 2ImalA; T (AF = AT)
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8 NICOLAS ALVAREZ AND VERONICA BECHER

Using the definition of n, ;,

Ny long 2

Ny, j+1 Ny
/\j > A, = 2"r,
‘We obtain
1
Tfj(ml m2><7’rj+ Z
, ) = r, hyk—h—1 h—k
Ty i >k>h>0 )‘j )‘j (1- )‘j )
= 1
<Trj+ Z Bk 1
w0 M AT (L=
3
2J >\j -1
A 3
47, ; J . O
= </\j - 1>

Lemma 4 ([I8, Lemma 2] ). Let r > £y. There exists an integer a, in [0,q.) such
that, given any positive integer j and with the condition r > £;, we have

N\ 32
D, j(ay) <2 ()\' i 1) VT (3+ 1HTT7J‘)2UJ(T’).
j

Proof. Using the Cauchy-Bunyakovskii-Schwarz inequality we obtain

ar—1 Arj ar—1

1 / 1
— D, (c)= —— Syi(my1, ma,c
Qr; J() Z m1m2qr§‘ ]( 1, 1762 )|

mi,ma=—A, ;

Arj 1 1 qr—1 1/2
I
< D - : 2 .
< e ( Sy, (m1, m2)| )

mi,mo=—A,; qar c=0

Since the conditions of Lemma, [3] are satisfied, we have

1 qr—1 s 3/2
q— ZDr’j(c)<2()\.il) ,/Trvj(3+2hlA,«7j)2
T ¢=0 J

N\ 32
§2( 1 ) V(3 +1InT, ;)2
Aj—1 ’
Consequently, with 7 > ¢;, the number of integers ¢ in [0, g,) such that

N\ 372
D, ;(c) > 2w(r) ()\_ i 1> V(3 +1InT,;)?
Y

is less than ¢,/w(r). By the definitions of w(r) and ¢;, conditions r > ¢; and
w(r) > j are equivalent. In this case, the number of integers ¢ in [0, ¢ ), such that the
above inequality holds for at least one positive integer j, with the condition r > /;
(alternatively, j € [1,w(r)]) is less than w(r)|g,/w(r)| = g-. Thus, there exists an
integer ¢ = a, in [0,¢,), such that the inequality in the statement of this lemma
holds for all positive integers j with the condition r > ;. O

For the proof of Theorem [Il Levin uses multidimensional discrepancy and applies
Erdos-Turdn-Koksma’s inequality [I5].
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LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL NUMBERS 9

Let s be a positive integer, let «, for v = 1,...,s be real numbers in the unit
interval, let (B, v)k>0 for v =1,..., s be real number sequences, and let C,,(N) be
the number of solutions for £ =0,1,..., N — 1 of the system of inequalities

{Bei} < m
{Bret < 7
{ﬁk,s} < Vs-
The quantity
* CU N
DN, (i), ABeaizo) = sup (S,

'Yl;uw'Yse(Ovl]S
is called the discrepancy of the sequences {8x1},...,{Bks}, for k=0...,N —1.

Lemma 5 (Erdos-Turdn-Koksma [I5], [13, Theorem 1.21]). Let s be a positive
integer, let vy, forv=1,...,s, be real numbers in the unit interval, let (Bk.v)k>0
forv =1,...,s be a set of real number sequences. Let N be a positive integer.
Then, for every integer n, the quantity D*(N, ({Br1}, .-, {Br,s})k>0) is at most

(3> # 2 1 ‘ Zk -0 € Zz:1 mvﬁk,v)
— + — —
2 .m

N miy.. s
my.
!/
where Z denotes that the term with m1 = ms = ... = mg = 0 is absent from the
sum, and m = max(1, |m|).
Remark. Instead of the version of Erdos-Turdn-Koksma inequality in Lemma [B]
Levin uses in [I8] the weaker version which states that, for every integer n,

D*(N,({Bra},---, {ﬂk,s})kzo) is at most

11 ‘Zk o €(Xu=1muBro)
30° | —+ — R —
n N my...My

LMg=—N

In the proof of Theorem III we use the stronger version but we obtain the same
asymptotic expression for the discrepancy as that obtained by Levin.

Proof of Theorem [Il For any three real numbers &, X,y and non-negative integers
M and N, we denote by Cg¢ x (M, N) the number of solutions of the inequality

{ENY <y, fork=M,...,M+N —1.

We write Ce x~(N), to denote C¢ »~(0,N). Fix any positive integer j and any
positive real v in the unit interval. Fix any positive integer N and define an integer
h from the condition nj ; < N < np41,5. Then,

N =np; + Ry, where 0 < Ry < 7 5.
Observe that when [V is large enough, h > ¢;. Using the definition of C, ).

377
h
Ca,Aj;"/(N) = Ca,Aj,"/(nfjJ) + Z Ca;)\jﬂ(nr,ja Tr/7j)7
r=>{;
where 7, ; = 7, j for r € [(;,h) and 7, ; = Ry.

Licensed to Univ of Calif, Berkeley. Prepared on Tue May 16 20:56:55 EDT 2017 for download from IP 136.152.142.145.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



10 NICOLAS ALVAREZ AND VERONICA BECHER
Remark. In [18] Levin uses ng,. We changed it to the correct expression ng, ;.

Let us estimate Cq,z;~(nj, R) for r > £; and 0 < R < 7, 5. The quantity
Ca, ~(nrj, R) is equal to the number of solutions of the system of inequalities, for

kZO,...,Trvj—l,
EIN
< ;
Tr,j Tr,j

{aA;LT”'Jrk} <.

We apply Lemma [l with s =2, N =7, ; and n = A, ; and obtain

R
‘Ca)\ja’y (nr,jv R) VY Trj
75
3\* [ 27 - 1
A N B TE (.
2 Ar,j +1 mi1 mo
J

mi,me=—Ap,

Tr‘jfl
- moXx
3 ¢ (mony s 1)

=0

Using the definition of «,., we have that for any r > /1,

Gy 0,

2"r qr 2nr+1

o= oy + )

where 0 < 6, < 2 because

HT_OOakOOI_IOO1<2
M1 212nk:qk < Z oK Nyl Z Nk —Nry1 = Qg1

fe=r+ k=r+1 k=r+1
A g
!/ .
By definition, D, j(a,) = Y [Srs(ma, maar)l -
mi,ma=—A,; my ma
’CQ,)\]‘N(”T,]G R) - ’YR’
3 2 27- . AT‘J/ 1
< | = =" 4D U
_<2) Am+1+ T’](aerlm;,A ,m—lm—zl (m1,mz; ar)|
Mma=—A, ;
where
Trj—1 .
btk M
U (my,ma, ar)| = [y (ma,ma,an) = > e miar] ath 2R
k=0 ! Tr,j

By the definition of S, ;(m1,ms,a,), the condition 0 < 6, < 2, and the fact that
for every pair of reals & and &,

le(£1) — e(&2)| = 2| sin(7 (&1 — &2))| < 27[&1 — &,
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LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL NUMBERS 11

we find that
Trj—1
7‘,"+k
U(my,ma,a,)] < 20 > [y A]7
k=0

0
VAL
< 47r|m |)\"T“’j—1
= Wy —1)2nen

< 47 |my |

S—

S VT

By the upper bound for D, ;(a,) given in Lemma [ for » > ¢;, and the inequality

Arj
/

1
Z <(B3+In Tm)z, we obtain that
mimeo

mi,ma=—Ap;

|Oa,kj,'v ("m‘a R) —~R|

3 9 s 3/2
< (5) 2\/TT—J+2<AJ_11> Vg (3 4 Inm ) w(r)

4
+ —W\/Trj(3+1nTrj)2
/\j—l ’ ’

3 2 s 3/2
< (5) 15 <>\ i 1) ,/Tr’j(g) + lnTm)2w(r).
J

Using N = ny ; + Ry, where 0 < Ry < 73,5, and the equality for h > /;,

h
Ca,Aj,"/(N) = Ca,Aj,"/(nfjJ) + Z Ca,)\jﬂ(nﬂj’ Tr/,j)v

7"=Zj
we obtain that

|Ca’)‘ja'7(N) - ’YN‘

h /3\2 N\ 32
< o) =l + 3 (5) 15 (527) Vs + gt
T‘=Zj J

and, by Lemma [2]

1
1T <Th-1,; < N.

Hence,
3+In7; <3+mIn(4N)<5+InN

and by definition of 7, ;,

h h
Yo VEi <Y\ /2rttog, 2 <3, /202log, 2 < 10y/7,; < 20VN.
7"=[j 7"=[j
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12 NICOLAS ALVAREZ AND VERONICA BECHER

Let us show that, for h > ¢;, w(IN) > w(h). Since w(r) is a non-decreasing sequence,
it is sufficient to show that, for A > ¢;, N > h. In fact, using the definitions of /;
and ny, ;, and the equality N = ny, ; + R we have for h > 5,

h>t;>5 2% >h+1.
Thus,

N—-h>np;—h

> (2" —2)logy, 2—h—1

> (logy, 2)(2" " — (h+1)logy A;)
ij?)

=)

>2"7 (log,, 2)2°F —h—1)
> 0.

> (logy, 2)(2" " = (h+1)2

Then, by the obvious inequality |Co x;~ (1, ;) — Y0, 5| < 0y, 5, we have

2 ) 3/2
[Cany(N) = YN[ < ng, 5 + (g) -15-20 (AAJ 1) VN (5 +In N)2w(N)

j—

4 3/2
< ng, ;4 675 (A A 1) VN (5 +InN)2w(N).
T

The above inequality also holds for h < ¢; — 1, since
|COC7>\J'N(N) - 'YN| SN <npq; < Ty,5-

Recalling the definition of ny, ; we finally obtain

A\ 32
Cax;(N) —yN| < 2% logy 24 675 (A_ d 1) VN(5 +In N)%w(N).
T

Hence, the discrepancy of the sequence {oz/\f} k>0, for any given positive integer IV,

Con, ~(N
DV, (i) = sup |2 )
~¥€(0,1]
log N)?
isin O (%w(]\f)) . This completes the proof of Theorem [ O

Corollary 6 ([18]). Let \j =j+1,t; =27 forj=1,2,..., so £; <27t +1 and
w(N) <2(54+InN). Then, the constructed number o is absolutely normal in Borel’s
sense, and for any integer j > 2, the discrepancy of {aj*}, fork=0,... N —1 is
92’1 (5+1InN)?
log,; 2 + 1350 —————
N o8t JN

D*(N,{aj*}ks0) <

log N)3
which is in O (7( og V) )
vN
Levin asserts that a similar method can be used for constructing a number «

such that, given any integer j, the discrepancy of the sequence {oz/\f ]kV:_Ol, is

(log N)*/2
© (T

and he gives as a reference [I7, Section 2].

w(N )), where the constant in the order symbol O depends on Aj,
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LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL NUMBERS 13

3. ABOUT LEVIN’S CONSTRUCTION AND ITS POSSIBLE VARIANTS

3.1. Possible variants on the construction. Here we consider other possible
values for n, and ¢, to run Levin’s construction. Observe that smaller values of
qr imply a faster computation at step r, because a, is searched in a smaller range.
However, smaller values of ¢, imply slower growth of n,, which in turn imply a
larger discrepancy in the sequence {a)\f }i>0. Proposition [ shows that it suffices
that n, grow quicker than 7" for h > 1 to ensure that Levin’s construction yields
an absolutely normal number. We first prove two lemmas.

Lemma 7. If A\; > 2 and the sequences ni,na, ... and qi,qs, ... satisfy, for every
positive r,

QnT+1—nr+1+%log(nT+1—nr+1) < ar
then the statement of Lemma 3 holds.

Proof. In Lemma Bl every step of the proof is valid disregarding the values chosen
for nqy,no,... and ¢, qs, ... except for the statement

ny j+k Ny, j+h 1 Ny
Ima|(A;"™ " — A" ™ < 52 Gr-

We show that the condition given by this lemma is sufficient to make the above
inequality true. Let us recall that n,; = [n, log, 2], 7 = Nrg1,; —Npj, 0 <
k,h < Trj and |m1| < Ahj = L’/TﬁjJ'

Then,
g > 2nr+1fnr+1+%logz(nr+1fnr+1) _ \/m gnri1—nr+1

= \/(ﬂr+1 logy, 2 — nylogy, 2) +1 2"+ ="
> m 2nr+1—m~+1 — m 2n7-+1—n7v+1
> |m1|2nr+1*nr+1 — 2|m1|2nr+12*nr
> 2fma A AT D g NI T = g AT
> 2|\ 1)

’n.,‘,]‘

j rj—1
> 2|my| QJn (A7 —1)

i 2 +k +h

k h Ny Ny j

> 2|my| 2jn (/\j _>‘j) = %|ml‘(/\j T =AY )-

O

In what follows we use customary asymptotic notation to describe the growth
rate of the functions. We write

f(n)isin o(g(n)) if Vk > 0 3ng ¥n > ny, |f(n)| < klg(n)|, and
f(n)isin ©(g(n)) if Ik > 0 Fke > 0 Ing Vn > ng, k1g(n) < f(n) < kag(n).

Lemma 8. Let j and N be positive integers and let k be such that ni; < N <

k
N
-.IE\/ =My 1S 1 ——————— |, then Levin’ tructi
Ngt1,5- 1If 2 Nypi1,j — Ny j 15 9N 0 ((log N)%}(N)) en Levin’s construction

yields an ab.;olutely normal number.

Proof. See proof of Theorem [ for the upper bound of [Cy x; (N) —vN|. O
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14 NICOLAS ALVAREZ AND VERONICA BECHER

The next proposition shows that if n,, dominates any linear function on r, and g,
is increasing in r according to a condition in the growth of n,, then Levin’s con-
struction yields an absolutely normal number.

Proposition 9. Let (A;)j>1 be a sequence of real numbers greater than 1 and
let (t;);>1 be a sequence of reals such that the function w(N) has sub-polynomial
growth. If n, grows quicker than " for h > 1 and q, is such that

1
Npg1 — Ny + 1+ 3 log(ny+1 —nr + 1) < logg,

then Levin’s construction yields an absolutely normal number. However, if n, is
linear in r, Levin’s arguments do not prove that the discrepancy goes to 0.

Proof. Suppose n, is polynomial on 7. Then, there is some h such that n, in @(Th ).
By definition of n,,;, we have n, ; = [n,log, 2] is in O(r"). Hence, n,41,; — 0y
is in ©(r"~1); therefore, \/n, 41, — n,; in @(r%). Furthermore, if N and k are
such that ng ; < N < ngqqj, then k is in ©( vV N). Thus,

h41

gmisin@<<\h/ﬁ)7) :@(thtl).

k
If n, were a linear function on r, Z /Nrg1,j — npj would be in ©(N), hence
r=1

k
N
; \/Nry1,; — N j would not be in the required class o <W>

We conclude that, to obtain a normal number with Levin’s construction, n, can
not be linear in r. Instead, m, can be any polynomial on r with degree greater
than 1 provided that w(N) is chosen to have sub-polynomial growth. O

In Levin’s construction smaller values of n, imply a larger upper bound on
discrepancy of the sequence {aA\*}. The following table shows the bound for the
discrepancy of the sequence {/\fa},ivzo, obtained using Levin’s proof for different
choices of n,.. In each case the constant behind the O symbol depends on A;.

Ny Discrepancy bound given by Levin’s proof

r O(log(N)?w(N)) —it does not go to 0 when N goes to oco—

+ o <1og<N>2w<N>>

h—1
2h

v olo <log<z%u<N>)

In all of these cases, the upper bound for discrepancy contains w(N), as in Levin’s
formulation and the constant hidden in the O symbol depends on the base A;.
Although Levin stated that for any non-decreasing function w(N) his construction
produces an absolutely normal real number, the growth of w(V) cannot be arbitrary.
For example, when n, is 2" — 2, w(N) = VN does not give a discrepancy bound
going to 0.
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LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL NUMBERS 15

3.2. Necessary conditions on the construction. Levin’s construction is not
conceived as the concatenation of the binary expansions of the a, for r =1,2,....
This means that the expansion in base 2 of a4 is not obtained as a concatenation
of the expansion of a, with the base-2 representation of a,. Recall the definition
of a.1: ap, is equal to a starting real number a (argument for the construction)
and for every r > /1,

T
Z am
a’l"Jrl = a£1 + 2nmq )
dm

m=~£;
where a,, is an integer in [0, ¢,,,) satisfying the conditions of Lemma [

Ny =2 — 2 and ¢, = 22" +mA+1

Since log g, = 2"+ 7+ 1> n,411 — n,. = 2" we have
Qpy1 — L2ﬂr+1ar+lJ2*ﬂr+1 > 0.

In Levin’s construction ¢, and n, are increasing in r and ¢, > 2" +'~"". This
is necessary for the proof (it is not hard to check that without this condition the
proof breaks) and it determines that Levin’s construction of the number a cannot
be achieved as the concatenation of the a,, for r =1,2,....

Proposition 10. If ¢, and n, are such that logq,. > n,.41 — n,., then Levin’s
construction of « is not achievable as the concatenation of the a,., forr =1,2,3....

Proof. To run the construction as a concatenation of the a,, for r =1,2,3,..., we
r—1 r—1 r—1

need that Z log ¢;, < n,-. But Z log ¢ > Z Nl — N, = Ny —Ng =N, O
m=0 m=0 m=0

4. LEVIN’S NORMAL NUMBERS ARE COMPUTABLE

The theory of computability defines a computable function from non-negative
integers to non-negative integers as one which can be effectively calculated by some
algorithm. The definition extends to functions from one countable set to another,
by fixing enumerations of those sets. A real number x is computable if there is a base
and a computable function that gives the digit at each position of the expansion of
x in that base. Equivalently, a real number is computable if there is a computable
sequence of rational numbers (r,,),>o such that |z —r,| < 27" for each n > 0.

Theorem 11 (Turing [12, Theorem 5.1.2]). The following are equivalent:

(1) The real x is computable.

(2) There is a computable sequence of rationals (rn)n>0 that tends to x such
that |z — ry| < 27" for all n.

(3) There is a computable sequence of rationals (ry)n>0 that converges to x and
a computable function f: N — N such that |v — 1| < 27" for all n.

Theorem 12. Let (\;);>1 be computable sequence of integers greater than 2, let
(tj)j>1 be a computable sequence of integers monotonically increasing at any speed,
and let the starting value a be a rational number. Then, the number o defined by
Levin, proved to be absolutely normal in Theorem [, is computable.
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16 NICOLAS ALVAREZ AND VERONICA BECHER

Proof. The number « is the limit of «, for r going to infinity, where a,, = ¢ with
0y = max(t1, 2[]logy logy A1]] +5), and for r > 1,

ar
2nrg,”

Qry1 = Qp +

where a, is an integer in [0, ¢,-) satisfying the inequalities of Lemma ] n, = 2" — 2
and ¢, = 22"+l Lemma M proves that such a, exists. Since D, ;(c) is a
computable function it is possible to find a, by an exhaustive search among all
integers in [0,¢,) and all bases A; for j = 1,2,...,w(r), where w(r) = 1 if r
in [1,43)), otherwise w(r) is the unique index k such that r in [¢g,£lk41), with
b = max(tk,lglﬁckﬂﬂogQ logy Ay|] + 5). At each step r, we can compute bit-

wise approximations of D, ; from above, for each of the possible candidate values
of a, until we find one that satisfies the required inequality for all j between 1
and w(r). Thus, the sequence of rationals aq,ao, ... is computable and converges
to an absolutely normal number «. From the proof of Theorem [I] we know that,

for each r,
2

‘Ck - OZT‘ < QTT
Since « is an absolutely normal number, and therefore an irrational number, by
Theorem [I1] we conclude that « is computable. ([

5. THE COMPUTATIONAL COMPLEXITY OF LEVIN’S CONSTRUCTION

Theorem [[2] proves that under some assumptions of the sequences (\;);>1 and
(tj)j>1, and the starting value a, Levin’s construction is indeed an algorithm to
compute the number «. The algorithm is recursive. The standard computational
model is the Turing machine model, which works just with finite representations,
so it only deals with numbers that are the limit of a computable sequence of finite
approximations. In this model, at step r, the number of elementary operations
needed to find the number a, cannot be easily determined. This is because to find
a, the algorithm must compute sums of exponential sums. The terms in these sums
are transcendental numbers, which can only be computed as limits of finite approx-
imations. It is impossible to determine how many approximations to each term of
the exponential sums must be computed to find that a candidate a, is conclusive.
So, instead of counting the number of elementary operations needed to compute the
number a, at step r, here we give the number of mathematical operations needed
in an idealized computational model over the real numbers, based on machines
with infinite-precision real numbers. A canonical model for this form of computa-
tion over the reals is the Blum-Shub-Smale machine [8], abbreviated BSS machine.
This is a machine with registers that can store arbitrary real numbers and can
compute rational functions over reals at unit cost. Since elementary transcendental
functions, as exponential function or trigonometric functions, are not computable
by a BSS machine we need to consider the extended BSS machine which includes
exponential and trigonometric functions as primitive operations. For our purpose,
the extended BSS model is identical to considering Boolean arithmetic circuits aug-
mented with trigonometric functions. Of course, for any given real-valued function,
its complexity in the BSS model gives just a lower bound of its complexity in the
classical Turing machine model, where the cost for arithmetic (and trigonometric)
operations over the real numbers is not constant.
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LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL NUMBERS 17

Theorem 13. Let (A\j);>1 be a computable sequence of reals greater than 1 and let
(tj)j>1 be a computable sequence of integers. Levin’s algorithm requires

w(r)
27 +3r+1 2
O |27+ Y " (log,, 2)
j=1
mathematical operations to compute ., for each r.

Proof. Assume a BSS machine which includes exponential and trigonometric func-
tions as primitive operations. The expression S, ;j(mi,me,c) is the sum of 7, ;
terms, each of them can be computed in constant time in our machine. Hence, the
time needed to compute each value of S, ; is in O(7, ;). To obtain a value of D, ;
we must calculate O(A,;?) = O(7,.;) values of S, ;. Therefore, the computation of
D, is in O(r, ;%) = O((2" log,, 2)?). Finding the value of a, requires computing
D, j(c) for each j between 1 and w(r) until we find a value of ¢ in [0,¢,) which
satisfies the inequalities of Lemma Ml In the worst case, it will be necessary to try
all possible values for c¢. In this worst case, the required time is in

4 —1w(r) w(r) w(r)
O > > (2710gy, 2 |=0 [ ¢ > (27 logy, 2)* | =0 [ 22T +1 Y "(log,, 2)°
c=0 j=1 j=1 j=1

Let Ty be the time required to compute ay,

w(k)
k
Ty = 92 +3k+1 Z(log/\j 2)2
j=1
T r—1
Then, the time to compute a. is Z Ti. Observe that T, dominates Z T} because
k=1 k=1
r—1 w(r—1)
ZTk < (r=0T1 = (r— 1)227‘743(“1”1 Z (logy, 2)?,
k=1 j=1
w(r)
and this last expression is in O | 22 +37+1 Z(log)\j 2)% . O
j=1

Notice that Theorem [[3] estimates the complexity of obtaining a rational approx-
imation «, with an error bounded by 2~ (171 Since a, is just an approximation
to a, it is not determined how many bits in the expansion of «,. are conclusive so
as to conform the expansion of a. One would like that the first n,1; — 1 bits of «,
determine those of a. As we showed in Proposition [I0l Levin’s construction is not

achievable as the concatenation of the values a,.. An overlapping of the fractions
ar

on may occur, causing carries and changing some of the first bits of «..
"qr

N
N
Lemma 14. The sum ;(logA 2)% has an asymptotic growth in © <m>
Proof. Let Li(x) be the FEulerian logarithmic integral [I, Chapter 5], defined as
Nodt
(Int)?

T dt a
Li(z) = / i Then, Z(log)\ 2)? has the same asymptotic growth as /
2 N2 2
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18 NICOLAS ALVAREZ AND VERONICA BECHER

N
log N

which is in © <Li(N) > Since Li(N) is in © (m

proved.

), the lemma is

Corollary 15. For \; = j+1,t; = 29, w(r) € O(logr), Levin’s algorithm computes

a normal number in Borel’s sense which requires

o (92 +3r+1 logr
loglogr

mathematical operations for the r-th approximation «..

Theorem [I3] proves that the complexity of computing «, with Levin’s original
formulation for n, and g, is doubly exponential in r. Since n,. is the number of bits
of ;. that are obtained at step r, and in Levin’s original formulation n,. is 2" — 2,
it is fair to say that the complexity of Levin’s algorithm is simply exponential in

the number of bits computed at step 7.

We now prove that, in case n, is quadratic in 7, then Levin’s algorithm requires
a number of operations that is simply exponential in the square root of the number

of bits computed at step 7.

Theorem 16. The variant of Levin’s construction with n, = r° takes

w(r)
302r 2
O |r2 Z(log/\j 2)

Jj=1

mathematical operations in an extended BSS machine to compute «..

Proof. First, we need to choose values for ¢, that ensure normality. As we showed
s q Y

. . .. z 1 _

in Lemma[7 a sufficient condition is 2"+~ "r+1+3 log(nry1—nrtl) < q. We choose

¢ = 92r+2+ [log(2r+2)] )

By Theorem [I3] to find a,, in the worst case it is necessary to compute D, ;(c)
for each j between 1 and w(r) and for each ¢ between 0 and g, — 1 and each

D,. ; requires O (7’3 j
w(r)

O\ q- Z sz , because ¢, is in O (7‘22T), Tr;j is in O (r log,, 2), and
j=1

w(r) w(r)
O\ a Z sz =0 [ rP2? Z(log)\j 2)?
j=1

j=1

) operations. Then, the number of operations to find a, is in

The time to compute ;. is essentially the time required to find a, because

T w(k) w(r)
Z K322k Z(log)\j 2)? < p32r+2 Z(log/\j 2)%,
k=1 j=1 j=1

w(r)
which is in O [ 7322 Z(log/\j 2)?

j=1
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LEVIN’S CONSTRUCTION OF ABSOLUTELY NORMAL NUMBERS 19

Corollary 17. The variant of Levin’s construction with n, = rZ, A =37+1,

t; =27, w(r) € O(logr), takes
O (322" _logr
loglogr
mathematical operations for the r-th approximation ..
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