Products of Idempotent Operators

M. Laura Arias, Gustavo Corach &
Alejandra Maestripieri

Integral Equations and Operator
Theory

ISSN -620X .
Volume 8o Integral Equations

Number 2 and

Integr. Equ. Oper. Theory (2017)
88:269-286
DOI 10.1007/500020-017-2363-0

Operator Theory

¥ Birkhauser

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer
International Publishing. This e-offprint is

for personal use only and shall not be self-
archived in electronic repositories. If you wish
to self-archive your article, please use the
accepted manuscript version for posting on
your own website. You may further deposit
the accepted manuscript version in any
repository, provided it is only made publicly
available 12 months after official publication
or later and provided acknowledgement is
given to the original source of publication
and a link is inserted to the published article
on Springer's website. The link must be
accompanied by the following text: "The final
publication is available at link.springer.com”.

@ Springer



Integr. Equ. Oper. Theory 88 (2017), 269286
DOI 10.1007/s00020-017-2363-0 |

Integral Equations
and Operator Theory

@ CrossMark

Published online March 30, 2017
(© Springer International Publishing 2017

Products of Idempotent Operators
M. Laura Arias, Gustavo Corach and Alejandra Maestripieri

Abstract. The goal of this article is to study the set of all products EF
with F, F' idempotent operators defined on a Hilbert space. We present
characterizations of this set in terms of operator ranges, Hilbert space
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1. Introduction

Let H be a Hilbert space. Denote by L(H) the algebra of all bounded linear
operators on ‘H, Q = {E € L(H) : E? = E)} (idempotents) and P = {P €
Q : P = P*} (orthogonal projections). The purpose of this paper is to study
the set QQ, which consists of all products EF, where E, F' € Q. The study has
been guided, in some sense, by the results of [9], concerning the set PP C QO
of all products PQ, where P,Q € P. Of course, the (unbounded) set QQ is
much bigger than the (bounded) set PP. We mention a few examples of
subsets of operators contained in QQ : nilpotent operators of order 2, normal
operators T such that the kernel N(T') and the closure R(T') of the range
have the same dimension; more generally, every T such that N(T') N N(T™*)
and R(T) N R(T*) have the same dimension; and even more generally, every
T such that R(T) and N(T') have a common complement. This last class
is related to a theorem of Lauzon and Treil, who in [19] found a complete
characterization of all pairs of closed subspaces S,7 of H such that there
exists another closed subspace M with the property S+ M =7 + M =H
(hereafter, + denotes a direct sum). Together with some characterizations of
Q0O which we describe below, we consider for every T' € QQ the set of all
decompositions of T\ i.e., {(E,F) € Q x Q: T = EF}. Recall that this has
been done for T' € PP [9], where it is proven that T belongs to PP if and
only if T' = PWPN(T)L (from here on, if S is a closed subspace of H then
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Ps denotes the orthogonal projection onto S). This result, which is due to
Crimmins (see [22, Theorem 8] for a proof) provides a standard factorization
of every T' € PP, which also has some optimal properties among every other
(P,Q) € P x P such that T' = PQ. It turns out that the situation for QQ
is much more subtle: even if 7' € QQ there exists (E,F) € Q x Q such that
T = EF, R(E) = R(T) and N(F) = N(T), it happens that, in general,
this pair is not unique. Several other properties of operators in PP do not
hold in QQ, in general. Thus, if T € PP it holds that R(T) N N(T') = {0},
R(T) + N(T) is dense in H and R(T) + N(T) = H if and only if R(T) is
closed (see [9]). They all fail, in general, in QQ. These properties even fail,
in general, in the smaller set PQ.

We collect here some references on previous results on PP, PQ and Q0.
There is an excellent survey by Wu [23] about factorizations of type A™ and
AB, where n > 2 and A, B are fixed classes of operators on H as normal,
Hermitian, positive, involutions, partial isometries, orthogonal projections,
idempotents, and so on. We mention here a theorem of Ballantine [6]: if T is
a a square matrix then 7' € QF if and only if dim R(T — I) < kdim N(T). If
H has infinite dimension, Dawlings [10] proved that T € QF for some k > 1
if and only if T' =T or dimN(T) = dim N(T*) = oo or 0 < dim N(T) =
dim N(7%) and dim R(I —T*) < co. Kuo and Wu [18] proved that , if dim H
is finite then T € PF for some k if and only if T is unitarly equivalent to

a matrix of the form (é g) where S is singular and ||S]| < 1. For k = 2,

T. Crimmins proved that T € PP if and only if TT*T = T2, and in such
case T = PWPN(T)L, as remarked above; the proof of Crimmins’ result

appeared in the paper by Radjavi and Williams [22], which contains many
factorization results. More recent references include [9], which contains several
results on PP, [4] where there is a study of PLT where LT stands for the set
of semi-definite positive operators on H and [1] with a discussion on several
examples of factorizations including Q, partial isometries, unitaries, and so
on.

We briefly describe the contents of the paper. In Sect. 2 we collect
some characterizations of QQ. By using a slight extension of the well known
majorization theorem of R. G. Douglas (see below), we prove that, for T €
L(H) it holds that T € QQ if and only if there exists E € Q such that R(E) =
R(T) and R(T —T?) C R(T(I — E)). Also, T € QQ if and only if there exists
E € Q such that N(T')+ N(E —T) = H. This last result is based on a result
by Antezana et al. [2, Proposition 4.13] about the existence of idempotent
solutions of an operator equation of the type A = X B. It is proven that also
PQ and PP admit similar characterizations. As mentioned before, in [19],
Lauzon and Treil parametrized the set X of all pairs of closed subspaces of H
which admit a common direct complement (for different approaches to this
result, see also the papers by Giol [15] and Drivaliaris and Yannakakis [12]).
We prove here that every T' € L(H) such that (R(T'), N(T)) € X belongs
to Q9. We also prove that two closed subspaces S,7 of H belong to X if
and only if there exists 7' € PQ such that R(T) =7+ and N(T) = S. As a
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consequence we get that a normal operator T such N (T') and R(T) have the
same dimension belongs to QQ and, more generally, that every T' € L(H)
such that R(T)NR(T*) and N(T)NN(T*) have the same dimension belongs
to QQ. Section 3 is concerned with the sets (QQ)r and [QQ]r for T € QQ,

namely:

(QQ)r :={(E,F) € Qx Q:T = EF},
and
[QQ)r = {(E, F) € (QQ)r : R(E) = R(T) and N(F) = N(T)}.

Notice that, with the obvious notations, [PPlr = {(Pgy, Py(r)+)} and,
by 9], (PP)r = {(Pm,,Pm,) : I closed subspaces N; of M;s.t. M; =
R(T) @Nl, Moy = N(T)J‘ @NQ, NiLNy and Ny @N, C R(T)J‘ ﬂN(T)}. For
(E,F) € (QQ)r it holds that (E, F) € [QQ]r if and only if N(E) + R(F) =
‘H (see Lemma 3.3) and this property, together with the use of the closed
(unbounded) projection Hp g with R(Hp g) = R(F) and N(Hp g) = N(E),
leads to the following new characterization of QQ, (Theorem 3.7): if T € L(H)
then T € QQ if and only if there exists a closed projection H such that
THT =T and T*H*T* = T*, i.e., H (resp. H*) is an unbounded inner
inverse of T' (resp. T*). In particular, if R(T) is closed, T' € QQ if and only if
Tt € PQP, where T' denotes the Moore-Penrose inverse of T'. Moreover, for
TeQQitholds {Hrppr:(E,F)e[QQr}={Hec Q:HecT[l,2]and H* €
T*[1]}, where T[1] = {X : TXT =T}, T[1,2] = {X € T[1] : XTX = X}
and Q is the set of all (not necessarily bounded) closed projections in H.
Finally, Sect. 4 deals with splitting properties of R(T) and N(T) for T €
QQ. As we have mentioned before, most of the properties regarding splitting
that hold in PP fail, in general, in QQ. However, we get some results in
similar directions. We only mention here a few of them: for 7' € QQ it holds
R(T)N N(T) = {0} if and only if F + F — I is injective for some (and then
all) (E,F) € [QQ|r; R(T) + N(T) is dense if and only if R(E + F — I) is
dense; and R(T)+ N(T) = ‘H if and only if E+ F — I is invertible. The paper
finishes with a complementary result to Ballantine’s characterization of QQ,
for ‘H finite dimensional, mentioned above. More precisely, we prove that if
T € L(H) with dim H < oo then T € QQ if there exists X € L(H) such that
XTX = X? and dim N(X) < dim N(T).

2. The Set QQ

Our goal in this section is to describe the set QQ := {EF : E, F € Q}, where
Q := {E € L(H) : E? = E}. Observe that there are neither injective nor
dense-range operators in QQ, except for the identity operator.

In [9] it is proven that, if P := {E € Q : E* = E} then for T' € PP the
pair (PR(T) Py (ry+) has optimal properties in the set {(P,Q) € Px P : T =
PQ}, namely, for all P,@ € P such that T = PQ it holds that

* R(Pgy) € R(P), N(Py(ry+) € N(Q).
* ||(Premy — Pneryr)zl] < [|(P — Q)| for all z € K.
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We show now that the situation in QQ is completely different, in the sense
that there is no such distinguished factorization of a T' € QQ and it does not
look evident how to define an optimal factorization of T'. The next result is
a key tool in what follows.

Lemma 2.1. Let T € QQ. Then, there exist E, F € Q such that T = EF,

R(FE)=R(T) and N(F) = N(T).

Proof. Let T = E'F’ with E', F’ € Q. Trivially, R(T) C R(E’) and N(F") C
N(T). Define E = Pry T )E andF F'Pyrys. Clearly, T'= EF'. Let us see
that E, F satisfy the conditions of the lemma. First, E2 = = Pgs R(T )E’ R(T)

P E" = E since R(T) C R(E'). Moreover, R(E) C R(T), and given

x € R(T) then 2 = PremyE's = Ew, ie., R(E) = R(T). On the other
hand, F2 = F/PN(T)LF PN(T)L =F PN(T)L = F, because N(F’) g N(T) =
N(Py(ry+). In addition, N(T) € N(F) and given x € N (F') then Py €
N(F') € N(T)n N(T)*+ = {0}, i.e., x € N(T) and so N(T) = N(F) as
desired. O

It should be noticed that, for a general T' € QQ, a factorization T =
EF, with E,F € Q and R(E) = R(T), N(F) = N(T) is not unique. For

0 100 i *?10
example, consider T == (0 0 2|, E=(001], F = %1 5 0], B =
00 2 001 0 01
1-22 332
00 1) and F/ = ; %1 2). Therefore, a simple computation shows
001 001
that T = EF = E'F'; E,F,E',F' € Q and R(E) = R(E') = R(T), N(F) =
N(F") = N(T).

Given T € QQ, the preceding lemma motivates the next definitions:
(QQ)r :={(E,F)e QxQ:T=EF},

and

(QO|r :={(E,F) € (QQ)r: R(F) = R(T) and N(F) = N(T)}.
We will frequently use the fact that (E, F') € [QQ]r if and only if (F*, E*) €
[QQ]7~.

By the proof of Lemma 2.1, (PrppyE, FPy(r)s) € [QQr if (E,F) €
(QQ)7. Observe that this defines a retraction map:

¢: (QQ)r — [QQr. (2.1)
With the obvious notations, [PP]r = {(Pggzy, Pn(r)+ )} In particular, it says
that there exists a natural cross section of the product map 7 : PxP :— PP,
namely, s : PP — PxP,s(T) = (PW’ Py (ry+ ). Unfortunately, this section
is not continuous and it is not useful to obtain topological facts on PP. In
any case, there is not such section for the map Q@ x Q :— QQ; in fact, as it
was mentioned above, there is no distinguished factorization of T' € QQ.
In order to prove our first characterization of QQ, we introduce the well
known Douglas’ theorem on factorization of operators [13]. Here, we present a
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simple generalization of this result whose proof is similar to Douglas original
proof, see [3].

Theorem 2.2. Let A € L(H,K) and B € L(F,K). Then, there exists C' €
L(F,H) such that AC = B if and only if R(B) C R(A). In such case, if M
is a topological complement of N(A) then there exists a unique solution X €
L(F,H) of the equation AX = B such that R(X ) € M. The operator X pm
will be called the reduced solution for M of the equation AX = B.

Theorem 2.3. Let T € L(H). The next conditions are equivalent:

1. T e QQ.
2. R(T —T?) C R(T(I — E)) for some E € Q with R(E) = R(T).
3. R(T —T?)*) C R((I — F)T)*) for some F € Q with N(F) = N(T).

Proof. 1 < 2. Assume that T € QQ and let (E, F) € [QQ]r. Then, T—T? =
T(I —T) = EF(I — E)F = T(I — E)F. Therefore, R(T — T2) = R(T(I —
E)F)C R(T(I — E)) where E € Q and R(E) = R(T).

Conversely, suppose that R(T — T?) C R(T(I — E)) for some E € Q
with R(E) = R(T). Then, by Theorem 2.2, the operator equation T' — T2 =

T(I — E)X has a solution in L(H). Now, as N(I'(I — E)) = N(I — E) +
R(I = EYNN(T) = R(T) + N(E) N N(T) and H = R(T) + N(E) there
exists a closed subspace S C N(E) such that H = N(T(I — E)) + S, (for
example, S = N(F) © N(E) N N(T)). Let X, be the reduced solution for
S of T—T? = T(I — E)X. Notice that EXy = 0, i.e., T — T? = TXy.
Moreover, from these two last equalities it can be proven that T — T? =
T(I—-E)(XoT+X3),i.e., XoT+ X3 is a solution of T —T? = T(I — E) X with
R(XoT+X3) C R(Xo) C S. Hence, by the uniqueness of the reduced solution,
XoT + X3 = Xo. Now, define F := T+ Xg. Hence, F? = (T + Xo)(T + Xo) =
T? +TXo+ XoT + X3 =T+ Xg=F,ie., Fe€ Qand T = EF. Therefore,
T e QQ.

1 & 3. Taking into account that T € QQ if and only if T* € QQ, then
this equivalence follows by applying 1 < 2 to T™. g

Remark 2.4. Ballantine [6] found a nice characterization of QQ for matrices;
he proved that T € C™*™ belongs to QQ if and only if dim R(T — I) <
2dim N(T'). Observe that Theorem 2.3 can be interpreted as an extension
of this result for T € L(H). In fact, R(T — T?%) C R(T(I — E)) if and only
if R(T —I) € R(I — E)+ N(T). Hence, in matrices, this last inclusion
implies that dim R(T' — I) < dim R(I — E) + dim N(T') = 2dim N(T') since
dim R(I — E) = dim N(T) for all E € Q with R(E) = R(T). We shall return
on this at the end of the paper.

In what follows we give a characterization of QQ in terms of subspaces.
By Gr(H) we denote the set of all closed subspaces of H and the symbol
Es;/r stands for the operator in @ with range & and nullspace 7" provided
that S,7 € Gr(H) and S +7 = H. If T = S* then we simply write Ps
instead of Eg//s+.
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Proposition 2.5. Let T' € L(H). The next conditions are equivalent:
1. T e QQ. . .
2. There exist S,V € Gr(H) such that R(T) +S = H, W+ N(T) = H,
and Psi. TPy € PP.

Proof. 1 = 2. Let T = EF with (E,F) € [QQ]r. Let § := N(F) and
W := R(F). Hence, R(T)+S = H and W+N(T) = H. Moreover, Ps. TPy =
Psi . EFPy = Psi Py € PP.

2 = 1. Define E := Qm//s and F' 1= Qw//n(r) and let P, P, € P
such that Psi TPy = P;Py. There is no loss of generality in assuming that
R(P)) = R(Ps.TPy) and N(P,) = N(Ps.TPy). Thus, R(P;) C S* or,
equivalently N(E) =S C N(P;) and W+ C N(P,) or, equivalently, R(P,) C
W= R(F) Therefore, Pl = PlE and FP2 = P2. Thus, (EP1)2 = EPlEpl =
EP1 and (PQF)2 = PQFPQF = PQF, i.e., Epl,PQF S Q NOW,

T=FETF =FEPs.TPyF =EP,P,F € QQ,
and the proof is finished. O

The next result due to Antezana et al. [2, Proposition 4.13] will be useful
in order to obtain another characterization of QQ:

Proposition 2.6. Given A, B € L(H,K), the following statements are equiva-
lent:

1. R(A)+ R(B — A) is closed.

2. There exists E € Q such that A = EB.

Applying the previous result and recalling that T' € QQ if and only if
T* € QQ we obtain the following;:

Proposition 2.7. Let T € L(H). The next conditions are equivalent:

1. T € Q0. _
2. There exists E € Q such that R(T) + R(E —T) is closed.
3. There exists E € Q such that H = N(T)+ N(E - T).

Following the same lines we get the next characterizations of PQ and

PP.

Proposition 2.8. Let T' € L(H). The next conditions are equivalent:

1. TePQ.

2. There ezists a topological complement M of N(T) such that ||Tz||* =
(Tx,z) for all z € M.

3. T*T =T*FE for some E € Q.

4. R(T*T) + R(T — T*T) is closed.

Proof. 1 = 2. LetT = PE with P € P and E € Q. Without loss of generality,
we can consider N(E) = N(T). Let M = R(E). Then, if v € M we have
that ||Tz||? = (x,T*T2) = (v, E*PEx) = (x, E*Pz) = (PEx,z) = (Tx,2),
as desired.

2 = 3. Assume that ||Tz||> = (Tz, z) for all z € M, with M+ N(T) =
H. Define E := Exny/n(ry € Q. Then, ||[TEz||> = (TEx, Ex) for all = €
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H. Now, as N(E) = N(T) then TE = T and so (I"Tx,z) = |[Tz|?
(Tz,Ex) = (E*Tz,x) for all x € H. Thus, T*T = E*T, i.e., T*T = T*E.
3 = 1. Suppose that T*T = T*E for some EF € Q. Then, T#T =
T*PWE and so T = PWE
3 & 4. It follows by Proposition 2.6. 0

Proposition 2.9. Let T € L(H). The next conditions are equivalent:
1. T € PP.
2. T*T =T*P for some P € P.
3. R(T*T) L R(T — T*T).

Proof. 1 & 2. If T = PWPN(T)L then T*T" = T Py (ry.. Conversely, if
T*T = T*P for some P € P then T*T = T*PR(T)P and so 7, PR(T)P are
both reduced solutions for N(T*)* of T*X = T*T. Hence, by the uniqueness
of the reduced solution, we get that T' = Pr7y R(T )P € PP, as desired.

1< 3. IfT = PP, with P, P, € Pthen T*T = Py, PPy and T—T*T =
(I — P)PPy. Thus, R(T*T) L R(T — T*T).

Conversely, suppose that R(T*T) L R(T —T*T). Then R(T — T*T) C
N(Prery) and so PramgyT = Prppogy (T — T*T 4+ T*T) = T*T; since
conditions 1 and 2 are equivalent it follows that T € PP. O

The set QQ can be also characterized in terms of the generalized Wiener—
Hopf operators, i.e., operators of the form Py(T'| s where T' € L(H). For this,
we state the next result:

Lemma 2.10. Let T € L(H), then T € Q if and only if T = P A for some
A€ GI(H)" and Py APrery = Prepy.-

Proof. If T € Q then the existence of A € GI(H)" such that T' = PrayAis
guaranteed because of [17, Theorem 1] (see also [4, Theorem 3.3]) and then
trivially, P R(T) APR(T = PR(T) The converse is obvious. O

Now, applying the previous lemma we get the following:

Proposition 2.11. Let T € L(H). Therefore T € QQ if and only if T =

2y ABPy (). for some A, B € GI(H)" such that PeeyAlgmy = lam

R(T
and PN T)LB‘N(T 1 = I|N(T)J~

2.1. Some Examples

Lauzon and Treil [19] parametrized the set X of pairs of closed subspaces
of a Hilbert space ‘H which admit a common direct complement, in symbols,
X ={(MN): M\N € Gr(H), 38 € Gr(H) s.t. M+S = N+S = H}. We
show now that any T' € L(H) such that (R(T), N(T)) € X belongs to QQ.
We also characterize X by proving that if M, N € Gr(H) then (M,N) € X
if and only if there exists T € PQ such that R(T) = N+ and N(T) = M.

Proposition 2.12. Let T € L(H). If R(T) and N(T') have a common topolog-
ical complement then T € QQ.
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Proof. Let S € Gr(H) such that H = R(T) +S = N(T) + S and define
E = Qgppy))s- Hence, R(T(I — E)) = T(S) = R(T) where the last equality
holds because N(T) + S = H. Thus, as R(T — T?) C R(T) we have that
R(T —T?) C R(T(I — E)). Therefore, by Proposition 2.3, T € QQ. O

The converse of the above corollary is false, in general. For example,
consider E € Q with dim(R(FE)) # dim(N(FE)); trivially, E € QQ and R(E)
and N(E) may not have a common complement.

Proposition 2.13. Let S, 7 be two closed subspaces of H. Then, S,7 have a
common topological complement in H if and only if there exists T € PQ with
R(T)=T* and N(T) = S.

Proof. Suppose that there exists a closed subspace W such that H = S +
W =T 4+ W. Define E = Ey;s and T = Pr.E € PQ. We claim that
R(T) = T+ and N(T) = S. In fact, R(T) = Prs(W) = R(Pys) = T+
because H =7 +W and N(T) = N(E) + R(E)NN(Py.) =S+WnNT =8
because WNT = {0}.

Conversely, let T € PQ with R(T) = T+ and N(T) = S. Then, T =
Pr1Qyy) s for some complement W of S. Now, as R(T) = T+ then H =
W 4 7. On the other hand, as S = N(T) = S + W N T we have that
WNT = {0}, ie,H=W+T. Therefore, W is a common complement of S
and 7. O

Example. Applying Theorem 2.3 and Proposition 2.12 the following examples
of operators in QQ can be easily obtained:

1. If dim(R(T)NR(T*)) = dim(N(T) N N(T*)) then, by Lauzon and Treil
[19, Remark 0.4], R(T) and N(T) have a common topological comple-
ment. Hence, by the previous corollary T € QQ. In particular, if T
is a normal operator with dim(R(7")) = dim N(T") then T' € QQ. On
the other hand, notice that if 7" € PP is normal then 7" € P. In fact, if
T € PP then T' = PrpyPr 1)+, but as T'is normal then R(T) = N(T)*
and so T' = Py (1. € P.

2. IfT? =0 then T € QQ. In fact, R(T — T?) = R(T) = R(T(I — Pry))
where the last equality holds because R(T') C N(T). Then, by Theorem
2.3, T € QQ (moreover, T' € PQ). See also [1, Theorem 6.1]. On the
other side, notice that if 72 = 0 and T € PP then T = 0. Indeed, if

T2 =0 then R(T) g N(T) and so T = PTT)PN(T)L =0.

3. The Sets (QQ)r and [QQ)]|r

This section is devoted to study the sets (QQ)r and [QQ]r for T € QQ.
For this aim, we start by establishing the relationship between (QQ)r and
[QQ]r :
Proposition 3.1. Let T € QQ. Then,
(QO)r ={(E,F) € Qx Q: E=Ey+ E,F = Fy+ F, with E1, F} € Q,
(Eo, Fy) € [QQ|r, and EyFy = E1Fy = E1F, = 0}.
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Proof. Let (E,F) € (QQ)r and define Ey := PrpE and F- := FPy(r)..
By the proof of Lemma 2.1, we have that (Ep, Fy) € [QQ]r. Denote by
E1 =F— EO = (I— PW)E and F1 =F - FO = F(I— PN(T)L) Hence,
B = (I — Prey)E(I — Pre)E = (I — Pge)(E — EPgm)E = (I -
Prem)(E — Prey) E = (I = Pregy)(I — Prepy (T))E2 = (I = Pgepy)E = Ex,
where the third equality holds because R(T) C R(E) since T' = EF. Thus,
E, € Q. Analogously, since N(F) C N(T) because T' = EF, we get that
Ff = F(I - PN(T)J-)F(I - PN(T)J-) = P(F - PN(T)J-F)(I - PN(T)L) =
F(F PN(T)J_)(I PN(T)J_) = F(I - PN(T)J—) = F ,ie., F; € Q. Finally,

EoFy = PrayEF(I = Pyry:) = PreyT(I = Pygrys) = 0, ExFy = (I -
PR(T))EF(I PN(T)L) (I — PR(T))T(I — PN(T)L) =0and By Fy = (I —
PR(T))EFPN( e = - PR(T))TPN(T)L = 0; as desired.

For the other inclusion, let (E, F') € Q x Q with the stated properties.

Let us see that (E, F) € (QQ)T. For this, we only need to prove that T' = EF.
Now, EF = (Eo —|—E1)(F0 +F1) = FEoFy+ EoFy + B Fo+ E1WFy = EoFy =1T.
O

Proposition 3.2. Let T € QQ, then
[QQ]r = {(E,F) € @x Q: R(E) = R(T), R(T —T?) C R(T(I - E))
and F' =T+ (I — E)XPy(py+  with X a solution of
T-T*=T( - E)X}.
={(E,F) € @x Q: R(T - T%)") C R(T(I - F))"),

N(F) = N(T),and E = T + Pz X (I — F)

with X a solution of T'— T? = X(I — F)T}.
Proof. Let (E,F) € [QQ|r then, clearly, R(E) = R(T). Moreover, F' =
EF + (I — E)F =T + (I — E)FPy(r)y. because N(F) = N(T) and it is
straightforward that T—T? = T(I — E)F. Conversely, let (E, F) € Qx Q with
R(E) = R(T) and F =T + (I — E)X Py(ry+ for some X € L(H) such that
T —T? =T(I — E)X. Notice that the existence of X is guaranteed because
R(T —T?) C R(T(I — E)). Clearly, EF = ET =T and N(F) = N(T). It
remains to show that F' € Q. Fist, observe that as T —T? = T'(I — E)X then
(I-E)X =I-T+ Z for some Z € L(H) with R(Z) C N(T). Now,

F?=T?+T(I - E)XPyy: + (I = E)X Px(7)+ (T + (I — E)X Py(7)2)
=T?+ (T —T?) + (I - E)X P+ (T + (I — E)X Py(7)2)

Therefore (E, F) € [QQ]r and the first equality is proved.

Analogously, but working with 7% € QQ, we get the second equality.
O

Given T € QQ every pair (E, F) € [QQ]r can be associated to the pair
of subspaces (R(F'), N(E)). The next result gives a necessary and sufficient
condition that these subspaces must fulfill in order that (E, F') € [QQ]r.
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Lemma 3.3. Let T € QQ and (E,F) € (QQ)r. Then (E,F) € [QQ]r if and
only if R(F) + N(E) = H.

Proof. Let (E,F) € [QQ]r, i.e., T = EF, R(E) = R(T) and N(F) = N(T).
We claim that R(F)NN(E) = {O} In fact, if y € R(F)NN(FE) then y = Fy
and 0 = Fy = FFy = Ty, i.e., yEN() N(F) and so y = Fy = 0.
Analogously, since (F*, E*) € [QQ]r~, we get that R(E*) N N(F*) = {0} or,
equivalently, R(F) + N(E) = H. Therefore, R(F) + N(E) = H as claimed.
Conversely, let (E, F) € @ x Q such that T = EF and R(F) + N(E) =
H. Let us prove that N(F) = N(T). Clearly, as T = EF then N(F) C
N(T). On the other hand, if € N(T) then 0 = Ta = EFz, so Fx €
R(F)N N(E) = {0}, i.e., x € N(F). Hence, N(F) = N(T). Analogously,
since T* = F*E* and R(E*) NN(F*) = {0} (because R(F)+ N(E) =H)

we have that N(E*) = N(T™) or, equivalently, R(E) = R(T). Therefore,

Corollary 3.4. Let T € QQ and (E,F) € [QQ]r. Then, T has closed range
if and only if N(E) + R(F) = H.

Proof. 1t follows by Lemma 3.3 and the fact that if A, B € L(H) have closed
ranges then AB has closed range if and only if N(A) 4+ R(B) is closed, see
[11, Theorem 22]. O

In order to get another description of QQ we need the concept of (not
necessarily bounded) closed projection. A densely defined operator H is a
projection if R(H) C D(H) and H(Hz) = Hz for all z € D(H). In this case,
it holds that D(H) = R(H) + N(H). Moreover, H is a closed operator if
and only if R(H) and N(H) are closed subspaces of H; and H is bounded if
and only if it is closed and D(H) = H. We refer the reader to Ota’s paper
[20] for a treatment of unbounded projections. In addition, given two closed
subspaces §,7 such that SN7 = {0} and S+7 is dense we denote by Hs, /7
the closed projection with range S and kernel 7 (here, D(Hg,/7) =S + 7).
Recall that we denote by Q the set of all (not necessarily bounded) closed
projections in H. In the sequel given two operators A, B the symbol B C A
means that A is an extension of B.

Remark 3.5. Let T = EF € QQ where E = QW//S and F' = Qw,/N(T)-
By Lemma 3.3, Hyy,/s is a closed projection. Moreover, by Corollary 3.4,

Hyy /s is bounded if and only if 7" has closed range. In what follows, given
(E, F) € [QQ]r we denote

Hp g := Hgr)/NE)-
Lemma 3.6. Let T € QQ and (E,F) € [QQ]r, the next conditions hold:

1. R(T) C D(Hrg).
2. N(HppT) = N(T).

Proof. 1. Lety=Tx € R(T) theny =Tax = EFex = EFx — Fx + Fx =
~(I -~ E)Fz+ Fz € N(E)+ R(F) = D(Hp ).
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2. By the previous item Hp 5T is well-defined and it is clear that N(T") C
N(Hp,gT). On the other hand, if Hp gTx = 0 then Tz € R(T) N
N(E) CR(E)NN(E) ={0},ie. 2 € N(T) and so N(Hp gT) = N(T).

O

Recall the concept of inner inverses of a bounded linear operator. Given
T € L(H), the Moore—Penrose inverse of T, T, is the unique linear extension
of (T|n(ry+)~* to R(T) 4+ R(T)* such that N(T1) = R(T)*. The densely
defined operator T fulfills the following equations, which could also be used
as a definition of T if we take as the domain the maximal domain for which
these equations have a solution, namely D(T") = R(T) 4+ R(T)*:

1. TXT =T1T.

2. XTX = X.

3. TX C PR(T)

4. XT = Pnpyr
Observe that 7T is bounded if and only if R(T) is closed. We denote by
Ti, 4, k,1] the set of densely defined operators that satisfy equations i, j, k, [
with 4,7, k,1 € {1,...,4}. The elements of T[1] are usually called inner in-
verses of T. The reader is referred to [7] and [18] for a complete treatment
on generalized inverses.

Penrose [21] and Greville [16] proved that the Moore—Penrose inverse of
the product of two orthogonal projections in C™*™ is an idempotent matrix,
and conversely. Extensions to bounded linear operators can be found in [9]
and [8]. Here, we analyze the case for operators in QQ.

Theorem 3.7. Let T' € L(H). The next conditions are equivalent:

1. T € Q0. .
2. there exists H € Q such that THT =T and T*H*T* =T*.

Proof. 1 = 2. Suppose that T' € QQ and for (E, F) € [QQ]r consider the
closed projection H = Hp g (see Remark 3.5). We claim that THT = T.
First observe that THT is well-defined because of Lemma 3.6. Now, THT =
EFHEF = EHEF = Elpg)EF = EF = T. Similarly, since (F*, E*) €
(QQ)r+- and Hp« p» = (HRE) = H*, we have that T*H*T* = T*. There-
fore item 2 holds.

2 = 1. Suppose that there exists a closed projection H such that
THT = T and T*H*T* = T*. Then, HTHT = HT, i.e., (HT)?> = HT
and since T € L(H) and H is closed, then HT is also closed. Moreover, as
D(HT) = D(T) = H then HT € Q. Similarly, from T* = T*H*T* we get
that H*T* € Q. Hence, (H*T*)* € Q. Now, (H*T*)* = ((TH)*)* = TH
where the overline stands for the closure of TH. Therefore, T = THT =
(TH)(HT) = (TH)(HT) € QQ. O

From now on, L., stands for the set of closed range operators of L(H).

Corollary 3.8. Let T € L.,.. The next conditions are equivalent:

1. T € QO.
2. TIINQ#0.
3. TH e POP.
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Proof. 1 < 2. Follows from Theorem 3.7.

2 = 3. If Q € T[1]N Q then an easy computation shows that T =
PN(T)lQPR(T)v i.e., Tt € POP.

3=21IfT" € PQP then TT = Py 1y+ QPr(r), for some @ € Q. Then,
T =TT'T = TPyr: QPreryT =TQT, ie, Q € T[1]. O

Notice that the previous corollary states that the Moore—Penrose inverse
maps bijectively Q9 N L., onto PQP.

Corollary 3.9. Let T € L(H).

1. The following conditions are equivalent:
(a) T € QQ. )
(b) There exists H € Q such that THT =T, HTH = H and T*H*T*
=T
2. The following conditions are equivalent:
(a) T € PQ. )
(b) There exists H € Q such that THT =T and TH C Pgzy.
(c) There exists H € Q such that THT =T, HTH = H and TH C
Pﬁ.
In particular, T € PQN L, if and only if QNT[1,2,3] # 0.
3. The following conditions are equivalent:

(a) T € PP.
(b) Tt € Q.

Proof. 1. (a) & (b). Suppose that T € QQ and for (E,F) € [QQ]r con-
sider the closed projection H = Hppg. Clearly, HTH = HEFH =
HEH = H. Moreover, by the proof of Theorem 3.7, THT = T and
T*H*T* = T* and so item (b) holds. The converse follows by Theorem
3.7.

2. (a) = (¢). Let T € PQ. Then, T = Pz reryE’ for some I € Q with
N(F) = N(T), ie., (Pgepy, F) € [QQlr. Let H := Hp p ... Now, by
Theorem 3.7, THT =T and HTH = H. Moreover, TH = PR(T)FH =
PrayH = Preylor) € Prezy- Thus, item (c) holds.
(c) = (b). It is trivial.
(b) = (a). Let H € Q such that THT = T and TH C Ppggy. By
the proof of Theorem 3.7, HT € Q. Thus, T = THT = THHT =
PWHT cPO.

3. See [9, Theorem 6.2]. O

By the above corollary, if T' € PPN L., then TT € T[1]N Q. However T'f
is not, in general, the unique element in T[1]N Q if T' € PP. For example, an
easy computation shows that 7T + Prrytan(r) is also in T[1] N Q. Observe
that R(T)* N N(T) = {0} if and only if 7' admits a unique factorization in
PP (see [9, Corollary 3.8]).

Corollary 3.10. Let T € L(H) with closed range. If there exists T' € T[1]
such that (T')* = I then T? € QQ.



Vol. 88 (2017) Products of Idempotent Operators 281

Proof. U T =TT'T then E :=TT' € Q and F := T'T € Q. Therefore, as
(T")? =1,T? = EF € QQ. O

Corollary 3.11. Let T € L(H) with closed range. If R(T) = R(T*) and
dim R(T) < dim N(T') then T € QQ.

Proof. By Corollary 3.9, it suffices to prove that TT = PrryE Pty for
some E € Q. Now, as dim R(T) < dim N(T) = dim R(T)* then there exists
J : R(T) — R(T)* such that J*J = Pp(r). Therefore, considering the matrix
representation induced by the Hilbert space decomposition H = R(T) @&

(T — (TH2)J*
R(T)* we can define E := <T (T = (T")%) > R(T) It is easy to show

J JUI-THJ* ) R(T)*
that £ = E?, ie., E € Q and, clearly, T = PriryEPg(T) € PQP. Hence,
by Corollary 3.9, T € QOQ. O

By the previous corollary, if H is separable then every closed range
normal operator 7' € L(H) with infinite dimensional kernel belongs to QQ.

From the proof of Corollary 3.9 it follows that, for T € QQ and (F, F) €
[QQ]r it holds that Hpp € {H €Q:HeT[1,2 and H* € T*[1]}. The

next result shows that this property fully describes [QQ]r. For this, given
T € QQ define the mapping

®:[QQ|r — Q, ®((E,F)) = Hr .

Theorem 3.12. Let T € QQ, then
(1QQlr) = {H € Q: H € T(1,2] and H" € T*[1]} .

Proof. If (E,F) € [QQ]r then, by the proof of Corollary 3.9, we have that
H:=Hpge QNT[1,2] and H* € T*[1].

Conversely, let H := Hyy, /s € Q such that H € T[1,2] and H* € T*[1].
Let us define E := TH and F := HT. By the proof of the implication 2 = 1
in Theorem 3.7, we have that E, F € Q and T = EF. Let us prove that
(E,F) € [QQ|r and Hpp = H or, equivalently, that F = Qm//s and
F = Qw//n(m)-

First, as THT = T then N(T) C N(HT) = N(F) C N(T), ie.,
N(F) = N(T). On the other hand, from HTH = H, we have that R(F) =
R(HT) C R(H) = R(HTH) C R(HT) = R(F), i.e., R(F) = R(H) = W.
Thus, F=HT= HR(H)//N(T) = QW//N(T) Similarly, as T*H*T* =T and
H*T*H* = H* then H'T* = Hpy+);/n(1-)- Notice that H*T*H* = H*
since H = HTH and R(T*) C D(H*) (because T* = T*H*T*). There-
fore, b = TH = (H'T")" = QRygro)/n(r+) = Qreryy vy = Qrmy /s 2
desired. 0

Corollary 3.13. Let T' € QQ with closed range. Then

d([QQlr)={Q e Q:QeT[1,2]}.
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4. Split Operators in QQ

If T € PP then R(T) + N(T) = H, see [9, Theorem 3.2]. Moreover, T € PP

has closed range if and only if R(T)+N(T) = H. However, these properties do

—112
not hold, in general, for operators in QQ. For instance, T' = % —-112) =
000
110 —112
$l110|5[—-224| € QQ and R(T) N N(T) = R(T) = gen{(1,1,0)7}.

000 —-112
Thus, R(T) + N(T) # H. On the other hand, consider a non-closed range
positive operator T" with dim N(T) = dim R(T). Then, by Examples 2.1,
T € QQ and R(T) + N(T) = H, but R(T) is not closed. The aim of this

section is to study the operators T € QQ such that R(T) + N(T) = H.

Proposition 4.1. Let T € QQ and (E,F) € [QQ]r. Then, N(E+ F —1I) =
R(T) N N(T) and R(E + F — 1) = R(T) + N(T).

Proof. An easy computation shows that, N(E—F) = N(E)NN(F)+R(E)N
R(F) for all E,F € Q. Therefore, if (E,F) € [QQ]r then, by Lemma 3.3,
N(E)NR(F) = {0} and so N(E+F—1I) = N(E—(I—F)) = N(E)NR(F)+
R(E)NN(F) = R(E)NN(F) = R(T) N N(T). Analogously, but considering
(F*,E*) € [QQ]r~, we have that N(E* + F* — I) = R(T*) N N(T*) or,

equivalently, R(E+ F —I) = R(T) + N(T). O

Corollary 4.2. Let T € QQ and (E,F) € [QQ]r. Then,
1. R(T)NN(T) = {0} if and only if E+ F — I is injective.
2. R(T)+ N(T) = H if and only if E+ F — I is an injective operator with
dense range.
3. R(T)+ N(T) = H if and only if E + F — I is injective and R(E) +
(I-F)=H.
(T) 4+ N(T) = H if and only E + F — I is invertible.

N

4.

Proof. Ttems 1, 2 and 3 follow by Proposition 4.1. Let us prove item 4. Assume
that R(T)+ N(T) = H. Notice that this implies that R(T) is closed. Now, as
R(T)NN(T) = {0} then, by item 1, E+ F —I is injective. It remains to show
that R(E + F — I) = H. Now, since R(E) N R(F — I) = R(T) N N(T) = {0}
and N(E)+ N(F —I) = N(E) + R(F) = H because of Corollary 3.4 then,
by Arias and Corach [5, Theorem 2.10 |, R(E+F —1) = R(E)+ R(F 1) =
R(T)+ N(T) = H.

Conversely, if E+4 F —1I is invertible then, by item 1, R(E)NR(I —F) =
R(T)NN(T) = {0}. Moreover, as R(E+ F —1I) = H then R(E)+R(I - F) =
H. Thus, R(T)+ N(T) = H. It remains to show that R(T) is closed. For this,
asH=R(E+F —1I)=R(FE)+ R(I — F), applying again [5, Theorem 2.10
|, we have that N(E) 4+ N(I — F) = H. Therefore, by Corollary 3.4, T has
closed range as desired. 0
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As we highlighted previously, there is an identity which characterizes
PP, namely TT*T = T?. We wonder if there exist a corresponding identity
for QQ. A first approach in this direction is the next result:

Proposition 4.3. If T € QQ then there exists X € L(H) such that TXT = T?
and XTX = X2

Proof. Let T'= EF € QQ. Define X := FE. Then TXT = EFFEEF =
EFEF =T? and XTX = FEEFFE = FEFE = X2 O

Our next step is to investigate whether the converse of Proposition
4.3 holds. In the next result we show that this happens if T satisfies that
R(T) + N(T) = H.
Proposition 4.4. Let T € L(H) such that R(T)+N(T) = H. Then, T € QQnN
Le, if and only if there exists X € L(H) such that TXT =T?, XTX = X?
and R(X) + N(X) =H.

Proof. Let T € QQN L, and write T = EF for some (E, F') € [QQ]r. Define
X = FE. It follows from Proposition 4.3 that TXT = T? and XTX =
X2, We claim that R(X) = R(F) and N(X) = N(E) and so, by Corollary
3.4, R(X) + N(X) = H. In fact, R(X) = R(FE) = FR(E) = F(R(E) +
N(F)) = F(R(T) + N(T)) = F(H) = R(F) and N(X) = N(FE) = N(E) +
E7H(N(F)) = N(E) + ETY(N(F) N R(E)) = N(E) + E71({0}) = N (E).
Conversely, let X € L(H) such that TXT = T?, XTX = X? and
R(X) + N(X) = 'H. First, let us prove that T € QQ. For this, notice
that an easy computation on X7TX = X2 implies that PN(X)LTPW =
Py(x)+ Prixy € PP. From this, and since R(X) + N(X) = H we have that
N(X)* = R(Pyco): Prrxy) = R(Pnix)eTPrzy) = Prox) RO Prxs).
Therefore, H = R(T'Pgxy) + N(X) and so H = R(T) + N(X). Moreover,
R(T)NN(X) = {0}. Indeed, if y = Tx € R(T) N N(X) then 0 = TXTz =
T%x,ie.,y =Tz € R(T)NN(T) = {0}. Therefore, H = R(T)+ N (X). Notice
that this implies that T € L. Similarly, since TXT = T2 and R(T)+N(T) =
H we obtain that H = R(X) + N(T) (hence, X € L,.). Summarizing, we
have that Py(x)1TPr(x) = Pn(x) Pr(x) € PP, H = R(T) 4+ N(X) and
H = R(X) + N(T). Therefore, by Proposition 2.5, T € QQ. O

Finally, we present a complement to the characterization of QQ for
matrices due to Ballantine. In fact, he proved the next result:

Theorem 4.5. Let A € C"*™. Then, A is a product of k idempotent matrices
if and only if dim R(A — I) < kdim N(A).

By Ballantine’s result we obtain the following:

Proposition 4.6. Let T' € C"*". If there exists X € C"*™ such that TXT =
T?, XTX = X? then T is a product of 4 idempotent matrices.
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Proof. By Theorem 4.5, it suffices to prove that dim R(T' —I) < 4dim N (T).
First, if XTX = X2 then T = I + Z; + Z, for some Z1,Z, € C*"*™ such
that X7y = ZoX = 0. Thus, R(T — I) = R(Z1 + Z2) C R(Z1) + R(Zs).
Now, R(Z;) C N(X), so dim R(Z;) < dim N(X), and R(Z3) C N(X*), so
dim R(Z2) = dim R(Z3) < dim N(X*) = dim N (X). Therefore,

dim R(T — I) < dim R(Z;) + dim R(Z,) < 2dim N(X). (4.1)

On the other hand, as TXT = T2 then X = I +W; + W, for some Wy, W5 €
C™*™ such that TW; = WoT = 0. Hence, notice that N(X) C R(W; + Wa).
Therefore,

dim N(X) < dim R(W; + W3) < dim R(W;) 4+ dim R(W>) < 2dim N(T),
(4.2)
where the last inequality follows since dim R(W7), dim R(W2) < dim N(T')
because TW; = WoT = 0. Finally, from (4.1) and (4.2) we get that dim R(T —
I) <4dim N(T), as desired. O

Corollary 4.7. Let T € C"*™. If there exists X € C"*" such that XTX = X?
and dim N(X) < dim N(T) then T € QQ.

Proof. Following the proof of Proposition 4.6 we get inequality (4.1), i.e.,
dim R(T — I) < 2dim N(X). Now, since dim N(X) < dim N(T'), we obtain
that dim R(T — I) < 2dim N(T) and so T € QQ. O
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