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A B S T R A C T

Living matter equals water, to a first approximation, and water transport across barriers such as
membranes and epithelia is vital. Water serves two competing functions. On the one hand, it is the
fundamental solvent enabling random mobility of solutes and therefore biochemical reactions and
intracellular signal propagation. Homeostasis of the intracellular water volume is required such that
messenger concentration encodes the stimulus and not inverse volume fluctuations. On the other hand,
water flow is needed for transport of solutes to and away from cells in a directed manner, threatening
volume homeostasis and signal transduction fidelity of cells. Feedback regulation of fluid transport
reconciles these competing objectives. The regulatory mechanisms often span across multiple spatial
scales from cellular interactions up to the architecture of organs. Open questions relate to the
dependency of water fluxes and steady state volumes on control parameters and stimuli. We here review
selected mathematical models of feedback regulation of fluid transport at the cell scale and identify a
general “core–shell” structure of such models. We propose that fluid transport models at other spatial
scales can be constructed in a generalised core–shell framework, in which the core accounts for the
biophysical effects of fluid transport whilst the shell reflects the regulatory mechanisms. We
demonstrate the applicability of this framework for tissue lumen growth and suggest future experiments
in zebrafish to test lumen size regulation mechanisms.

ã 2015 Elsevier Ireland Ltd. All rights reserved.
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1. Introduction

Water is the dominant component of living cells and therewith
organisms constituting around 70% by mass and 98% by molecule
number of an animal cell (Freitas, 1999). Certifying the essential
role of water, it features prominently in theories for the origin of
life (Ganti, 2003). Regardless of which aspect of life emerged first,
all come with an inherent requirement for transport of matter at
the molecular scale. Water as a solvent had fulfilled this
requirement already in prebiotic chemical systems. Chemistry
also calls for the right amount of thermal fluctuations in a
life-supportive temperature range. But as everything, the aqueous
chemical system is subject to the laws of thermodynamics which
render the spontaneous generation of more complex molecules
extremely rare (Landau and Lifshitz, 1980).

One of Gánti’s principles of life is therefore the existence of a
transport barrier as a system boundary (Ganti, 2003). In the
thermodynamic picture, system boundaries allow a system to stay
out of the thermodynamic equilibrium, to dissipate energy and
increase the degree of order within the system (Busse and Müller,
1998). Different forms of barriers around living systems have
evolved including membranes around cells and epithelial tissue
sheets around organs. Biological membranes self-assemble due
to the hydrophobic effect induced by the hydrogen-bond
network – based on the water structure (Ferrara et al., 2012)
and the hydrophobicity of the lipid tails which reciprocally
establish an intrinsic water barrier.

On the other hand, life requires exchange across the barrier and,
correspondingly, tightly regulated transport mechanisms have
evolved at the different scales. Cells possess specific and regulated
channels to control transport across the cell membrane and
organelle membranes. Epithelial cells are polarised apical versus
baso-lateral enforcing directionality of transport at higher scales.

We here focus on mathematical models of fluid transport across
barriers at the cellular and the tissue scale and its regulation which
links multiple spatial scales. This review starts by outlining a bigger
picture of multi-scale feedback regulation and then compares
selected mathematical models of feedback regulation of fluid
transport at the cell scale to identify a general “core–shell” structure
of suchmodels.We thenanalysemodels of tissue lumengrowth from
the core–shell perspective. We propose model extensions by
incorporating feedback regulation via processes at different scales,
list related open biological questions and conclude.

2. A need for multi-scale feedback regulation

Water is the fundamental solvent and facilitates the passive
diffusion of molecular compounds and therewith the biochemistry
of metabolic pathways. In metabolism, any given carbon atom has
to visit a number of subsequent enzymes and hence the molecules
have to be mobile. The law of mass action for chemical reactions
relates the substrate concentrations via the probability of random
encounters between substrate (and enzyme and cofactor) mole-
cules in the solution to the reaction flux. When N(t) is the number
of substrate molecules and V(t) the volume of the compartment,

e.g. the cell, then the concentration c tð Þ ¼ N tð Þ
V tð Þ may change upon

volume changes, that is, due to changing osmotic conditions.
Hence, metabolite and signal transducer concentrations reflect
both, pathway activation targeting N(t) and inverse volume
changes 1

V tð Þ. The effects of the volume dependence are amplified

when multiple components take part in a reaction, e.g. the enzyme,
multiple substrate molecules, cofactors like ATP and NADH as well
as allosteric activators. Then all their concentrations change as 1

V tð Þ
in synch and the reaction flux changes with a high power of V(t). To
account for such potentially far-reaching effects in mathematical
models, volume changes have to become an explicit model
component.

Within such a variable cell volume modelling framework, the
equation governing the cellular concentration c(t) as function of
time is

dc
dt

¼
dN tð Þ
V tð Þ
dt

¼ 1
V
dN
dt

þ N
V
1
V

�dV
dt

� �
(1)

where the right hand side combines the effects of the biochemistry
(first term) and those of the biophysics, the second term with the
dilution rate 1

V �dV
dt

� �
.This general equation particularly applies to

metabolite concentrations within growing or otherwise changing
cells (Maria, 2005, 2014). On larger scales, embryonic organogen-
esis in many cases passes an epithelial cyst state as highlighted by
in vitro organoid self-organisation of mini-guts (Sato and Clevers,
2013), optic cups (Eiraku et al., 2011), mini-brains (Lancaster et al.,
2013) and other structures from embryonic stem cells (Bedzhov
and Zernicka-Goetz, 2014). It has been proposed that “luminal
signalling provides a potentially general mechanism to locally
restrict, coordinate and enhance cell communication within
tissues” (Durdu et al., 2014). As recently quantified for secreted
FGF ligands within the microlumen of tissue rosettes, luminal
ligand concentration controls organ formation (Durdu et al., 2014).
These rosettes of the zebrafish lateral line primordium eventually
form mechanosensory organs and to work correctly, lumen
formation (V(t)) has to be coordinated with ligand secretion (N(t)).

In all these cases at different scales, changes in V(t) could be
substantial and non-monotonic since water is also the medium
that transports solutes to and away from cells. This second and
competing role of water requires especially secretory gland cells to
replenish water outside of their apical membranes by allowing
water efflux. The amount of water efflux has to fulfil a variable
demand at the higher tissue scale which then threatens to
compromise cell volume homeostasis and signal transduction
fidelity, relying on c � N. Moreover, the hydrostatic pressure of
water within a closed compartment is a driving force for tissue
morphogenesis, especially for cyst expansion and tubulogenesis.
Again, the tissue scale morphogenetic demands entail cellular
water efflux and threaten cell volume homeostasis. To rescue cell
volume homeostasis despite variable water efflux, regulatory
feedback loops are needed and might have to span multiple spatial
scales.

The general principle of multi-scale feedback loops is illustrated
in Fig. 1 where the spatial scale increases from left (a) to right (c).
Fundamental biophysical interactions propagate effects from
lower to higher scales (denoted by dashed arrows) while
regulatory interactions propagate effects from higher to lower
scales (solid arrows in Fig. 1). Jointly, these interactions form
multiple feedback loops spanning across all spatial scales. These
multi-scale feedback loops reconcile two competing roles of water



Fig. 1. Multi-scale feedback regulation of water transport. Dashed arrows denote the dependence of emergent properties (red boxes) at higher scales on variables at lower
scales. Solid arrows denote the regulation of variables at lower scales by properties at higher scales. Jointly, these interactions form multiple feedback loops spanning across
all spatial scales. (a) The molecular structure and density of water channels (here sketched together with a portion of the lipid bilayer) as well as regulatory molecule
concentrations inside the cell (cC) and outside the cell, in the lumen (cl), control the water permeability (p) of membranes. (b) At the cellular scale, cell volume (Vcell) is changed
by water flux (J) and affects the concentration of intracellular regulators (cC). The osmotic water flux (red box on top) depends on molecular scale variables (p), on cellular scale
variables (apical surface area and cC) and on tissue scale variables (f and cl). (c) Tissue morphogenesis and function depend on water fluxes (J) which change lumen volumes
and concomitantly pressures and forces (f) between tissues (here, two perpendicular elastic ducts are sketched). Extracellular regulators are diluted (cl) by increasing lumen
volume. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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for life, as a solvent on the one hand and as a transport
infrastructure on the other hand.

An illustrating example of the multi-scale regulation of fluid
transport is given by the enterohepatic circulation of bile salts
(Kubitz and Häussinger, 2007). Bile salts are required in the small
intestine to help in the digestion of fatty nutrients. In order
to reduce the need for de novo synthesis of bile salts, the
enterohepatic circulation recycles bile salts with a quota of 95%. In
brief, bile salts are absorbed from the ileum and venous blood
delivers them through the hepatic portal vein and liver sinusoids to
hepatocytes, which clear the bile acids from the blood very
efficiently such that little leaks into the systemic blood circulation
of the body.

On the return route for bile salts from hepatocytes via the gall
bladder to the duodenum, there is no blood system helping and
hepatocytes also have to secrete the water for transporting the bile
acids. By means of proteins called BSEP, for bile salt export pump,
bile acids are pumped from the hepatic cytoplasm into the lumen,
called bile canaliculus, which is enclosed by apical membrane of
adjacent hepatocytes. The bile acid concentration gradient drives
an osmotic water flux from hepatocytes into the lumen which
transports the bile acids via bile ducts to the gall bladder (Kubitz
and Häussinger, 2007). In turn, hepatocytes themselves have to
take up water from the blood. The hepatocyte has evolved control
loops of osmotic balance to maintain volume homeostasis despite
a significant water flux through each cell (Mühlfeld et al., 2012).
This need for tight regulation has already attracted many
mathematical modelling studies on hepatocytes and other cell
types (Chara et al., 2009, 2010; Pafundo et al., 2008; Schaber and
Klipp, 2008; Klipp et al., 2005).

Thanks to the nontrivial homeostasis of cell volume for many
cell types, as presented in Section 3, the concentrations instead of
particle numbers of solutes can function as signals that are
transduced from receptors to distant effectors without deteriorat-
ing their message due to otherwise fluctuating dilution in case of
random volume variations. Moreover, the commonly used implicit
assumption of constant cell volume when deriving ordinary
differential equation models of metabolism can be justified in
many conditions.
3. Cellular scale aspects

3.1. Fluid transport and cell volume homeostasis

In order to produce body fluids, cells secrete water and solutes
across their membranes potentially at the expense of their cell
volume. Maintenance of cell volume in the face of fluctuating intra-
and extra-cellular osmolarity is essential for cell function. In
contrast to plant cells, animal cells cannot withstand osmotic
gradients across their membranes. Therefore evolution led animal
cells to develop mechanisms capable of sensing and adjusting
osmolarity to control cell volume, for the well-understood case in
yeast (Schaber and Klipp, 2008; Klipp et al., 2005). More generally,
there are two main mechanisms for cell volume regulation
according to the time scale involved (Fig. 2a): long-term and
short-term (Baumgarten and Feher, 1995; Hallows and Knauf,
1994). The long-term cell volume regulation is due to the activity of
the Na+ pump (Baumgarten and Feher, 1995; Byrne and Schultz,
1988; MacKnight, 1987). This pump counterbalances the passive
cell tendency to slowly gain cations followed by water until the
Gibbs–Donnan equilibrium is reached. We briefly summarise the
regulatory mechanisms for cellular volume homeostasis, then
review the mathematical models for one class of these mecha-
nisms, namely short-term cell volume regulation mediated by
electrolytic solutes, to deduce a common core–shell framework.

The short-term cell volume regulation can be made evident by
exposing cells to an external medium with different osmolarity
than the one of the cytosol. When cells are exposed to external
hypotonicity, the generated osmotic gradient across the plasma
membrane causes water influx and cell swelling. However, during
continuous hypoosmotic stress, cells undergo a slower secondary
shrinkage. This response is known as regulatory volume decrease
(RVD) mechanism, which prevents cell disruption, maintaining cell
viability. RVD is mediated to a large extent by a net efflux of
osmotically active solutes mainly through the swelling-activated
K+ and Cl� channels (Jakab et al., 2002; Lang et al., 1998). A rapid
water efflux is osmotically triggered mainly through aquaporins
which are coupled to the channels. For instance, AQP2 is
functionally linked to Cl� (the cystic fibrosis transmembrane



Fig. 2. Cell volume regulation elements. (a) Main characteristics of cell volume regulation. (b) Scheme showing the interrelation among the different elements responsible for
cell volume regulation.
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conductance regulator, CFTR) and to K+ channels (Ford et al., 2005).
Similarly, exposition to hypertonicity causes cell shrinking which is
followed by a volume increase, the so-called regulatory volume
increase (RVI) mechanism. This process is due to an influx of
solutes which involves transporters like the Na+/H+ exchanger
NHE1 and the Na+, K+, 2Cl� cotransporter NKCC1. In addition to
these proteins, other effectors can be found in RVD and RVI
(Hoffmann et al., 2009; Lang et al., 1998).

There is a growing body of evidence showing that extracellular
nucleotides, mainly ATP, play an important role as extracellular
signals in cell volume regulation. This nucleotide is released under
hypotonic exposition to the extracellular medium where it binds to
P receptors in the cell membrane (Lazarowski et al., 2003) which
activate K+ channels (the effector mechanism) and, consequently,
yields RVD in almost the entire animal kingdom (for reviews see
(Hoffmann et al., 2009; Lang et al., 1998), for vertebrates or (Chara
et al., 2011), specifically for fish, and references therein). Thus, ATP
modulates RVD through autocrine and paracrine mechanisms
(Wang et al., 1996).
3.2. Modelling fluid transport at the cell level: short-term cell volume
regulation

Cell volume is rather flexible since there are sufficient
intracellular membrane and extracellular water to increase it
easily. As pointed out above, cell volume inversely determines all
molecular concentrations and thereby affects the allosterically
regulated enzyme activities with undesirable effects. Cell volume
homeostasis is hence of central importance to life. In general,
mathematical models of short-term cell volume regulation include
water as well as solute transport processes. Essentially,
the mathematical models conceived so far follow the
Kedem–Katchalsky formalism (Kedem and Katchalsky, 1958). This
formalism is based on the thermodynamics of irreversible
processes. Briefly, the models assume that all the molecular
entities (solutes and solvents) are subject to fluxes which are
functions of driving forces.

Electrolytic solute transport can be modelled as an electro-
diffusive process (described by the Goldman–Hodgkin–Katz
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equation, see Section 3.2.2) coupled with a cell volume regulation
mechanism. Using a descriptive image, the underlying model
equations can be understood as the “core” and the “shell” of the
model, respectively, where the core covers the fluid and solute
transport whilst the shell reflects the regulatory fine-tuning
mechanism. The shell can be characterized by three elements
(Altamirano et al., 1998): a volume sensor, an effector and a
signalling process coupling them (Fig. 2a and b).

3.2.1. The “core” of modelling fluid transport at cellular level: water
transport

Water transport across a membrane has been described in
many models using the phenomenological law of osmosis (Pickard,
2008; Landau and Lifshitz, 1980). Water flux (JW, cm3 s�1) is given
by:

JW ¼ POSMAVW

P
imi

V
� Ce

� �
(2)

where A, VW, POSM, mi, V and Ce are the cell surface area available for
water transport, partial molar volume for water (approx. 18 cm3

mol�1), water osmotic permeability (in cm s�1, representing the
mean velocity across the considered area), the molecule number of
intracellular solutes for species i, the cell volume and the
extracellular concentration, respectively. Since cell volume is
proportional to the water content, the continuity theorem states:

dV
dt

¼ JW (3)

from which it can be readily concluded:

dV
dt

¼ POSMAVW

P
imi

V
� Ce

� �
(4)

The previous consideration implicitly assumes that the
reflection coefficient is close to one, which is reasonable for
the majority of the relevant solutes under standard conditions
(Chara et al., 2011).

3.2.2. The “core” of modelling fluid transport at cellular level: solute
transport

Ion movements through membrane structures are usually
modelled including their dependence on concentrations on both
membrane faces and the electrical potential difference between
both intracellular and extracellular compartments. The flux
corresponding to the ion j can be described by:

Jj ¼ Pju
Cej � mj

V e
�u

1 � e�u

  !
(5)

In this expression derived by Goldman (1943), modified by
Hodgkin and Katz (1949), Jj (in mol s�1) is the passive flux of the
charged ion j, u is a normalized membrane potential (without
units), Pj is the single ion permeability for ion j (in cm s�1), whereas
the difference between extra- (Cej) and intracellular (mj/V)
concentrations of a given ion (in mol cm�3) – weighted by a factor
dependent on u – accounts for the electrochemical gradient.
Finally, the normalized potential u is defined as FVm/(RT), with F
being the Faraday constant (about 96,500 C mol�1), Vm the
membrane potential (in V), R the gas constant and T the absolute
temperature (in K).

Around this “core” describing solute transport, a “shell” of cell
volume regulation can be incorporated. The “shell” can include
long-term cell volume regulation involving ion pump activities or
short-term cell volume regulation processes reflecting mainly
transporters. In the next sections, the latter processes are
specifically addressed.
3.2.3. The “shell” of modelling fluid transport at cellular level: short-
term cell volume regulation based on cell volume-dependent ion
permeability

The control of cell volume was introduced for the first time in a
mathematical model more than twenty years ago (Strieter et al.,
1990). The model described cell volume changes in polarized cells
forming a tight epithelium (polarised refers to cells having a
non-homogeneous membrane; i.e. the cell shows apical and
basolateral membranes which differ in area and channel content).
The authors formalised an idea that originated in the Danish
physiological community. They proposed that ion permeability
could not be a constant but rather a function of the cell volume:

Pj ¼ P0j 1 þ Mj

1 þ exp �j V � V1=2
� �� �

  !
(6)

with P0j the basal isotonic permeability of ion j, Mj the maximum
factor by which permeability of ion j may increase, V the actual cell
volume, V1/2 the cell volume at which the change in permeability of
ion j is half of its maximum value, and j the compliance (inverse of
stiffness) of the basolateral membrane. Thus, the permeability of
ion j is a sigmoidal function of cell volume which is compatible
with a step like saturable activation of channels activated by
mechanical forces acting during swelling: the so-called mechano-
sensitive channels. Although the model was developed for cells
suffering a hypotonic shock and, consequently, showing RVD, this
strategy can be likewise used for RVI, replacing (V � V1/2) by
(V1/2� V). This function involving a cell volume-dependency of ion
channels has already been successfully applied (Terashima et al.,
2006; Novotny and Jakobsson, 1996).

3.2.4. The “shell” of modelling fluid transport at cellular level: short-
term cell volume regulation based on cotransport of ions sensing cell
volume and chemical gradients

Another strategy to model RVD and RVI was proposed almost
ten years later (Hernandez and Cristina, 1998). The idea was to
assume that solute and water transport follow the equations
considered in Sections 3.2.1 and 3.2.2 if and only if the actual cell
volume is lower than a critical cell volume, for the case of RVI, or
higher than the critical value, for the case of RVD. Once the cell
volume exceeds the critical value, a cotransport mechanism would
be triggered. The authors assumed that RVD and RVI would be
mediated by KCl efflux and NaCl influx which would be governed
by the following expressions:

fKCl ¼ Q�
KCl

V � vRVD
vRVD

� �
CeKþCeCl� �mKþmCl�

V2

� �
(7)

fNaCl ¼ 0 (8)

for V � vRVD

fNaCl ¼ Q�
NaCl

vRVI � V
vRVI

� �
CeNaþCeCl� �mNaþmCl�

V2

� �
(9)

fKCl ¼ 0 (10)

for V � vRVI where Cej and mj, are the external concentration and
the number of intracellular moles of ion j. ’j and Q�

j represent the
cotransported flux of the ion j and a parameter which represents
the maximal flux of ion j to be cotransported, i.e. a sort of amplitude
of cotransport. V, VRVD, VRVI are the actual cell volume and the
critical ones under RVD and RVI, respectively. Furthermore, the
RVD cotransport mechanism would be dormant whilst cell volume
is lower than VRVD. Once the cell volume exceeds this value, a
cotransported efflux of KCl will be driven by the concentration
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difference between both ends of cotransporters (between both
plasma membrane sides) and weighted by a relative distance
between actual volume and the critical one and tuned with the
amplitude for potassium. Concurrently, the model assumes that
cotransport of NaCl is null. Similarly, when cell volume would be
lower than VRVI, the RVD mechanism would become silent and the
RVI would be turned on, given by the influx of NaCl whilst KCl
efflux would then vanish. Additionally, the model assumes that
there can be a time lag t between the moment at which the
difference between cell volume and a critical volume is evaluated
in an indirect way and the response of the ion fluxes. The
mentioned strategy was successfully corroborated after fitting to
experimental results in hepatocytes from rat, trout, and goldfish
(Espelt et al., 2008). Again, it is possible to identify the model
elements underlying RVD or RVI. In this model it is possible to
locate the volume sensor, the signalling process and the effectors in
the parameters Vx (where x stands for RVD or RVI), t and Q�

j ,
respectively. While V � Vx relates to the sensing of cell volume, the
signalling process underlies the time lag parameter t. The
amplitude of cotransported ions behaves as an effector mechanism
that could reflect a maximal density of ion channels or
transporters.

3.3. Simplifying the “core” and the “shell”: short-term cell volume
regulation based on cotransport of ions sensing just cell volume

The complexity of the aforementioned models hindered
analytical mathematical analysis. However, in a simpler model
this could be achieved (Lucio et al., 2003). For this model, all the
solute species were condensed into a single one and Eqs. (2) and
(5) of Sections 3.2.1 and 3.2.2 are here replaced by:

dV
dt

¼ POSMAVW
ms

V
� Cse

� �
(11)

dms

dt
¼ a

VR � V
V0

� �
(12)

where Cse and ms represent the extracellular concentration and the
total number of moles of this lumped solute (denoted by subscript
s), respectively. V0 is the initial cell volume in the absence of any
osmotic gradient, VR is the cell volume after regulation is
completed and a is a proportionality constant. These two
parameters can be interpreted as the volume sensor and the
effector mechanism, respectively. In this model the signalling
process cannot be distinguished. Even though, if we think in terms
of the time lag of the previous strategy (Section 3.2.4), we can
consider that this model shows a time lag of zero. This means that
the effector response would be instantaneous. This consideration is
not consistent with previous fitting using the previous model to
different vertebrate species in which time lags ranging from 17 to
34 min were observed (Espelt et al., 2008). However, this simplified
model was successfully fitted to experimental cell volume kinetics
of MDCK cells under RVI (Lucio et al., 2003).

3.4. Extracellular nucleotides in the signalling process of short-term
cell volume regulation

In the previous models the signalling process was neglected or
lumped into a single parameter t, the time lag in the model of
Hernandez and Cristina (1998). However, this is an ad hoc
simplification since the signalling process involves complex
pathways. As it was mentioned in the biological introduction of
this section, nucleotides, mainly ATP, play the role of autocrine or
paracrine signals in the RVD process (Wang et al., 1996). In the last
ten years the dynamics of nucleotides in the extracellular space has
been studied through mathematical modelling (for a review see
Chara et al., 2011).

To model the dynamics of ATP in the extracellular space after a
hypotonic shock the following general expression can be
considered:

d ATP½ �e
dt

¼
X
i

JATP;sourcei �
X
j

JATP;sinkj (13)

where JATP;sourcei and JATP;sinki are the sources i and sinks j of
extracellular ATP. The problem of modelling ATP in the extracellu-
lar space may be restricted to three main points: (1) to identify the
nature of the sources and sinks, (2) to estimate the quantitative
expressions which better describe them and (3) to estimate all the
parameter values, validating the model using detailed quantitative
data from experiments.

The sources of ATP in the extracellular medium can be further
divided into non-lytic and lytic fluxes. The non-lytic release of ATP
stems from biochemical machinery located at the plasma
membrane. Due to the absence of direct experimental evidence,
this process was modelled using empirical functions for A6
epithelia (Gheorghiu and Van Driessche, 2004) as well as for
goldfish hepatocytes (Chara et al., 2009; Pafundo et al., 2008).
Additionally, a mechanism involving simple diffusion was
proposed for goldfish hepatocytes predicting the permeability
values for ATP after fitting to experimental results which showed a
good agreement with independent experimental information
(Chara et al., 2010). Although ATP could be transported across a
plethora of different biochemical machineries including CFTR,
VSDAC, connexins, and pannexins, among others (Praetorius and
Leipziger, 2009) the non-lytic flux is usually not sufficient to
capture the experimental observations. During a hypotonic shock,
a small number of cells could suffer membrane rupture. Since ATP
concentration is in the order of micromolar in the intracellular
compartment, the loss of membrane integrity could yield a lytic
ATP flux. Only few mathematical models consider this lytic release
of ATP based on accurate measurements of the number of cells
suffering lysis (extracted from subsequent cell viability assays) and
intracellular ATP concentration during the time course of
hypotonic exposition (Chara et al., 2009, 2010; Pafundo et al.,
2008). The diffusion of ATP in the extracellular space was modelled
as a sink for A6 epithelia (Gheorghiu and Van Driessche, 2004), for
retinal astrocytes and Mueller cells (Newman, 2001), and for
goldfish hepatocytes (Chara et al., 2009; Pafundo et al., 2008).
However, the most important sink in the extracellular space seems
to be the ectonucleotidase activity, which has been modelled for
blood vessels (Choi et al., 2007), airway epithelia (Zuo et al., 2008)
and goldfish hepatocytes (Chara et al., 2009, 2010; Pafundo et al.,
2008).

The considered cellular scale models depend on parameters for
ion channel properties (PJ in Eqs. (5) and (6)), water channel
properties (POSM in Eqs. (2), (4) and (11)) and cotransporter
activities (a in Eq. (12)). In a tissue context these cellular properties
will be subject to regulation due to cell–cell interactions,
mechanical forces, signal concentrations, etc. which themselves
are consequences of cellular behaviour. In Section 4 we will review
tissue scale fluid transport and then discuss an example of cyst
growth which illustrates the integration of aspects from different
scales.

4. Tissue scale aspects

4.1. Fluid transport across epithelia

Cysts are tissues comprised of one or multiple bent epithelial
cell layers that enclose a fluid-filled lumen. Solute accumulation
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inside the lumen drives water influx into the cyst lumen and
consequently leads to water accumulation and cyst expansion. A
closed feedback loop of cyst growth and fluid transport results
from stretch-induced cell divisions or stretch-dependent orienta-
tion of the cell division plane at the cellular scale (Shraiman, 2005).
It is then an interesting question: which dependencies among
tissue morphogenesis and fluid transport emerge at the tissue
scale and would model cysts grow indefinitely? These questions
have been addressed with the help of in silico models (Engelberg
et al., 2011; Kim et al., 2009; Rejniak and Anderson, 2008; Grant
et al., 2006) and mathematical analysis (Gin et al., 2010). Another
question arises when signals are transmitted among the cells of the
cyst by means of secreting ligands into the cyst lumen and sensing
their concentration as observed for zebrafish mechanosensory
organ formation (Durdu et al., 2014). In analogy to cell volume
homeostasis as a guardian of signal transduction fidelity at the cell
scale, lumen volume homeostasis is required as a guardian of signal
transduction fidelity at the tissue scale. The question for a tissue
model is: which mechanisms would be sufficient to let a cyst grow
until a steady state and then show lumen volume homeostasis?

4.2. Model “cores” and “shells” at epithelial level

The model core, mechanisms of fluid production and the
pathways followed by solutes and water across epithelia, can be
seen as a parallel execution of single cell behaviour and hence be
modelled in a similar manner. Additionally, properties not present
at the single cell scale like bio-mechanic properties of the tissue
have to be considered at the tissue scale. The epithelium shall not
be modelled just as a passive structure allowing transport but also
as a dynamical system responding to the changes in the solutions
facing the layers. Although a respective model would need to be
more complex, it would allow the study of epithelial systems at
longer time or space scales. Here, the idea of modelling cores and
shells discussed in Section 3 can be of advantage as well.

4.3. Models of fluid transport and tissue morphogenesis of cysts

In a series of studies, the in silico epithelial analogues ISEA I
(Grant et al., 2006) and ISEA II (Kim et al., 2009) as well as an in
silico MDCK analogue ISMA (Engelberg et al., 2011) have been
developed as computational tools to analyse cystogenesis and have
been validated for data from Madin-Darby canine kidney (MDCK)
cell cysts. The ISEAs are agent-based, discrete models with up to
twelve different rules that control the temporal update of
individual cells and of the lumen size. Rules that add or remove
lumen nodes correspond to the model core and the other rules
represent the shell components that determine the cyst shape and
thereby modulate the core components. Numerical simulations for
different parameter choices have revealed the emergent behaviour
of cystogenesis at the tissue scale as well as consequences of
dysregulation which was modelled as parameter changes at the
cell scale (Kim et al., 2009). The ISMA combines the rules of ISEA
with spatially articulated cell shapes of the cellular Potts model for
studying dynamic cell polarization during cystogenesis (Engelberg
et al., 2011). Simulations showed the de novo generation of cysts
from cell aggregates as well as their growth, in agreement with
experimental data. Cyst growth slowed down and stopped
for many investigated parameter settings. However, it is
time-consuming to study the growth limits by means of
simulations and it is impossible to draw conclusions for the entire
high-dimensional parameter space. These problems become even
more difficult for more detailed representations of cell dynamics,
as in the immersed boundary cell model framework (Rejniak and
Anderson, 2008).
To ease the study of growth limits and to derive as many of the
computational rules as possible from biophysical mechanisms, a
complementary continuum approach is useful. The model by Gin
et al. (2010) provides such an approach and is here summarized in
a simplified form with constant solute secretion flux I per cell into
the cyst lumen. Their model can be understood in terms of a core à
la Kedem–Katchalsky of local osmosis and solute secretion as well
as a shell given by the elastic pressure and its relationship with cell
density dynamics.

dV
dt

¼ xADP (14)

dC
dt

¼ IN
V

� dCNC � C
V
dV
dt

(15)

dN
dt

¼ rN � dNN (16)

DP ¼ a C � C0ð Þ � bDA (17)

DA ¼ A � NA1 (18)

V ¼ gA (19)

r ¼ kDA
NA1

(20)

This model describes water and solute transport (Eqs. (14) and
(15) represent the model core) across the surface area A of a cyst’s
lumen constituted by N cyst cells (Eqs. (16)–(20) represent the
model shell). The pressure difference DP constitutes the driving
force for water transport across the cells which increases (DP > 0)
or decreases (DP < 0) the cyst volume V. The parameter x is
proportional to the water permeability which reflects the activity
of water channels or aquaporins. It is assumed that the pressure
difference DP between the region outside the cyst and the lumen is
given by two contributions (Eq. (17)): the osmotic pressure
difference, proportional (where a is the product between the gas
constant, R, and the absolute temperature, T) to the difference of
total solutes’ concentrations in the lumen (C) and outside the cyst
(C0), and the elastic pressure, proportional (where b is the ratio
between the Young modulus, E, and the cyst surface area, A) to the
surface area increase DA. In the model, the luminal solute
concentration C is increased by the trans-cellular solute flux I,
actively pumped by each cell, and decreased by a linear leak and by
dilution (Eq. (15)). An increase of cyst volume stretches the apical
area of each cell and the total cyst surface area by DA (Eq. (18)). For
ease of calculations, the cyst volume and surface area are here
chosen to be proportional (Eq. (19)) which specifies cyst shape as
more tubular than spherical. Finally, in this model, it is assumed
that the N cells proliferate with rate r and leave the cyst with rate dN
(Eq. (16)). This leaving process could be composed of apoptosis
and/or differentiation and migration out of the epithelium
(epithelial–mesenchymal transition) depending on the specific
biological context. The proliferation rate r is here considered as
proportional to the cyst’s relative degree of stretching and hence
equal to kDA/(NA1), where A1 is the unstretched apical area of a
single cell and k is the scale of the proliferation rate (Eq. (20)).
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Analysis shows that the above model lets cysts expand and
stretch on a short time scale and grow through cell proliferation on
a long time scale (Gin et al., 2010). However, lumen growth is not
unlimited in this model but approaches a stable steady state and
hence shows lumen volume homeostasis. The steady state solution
is here obtained as a closed-form expression and this was the
reason to introduce and analyse the simplified cyst model in Eqs.
(14)–(20):

N� ¼ 1

gA1 1 þ dN
k

� �V� (21)

C� ¼ I
dC

1
V� (22)

V� ¼ aC0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 2I

adCC
2
0

s
� 1

  !
(23)

witha ¼ ag
2b

1 þ k
dN

� �
(24)
Fig. 3. Model of fluid transport into the lumen of a cyst. (a) Steady state lumen volume (V
solute concentration outside of the cyst (C0), from Eq. (23). (b) Steady state lumen volum
values of the solute flux across each cyst cell (I), from Eq. (23). In (a) and (b) the arrow sh
volume (V*) from the non-linear solution (Eq. (23)) as a function of the solute concentratio
of I than in (a) and (b). (d) Qualitative overview of the effect of varying C0 and I 

E = 4.37 � 10�1 dyn cm�2,dN = 2.67 � 10�6 s�1, dC = 2.67 � 10�6 s�1, k = 1.0 s�1, A1 = 3.14 �10
Since water permeability (and hence the activity of water
channels or aquaporins) determines the transient dynamics of
fluid transport and cyst growth then it is expected that also the
asymptotic state (N*, C*, V*) is determined by the magnitude of
water permeability. Counter-intuitively, this permeability, denoted
by x, does not affect the steady state solution and therewith cyst
volume is identical for fast or slowly swelling cysts.

Given this independence from water permeability, we won-
dered whether cyst swelling could be an intrinsic property of the
proliferating cell layer itself and independent of the solute flux as
well. As the analysis of Eq. (23) for physiologically motivated
parameter values shows, the cyst volume is found to depend
approximately linearly on the solute flux I (Fig. 3a). This
proportional dependence was also found through numerical
simulation of the full time course in the original cyst model by
(Gin et al., 2010). Gin et al., 2007, 2010 considered the solute pump
strength I to be a function of luminal solute concentration and
degree of cell stretching. The proportionality is expected to break
down for larger (possibly non-physiological) parameter ranges as
the non-linear solution (Eq. (23)) determines.

Another important regulator of cyst swelling is the solute
concentration C0 outside of the cyst. The predicted asymptotic cyst
volume depends in a non-trivial way on C0 (Eq. (23)). One could
expect from Eq. (23) that cyst volume increases with increasing C0
but as Fig. 3b shows, the inverse is true for physiologically
*) as a function of the solute flux across each cyst cell (I) at three fixed values of the
e (V*) as a function of the solute concentration outside of the cyst (C0) at three fixed
ows increasing C0 and I, respectively. (c) 3D surface showing the steady state lumen
n outside of the cyst (C0) and the solute flux across each cyst cell (I) for a larger range
on the steady state lumen volume. The exact solution (Eq. (23)) is shown for
�6 cm2 and other parameters as estimated in (Cattoni and Chara, 2008).
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motivated parameter values. In particular, the small I 	 adCC
2
0 lets

us expand the root and find V� 
 I
dCC0

which is numerically

confirmed in Fig. 3c.
Altogether, increasing I or decreasing C0 increase cyst volume

and vice versa (Fig. 3d). Quantitatively, the model linking cellular
aspects such as solute pump strength I with tissue scale aspects
like cyst volume V allows to gain mechanistic understanding
of otherwise counter-intuitive (e.g. V* independent of water
permeability and V*(C0)) and surprising (e.g. V*(I)) dependencies.

5. Open biological questions

Zebrafish serves as a versatile model organism to study
vertebrate development. The left–right axis of the embryo is
established by fluid–cell interactions inside a tissue cyst, called
Kupffer’s vesicle (Compagnon et al., 2014; Oteíza et al., 2008). The
lumen diameter grows up to 50 mm within about 100 min and it
remains to be determined how such rapid growth is achieved and
which solutes are responsible. Failure to expand the cyst lumen
would render this laterality organ non-functional.

Luminal signalling by secreted FGF ligands within the micro-
lumen of tissue rosettes has recently been quantified (Durdu et al.,
2014). The rosettes of the zebrafish lateral line primordium
eventually form mechanosensory organs. FGF ligand concentration
inside the microlumen (diameter on the order of 5 mm) of each
rosette controls organ location. Zebrafish possess a row of multiple
organs with sequentially smaller spacing between them, in
anterior-posterior order, presumably caused by sequentially higher
luminal FGF concentration since stronger FGF signals trigger faster
deposition at correspondingly shorter distance. Two hypothetical
mechanisms for the increase of FGF concentrations can be
considered: (1) FGF expression levels raise or (2) lumen volume
shrinks in anterior-posterior order. The second hypothesis will be
interesting to test experimentally. Compared to the reported
artificial expression perturbations (Durdu et al., 2014), we expect
as strong but inverse effects from perturbations of lumen volume
which may depend on vesicular and/or osmotic fluid transport.

As presented in Section 4, cyst lumen expansion can saturate
despite ongoing solute secretion because the driving force of the
osmotic gradient is diluted and diminished as a result of its action.
We now imagine to open up the cyst and ask how a sustained
secretory fluid flux can be generated. This would entail solute
efflux and the challenge of continuous solute secretion (Fischbarg,
2010; Shachar-Hill and Hill, 2002; Whittembury and Reuss, 1992;
Reuss, 2008; Hill, 2008). Moreover, in the specific case of
bile-secreting hepatocytes, each hepatocyte is not only subject
to the osmotic gradient generated by its own bile salt secretion but
also to the bile salts of all its upstream neighbour hepatocytes via
the tissue-scale bile flow pattern. Again, we will need to consider
regulatory feedback that links the tissue scale to the cell scale.

6. Conclusions

Fluid transport across barriers, such as membranes and epithelia,
is crucial and tightly regulated. The regulatory mechanisms often
span across multiple spatial scales from cellular interactions up to
the architecture of organs. For understanding cell physiology better,
modellers earlier had to shift their perspective from considering the
cell as a mere ‘bag of enzymes’ (Cornish-Bowden and Cárdenas,
2000; Hogeboom et al., 1953) to considering the complex micro-
architecture and compartmentalisation inside (Kupinski et al., 2013;
Foret et al., 2012; Lauffenburger and Linderman,1993). We have here
asked “ . . . but what about the ‘bag’ part?” and discussed models in
which biochemistry has been combined with biophysics. We
propose that fluid transport models at any scale can be constructed
in a core–shell framework, in which the core accounts for the
biophysical effects of fluid transport whilst the shell reflects the
regulatory mechanisms. As experimental studies of fluid transport
and related physiological processes at the tissue scale are extending
to mechanistic and quantitative aspects, mathematical modelling
will help us to integrate these tissue-scale aspects with regulatory
mechanisms at the cellular as well as molecular scales and therefore
understand even counter-intuitive observations. We expect that this
multi-scale perspective on fluid transport will also be required to
address open questions in the field of Systems Medicine.
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