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BEST SIMULTANEOUS LP-APPROXIMATION ON SMALL REGIONS
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Departamento de Matemdtica, Universidad Nacional de Rio Cuarto,
Rio Cuarto, Argentina

O In this article, we study the behavior of best simultaneous L?-approximation by algebraic
polynomials on a union of intervals when the measure of them tend to zero. We also get an
interpolation resull.
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Mathematics Subject Classification Primary 41A28; Secondary 41A10.

1. INTRODUCTION

Let x; € R, 1 <j <k, k€N, and let B; be disjoint pairwise closed
intervals centered at x; and radius > 0. Let n» € N and suppose that
n+1=kec+d, ce NU{0}, 0 <d < k. We denote €*(I), s € NU {0}, the
space of real functions defined on [ := U]’.‘ZIB,-, which are continuously
differentiable up to order s on /. For simplicity, we write ‘€(/) instead of
€"(I). Let II" be the class of algebraic polynomials of degree at most n.

If || - || denotes a norm defined on the space €(/) and & € €(1), for
each 0 < € <1, we write ||hllc = [|A¢|, where A°({) = h(e(t — x;) + x;), t €
B;. We put ||All,; := ([, [R(DIPE)/?,1 < p < 0o, where || is the Lebesgue

T
measure of 7, and we denote| |||h||[,,5 = [|A%]lpr. IE x5, is the characteristic
function of the set B;, we write [|4]|,; = ||hXBj||p,I-

Given [ functions f,...,f; € €(I), set P.eIl", 0 <e <1, the best
simultaneous approximation of them with respect to the semi-norm | - ||,

(L’-b.s.a.), that is,

max({||f; = Pellpe} = inf max{|lf; = Ple).

ell” 1<i<
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If the net {P.} has a limit in II" as € — 0, this limit is called the best
simultaneous local L'-approximation of fi, 1 < i <1, from II" on {x,...,x}
(L’-b.s.la.).

Given h,g € €(I), we will denote by y*(%, g) the one-sided Gateaux
derivative at k4 in the direction g, that is,

dt

Tk (1)

7 (h,g) 1=P/I|h(t)|"lsg%(h(t))g(t)
For c € Nand f;, o € €'(I), we consider A; = {i: 0 <i < c—1,/"(x) #
L)}, 1 <j < k. If A; # @ we write m; = min A; — 1, otherwise m; = ¢ — 1.
Now, we define m = min{m; : 1 <j < k}. If ¢ =0, we define m = —1. In
the last case, no constrain over the derivatives of f; and f is assumed. If
h € €°(I), we will denote by

H(h) = (P ell": PO(x) = h(x),0<i<c—11<j<Hh,

¢ €N, and #(h) =I1",c = 0. We also denote /(%) the set of polynomials
H € #(h) verifying

k k
(¢) (c) b ; (¢) (o) 4
Zl |H () — HO ()| = m/;(n)g1 |1 () = PO ().
From the strictly convexity of the {#(R*)-norm it is easy to prove that /(%)
is a singleton.

The study of the behavior of best approximations on a small interval
was introduced in [3] and [8]. In [2] and [7], the authors studied this
problem for a single function and several intervals. Later, in [4, 5] it
was considered the approximation simultaneous to two functions and one
interval. In this article, we consider the last problem for many intervals. We
have proved theorems of interpolation and existence of L’-b.s.l.a., which
generalize previous results of [4, 5, 7].

2. PRELIMINARY RESULTS

In this section, we obtain a general result about the asymptotic
behavior of the error. We also get some lemmas, which will be used to
obtain an interpolation result. We denote

E. := max{||i — Ps”jlj,f’ If — Pe“ﬁié}'

The following lemma was proved in [1].
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Lemma 1. Let (X, | - ||) be a normed linear space. Let S be a finite dimensional
subspace of X and let f,g € X. Ifp € S isab.s.a. to f and g, that is, p minimizes

E(q) :=max{llf —qll.llg—qll}, q€S,

then E(p) = |If — pll = llg — pll or p is a best approximation to the function where
E(p) is attained.

The following two results can be proved in a similar way to
Theorems 2.1 and 2.6 in [5], respectively.

Theorem 2. Letfi,fo € €°(1),0 < € <1 and let P. € 11" be the L'-b.s.a. to f;
and f, from 11". Then

1p 1 ¢
EE = §||H1 - H?”[J,E + 0(6 )’ as € — Oa

where H; € #(f), i = 1,2.

Lemma 3. Let fi,p€ €(1), 0 <€ <1 and let P. € 11" be the L'-b.s.a. lo fi
and fo from 11", If =1 <'m < ¢ — 2, there exists €, > 0 such that ||f; — Pellye =
1o = Pellpe; 0 < € < €.

We observe that if —1 <m < ¢ — 2, the hypotheses in [5], Proposition
2.2, are satisfied. Thus we have the following proposition.

Proposition 4. Let fi,fo € €°(1), 0 < € <1 and let P. € I1" be the L'-b.s.a.
to fi and fo from I1I". If =1 <'m < ¢ — 2, and H; € #(f;), i = 1,2, then

H, H,)€ (é)
(P:—( 1+ 2)) (x)

1
— max max
€M+l 1<j<k0<i<c—1

— 0, ase— 0. (2

2

In particular, (PS)P(x), 1 <j <k, 0<i<c—1, are bounded uniformly as
e — 0.

So, we have the following corollary.

Corollary 5. Under the same hypotheses of Proposition 4, for all 1 <j <k, we
have

i
2

a) lime o PO (%) = D220 < i <+ 1;

b) limeo € PO () =0, m+1<i<c—1.

Now, replacing in [5], Corollary 2.4, x;, m and n+ 1 by x;, m and ¢,
respectively, we obtain the next corollary.
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Corollary 6. Let fi, o € €°(1), 0 <€ <1 and let P. € I1" be the L'-b.s.a. to
Jiand fo from 11", If =1 <'m < ¢ — 2, then for t € B;, we have

Y OR il DIONS (i =" V() (¢ — )™

e—~>0 entl e—~>0 entl 2(% + 1)'

. (3)

where the convergence is uniform on B;, 1 < j < k. In addition, the equalities (3)
hold replacing f; by H; € #(f;), i = 1,2.

3. INTERPOLATION AND UNIFORM BOUNDEDNESS

In this section, we prove an interpolation result for the L’-b.s.a. to two
functions f; and f. As consequence we obtain that the net {P.} is uniformly
bounded on compact sets.

We observe that if |[|fi — Pellye = Ilfo — Pellpe, then the simultaneous
approximation problem is equivalent to minimize the function ||fj —
P||'Z,E, for P € II" with the constrain ||fi — Pl|, = || — Pllye. Given P(x) =

» b
Yo aix', we consider V(||f — P||§,€) = 6“‘0;;“”’6, cee 0||f]-0;p,e)’ j=121If

V(A — PE||ZE) # V(o — Pe”z,e)> by the Lagrange multipliers method, there
is a real number A(€) such that P, minimizes the real function

I = Pllye + AU — Pllye — I — Pllhe), Pell (4)

From (1) and (4), we get
(A(€) + D)y (i = P)5, Q) — &))" (= P), Q) =0, Qell". ()

The next lemma immediately follows from Lemma 4.1 in [5] and
Lemma 3.

Lemma7 Letfi,fo € €(I),0<e=<1 and let P. € 11" be the L-b.s.a. to fi
and fo from I1". If =1 <m < ¢ — 2, then there exists €, > 0 such that for all 0 <
€ < €; we have

a) V(Ifi — Pellho) # V(I — Pellbo), and
b) —1 < /(e) <0.

In addition, A(€) — —% as € — 0.

Next, we introduce some notation to prove an interpolation result.
Let fi, /o € €°(I). Let 0 < € < 1, y,(€) := x; + €f, y'(€) := x40 — €, 1 <
i<k—1,and L = U;f‘zl[xj —€f, x;+ €pl. If g € €(I), we will denote

si(g) = {i: g(y(€)g(y'(e)) < 0,1 <i<k—1} and k' (g)=#(g),
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where # denotes the cardinality of a set. If k=1, k*(g) = 0. Let E,}N‘g €
“©‘(co(1)) extensions of fi and f, respectively, where co(/) is the convex
hull of I.

Set &, : co(l.) — IR the function

he := (A(€) + DIfi — P/ Lsgn(fi — P.) — Me)fy — Pl 'sgn(h — ), (6)

where A(€), 0 < € < €], was introduced in (4).
Next, we establish the following result.

Theorem 8. Letfi, o€ €°(1),0 <€ <1 and let P. € I1" be the L'-b.s.a. to f;
and fo fromI1". If =1 <'m < ¢ — 2 and 0 < € < €, then there are n + 1 different
points of co(Le), say z (€),...,2,41(€), such that at least n+ 1 — k*(he) points
live in 1., and

P.(z(€) = 3()fi (z(€)) + (1 — 3(e)) f(z(€)), 1<j<mn+]1,
where 0 < 0(e) < 1.

Proof. If [{x € I : P.(x) = fi(x)}| > 0 or |{x € I : P.(x) = fo(x)}| > 0, the
theorem is obvious, with é(e) =1 or d(e) = 0, respectively.
Suppose that [{x € [ : P.(x) = fi(x)}| = [{x € I : P(x) = foi(x)}| = 0.
By (1), (5), and (6) we get

/ he()Q(t)dt =0, Q elII". (7)
Ie
Suppose that k. exactly changes of sign in z(€), ..., z(€) € I, with s < n 4

1 — k*(he). We can choose 1 (€), ..., ) (€), with 7,(€) € (y;,9') such that
he(r;(€)) = 0,1 € si(he). Let v :=nll;_ (x — z;(€)) iy (x — 1:(€)), n := £1
be such that v satisfies Av > 0 on I and h.v > 0 on a positive measure
subset of L. It contradicts (7), so s > n+ 1 — k*(h.).

Let x € co(l.) be such that A.(x) = 0. Then

0= ((e) + DI(h — P)(x) " sgn((f — P.)(x))
+ (=N — Py () [P sgn((fo — P)(x)).

If sgn((fi — P.)(x)) = sgn((y — P.)(x)), then
(A€) + DI(h = PO + (=Ae)|(h — P)(x))P ' =0,
By Lemma 7, —1 < A(€) < 0. Therefore,

(i = P)(x)| =0 =|(h— P)(x)] and fi(x) = P.(x) = f(x).
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If sgn((fi — P.)(x)) = —sgn((p — P.)(x)), then

(i(€) + 1)71( (i — P)(x)) = (= (€))7 ((P. —%)(x)), and it implies

P.(x) = 0(€)/i(x) + (1 — 8(€)) fo(x), where d(e) = COL L & . O

(/(E)+1)1’" +(— )(E))”

We denote [i(€), 1 <j <k, the cardlnal of the set of points of B;, where
P. interpolates to the function 5(e)ﬁ + (1 - 5(6))]‘2 Then, we have the
following corollary.

Corollary 9. Under the same hypotheses of Theorem 8, there exists j, 1 < j <k,
such that l;(€) > c.

Proof. By Theorem 8, we get
L(€)+ b(€) + -+ (€)= n+m+1—k(h)=ke+d— k*(he).
Suppose that [i(e) < ¢ —1forall 1 <j < k. Then
ke +d — k*(he) < h(€) + b(€) + -+ [(€) < k(c—1). (8)
Since k*(h.) < k—1
k*(he) + k(¢ — 1) < ke — 1. 9)

From (8) and (9), we have kc + d < kc — 1, a contradiction. O

Next, we prove a result about uniform boundedness of a net of best
simultaneous approximations.

Theorem 10. Let fi, o € €°(1), s =max{c,n}, 0 < € <1 and let P. € I1" be
the L'-b.s.a. to fi and fo from 11". Then, the net {P.} is uniformly bounded on
compact sets as € — 0.

Proof. Suppose that ||fi — P |l,e, # llo — Pe,lle,» for some sequence e, |
0. Without loss of generality we assume |fo — P [lpe, < i — Pe,ll e, Then
by Lemma 1 we have that P, are best approximations of the function f,
and it is well known that P, converges to the only element of /(f) (see
[7, Theorem 4]).
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Now, we suppose that [|f;i — Pellp.e = || o — Pell e for 0 < € < €. We consider
two cases.

a) If -1 <m<c¢—2and 0 <€ <€, Theorem 8 implies there are
n + 1 points of co(l), say z(€) < --- < z,(€), and 0 < 6(e) < 1 such that

P.(z(€)) = 3(€)i(z(€)) + (1 — 3(e))fp(z(€)), 0<i<n.

Since the net {(z%(€),...,z,(€))} and 6(e) are bounded, we can find
convergent subsequences. Suppose that z(e€,) — { and 0(€,) — o, as
€, — 0. Clearly, % <--- <1, Using the Newton’s divided difference
formula and the continuity of the divided differences we get

where Hy, . ,(g) denotes the interpolation polynomial of g on {f,...,,}.

.....

b) If m=c¢—1 and H, € #(f;), Theorem 2 implies ||H; — Pe|,e =
O(€’). We have (H, — P.)¢ € II" on B; and

ICHy = Pl < 1Hy = Pellpe, 1 =j =<k (10)
By the equivalence of norms on II", there exists M > 0 such that

max |((Hy = P)9)“(x)] < MICH: = Pl 17 =k

From (10), it follows that

max max |H," (x) — P (x)| < maxmax e |H" (x) = P (x)]

1<j<k 0<i=c 1<j<k 0<i=<c

= € ‘maxmax |((H; — Pe)e)(l)(xj”

1<j<k 0<i<c
< M||H, — Pellpe€ = O(1). (11)
In any case, we conclude that {P.} has a subsequence bounded, hence the

net {P.} is uniformly bounded on compact sets as € — 0. O

4. BEST SIMULTANEOUS LOCAL APPROXIMATION

In this section, we state results about convergence of b.s.a. Next
theorem extends the one point result established in [4]. We consider a
basis of I1", {uﬂ,}olgugkl U {w,}1<.<q, which satisfies

(7)('76])—5(1])(51))’ we(i)('xj):(), OS ZE C—l, 1 Ejf k;
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where 0 is the Kronecker delta function. Let
A={Q eIl": lim P., = Q for some ¢, | 0}.

Theorem 1. Let fi, o € €°(1), 0 < € <1 and let P. € I1" be the L'-b.s.a. to
h and fo from 11", Then

a) The set A is contained in the set M(fi, ) of solutions of the following
minimization problem:

k k
fu’;}{} max Z (i — P)(ﬁ“)(xj)lp, Z [(fo — P)(W'H)(xjﬂp (12)
= =

with the constrains P (x;) = M 0<i<m, 1<j<k

b) If fi,fo € € (1), where s = max{c n}, then A # . In particular, if M(fi, f>)
is unitary, this is the L-b.s.l.a. of fi and f5 from II" on {x, ..., x}.

Proof. a) Let P, € A. By definition of A, there is a net € | 0 such that
P. — Py. By Theorem 2 and the definition of m, we get EN? = O(e™1).
Therefore, if H, € #(fi), |1H, — Pell; = O(€™*") and

(i =PV (%) = 0™, 0<i<c—1, 1<j<k (13)

Similarly, we obtain (fy — P.)?(x;) = O(e"'"),0<i<c¢—1,1<j <k
From (13), we have

im(fi — P ()™ =

i» 0<i<m, 1<j<k (14)

for some subnet, that we again denote by €. For ¢ € B; we have

(fi— HU)E:% >W>ZWWt

Em+l

%)

=0
(i = PV (e(&i(1) — %) + x;)
(m+1)!

mt1
(1 —x)"",

where ;(¢) belongs to the segment of ends ¢ and x;. From (14), we get

lmm—aﬂn:i L U= B ()

CESTIEE

e—0 €ﬁ+1
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uniformly on B;. Therefore,

Gh = P)*

Em+1

S dy i =P () -
D e T

e—)()
=0 Dy

(fl _ PO)(W-H)(xj_) 4
(m+1)!

IJJ::
>

where J; = infyepm [[(2 — x;)"H — Q). Clearly, (15) holds for f instead
of fi. From (14), we can assume PO(Z)(x]») =f1(l)(x]«) forl <j<k 0<i<m,

SO we can write

2
I (15)

k c—1

k m
=33 A0 u + Z baw,+ Y Y Tl
=1 s=0

v=1 s=m+1

for some real numbers {b,};-,-, and {,,} 1=0=x . Given two sets of real
0<s<c—1

numbers (independent of €), say {CSI,}01<v§_kl and {b,}1<,<q4, consider the
following net of polynomials in 11", T

Q = ZZ(fﬁ”(xv)—cw i ‘)uﬁwaﬁZ Z o U

v=1 s=0 v=1 s=m+1

We observe that Q¥ (x,) = £ (%) — ¢;€™' =, 1 <j <k, 0<i<Tm.

Let h = Zv— Zs Oﬁ(S) (‘xv)uﬂ/ + Ze 1 b w, + Zv 1 ZS m+1 Csv Usy-
Expanding (fi — Q)¢ by its Taylor polynomial at x; up to order m, we

obtain
fi=Q) (D) o U= BT — %) + %) _
i Z-_;(t_x]’) + (m+]1)[ i Y (t—x) +1

i=0

ko m m41—s,, (m+1)
(€ usv (e(il(t) — 'xl) + X;) m+ 1
> RSN (t—x)"*, teB;,

v=1 s=0

where ;(¢) belongs to the segment of ends ¢ and x;. Since lim._, Uiz ,%i)l W —

e D (s _ .
> {{ (t— x]) + %(t — xj)’”“, uniformly on B;, we have

k P

=2

J=1

(i = Q)

lim
€m+1

e—0

" e . — 1) ™D () .
2o Ty

=0 b
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Let ¢;, 1 <j<k, 0=<i<m, be such that Zl —0 c’,’(t—xj)i is the best

D (i
approximation to %(t — j)’”“ respect to || - [|,;. Then
€ — )T (. 4
lim || 4 %) _y b '(x]) I (16)
€0 €” PY S (m 4+ 1)! ~
and, similarly, we get
el|? — )T () |
lim (f2 Q) _ (f2 _) (%) ]_l). (17)
ol el Tl @t |

From (15)—(17), and the continuity of the function max{|x|, |y|}, we have

k k 7. h
P D £ P yTHD () |
max E i = o) (x] Z (f _0) (%) J?
r=l B O O =l it '
E € €||P
< liminf ——— < lim max (fl Q) , (fz Q)
e—0 em+Dp e—0 entl " en+l "

k

= max E

j=1

k

I3
12

j=1

(f? _ h)(erl)(xj) 4
(m+ 1)!

h—m"
(m+1)!

3t a8

for all h= Zv_ Z:ﬂ OJfI(S)(x'U)uW + Ze_ b W, + Zv— ZS m+1 Cso Usy- On
the other hand, Ji is a non null constant, in fact, J =infycm

1]
as f0(x) = f"(x), 0<i<m, 1<j<k then P (x)= L% The
proof of a) is complete.

b) If fi, 5 € €°(I), where s = max{c, n}, by Theorem 10 the net {P.}
is uniformly bounded on compact sets, then there exists Py € I1" such that
Py € A. From a) P, € JMl(fi, f>). In particular, if JL(f;, o) is unitary, this is the
L?-bsla. of fi and f from 11" on {x, ..., x}. O

1
(—ﬁ/: yH — Q@)Vfﬂ)p, so it can be eliminated in (18). In addition,

The following theorem gives sufficient conditions for that J((f;, f) is a
unitary set.

Theorem 12. Let fi, o€ €°(1), a) m=c—2 and d=0 or b)) m=c¢—1,
then ML(f1, ) is a unitary set.
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Proof. We observe that the problem (12) is equivalent to find the b.s.a.
to (f7"V(x), .., 7V (), [ = 1,2, respect to the I?(IR*) norm from the
convex set

A= {(PT" (), ..., PT(x)) :

Oy Oy,
A (x]);r]; (%),Oiiim,lijfk}-

P eIl" and P (x) =

It is well known that this problem has a unique solution. Therefore, if
Py, Py € T1" verify (12), we have P (x;) = P\’ (x), 0 <i<m+1,1<j <k
These conditions univocally determine the polynomial in the cases a) or
b). So, P, = P. O

Remark 13. If a) and b) are not satisfying, it is easy to prove that 4 (fi, f2)
is not a unitary set.

Theorem 14. Let fi, o € €°(1), 0 < € <1 and let P. € 11" be the L'-b.s.a. to
S and fo from 11" If || i — Pellpe, 7 o — Pe,llpe,» for some sequence € |, 0, then
Mfrs fo) = M) or M(fr, fo) = M(f)-

Proof. Without loss of generality we suppose [|fi — P llpe, < [lp — Pe,ll e,
for some sequence €, | 0, by Lemma 1 P, is the best approximation to
. Then, P, converges to the only element of /(f). Hence, Theorem 11
implies M(f;) C M(fi,[2).

On the other hand, from Lemma 3 we have m = ¢ — 1. Therefore,
by Theorem 12, JL(f;, fo) has an only element, in consequence J(f;, o) =
A(f). 0

5. CASE p =2

Let M(f) = {H,} and J(f;) = {Hs} we prove that the L*-b.s.a. to f; and
o from II", say P., converge to a convex combination of H, and H,, as
€ — 0. It is well known (see [6]), that there exists o, € [0, 1] such that

Po=oP! + (1 —a)P;, (19)
where P! is the best approximation to f;, [ = 1,2, from II".

Theorem 15. Let fi,fo € €°(1), 0 < € < 1, and let P. € 11" be the L*-b.s.a. to

Siand fo from 11", If =1 <'m < ¢ — 2 then lim.o P = —H“QFH?,
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Proof. Let j, 1 <j <k, be such that (f — £)?(x) =0, 0 <i<7m, and
(i — )"V (x;) # 0. Thus,

" — D (.
(th — () =y LT IR)

i=m+1

(x—x), xeRR (20)

7!

(Fy —Ho) ™D () W . —
If Qx)= #“(x — xj)”‘“, since m<c¢—2 we get Qy(x)=

— o)1) (. — .
%(x — x;)"*! # 0. Hence, from (20), we obtain

lig 1 — Hallae
m-————--

e—>0 EW'H

= 1 Dller > 0. (21)
Writing fi = ofi + (1 — a)fi, and taking into account (19) we have,
i = Pelloe — (1 — a) | Hy — Ha o]
< %ellfi = Pellze + (1 = 0)llfi = Hillae + (1 = 0 | P — |z
Now, it is clear that

i = Pelloe = (1 — o) [|Hy — Hallse + O(€). (22)

Furthermore, as {«} is bounded, we can assume that o, — o. Now, (21)
and (22) imply

o WA= Pela,

e—0 gl = =)Dl (23)
Similarly, we can obtain
= Pelloe
lim, et o Qllo.r- (24)

By Lemma 3, (23) and (24) we have (1 —a)||Qvllos = allQllos, so o = %
The theorem immediately follows from (19) and [7, Theorem 4]. O

Theorem 16. Let fi,fo € €°(1), 0 < € <1 and let P. € 11" be the L*-b.s.a. to
hoand fo from 11", and m = ¢ — 1.

a) If Y (= H) W) < 0 1 — H)O(x) 2, 1<, 1'<2, L#£1,
then 1im5_>0 PE = [—Il’-
b) If a) does not hold, thenlim,_.o P. = aH, + (1 — o) Hy, where o is determined by

k k
Z |(fi = (2Hy + (1 = 2) Hy)) (%) |* = Z |(fo = (Hy + (1 — 2) H2)) ' (%) .

j=1 j=1
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Proof. By [7, Theorem 4], and (19), A # @. Since m = ¢ — 1, Theorem
12 implies there exists P, € II" such that lim..,P. = F. In addition,
Pye #(fi) = #(f) and (P\”(x),...,P\"(x)) is the b.s.a. to the vectors
Fx), .. f(%), 1= 1,2, respect to the I2(R*) norm from #(f;). Let
F=f— #, {=1,2,and let Q, := H, — @ be its best approximation
from #(0). If Qp is the b.s.a. of i and I from #(0), we have P, = Q) +
A% Since Q) = aQy + (1 — ) Q, for some « € [0,1], we have Q) (x;) =
ocg(")(xj) + 1 —a) ch)(pg), 1 <j < k. Now, a) and b) immediately follows
from [6, p. 526]. d

6. CASE p > 2

If m = ¢ — 1, by Theorem 11 and 12 there exists the L’-b.s.La. of f; and
f, from IT" on {x,..., %}, and this is the only element of J(f;, fo). Now,
we suppose —1 <m <c¢—2,f=1and 2 < p < co. Lemmas 3 and 7 imply
that there exists €, > 0, such that for all 0 < € < €, we have ||fi — Pel[) =
o — Pellpe and V(|| fi — P6||§j,e) # V(s — P€||§,€). We consider the function
G(t) = |t|""'sgn(t), t € R. By the Mean Value Theorem we have G(x) —
G(y) = u(x,y)(x —y), where u(x,y) is a continuous function defined by
u(x,y) = (p — 1)|17m|’7_2, x # y, with 7., in the segment of extremes x and
y, and u(x, x) = (p — 1)|x|’~2. For 0 < € < €, we denote

- P
Fl,e = ()v(f) + 1)1’%1]% and
em
1 P —
.= (—i(enii ek
’ €m+1

where 4(€) was introduced earlier. Let &, := max{|[|F|?* Iz, [ F5cl? *lloc.s}
and w, 1= M(E’E,B,E)ée_]. We consider the semi-norms on ‘¢(/) defined by

1

1 \? :

o We €

|l e = (/ Iu(t)lszt> and ull.eej = (/ Iu(t)IQwE(t)dt> .
I By

Theorem 17. Let fi,fo € €°(1), 0 < € < €, and let P. € I1" be the L'-b.s.a. to
fi and fo from I1", then there exists o € [0, 1] such that P, is the best approximation
to oefi + (1 —ae)fo respect to || - |lweo. In addition, o — % and |oefi + (1 —
o) fo — Pelluweo = O(€), as € — 0.

Proof. By Lemma 7, P. minimizes

Ifi = Pllye + AU — Pllhe — I — Pllhe), Pell”, 0<e<e.
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From (5), the definition of G and (1) we get [,(G(F,) — G(F5))Q =0,
that is, [, u(F, F5)(Fe—F)°Q=0,Q ell". Therefore, fle(he —P)Q
1

e+ P
w. =0, where ho:=ofi+(l1—a)h and o = WOt In
HO+D P +(—a(en 17!
consequence P is the best approximation to k. respect to || - ||, . Further,
Lemma 7 implies o, — é as € = 0.

The continuity of u implies that there is M; > 0 such that |w{| < M,
on /. Furthermore, there exists M; > 0 such that |h{ — Hf| < Mye’, on I,
where H, € #(h,). Then,

he = Pelluez _ llhe = Helluez _
EL‘ - eﬁ - I

Lemma 18. Letfi, fo € €°(1), and let P € I1" be the L'-b.s.a. to f; and f5 from
I1", then w¢ uniformly converges on I to

nol—

h: B Hee

EL‘

2 1
w) <9%kM?M,. O

k — _ (m+1) h—2
w(t) ==Y ¢ DIG = oy (o)l |t — x| DRy (1), (25)

max; << [(fi — )7 (x) 72

r=1

Proof. Corollary 6 and Lemma 7 imply

(1= %)™ (1),

k L *
e e oy N (L) AT ()
im 7 (1) = lim 5 (1) = ]21: (5) 2(m + 1)!

uniformly on /. In addition,

p—2

. 1\ 7T (fi — )7 (x) -
fing € = max Z(é) TUFSIE U

= max
1<j<k

(1)"5 (=™ [
2 2(m + 1)!

On the other hand, by the continuity of the function u, we have

161_15% M(*Fle,e(t)’ ‘F;,e(t))

p—2

AN (F — £) D (x, _
=12(3)" P o) e

j=1

Now, the lemma follows from the definition of w.. O
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If G i={ Xm0 mpi n(x — x)" 2 ¢, € R}, let Q. € €; be such that 0 <
[(x = %) — Qjellug2; = Infpee; [[(x — x)" — Pllug 2,

Lemma 19. 1"V (x) # £,V (x)), then there exist €, 0 < € < €, and N,
such that

" iIN; . . :
PPN = 1Pz, PEIl’, 0<i<n, O<e<e.  (26)

Proof. Let PeIl”, 0 <i<mn and € < €;. We consider Q(x) = P(e(x —
x) +x) =, a(x—x), and we assume ¢ ;{é 0. Since |¢||l(x — x;)" —
. co . < co . < o 1 =L
QJ,],E”UJE,Z,] = ||Q”w5,2,] = ”P”wE,Za lf R’l,],é . H(x*xj)lfQi,j,e||w§,2,/' then
€1PY ()
il

= l¢| = RijellPllucss (27)

By Lemma 18 we can choose €,0 < € < €,0 <6 <1, and k > 0 such
that for all ¢t € D; := B, — (x;, — 0, %+ 6) and 0 < € < €, wi(t) > k. Thus,
L = et infoe, ([, 1(x— )" = SI))* = -, 0 < € < €. Finally, from (27)

Nij

Ri,j,s -
we obtain (26), with N; = maxy-;-, N; O

g

Lemma 20. Let fi,f: € €°(1), 0 <€ <1, and let P. € I1" be the L?-b.s.a. to
fi and fo from TI". If 70 (%) # 70 (%)), then

[(0efi + (1 =)o — POV ()| = O(e™), 0<i<c—1, ase— 0, (28)
where o was defined in Theorem 17.

Proof. By Theorem 17 we have |lacfi + (1 — ote)fs — Pellue2 = O(€°), and
loeHy + (1 — oe) Hy — Pellp2 = O(€”), where H, € 7#(f;), (=1,2. Then,
Lemma 19 implies (28). O

We denote | - ||,2, the norm on B; given by

w2, = (/ Iu(t)lgw(t)dt) ,  u€€l).
B

Lett:={j:1<j<kand ;" (x) # " (x))}.
Now, we state a result about convergence of L/-b.s.a., when p > 2 and
#(1) = k.

Theorem 21. Let fi,fo € €°(1), 0 < € <1 and let P. € 11" be the L'-b.s.a. to
S and fo from I1". If #(t) = k, then
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a) The set A is contained in the set of solutions of the following minimization
problem:

k
min
Pell”

(0 2
(% - P) (x| 1A = LT ()2 (29)

. ) (x
with the constrains P (x;) = w, 0<i<c—1,1<j<k

b) If fi,fo € €'(I), where s=max{c,n}, then A#@. In particular, if the
problem (29) has a unique solution, this is the L-b.s.l.a. of fi and fo from I1"
on {xi,...,x}.

j=1

Proof. a) Let P, € A. By definition of A, there is a net € | 0 such that
P. — P,. By Theorem 17, there exists o € [0,1] such that P, is the best
approximation to afi + (1 — o) fs respect to | - |42, and o — % If he =
oefi + (1 — o) fo, then lim_g he = 232 =: &, uniformly on I. For 1 <j <k,
Lemma 20 implies
lim P"(x;) = 1 () and  lim(he — Po) (x)€"" = dj
for some subsequence, that we again denote €, 0 < i < ¢ — 1.
Now, using Lemma 18, the theorem may be proved in the same way

as Theorem 11 with A, ¢, |- lu.2 Jiw instead of fi, m~+1, |-,z Jis
respectively, where [, = minpcpe-1 [|[(¢ — %) — P(1) || w2, O

The following result shows that the problem (29) has a unique
solution.

Theorem 22. et fi,fo € €°(1),0 <€ <1 and let P. € 11" be the L'-b.s.a. to
f oand fo from I1". If #(t) = k, then the problem (29) has a unique solution.

Proof. The problem (29) is equivalent to find the best approximation to
(<fi+f«z><"><x1> <f1+f2><”<xk>)
5 ey 5

respect to

k
O -0l = Y IPIA™ ™ ) = 67 () P2,
j=1

from the convex set

A= {(Px),...,Px)) :

1) + 7 (%)

P e II" and P(i)(x]-) = 5

,0<i<c¢—1,1<j<k}
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If P, and P, are two solutions of (29), we have Pl(i)(pcj) = PQ(i)(xj), 0<i<eg,
1 <j < k. Now, as n+ 1 = kc+ d, it follows that P, = B,. O
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