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It is common practice in state estimation of chemical systems to include augmented states
modeled as random-constant or random-walk processes. When process controllers with integral
terms are present, undesirable interaction effects may occur between the augmented states and
the controllers. If no attention is paid to this interaction, the resulting estimator may diverge.
In this work the interaction between controller and augmented states is analyzed. Using the
linear systems theory, it is shown that the unwanted interaction and final divergence are caused
by lack of detectability of the augmented system. A specific test, based on the Popov-Belevitch-
Hautus rank test, to check the detectability in the system under study is derived. In many cases
the test can be performed by simple inspection. A series of examples are given where the concept
of detectability is applied to help in discovering and preventing the negative interaction between
controllers and augmented states. Finally, a discussion is presented comparing the results of
the standard observability test, applied to a real problem, with those obtained with the test
derived here and with the behavior of a real estimator for the same problem. It is concluded
that the standard observability test is not able to discriminate between different estimator designs
and consequently to produce practical results as those obtained with the alternative test, i.e.,
the disclosure of unfeasible estimator designs.

1. Introduction

State estimators are used to provide on-line predic-
tions of those variables that describe the system dy-
namic behavior but cannot be directly measured. If a
reasonably accurate model of the process is available,
then it may be possible to estimate those states which
are not measured, based on the values of those states,
or a combination of them, which are.

One of the most popular state estimators is the
Kalman filter.1,2 In its basic form this type of estimator
is based on the assumption that the unknown driving
forces of the process are white noises. However, more
often than not, the driving functions in the original
problem are not white noises. Some of them are deter-
ministic measurable inputs which can be incorporated
directly into the estimator equations. Others must be
modeled with differential equations relating these driv-
ing functions to fictitious white noise processes.3 These
differential equations add new states to the original
state vector. These extra states are called augmented
states and are appended to the original ones. The form
that the appended differential equations take depends
on the driving functions they model. In chemical process
applications, the random-constant and random-walk
models are commonly used.4-6 Markov processes may
also be a choice if slow changes are expected in the new
states.5 The random walk has the advantage that it may
follow sudden changes and therefore is probably the
most common choice of all.

In chemical processes it is normal to find automatic
controllers. When an estimator is designed, those con-
trollers must be formally treated as part of the process
and the equations that represent their behavior in-
cluded in the design.

In this paper the interaction between controller and
augmented states will be analyzed. The case in which
the controller contains integral terms and the aug-
mented states are modeled as random-constant or
random-walk processes will be considered. If no atten-
tion is paid to this interaction, the resulting estimator
may diverge. This motivates questions like the follow-
ing:

(1) What measurements can or cannot be used to drive
the estimator?

(2) Can these measurements be the same as the
controlled outputs?

(3) Is there a systematic approach to select the
measurements to avoid undesirable behavior?

In what follows it will be shown that the unwanted
interaction and final divergence are due to observability
problems. First it will be shown that the estimator
divergence is a consequence of the lack of detectability
of the augmented system, and consequently a specific
test to check the detectability will be developed based
on the Popov-Belevitch-Hautus rank test.7 Then a
series of examples will be given where the concept of
detectability is applied to help prevent the negative
interaction between controllers and augmented states.
Finally, a discussion will be presented comparing the
results of the standard observability test, applied to a
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real problem, with those obtained with the test derived
here and with the behavior of an estimator for the same
problem.

2. Problem Motivation: Jacketed CSTR

A simplified version of the problem that actually
motivated this investigation will be analyzed in this
section. This example, however, retains the main fea-
tures of the actual problem, that will be analyzed later
in another section.

Assume that a reaction A f products is carried out
in a jacketed CSTR in which the reactor temperature
is controlled by manipulating the inlet cooling flow
through a PI controller. This process can be modeled
after some common assumptions in the usual form

where CA is the reactor concentration, CAo is the inlet
concentration, Fo is the inlet flow, To is the inlet reactor
temperature, T is the reactor temperature, Tj is the
jacket temperature, Fj is the inlet jacket flow, Fjo is a
base value for the inlet jacket flow, Tjo is the inlet jacket
temperature, Tset is the reactor temperature set point,
V and Vj are the reactor and jacket volumes, Cp and Cj
are the reactor and jacket heat capacities, U is the heat-
transfer coefficient, AH is the heat-transfer area, eI is
the integrated error, τI is the integral time, K is the
proportional gain, F and Fj are the reactor and jacket
densities, k is the reaction rate constant, and λ is the
heat of reaction. Equation 1f is included to model Tjo as
an augmented state. This equation plays an important
role when the model is used to design the state estima-
tor.

After linearizing eqs 1a-1f and defining deviation
variables, denoted with an overbar, the system can be
rewritten as

If the available measurement T is used to drive the
estimator, the measurement equation will be

Let us consider the following state estimator applied
to the process described above:

where x̂ ) [ĈA T̂ T̂j êI T̂jo]T is a vector of estimates
of xj ) [Ch A Th Th j ejI Th jo]T, and m is a vector of
estimator gains. When the estimator is a Kalman filter,
this vector of gains will be determined by the Riccatti
equation and will be, in general, time varying.1 Other
designs set the entries of m at fixed values. The
following analysis will be based on the assumption that
m is fixed. Only the zero-pole structure of the estimator
transfer matrix will be considered. This transfer matrix
can be calculated for this example after a few manipula-
tions with the following result:

where the primes indicate Laplace transforms of the
respective variables. The di’s and bij’s are related to the

dCA

dt
)

Fo

V
(CAo

- CA) + kCA (1a)

dT
dt

)
Fo

V
(To - T) + λ

FCpV
kCA -

UAH

FCpV
(T - Tj) (1b)

dTj

dt
)

Fj

Vj
(Tjo

- Tj) +
UAH

FjCjVj
(T - Tj) (1c)

Fj ) Fjo
+ K(Tset - T) + 1

τI
eI (1d)

deI

dt
) (T - Tset) (1e)

dTjo

dt
) 0 (1f)
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)Th ′(s) (5)
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aij’s of matrix A and to the elements of the gain vector
m. Equation 5 shows clearly that some of the transfer
functions of the estimator have a pole at zero. As a result
of this, the noise always present in the measurement
Th , which drives the estimator, will make the variances
of the states whose transfer functions have a pole at
zero grow without bounds,3 and the estimator will
diverge.

To show the connection between stability and observ-
ability in this case, the standard observability test can
be applied to this example. Recall that the system will
be observable if and only if the observability matrix has
complete rank.2 It can be easily shown that if the
following matrix does not have complete rank

then the observability matrix O of the complete system
(eqs 2 and 3) does not have it either. Because the third
and fourth rows of the matrix in eq 6 are collinear, then
the rank of this matrix is not complete and the system
is unobservable. Here a connection between stability
and observability can be anticipated. In this example
the design is unfeasible (unstable) and the system
unobservable. However, the observability test is too
exigent and is not able to discern between an unfeasible
(unstable) design, like that of the example presented
here, and cases in which the estimator can be acceptably
implemented (stable design) even when the system is
not observable.

In the next section, detectability, a relaxed type of
observability, will be used to study the interaction
between augmented states and process controllers in
systems with the same characteristics as the one
presented in this section.

3. Observability and Detectability of
Closed-Loop Systems

Consider a dynamic system (A, C) described by the
following state space equations:

where x ∈ Rn, u ∈ Rm, d ∈ Rp, and y ∈ Rq are the state,
control, disturbance, and output vectors. Matrices A, B,
C, and D are of appropriate dimensions. For the
moment neglect the presence of the u and d inputs and
consider the following state estimator:

where x̂ is the state estimate of x and M is the
estimator’s gain matrix. Depending on the method by
which the gain matrix is calculated, it could be a fixed
matrix (as in state observers) or it could be a varying
one (as in Kalman filters). In any case, the condition
for the estimator to be stable is that the pair of matrices
(A, C) is detectable. This is a weaker condition than the
better known one of observability. By use of the Popov-
Belevitch-Hautus rank test,7 the observability condi-
tion is equivalent to

for all of the eigenvalues λ of matrix A. Then the
detectability condition can be expressed in a manner
similar to that above for all of the eigenvalues of A that
do not have a negative real part. If the only eigenvalues
with a nonnegative real part are the zero eigenvalues
of matrix A, then the detectability condition above
translates to the following condition:

This condition will be used extensively in the following
analysis. It is well-known that if the system (A, C) is
observable, the poles of the estimator can be placed
where desired by proper selection of the gain matrix M.
If the system is not observable but is detectable, then
the gain matrix M can relocate at least the unstable or
marginally stable (i.e., with zero real part) eigenvalues
of the matrix A and the estimator will be stable.

To facilitate the analysis that will follow, let us
assume that the number of control variables is smaller
than the number of measured variables, m < q. Fur-
thermore, the state vector x can always be appropriately
transformed so that it consists of two components x1 and
x2 with the following properties. The first n1 ()m)
states, x1, are the controlled ones and are directly
measured. The other component, x2, is of dimension n2
()n - m). Thus, the system equations are given by

and

here Ik represents the k-dimensional identity matrix.
3.1. Open-Loop Estimates of Nonstationary Dis-

turbances. Here we briefly examine a well-known base
case, in which we do not have any controllers active (u
) 0), but we wish to estimate the value of the nonsta-
tionary disturbances d. This is achieved by appending
the state vector with a component x3 that represents
these disturbances, x3 ) d. The dynamical system
becomes

(c′T

c′TA′
c′TA′2

c′TA′3
) )

(1 a11 a11
2 + a12a21 a11(a11

2 + a12a21) +
a12[a21(a11 + a22) + a23]

0 a12 a12(a11 + a22) a12(a11
2 + a12a21) +

a22(a11a12 + a12a22)
0 0 a23a12 a23(a11a12 + a12a22)
0 0 a24a12 a24(a11a12 + a12a22)

)T

(6)

dx
dt

) Ax + Bu + Dd with y ) Cx (7)

dx̂
dt

) Ax̂ + M(y - Cx̂) (8)

rank(A - λI
C ) ) n (9)

rank(AC ) ) n (10)

d
dt(x1

x2
) ) (A11 A12

A21 A22
)(x1

x2
) + (B1

B2
)u + (D1

D2
)d (11)

y ) Cx with C ) (In1 0
C1 C2

) (12)

d
dt (x1

x2
x3

) ) (A11 A12 D1
A21 A22 D2

0 0 0 )(x1
x2
x3

) (13)
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with

In this case the detectability condition (10) requires
that the following rank condition on a (n2 + q) × (n2 +
p) matrix be satisfied:

A necessary condition for the above to be true is the
well-known condition that we should have at least as
many measurements as the number of disturbances that
we wish to estimate; i.e., p e q.

3.2. Closed-Loop Estimates of Nonstationary
Disturbances. We will assume that a multivariable PI
controller has been designed between the measured
outputs x1 and the controlled variables, u, in the
following form

We assume that the proportional and integral gain
matrices, KC and KI, respectively, can be and are
appropriately selected so that the closed-loop system has
the desired stable dynamics. Because of its integral
action, this controller introduces n1 new states that will
be denoted here by x3 and will be equal to ∫x1(τ)dτ. Then
the closed-loop dynamics of the system are characterized
by the following matrix:

If we append the nonstationary disturbances d to the
above states, denoted here by x4 ) d, then the overall
dynamic system will be described by the following
equations:

We will initially assume that the measured outputs
remain the same as before, described by eq 14, but with
the addition of a measurement matrix (C2′) that takes
into account the contribution of the integrated error to
the output vector. Then, assuming the controller en-
sures closed-loop asymptotic stability, the detectability
condition should address only the zero eigenvalues
introduced by the appended disturbances.

This condition easily translates to the following simpler
one:

A necessary condition needed to fulfill eq 20 is that p
e q - n1. Thus, the maximum number of appended
states cannot exceed the number of measured but not
controlled outputs of the process; i.e., q - n1. This is a
much more restricted condition compared to the one of
the open-loop case expressed in eq 15. If q ) n1, then
no disturbances can be appended in the state vector and
thus estimated. This result indicates that there is a
potential pitfall that state estimation schemes can
encounter in their application to closed-loop systems.

This is caused by the presence of the integral action
of the controller, which indirectly estimates the mag-
nitude of step disturbances so it is able to achieve zero
steady-state offset in the controlled outputs x1. To verify
this, one can calculate the detectability condition of a
closed-loop system with only proportional action (KI )
0), which does not yield a zero offset in the controller
outputs. In such a case, in which C2′ ) 0, the detect-
ability condition of eq 20 becomes that of eq 15, implying
again that p e q.

The limitation brought about by the integral action
of the controller might be remedied by considering the
control variable u as part of the system output. This
vector, which is the output of the controller, has dimen-
sion n1 and is easily measured if the controller is a
digital one. In such a case the output matrix is

leading to the detectability condition of interest

which reduces to

and requires that, once more, p e q.
Consequently, we can say that when a PI controller

is present in the closed-loop system, the number of
nonstationary disturbances that can potentially be
estimated is larger (q instead of q - n1) if the controller
outputs are also measured. In other words, the inclusion

y ) (In1 0 0
C1 C2 C3

)(x1
x2
x3

) (14)

rank(A12 D1
A22 D2
C2 C3

) ) n2 + p (15)

u(t) ) -KCx1(t) - KI∫0

t
x1(τ) dτ (16)

(A11 -B1KC A12 -B1KI
A21 -B2KC A22 -B2KI

In1 0 0 ) (17)

d
dt(x1

x2
x3
x4

) ) (A11 -B1KC A12 -B1KI D1
A21 -B2KC A22 -B2KI D2

In1 0 0 0
0 0 0 0

)(x1
x2
x3
x4

) (18)

rank(A11 -B1KC A12 -B1KI D1
A21 -B2KC A22 -B2KI D2

In1 0 0 0
0 0 0 0
In1 0 0 0
C1 C2 C2′ C3

) ) n + n1 + p

(19)

rank(A12 -B1KI D1
A22 -B2KI D2
C2 C2′ C3

)) n1 + n2 + p (20)

y ) (In1 0 0 0
C1 C2 C2′ C3
-KC 0 -KI 0 )(x1

x2
x3
x4

) (21)

rank(A11 -B1KC A12 -B1KI D1
A21 -B2KC A22 -B2KI D2

In1 0 0 0
0 0 0 0
In1 0 0 0
C1 C2 C2′ C3
-KC 0 -KI 0

)) n + n1 + p

(22)

rank(A12 -B1KI D1
A22 -B2KI D2
C2 C2′ C3

0 -KI 0
)) n1 + n2 + p (23)
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of the control variable u in the measured outputs leads
to the maximum number of disturbances that can be
estimated. If this is not realized, as it might have been
in many industrial applications, then the estimator will
run the risk of being unstable. This type of failure to
achieve the desired estimates might lead the practitio-
ner to claim that state estimation is not appropriate for
the chemical industry because of the prevalent use of
integral control action. As the above analysis demon-
strated, this can be easily remedied by including the
control variable in the set of output measurements.

4. Examples

4.1. Jacketed CSTR. The example of section 2, in
which n1 ) 1, n2 ) 2, q ) 1, and p ) 1, will now be
analyzed using eq 20. To do so, the following matrix
must be examined:

It can be readily verified that this matrix has rank
three, and then the system is not detectable and
consequently the estimator unstable. As in section 2, it
can be concluded that the system is unobservable. With
this test, however, this conclusion can be arrived at
without performing any computation.

In this example the number of measurements (q ) 1)
is equal to the number of variables controlled with
integral controllers (n1 ) 1), and then from section 3,
the maximum number of states that can be appended
to estimate disturbances is zero. If the states are
appended, the estimator will be unstable, as concluded
in the previous paragraph.

If Tj would be added to the measured outputs, q - n1
) 1, and then it might be possible to estimate one
disturbance. However, it can be easily verified that in
this case the system would still not be detectable.
Instead, as demonstrated in section 3, the inclusion of
the controller output in the output measurements leads,
according to eq 24, to the following matrix to be
analyzed:

This matrix has rank four, and then the system is
detectable and consequently the estimator design fea-
sible.

From this example it can be concluded that even if
the system can be checked using the standard observ-
ability test, the conclusions of this test may not be as
useful as those obtained with the detectability test. In
fact, if the system is unobservable the estimator could
still be implemented as far as the system is detectable,
which guarantees a stable estimator. Considering that
the observability test is often difficult to conduct in

practice and that does not allow one to predict instabil-
ity, it becomes clear that for practical purposes the
detectability test, a test that is easier to conduct, gives
more information about the behavior of the estimator,
at least in the context analyzed here.

In what follows the detectability of two other systems,
in which augmented states and process controllers
interact as described by eq 18, will be studied. The
results developed in the previous sections will be used
to predict the estimator behavior and eventually correct
unfeasible estimator designs.

4.2. Externally Refrigerated CSTR. A Simplified
Model. A more complex example is the process sketched
in Figure 1. It consists basically of two units. The main
unit is a continuous chemical reactor fed by two currents
automatically controlled. The second unit is an external
concentric tube heat exchanger used to remove the heat
of reaction from the reactor. This is accomplished by
circulating the reaction mixture through the heat
exchanger at a very high flow rate using a rotary pump
and then returning the cooled mixture to the reactor.
Although no agitator is used in this reactor, the high
flow rate at which the reacting mixture is recirculated
keeps it well mixed inside the reactor. This type of
operation allows one to consider the reactor as homo-
geneous. (This process is a generalized version of a
process operated by Union Carbide which was the focus
of detailed study at the Chemical Process Modeling and
Control Research Center at Lehigh University where
(G.E.E.) spent a 2-year stay.)

The temperature inside the reactor is controlled
through a PI controller by manipulating the flow rate
of cold water entering a closed loop of circulating water
driven by a second rotary pump (see Figure 1). A second
controller is used to regulate the level in the reactor by
manipulating the opening of a downstream valve.

With the focus on the detectability problem and if rate
constants are assumed to be independent of tempera-
ture, the heat removal section of the reactor can be
considered independently of the mass balance, and then
the system is analyzed through the equations corre-
sponding to the energy balances. To obtain a simple
model for demonstration purposes, the temperature
inside each part of the heat exchanger is considered to
be homogeneous. In addition, the three flow controllers
that determine the reactor holdup are considered to be
fast enough such that the assumption of a constant
reactor level is valid. A model contemplating these

(a12 a13 0 0
a22 0 0 0
0 a33 a34 a35

0 0 0 0
) (24)

(a12 a13 0 0
a22 0 0 0
0 a33 a34 a35

0 0 0 0
0 0 -kI 0

) (25)

Figure 1. Schematic diagram of the reactor with instrumentation.
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simplifications could be written as follows:

Three candidates for augmented states are consid-
ered, TCW, FW, and U. The corresponding equations
are

Besides the controlled variable, T, another measure-
ment, ∆T ) T2

out - T2
in, is considered. This measure-

ment is related to the states through the following
equation:

Equation 26 involve a fairly large number of variables
and parameters. The meaning of most of them is obvious
from the diagram of the process. Others were defined
in the previous example in more or less the same form.
Finally r and ∆H are the reaction rate and heat of
reaction, respectively.

In this case n1 ) 1, n2 ) 2, and q ) 2. Because p ) q
- n1, the maximum number of disturbances that could
be estimated is one. Therefore, the possibility of esti-
mating either TCW, FW, or U from these measurements
cannot be ruled out. If TCW is chosen as the augmented
state, the equations can be arranged in linearized form

using deviation variables following the steps given
previously.

To test if indeed this estimator design is feasible, the
rank of the following matrix is considered:

Here a34, a35, c4, and c5 are according to eqs 26-28

It can be easily verified that a34c5 ) a35c4. This implies
that the matrix defined by eq 30 has rank equal to 3 <
4 ) n1 + n2 + p, and then the system is not detectable.
Detectability could not be restored by using T1

out or T2
out

in place of ∆T as it can be easily verified from eq 30.
However, if the output from the controller, eI, is used
to drive the estimator, as suggested before, the rank of
the matrix defined by eq 30 would be four and the
system would be detectable.

If now the augmented state is FW, the rank test will
be performed with the following matrix:

It can be confirmed by simple inspection that this
matrix has four linearly independent rows. Therefore,
the system is detectable. If, instead of ∆T, either T1

out

or T2
out or the output from the controller were used as

the output measurement, the system would not be
detectable.

FMCpM
V dT

dt
) F1Cp1

F1T1
f + F2Cp2

F2T2
f +

F′C′p(F′ - F′′′)T1
out - F′′′T1

inF′C′p - r∆HV (26a)

dT1
out

dt
) F′ - F′′′

V1
(T1

in - T1
out) -

UAH

F′C′pV1
(T1

out - T2
out) (26b)

dT2
out

dt
)

FCW

V2
(TCW - T2

out) +
UAH

FwCpW
V2

(T1
out - T2

out)

(26c)

deI

dt
) T - Tset (26d)

T1
in )

F2F2Cp2
T2

f + (F′ - F2)FMCpM
T

F′F′C′p
(26e)

FCW ) FCWo
+ K(Tset - T) + 1

τI
eI (26f)

F′′′ )
F1F1Cp1

F′C′p
+

F2F2Cp2

F′C′p
(26g)

dTCW

dt
) 0 (27a)

dFW

dt
) 0 (27b)

dU
dt

) 0 (27c)

∆T )
FCW

FW
(T2

out - TCW) (28)

(TḣTḣ 1
out

Tḣ 2
out

ej̆I

Tḣ CW

)) (a11 a12 0 0 0
a21 a22 a23 0 0
a31 a32 a33 a34 a35

1 0 0 0 0
0 0 0 0 0

)(ThTh 1
out

Th 2
out

ejI
Th CW

) (29a)

(Th∆T )) (1 0 0 0 0
c1 0 c3 c4 c5

)(ThTh 1
out

Th 2
out

ejI
Th CW

) (29b)

(a12 0 0 0
a22 a23 0 0
a32 a33 a34 a35

0 c3 c4 c5
) (30)

a34 ) [∂Ṫ2
out

∂eI
]

x)xo

)
TCWo

- T2o

out

V2τI
(31a)

a35 ) [∂Ṫ2
out

∂TCW
]

x)xo

)
FCWo

V2
(31b)

c4 ) [∂∆T
∂eI ]x)xo

)
(T2o

out - TCWo
)

FWτI
(31c)

c5 ) [ ∂∆T
∂TCW]x)xo

) -
FCWo

FW
(31d)

(a12 0 0 0
a22 a23 0 0
a32 a33 a34 0
0 c3 c4 c5

) (32)
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Finally the augmented state U will be analyzed. The
rank test must be performed in this case on the
following matrix:

After a few manipulations it can be shown that a23c4a35
- a25(a33c4 - a34c3) ) 0, and then the rank of the matrix
is three and the system undetectable. If, instead of ∆T,
T2

out is used to drive the estimator, a simple inspection
to the matrix of eq 33 reveals that the system is
detectable. The same result is valid if the output from
the controller is used in place of ∆T. This can be verified
by checking that a23a35 - a33a25 * 0.

4.3. Externally Refrigerated CSTR. A More Re-
alistic Model. The process presented in this example
is the same as that in Figure 1. The design of an
estimator for this reactor system (a section of a real
plant) originally motivated this investigation.8 The same
model used in the real application will be analyzed next.

The more realistic model was obtained considering the
mass balances coupled with the energy balances, on the
one hand, and the existence of a temperature profile
inside the tubes of the exchanger, on the other hand.

The set of main and side reactions described below is
assumed to occur inside the reactor

To describe the dynamics of the concentrations of
components A and B (CA and CB) inside the reactor, the
following equations are used:

The reaction rates of the main and side reactions
depend on the concentrations of the components inside
the reactor and on temperature in the following way:

where k1, k2, k3, E1, E2, and E3 are kinetic parameters
and R is the gas constant.

The energy balance for the heat exchanger is de-
scribed by two equations with state variables T1

/ and
T2

/. These variables are the arithmetic averages of the
inlet temperature and the outlet temperature on both
sides of the heat exchanger. The heat transferred from
the reacting mix in the tubes of the process side of the
heat exchanger to the cold water in the tubes of the
water side of the heat exchanger is represented using a
rigorous expression that takes into account the temper-

ature profile along the tubes of the exchanger. With
these assumptions the equations for the average tem-
peratures on both sides of the heat exchanger are as
follows:

The inlet temperature on the process side of the heat
exchanger (T1

in) is given, as in the previous example, by
eq 26e. The inlet temperature on the water side (T2

in) is
given by

The flow of cold water entering the heat removal
system is determined by the PI controller used to control
the temperature inside the reactor as in the previous
example. The equations describing the dynamics of the
controller are thus the same as before (eqs 26d,f). As
before F′′′ is modeled by eq 26g. The heat balance inside
the reactor is, in a manner similar to that of the
previous example, given by

where T1
f is the temperature of the feed stream no. 1

and ∆Hi (i ) 1-3) are the heats of reaction of the main
and side reactions. The remaining variables are accord-
ing to the previous example and to Figure 1.

The available output measurements are T and ∆T )
T2

out - T2
in. The first measurement coincides directly

with one of the states, namely, T, and ∆T is related to
the states through the following equation:

Again TCW, FW, and U are chosen as potential
augmented states. As in the example before no more
than one of them can be potentially included in the
estimator scheme with the measurements that are
available (p ) q - n1 ) 1). These augmented states will
be analyzed one at a time to check the detectability as
done before. The linearized model equations arranged

Process Side:

dT1
/

dt
) F′ - F′′′

V1
2(T1

in - T1
/) -

UAH

F′C′pV1
×

2
T1

/ - T1
in + T2

/ - T2
in

ln
2T1

/ - T1
in - T2

in

-2T2
/ + T1

in + T2
in

(37)

Water Side:

dT2
/

dt
)

FW

V2
2(T2

in - T2
/) +

UAH

FWCpW
V2

×

2
T1

/ - T1
in + T2

/ - T2
in

ln
2T1

/ - T1
in - T2

in

-2T2
/ + T1

in + T2
in

(38)

T2
in )

FCW(TCW - 2T2
/) + 2FWT2

/

2FW - FCW
(39)

FMCpM
V dT

dt
) F1Cp1

F1T1
f + F2Cp2

F2T2
f +

F′C′p(F′ - F′′′)2(T1
/ - T1

in) - F′T1
inF′C′p - r1∆H1V -

r2∆H2V - r3∆H3V (40)

∆T )
2FCW

2FW - FCW
(T2

/ - TCW) (41)

(a12 0 0 0
a22 a23 0 a25
a32 a33 a34 a35

0 c3 c4 0
) (33)

A + B f C + E

B + 3A f 3E + G (34)

A f
1
2
F + E

dCA

dt
)

F1

V
CA

f -
F′ - F2

F′
F′′′
V

CA - r1 - 3r2 - r3 (35a)

dCB

dt
)

F2

V
CB

f F′ - F′′′
F′ -

F′ - F2

F′
F′′′
V

CB - r1 - r2 (35b)

r1 ) k1e
-E1/RTCACB (36a)

r2 ) k2e
-E2/RTCACB (36b)

r3 ) k3e
-E3/RTCA (36c)
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in matrix form using deviation variables are

To perform the detectability test, the following matrix
must be examined with either the sixth, seventh, or
eighth column, with the sixth column to check the
feasibility of estimating TCW, with the seventh to check
that of FW, and with the eighth to check that of U.

If TCW is to be estimated, the system will not be
detectable if the corresponding matrix (eq 45 without
columns 7 and 8) has rank less than n1 + n2 + p ) 6.
After the row of zeroes is eliminated, the rank of the
resulting 6 × 6 matrix has to be analyzed. After some
manipulations, it can be verified that c5(a46a57 - a56a47)
- c6(a45a57 - a55a47) + c7(a45a56 - a55a46) ) 0. This
condition makes the analyzed 6 × 6 matrix have rank
e5, and the system is not detectable. It is clear from eq
44 that the detectability could not be achieved by using
T1

/ or T2
/ as measured outputs. With T2

/ the reason is
obvious, and with T2

/ the condition a46a57 - a56a47 ) 0
prevents detectability. However, if the output from the
controller was used to feed the estimator, the condition
a45a57 * a55a47 guarantees a detectable system.

The same analysis can be performed when FW is the
augmented state instead. The matrix to be analyzed is
now that of eq 44 without columns 6 and 8. This matrix
will have full rank if

This can be verified analytically as well as numerically.
In this case after a few calculations it can be shown that
the determinant is different from zero and that the
system is detectable. Detectability could also be obtained

with T2
/ and/or the output from the controller as output

measurements.
Finally the analysis is performed with U as the

augmented state. Columns 6 and 7 are not considered
now. The identity c5(a46a59 - a56a49) - c6(a45a59 - a55a49)
) 0, which can be easily verified, makes the matrix
given in eq 44 without columns 6 and 7 have rank e5.
Again the system is in this case not detectable. If instead
of ∆T, T2

/ and/or the output from the controller are
used to feed the estimator, the fact that a46a59 - a56a49
* 0 and a45a59 - a55a49 * 0 makes in this case the
system detectable.

In all cases the condition a22a33 * a32a23 needed to
have a detectable system is also verified.

5. Numerical Results

The results of the previous sections were numerically
verified by implementing a state estimator in a system
modeled as in the third example presented above.
Although the actual estimator was a hybrid extended
Kalman filter,2 the results anticipated by the theoretical
analysis performed with the assumptions of linearity
and fixed gain were completely confirmed; i.e., (i) the
estimator diverges when both FW and TCW are included
as augmented states even if the output from the
controller is also used to drive the estimator; (ii) the
estimator diverges when TCW is included as the aug-
mented state alone, except when the output from the
controller is used to drive the estimator; (iii) the
estimator behaves well when FW is the single aug-
mented state, even if the output from the controller is
not used; and (iv) the estimator behaves as in (ii) if U
is the augmented state. In all cases the initially
proposed output measurements T and ∆T are consid-
ered.

A second numerical verification was performed to
confirm what it was claimed before with regard to how
undependable the standard observability test can be.
The test was performed on the same example as before
for the cases in which FW and TCW are used as aug-
mented states. The rank of the corresponding observ-
ability matrix (eq 6) was determined numerically using
the MATLAB software. The results are listed in Table
1. In MATLAB the rank is calculated as the number of
singular values (SV) νi (i ) 1, ..., n) of O that are greater
than {Max(νi)[∑i)1

n (νi)2]1/2eps}, with the machine-de-
pendent parameter eps ) 2.2204 × 10-16 in this case.
According to this test (see Table 1), the system is
unobservable without discrimination between the dif-
ferent choices of augmented states. In addition, it can
be noticed that the ratio of the largest to the smallest
singular values is higher with FW as the augmented
state than with TCW. These numbers may suggest the
following: Although in all cases the system is unobserv-

(Tḣ
Cḣ A

Cḣ B

Tḣ 1
/

Tḣ 2
/

ej̆I

Tḣ CW

Fḣ W

Uḣ

) ) (a11 a12 a13 a14 0 0 0 0 0
a21 a22 a23 0 0 0 0 0 0
a31 a32 a33 0 0 0 0 0 0
a41 0 0 a44 a45 a46 a47 a48 a49

a51 0 0 a54 a55 a56 a57 a58 a59

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

)(Th
Ch A

Ch B

Th 1
/

Th 2
/

ejI

Th CW

Fh W

Uh

) (42)

(Th
∆T ) ) (1 0 0 0 0 0 0 0 0

c1 0 0 0 c5 c6 c7 c8 0 )(Th
Ch A

Ch B

Th 1
/

Th 2
/

ejI

Th CW

Fh W

Uh

) (43)

(a12 a13 a14 0 0 0 0 0
a22 a23 0 0 0 0 0 0
a32 a33 0 0 0 0 0 0
0 0 a44 a45 a46 a47 a48 a49

0 0 a54 a55 a56 a57 a58 a59

0 0 0 0 0 0 0 0
0 0 0 c5 c6 c7 c8 0

) (44)

|a45 a46 a48
a55 a56 a58
c5 c6 c8

| * 0

Table 1. Singular Values (SV) and Rank of the
Observability Matrix Corresponding to Two Different
Choices of Augmented States in the Example: Externally
Refrigerated CSTR. A More Realistic Model

SV FW and TCW TCW FW

1 3.39 × 1019 3.39 × 1019 3.39 × 1019

2 8.55 × 1012 8.55 × 1012 8.55 × 1012

3 4.31 × 107 4.31 × 107 4.31 × 107

4 4.35 × 105 4.35 × 105 4.35 × 105

5 8.89 × 102 8.89 × 102 8.89 × 102

6 2.29 × 101 2.29 × 101 2.29 × 101

7 2.29 × 101 1.64 × 10-3 7.29 × 10-6

8 3.47 × 10-6

rank 4 4 4
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able, there could be more chances of having a “more”
observable system when TCW is the augmented state. This
possible conclusion may lead to the presumption that
TCW is more appropriate as the augmented state than
FW. This completely contradicts the results found using
the detectability test and the practical experience. It
also shows how inaccurate the standard observability
test may be when several variables of different magni-
tudes are involved and the test is performed numeri-
cally.

6. Conclusions

It is common practice in state estimation of chemical
systems to include augmented states modeled as random-
constant or random-walk processes. When in these
systems process controllers with integral terms are
present, undesirable interaction effects may occur be-
tween the augmented states and the process controllers.
This undesirable interaction, when present, results in
estimator divergence.

In this work it is shown that the undesirable behavior
is caused by a lack of detectability caused by the implicit
disturbance estimation role of the integral action. A
specific detectability test is derived as a convenient tool
of analysis for the type of system under study. To resolve
this issue, it is suggested that the control variables u
are considered as a system output and treated likewise
in the closed-loop estimator. This is different from the
way these variables are treated in open-loop systems,
namely, as measured inputs.

To demonstrate how the concept of detectability is
applied to help in discovering and preventing the
negative interaction between controllers and augmented
states, three examples are presented and analyzed. In
all of them, different choices of augmented states and
output measurements are discussed. In all cases the test
clearly reveals if the choice of the augmented state and

measurement is adequate or not. In case one choice is
not satisfactory, different options can be easily exam-
ined.

The third example, the real application that moti-
vated this investigation, was used to test numerically
the predictions of the theoretical analysis. In all cases
the performance of the estimator in practice corrobo-
rated the results anticipated by the detectability test.
In this example the standard observability test was also
performed, and its results were contrasted against those
of the detectability test. The observability test was
unable to distinguish the difference between the various
estimator designs.
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