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Abstract
Purpose – The purpose of this paper is to focus on applications related to the hyperthermia treatment of
cancer, with heating imposed either by a laser in the near-infrared range or by radiofrequency waves. The
particle filter algorithms are compared in terms of computational time and solution accuracy.
Design/methodology/approach – The authors extend the analyses performed in their previous works
to compare three different algorithms of the particle filter, as applied to the hyperthermia treatment of cancer.
The particle filters examined here are the sampling importance resampling (SIR) algorithm, the auxiliary
sampling importance resampling (ASIR) algorithm and Liu & West’s algorithm.
Findings – Liu & West’s algorithm resulted in the largest computational times. On the other hand, this filter
was shown to be capable of dealing with very large uncertainties. In fact, besides the uncertainties in the model
parameters, Gaussian noises, similar to those used for the SIR and ASIR filters, were added to the evolution
models for the application of Liu & West’s filter. For the three filters, the estimated temperatures were in
excellent agreement with the exact ones.
Practical implications – This work may help medical doctors in the future to prescribe treatment
protocols and also opens the possibility of devising control strategies for the hyperthermia treatment of
cancer.
Originality/value – The natural solution to couple the uncertain results from numerical simulations with
the measurements that contain uncertainties, aiming at the better prediction of the temperature field of the
tissues inside the body, is to formulate the problem in terms of state estimation, as performed in this work.

Keywords Laser heating, Inverse problems, Cancer, Hyperthermia, Particle filters,
Radio-frequency heating

Paper type Research paper

Nomenclature

Cp � specific heat;
D � diffusion coefficient for the �-P1 approximation;
E0 � maximum laser radiation flux imposed at z � 0;
E � electric field strength;
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f � frequency;
g � anisotropy scattering factor;
H � intensity of the magnetic field;
h � heat transfer coefficient;
k � thermal conductivity;
Lx, Ly � rectangle dimensions in the x and y directions, respectively;
Lr, Lz � radius and thickness of the cylinder, respectively;
n � number of nanoparticles;
N � number of particles for the particle filter;
Q � volumetric heat source
R1, R2 � first and second moments of Fresnel’s reflection coefficient, respectively;
Rsc � specular reflection coefficient at z � 0;
r,z � cylindrical coordinates;
T � temperature;
T� � temperature of the surrounding medium;
Ts � initial temperature;
t � time;
U � voltage;
w � weights;
x � state vector
x,y � Cartesian coordinates; and
z � vector of measurements.

Greeks

�=i � reduced total attenuation coefficient of layer i;
�tr � transport attenuation coefficient;
� � permittivity;
� � vector containing all the non-dynamic parameters of the model;
� � absorption coefficient;
� � wavelength;
�(a|b) � conditional probability of a when b is given;
	 � density;

 � electric conductivity;

s � scattering coefficient;

 =

s � reduced scattering coefficient;
�p � collimated component of the fluence rate;
�s � diffusive fluence rate;
� � total fluence rate;
� � electric potential;
� � susceptibility of the magnetic nanoparticles;
= � surface of the rectangular domain;
1=,2=� boundary patches with electrodes set to voltages U and ground, respectively; and
�b � blood perfusion rate.

Superscripts

i � particle index.
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Subscripts

1 � healthy tissue;
2 � tumor;
b � blood;
c � cooling;
ext � external heating;
int � internal tissues; and
met � metabolism.

Introduction
The hyperthermia treatment of cancer consists in raising tumor tissues to temperatures
between 41-47°C during a pre-specified period. The literature shows an improvement of the
efficacy of radiotherapy or chemotherapy when hyperthermia is used as an adjuvant
treatment (Hurwitz, 2013; van der Zee, 2002). Among other types of heating, electromagnetic
energy sources in the radiofrequency and near-infrared ranges are used to deliver energy to
the target region, due to the biological windows of human tissues that exhibit small
absorption (Chatterjee and Krishnan, 2013). One major problem of the hyperthermia
treatment of cancer is the lack of selectivity of the heating procedure, causing damages to the
tumor cells, but to the healthy tissues as well. On the other hand, with the recent
advancements in nanotechnology, nanoparticles have been used as absorbing agents in the
near-infrared (Bayazitoglu et al., 2013; Hirsch et al., 2003; Huang and El-Sayed, 2010;
Khlebtzov and Dykhman, 2010; Rengan et al., 2015; Wang et al., 2012) and in the
radiofrequency (Andra et al., 1999; Basel et al., 2012; Bermeo Varon et al., 2015; Gas and
Miaskowski, 2015; Gas, 2011; Hergt et al., 2006; Kurgan and Gas, 2009, 2015; Lv et al., 2005;
Majchrzak and Paruch, 2011a; Miaskowski and Sawicki, 2013; Murase et al., 2011; Paruch,
2014; Tasci et al., 2009; Varon et al., 2015) ranges.

Numerical simulations are useful tools for planning and/or control of the hyperthermia
treatment, but mathematical models depend on several input parameters, including optical,
electro-magnetic and thermal properties. These physical properties, as well as the geometry
of the tissues, present large variability among individuals, and even for the same individual
under different physiological conditions. Therefore, the numerical simulations need to be
performed under the effects of uncertainties (Greef et al., 2011; Dos Santos et al., 2009).
Meanwhile, techniques for measuring the temperature inside the body have been recently
developed, like magnetic resonance (Stafford and Hazle, 2013). Such temperature
measurements contain inherent uncertainties. Therefore, within the context of the
hyperthermia treatment planning and/or control, numerical simulations of mathematical
models containing uncertainties are needed, at the same time that measurements of the
temperature inside the body might be available. The natural solution to couple the uncertain
results from the numerical simulations with the measurements that contain uncertainties,
aiming at the better prediction of the temperature field of the tissues inside the body, is to
formulate the problem in terms of state estimation.

In state estimation problems (Andrieu et al., 2004a, 2004b; Arulampalam et al., 2001;
Carpenter et al., 1999; Doucet et al., 2000, 2001; Johansen and Doucet, 2008; Kaipio and Fox,
2011; Kaipio et al., 2005; Kaipio and Somersalo, 2004; Kalman, 1960; Liu and Chen, 1998;
Maybeck, 1979; Del Moral and Jasra, 2007; Del Moral et al., 2006; Ristic et al., 2004), the
available measured data are used together with prior knowledge about the physical
phenomena and the measuring devices, to sequentially produce estimates of the desired
dynamic variables (temperature distribution in the tissues inside the body, in the present
case). State estimation problems are solved within the Bayesian framework, through
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inference over the posterior distribution of the state variables at each time instant of the
problem evolution. Monte Carlo methods have been developed to represent the posterior
density in terms of random samples and associated weights. Such Monte Carlo methods,
usually denoted as particle filters, can be readily applied to either linear or non-linear models,
with Gaussian or non-Gaussian errors (Andrieu et al., 2004a, 2004b; Arulampalam et al.,
2001; Carpenter et al., 1999; Doucet et al., 2000, 2001; Johansen and Doucet, 2008; Kaipio et al.,
2005; Liu and Chen, 1998; Liu and West, 2001; Del Moral and Jasra, 2007; Del Moral
et al., 2006; Orlande et al., 2012; Ristic et al., 2004; Sheinson et al., 2014). The application of
particle filters to the solution of inverse problems of state estimation in heat transfer can be
found in references (Andrade et al., 2014; Bermeo Varon et al., 2015; Colaço et al., 2012;
Lamien et al., 2014, 2015, 2016; Orlande et al., 2012; Silva et al., 2014; Varon et al., 2015; Vianna
et al., 2010).

In this paper, we extend the analyses performed in references (Bermeo Varon et al., 2015;
Lamien et al., 2014, 2015, 2016; Varon et al., 2015) to compare three different algorithms of the
particle filter, as applied to the hyperthermia treatment of cancer. The particle filters
examined here are the sampling importance resampling (SIR) algorithm, the auxiliary
sampling importance resampling (ASIR) algorithm and Liu & West’s algorithm (Andrieu
et al. 2004a, 2004b; Arulampalam et al., 2001a; Carpenter et al., 1999; Doucet et al., 2000, 2001;
Johansen and Doucet, 2008; Liu and Chen, 1998; Liu and West, 2001; Del Moral and Jasra,
2007; Del Moral et al., 2006; Ristic et al., 2004). These algorithms are compared in terms of
accuracy and computational time by using simulated transient measurements, in cases
involving hyperthermia induced either by a laser in the near-infrared range or by
radiofrequency waves. The algorithms used in this paper are presented in the next session,
which is followed by the definitions of the hyperthermia problems examined here, by the
results obtained with each algorithm and by the conclusions of this work.

State estimation problems
Non-stationary or state estimation inverse problems may be written in the form of evolution
and observation models, which are modeled as stochastic processes (Andrieu et al. 2004,
2004b; Arulampalam et al., 2001; Carpenter et al., 1999; Doucet et al., 2000, 2001; Johansen and
Doucet, 2008; Kaipio and Fox, 2011; Kaipio et al., 2005; Kaipio and Somersalo, 2004; Kalman,
1960; Liu and Chen, 1998; Del Moral and Jasra, 2007; Del Moral et al., 2006). We consider a
vector xk, referred to as the state vector, which contains all the state variables that describe
the system at a given time instant tk. We further assume as known the state evolution model
and the observation model, which are defined by the functions fk and gk, respectively, so that
we can write (Andrieu et al., 2004a, 2004b; Arulampalam et al., 2001; Carpenter et al., 1999;
Doucet et al., 2000, 2001; Johansen and Doucet, 2008; Kaipio and Fox, 2011; Kaipio et al., 2005;
Kaipio and Somersalo, 2004; Kalman, 1960; Liu and Chen, 1998; Del Moral and Jasra, 2007;
Del Moral et al., 2006):

xk � fk(xk�1, �, vk), k � 1, . . . , M (1a)

zk � gk(xk, �, nk), k � 1, . . . , M (1b)

where zk is the prediction of the measurements zk
meas, � is a vector containing all the

non-dynamic parameters of the model and vk and nk represent the noises in the state
evolution model and in the observation model, respectively. The objective of the state
estimation problem is to obtain information about the state vector xk based on the evolution
and observation models defined by equations (1a) and (1b), with the known probability
density �(x0,��z0) � �(x0,�) at the initial state t � t0 (Andrieu et al. 2004a; 2004b;
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Arulampalam et al., 2001; Carpenter et al., 1999; Doucet et al., 2000, 2001; Johansen and
Doucet, 2008; Kaipio and Fox, 2011; Kaipio et al., 2005; Kaipio and Somersalo, 2004; Kalman,
1960; Liu and Chen, 1998; Del Moral and Jasra, 2007; Del Moral et al., 2006).

The particle filter method is a Monte Carlo technique for the solution of state estimation
problems, in which the posterior probability density function is represented by a set of
random samples (particles) with associated weights. We denote x0:k

i , i � 1, . . . , N the
particles with associated weights wk

i, i � 1, . . . , N and x0:k � �xj , j � 0, . . . , k� the set of all
state variables up to tk. The weights are normalized so that � i�1

N wk
i � 1.

The sequential application of the particle filter might result in the degeneracy
phenomenon, where after a few states, all but very few particles have negligible weight. The
degeneracy implies that a large computational effort is devoted to updating particles whose
contribution to the approximation of the posterior density function is almost zero. This
problem can be overcome with a resampling step in the application of the particle filter,
which deals with the elimination of particles originally with small weights and the
replication of particles with large weights (Andrieu et al., 2004a; 2004b; Arulampalam et al.,
2001; Carpenter et al., 1999; Doucet et al., 2000, 2001; Johansen and Doucet, 2008; Kaipio et al.,
2005; Kaipio and Somersalo, 2004; Liu and Chen, 1998; Del Moral and Jasra, 2007; Del Moral
et al., 2006; Ristic et al., 2004). Resampling can be performed if the number of particles with
large weights falls below a certain threshold number, or at every instant tk as in the SIR
algorithm (Arulampalam et al., 2001; Ristic et al., 2004). Such an algorithm can be
summarized in the following steps, as applied to the system evolution from tk�1 to tk:

Step 1
For i � 1, . . . , N draw new particles xk

i from the prior density �(xk�xk�1
i ,�) and then use

the likelihood density to calculate the corresponding weights wk
i � �(zk�xk�1

i ,�).

Step 2

Calculate the total weight Tw � �
i�1

N
wk

i and then normalize the particle weights, i.e. for
i � 1, . . . , N let wk

i � Tw
�1 wk

i.

Step 3
Resample the particles as follows:
Construct the cumulative sum of weights (CSW) by computing ci � ci�1 � wk

i for
i � 1, . . . , N, with c0 � 0.
Let i � 1 and draw a starting point u1 from the uniform distribution U�0,N �1�
For j � 1, . . . , N

Move along the CSW by making uj � ui � N �1(j � 1)
While uj � ci make i � i � 1.
Assign sample xk

j � xk
i

Assign sample weight wk
j � N �1

Although the resampling step reduces the effects of degeneracy, it may lead to a loss of
diversity and the resultant sample may contain many repeated particles (Andrieu et al.
2004a, 2004b; Arulampalam et al., 2001; Carpenter et al., 1999; Doucet et al., 2000, 2001;
Johansen and Doucet, 2008; Liu and Chen, 1998; Del Moral and Jasra, 2007; Del Moral et al.,
2006; Ristic et al., 2004). An attempt is made to reduce sample impoverishment with the ASIR
algorithm, where the resampling step is performed at time tk-1 with the available
measurements at time tk (Ristic et al., 2004). The resampling is based on some point estimate
�k

i that characterizes �(xk
i�xk�1

i ,�), which can be the mean or a sample of �(xk
i�xk�1

i ,�). The
ASIR algorithm can be summarized in the following steps, as applied to the system evolution
from tk-1 to tk (Arulampalam et al., 2001; Ristic et al., 2004):
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Step 1
For i � 1, . . . , N draw new particles xk

i from the prior density �(xk
i�xk�1

i , �) and then
calculate some characterization �k

i of xk, given xk�1
i and �. Then use the likelihood

density to calculate the corresponding weights wk
i � (zk��k

i , �)wk�1
i .

Step 2
Calculate the total weight T��i wk

i and then normalize the particle weights, i.e. for
i � 1, . . . , N let wk

i � T �1wk
i.

Step 3
Resample the particles as follows:
Construct the cumulative sum of weights (CSW) by computing ci�ci�1� wk

i for
i � 1, . . . , N, with c0 � 0.
Let i � 1 and draw a starting point u1 from the uniform distribution U[0,N�1]
For j � 1, . . . , N

Move along the CSW by making uj � u1 � N�1(j�1)
While uj�ci make i � i � 1
Assign sample xk

j � xk
i

Assign parent ij � i

Step 4
For j � 1, . . . , N draw particles xk

j from the prior density �(xk�xk�1
ij , �), using the

parent ij, and then use the likelihood density to calculate the correspondent weights
wk

j � �(zk�xk
j , �)/�(zk��k

ij, �).

Step 5

Calculate the total weight Tw � �
j�1

N
wk

j and then normalize the particle weights, i.e.
for j � 1, . . . , N let wk

j � Tw
�1 wk

j.

The above algorithms of the particle filter relied on deterministic values of the model
parameters �. If these parameters are to be estimated simultaneously with the state
variables, one possibility is to apply the SIR or ASIR filters by mimicking the parameters as
state variables with an evolution model, for example, in the form of a random walk process,
that is:

�k � �k�1 � ek (2)

where ek is a random vector with zero mean and the subscript k for � is to denote that the
parameters will be sequentially estimated together with the state variables; it does not mean
that the parameters are time-dependent. Although such an approach can result in accurate
estimates for the parameters, even for physically complicated non-linear problems, like in
fire propagation (Silva et al., 2014), the simulation of parameters as state variables might fast
degenerate the particles (Liu and West, 2001; Sheinson et al., 2014).

On the other hand, the algorithm by Liu and West (2001), which is based on the ASIR
version of the particle filter, can be used for the estimation of the posterior probability
distribution �(xk,��z1:k), where � represents random parameters of the model. The algorithm
of Liu & West for the particle filter is based on West’s hypothesis (1993) of a Gaussian
mixture for the vector of parameters � (Rios and Lopes, 2013; West, 1993), that is:

�(�|z1:k�1) � �
i�1

N

wk�1
i N (�|mk�1

i , � 2Vk�1) (3)
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where N(·�m,S) is a Gaussian density with mean m and covariance matrix S, while � is a
smoothing parameter. Equation (3) shows that the density �(��z1:k�1) is a mixture of N
(��mk�1

i ,� 2Vk�1) distributions weighted by wk�1
i . The kernel locations are specified by using

the following shrinkage rule (Liu and West, 2001):

mk�1
i � a �k�1

i � (1 � a)�k�1 (4)

where a � �1�� 2 and �k�1 is the mean of � at time tk�1. The shrinkage factor, a, is
computed as (Liu and West, 2001):

a �
3� � 1

2�
(5)

where 0.95 � � � 0.99.
The following summarizes the basic steps of Liu & West’s algorithm (Liu and West,

2001), as applied for the advancement of the particles from time tk�1 to time tk:

Step 1
Find the mean �k�1 of the parameters � at time tk�1.

Step 2
For i � 1, . . . , N compute mk�1

i with equation (4), draw new particles xk
i from the prior

density �(xk
i�xk�1

i , mk�1
i ) and then calculate some characterization �k

i of xk. Use the
likelihood density to calculate the corresponding weights wk

i � wk�1
i �(zk��k�1

i ,mk�1
i ).

Step 3
Calculate the total weight T��i wk

i and then normalize the particle weights, that is, for
i � 1, . . . , N let wk

i � T �1wk
i.

Step 4
Resample the particles as follows:
Construct the cumulative sum of weights (CSW) by computing ci � ci�1 � wk

i for
i � 1, . . . , N, with c0 � 0
Let i � 1 and draw a starting point u1 from the uniform distribution U[0,N�1]
For j � 1, . . . , N

Move along the CSW by making uj � u1 � N�1(j�1)
While uj � ci make i � i � 1
Assign samples xk�1

j � xk�1
i , mk�1

j � mk�1
i and �k

j � �k
i

Assign parent ij � i

Step 5
For j � 1, . . . , N draw samples �k

j from N(�k
j�mk�1

ij , � 2Vk�1), by using the parent ij.

Step 6
For j � 1, . . . , N draw particles xk

j from the prior density �(xk�xk�1
ij ,�k

j), using the
parent ij, and then use the likelihood density to calculate the correspondent weights
wk

j � �(zk�xk
j ,�k

j)/�(zk��k
ij,mk�1

ij ).

Step 7

Calculate the total weight Tw � �
j�1

N
wk

j and then normalize the particle weights, that
is, for j � 1, . . . , N let wk

j � Tw
�1 wk

j.
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Bioheat transfer problems
Two bioheat transfer problems are examined in this work, both related to the hyperthermia
treatment of cancer, by using either heating in the near-infrared or radiofrequency ranges
(Bermeo Varon et al., 2015; Lamien et al., 2014, 2015, 2016; Varon et al., 2015). There is a
variety of models available today for bioheat transfer (Dombrovsky et al., 2011, 2012, 2015;
Fan and Wang, 2015; Khaled and Vafai, 2003; Nakayama and Kuwahara, 2008; Pennes,
1948), but none of them was proven as sufficiently general to be applied for different organs
or tissues. In fact, even a simple heat conduction model has been recently used for situations
similar to those addressed here (Dombrovsky et al., 2015). As the main objective of this work
is the comparison of the particle filter algorithms and not model selection, we utilize the
classical model proposed by Pennes (1948). The mathematical formulation of the bioheat
transfer problem in a domain 	, with position-dependent thermophysical properties to
account for different tissues or organs, and third-kind boundary conditions over the body
surface 
, is given by:

	(r)cp(r)
�T(r, t)

�t
� � · �k(r)�T(r, t)� � Q(r), in  , for t � 0 (6a)

k(r)�T(r, t) · n � h(r)T(r, t) � h(r)T�
(r), for r � �, t � 0 (6b)

T(r, t) � Ts(r) in , t � 0 (6c)

where r is the position vector, n is the unit vector normal to the surface, h(r) is the heat
transfer coefficient at the surface of the body, T�(r) is the temperature of the surrounding
media and Ts(r) is the initial temperature distribution within the medium, supposed to be the
steady-state temperature of the problem when the external heating is null.

The heat source is given by:

Q(r) � 	bcp,b�b(r)�Tb � T(r, t)� � Qmet(r) � Qext(r) (7)

which includes the term resulting from the external heating for the hyperthermia heating,
Qext(r), as well as due to metabolism, Qmet(r), and the effect of blood perfusion with a
coefficient �b(r).

The problems with heating imposed by a laser in the near-infrared range and by
radiofrequency electrodes are now described.

Laser heating
The physical problem examined for this case involves the hyperthermia treatment of a
subcutaneous tumor, induced by an external collimated plane laser beam under constant
illumination. The skin is represented as an non-homogeneous cylindrical medium with five
layers, where each layer corresponds to a specific tissue, namely, epidermis, dermis, fat,
muscle and a tumor within the dermis [Figure 1(a)] (Cetingül and Herman, 2010, 2011;
Lamien et al., 2016). The tumor is assumed to be loaded with gold nanorods to enhance the
hyperthermia effects and to limit such effects to the tumor region. The heat transfer problem
resulting from the laser irradiation of the medium is given by Pennes’ model in
two-dimensional cylindrical coordinates with axial symmetry. The internal surface (at z �
Lz) is assumed to exchange heat with the deeper tissues with a heat transfer coefficient hint,
while the irradiated surface (at z � 0) is assumed to be cooled by air to avoid overheating of
the skin (Dombrovsky et al., 2012). At the external surface of the skin, at z � 0, the heat
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transfer coefficient and the temperature of the surrounding medium are given, respectively,
by hc and Tc. Heat transfer is neglected through the lateral surfaces of the medium.

The laser radiation propagation in the skin is modeled with the �-P1 diffusion
approximation (Carp et al., 2004; Modest, 2013; Star, 2011). The laser beam is assumed to be
co-axial with the cylindrical skin model, so that the problem can be formulated as
two-dimensional with axial symmetry. At the external surface of the skin, the incident laser
radiation is assumed to be partially reflected (specular reflection), with reflection coefficient
Rsc. The internal surface of the irradiated boundary is assumed to partially and diffusively
reflect the incident radiation, with reflectivity characterized by Fresnel’s coefficient A1, while
opacity is assumed for the remaining boundaries. The refractive indexes (nt) of the different
tissues are assumed constant and homogeneous. The mathematical formulation of the
radiation problem within the �-P1 approximation is given by (Star, 2011):

� · ��D(r, z)��s(r, z) �

=s(r, z)g=(r, z)

�tr(r, z)
�p(r, z)ŝc�

� �(r, z)�s(r, z) � 
=s(r, z)�p(r, z) in 0 � r � Lr and 0 � z � Lz
(8a)

�D(r, z)��s(r, z) · n �
1

2A1
�s(r, z) � �


=s(r, z)g=(r, z)

�tr(r, z)
�p(r, z) at z � 0, 0 � r � Lr (8b)

�s(r, z) � 0 at z � Lz, 0 � r � Lr (8c)

��s(r, z) · n � 0 at r � 0, 0 � z � Lz (8d)

�s(r, z) � 0 at r � Lr, 0 � z � Lz (8e)

where

D �
1

3�tr
; 
=s � (1 � g 2)
s ; g= �

g
1 � g

; A1 � (1 � R2)/(1 � R1) ; �tr � � � 
s(1 � g) (9a-e)

with g being the anisotropy factor of scattering, 
S the scattering coefficient and R1 and R2
the first and second moments of Fresnel’s reflection coefficient, respectively.

Figure 1.
Physical problems for

(a) laser heating
(Lamien et al., 2016)

and (b) radiofrequency
heating (Bermeo

Varon et al., 2015)
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The collimated component of the fluence rate, �p(r, z), follows the generalized
Beer–Lambert’s law (Lamien et al., 2014, 2015, 2016) with the imposed laser flux given by:

E(r) � �E0, r � Ltumor

0, r � Ltumor
(10)

where Ltumor is the radius of the tumor. The total fluence rate is obtained by adding both
diffuse and collimated components, that is:

�(r, z) � �p(r, z) � �s(r, z) (11)

and the heat source term resulting from the laser absorption is given by:

Qext(r) � �(r, z)�(r, z) (12)

Radiofrequency heating
The physical problem considered for radiofrequency heating involves a domain in two
dimensions, consisting of a rectangle (healthy tissue) (1), containing a circular domain
(tumor) (2), as shown by Figure 1(b) (Bermeo Varon et al., 2015). Heating is imposed by
radiofrequency waves through the electrodes = 1 and =2 , which are maintained at the
voltages U and zero with respect to ground, respectively. The remaining surfaces are
electrically insulated. Heat generated inside the domain is propagated by conduction and by
blood perfusion, as given by Pennes’ model. The top and bottom boundaries exchange heat
by convection, where hc is the heat transfer coefficient and Tc is the temperature of the
surrounding medium. The remaining boundaries of the domain are supposed insulated.

The electric potential within the domain can be obtained by solving the following
Laplace’s equation (Cheng, 1993):

� · ��(x, y) · ��(x, y)� � 0 x, y � 1 � 2 (13a)

where � is the potential and � is the permittivity, which varies spatially depending on the
tissue and tumor regions. The boundary conditions for equation (13a) are given by:

�(x, y) � U at =1 (13b)

�(x, y) � 0 at =2 (13c)

��(x, y) · n � 0 else where over the boundary (13d)

After solving problem [equations (13a-13d)], the electric field strength E can be obtained as:

E(x, y) � ���(x, y) (14a)

and the intensity of the magnetic field H as:

�H(x, y)� �
1

1 � N(�)
�E(x, y)�
�0�fR

(14b)

where N(�) � 1/3 is the demagnetizing factor of the composite tissue (Andra et al., 1999; Lv
et al., 2005), � is the susceptibility of the magnetic nanoparticles that can be described in
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terms of complex susceptibility, � � �=� i�" (Pankhurst et al., 2003; Rosensweig, 2002), �o
is the dielectric constant permeability of free space �o�4� x 10�7T · m · A�1, f is the
electromagnetic frequency and R is the radius of the magnetic induction loop.

The heat source term in the healthy tissue resulting from the radiofrequency heating is
given by:

Qext(r) �

1�E(x, y)�2

2
in 1 (15a)

while in the tumor, the heat source term including the contribution of the magnetic
nanoparticles is obtained from (Lv et al., 2005; Majchrzak and Paruch, 2011b):

Qext(r) � (1 � �)

2�E(x, y)�2

2
� �� 9

16
�"

�0�fR 2
�E(x, y)�2� in 2 (15b)

where � � n�r 2/A is the concentration of nanoparticles, r is the mean radius of the
supposedly spherical nanoparticles, n is the number of nanoparticles, A is the area of the
tumor and 
2 is the electrical conductivity of the tumor tissue embedded with nanoparticles,
which can be approximated by 1/
2 � (1 � �)/
2=� �/
3, where 
2= and 
3 are the electrical
conductivity of tumor and nanoparticles, respectively (Majchrzak and Paruch, 2011a). The
permittivity of the tumor with nanoparticles is approximated by the permittivity of the
tumor (Lv et al., 2005).

Results and discussions
The inverse problems that are addressed in this work deal with the estimation of the
transient temperature field, for each of the hyperthermia problems described above. The
state evolution model for temperature is given by the numerical solution of the bioheat
transfer problem given by equation (6), in the domains presented by Figure 1(a) and (b), for
laser or radiofrequency heating, respectively. To cope with uncertainties in the temperature
evolution model, a Gaussian uncorrelated noise with zero mean and constant standard
deviation was added to the solution of equation (6).

For the application of the SIR and ASIR algorithms, uncertainties on the model
parameters, �, were then taken into account through an additive Gaussian noise for the
temperature evolution model as described above, as well as through an additive Gaussian
noise for the heat source term resulting from the external heating. Therefore, for the
application of the SIR and ASIR algorithms, the evolution model for this heat source term,
required for the solution of problem (6), was taken in the form of a random walk given by:

Qext,k
i (r) � Qext,k�1

i (r) � �k
i(r) (16)

where i is the particle number and �k
i(r) is a Gaussian random variable with zero mean and a

constant standard deviation. The subscript k in equation (16) does not represent a time
evolution of Qext(r), but the fact that it is treated as state variable for the application of the
particle filter. The particles Qext,0

i (r) were initially sampled from Gaussian distributions with
means obtained from the deterministic solutions of either problem [equation (8) or (13)],
depending on whether the heating was imposed by the laser in the near-infrared range or by
the radiofrequency waves, respectively. Thus, in the application of the SIR and ASIR
algorithms, the radiation [equation (8)] and electric [equation (13)] problems were decoupled
from the bioheat transfer problem [equation (6)], and needed to be solved only once, while the
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bioheat transfer problem was solved recursively within the filter with the heat source term
given by equation (16) for each particle.

For the application of the particle filter of Liu &West, uncertainties in the optical or
electrical parameters (depending on the applied heating strategy), as well as uncertainties in
the thermal parameters, were given by Gaussian mixtures [see equation (3)]. Therefore, the
radiation [equation (8)] and electric [equation (13)] problems were also solved, together with
the bioheat transfer problem given by equation (16), at each evolution step of the particle
filter.

The state estimation problems were solved by using one single temperature measurement
point inside the domain. Uncertainties in such measurements, as well as in the observation
model, were taken as Gaussian, additive, uncorrelated, with zero mean and a constant
standard deviation.

The performances of the three particle filters analyzed in this work were compared in
terms of computational time and accuracy of the estimated temperatures. The root mean
square error between the estimated and exact temperatures was used for this purpose, which
is given by:

RMS � 	 �
p�1

P

(Test,p � Texa,p)2

P
(17)

where Test,p and Texa,p, respectively, represent the estimated and exact temperatures at a
position ri,j and at a time instant tk, and P is the total number of time steps and locations
where the temperatures were compared. The RMS errors are reported in terms of their means
and standard deviation values, obtained with 30 runs of each algorithm, to avoid any bias
resulting from the simulated measurements. Computational times refer to codes run under
the MATLAB platform, on an Intel(R) Xeon E56445@2.40GHz dual processor with 32 GB of
RAM memory.

Laser heating
The results presented below were obtained by assuming the optical and thermophysical
properties given in Table I for the skin tissues (Bashkatov et al., 2011; Cetingül and Herman,
2010, 2011). However, in the particular case of hyperthermia for which temperature increases
do not exceed 10°C, the properties can be assumed constant (Valvano, 2011). We note also
that the effects of temperature variation of both thermal and optical properties of skin tissues

Table I.
Thermophysical and
optical properties

Tissue Epidermis Tumor Dermis Fat Muscle

Thickness (mm) 0.1 0.75 1.5 2 8
	 (kg/m3) 1,200 1,030 1,200 1,000 1,085
cp (J/kg K) 3,589 3,852 3,300 2,674 3,800
k (W/m K) 0.235 0.558 0.445 0.185 0.51
Qmet (W/m3) 0 3680 368.1 368.3 684.2
�b (s�1) 0 63 � 10�4 2 � 10�4 10�4 27 � 10�4

� (m�1) 35 122 122 108 54

s (m�1) 21,270 22,500 22,500 20,200 6,670

Source: Bashkatov et al. (2011), Cetingül and Herman (2010, 2011)
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on the resulting temperature distribution were shown to be insignificant (Quist et al., 2012).
Table I also shows the thickness of each layer. The optical properties of the tumor loaded
with gold nanorods were calculated with:

�tot � �t � Cabs fv 
s,tot � 
s � Csca fv (18a)

by assuming a concentration fv � 3 � 1015 m�3, where Cabs and Csca are the absorption
cross-section and the scattering cross-section, respectively. Gold nanorods of effective radius
11.43 nm and aspect ratio 3.9, which have a peak of plasmonic resonance at 797 nm, with
Cabs � 2.2128 � 10�14 m2 and Csca � 1.7286 � 10�15 m2, were used in the simulations (Jain
et al., 2006). The calculated absorption and scattering coefficients of the tumor loaded with
gold nanorods are 177.02 m�1 and 22,503.46 m�1, respectively. It is assumed here that only
the absorption and the scattering coefficients are affected by the inclusion of the
nanoparticles. The first and second moments of Fresnel’s reflection coefficient for the air–
tissue interface, with the tissue refractive index nt � 1.3, are given as 0.565 and 0.429,
respectively (Prahl, 1988).

For the hyperthermia treatment of the subcutaneous tumor, a collimated plane laser beam
was used (� � 800 nm, E0 � 12 kW/m2). The irradiation time was set to 20 s under constant
illumination. To avoid overheating of the skin surface, a heat transfer coefficient hc � 500
W/m2K to a medium at Tc � 35°C was considered for radial positions smaller than the tumor
radius, while the heat transfer coefficient for larger radial positions was set to hc � 10 W/m2K
at Tc � 25°C (Dombrovsky et al., 2012). The heat transfer coefficient to deeper tissues,
supposed to be at the blood temperature of 37°C, was set to hint � 50 W/m2K (Dombrovsky
et al., 2012). For the solution of both radiation and bioheat transfer problems, a finite volume
code based on the alternating direction implicit method was developed and verified (Lamien
et al., 2015).

The state estimation problem was solved by assuming transient temperature
measurements available from one single sensor located inside the tumor, at r � 0.5 mm, z �
0.7 mm, taken at a rate of one measurement every 1 s. The measurement errors were assumed
Gaussian, with zero mean and a constant standard deviation of 0.5°C. For the application of
the SIR and ASIR algorithms, the fluence rate was treated as a state variable with the
evolution model in the form of a random walk, with Gaussian noise of zero mean and a
standard deviation of 1 per cent of the deterministic value of the fluence rate at each position
of the finite volume mesh. A constant standard deviation of 0.5°C was assumed for the
evolution model of the temperature. On the other hand, in the case of Liu & West’s filter,
Gaussian prior probability densities were assumed for the optical and thermophysical
properties, with zero means and standard deviations corresponding to approximately
2 per cent of the means (Lamien et al., 2015).

To avoid an inverse crime, different meshes were used for the solution of the forward
model for generating the simulated temperature measurements and for state estimation. The
state estimation problem was solved with N � 100 and N � 250 particles. Figure 2(b)-(d)
presents the estimated temperature distribution at t � 20 s, obtained with the three different
filters, for N � 100 particles. The exact temperature distribution at t � 20 s is presented by
Figure 2(a). This figure shows a good agreement between the estimated and exact
temperature distributions. The accuracy of the estimated temperatures can also be verified in
Figure 3, where the transient variations of the estimated temperatures are compared with the
exact ones at the sensor location, for N � 100 particles. The simulated transient temperature
measurements were also included in these figures. Figures 2 and 3 show that the estimated
transient variations of temperature obtained with the three different filters follow the exact
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ones, and that the estimated temperatures are generally closer to the exact temperatures than
the simulated temperatures.

Table II shows the performance of the SIR, ASIR and Liu & West filters in terms of the
computational time, as well as of mean and standard deviation values of the RMS errors of
the temperature, for two different number of particles N � 100 and N � 250. Notice in this
table that, as expected, the RMS error is reduced when the number of particles is increased;
such is the case for the three particle filter algorithms. Furthermore, it can be noticed that, for
the same number of particles, the SIR filter presents the smallest RMS errors, while the
largest RMS errors were obtained with Liu & West’s filter. Furthermore, the SIR filter
generates estimates with the smallest dispersions; thus, the estimates are closer to the exact
values for a larger number of runs than for the other filters. Differently than for the SIR and
ASIR algorithms, the cases run with Liu & West’s algorithm contain uncertainties in the
model parameters and in the evolution models; for this reason, the RMS errors of Liu &
West’s algorithm are the largest. Anyhow, Figures 2 and 3 reveal that the three particle filter
algorithms result in accurate estimations of the unknowns for this case, even with a small
number of particles such as N � 100. The particle filter algorithms were also compared in
terms of the computational cost for the state estimation solution. Table II shows the
computational time of one run of the SIR, ASIR and Liu & West filters, for N � 100 and N �
250 particles. It can be noticed in this table that the SIR filter presents the smallest
computational cost, while that of the ASIR filter is approximately as twice as that of the SIR

Figure 2.
Comparison of
estimated and exact
temperature
distributions at t � 20
s for N � 100 particles
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filter. This is due to the fact that in the ASIR filter, the state evolution is performed twice (see
above-mentioned SIR and ASIR algorithms). The computational cost of Liu & West’s filter is
several times higher than that of the SIR and ASIR filters, as both radiation and bioheat
transfer problems need to be solved at each time step for each particle, as discussed above.

Radiofrequency heating
For the case of radiofrequency heating, a 2D rectangular domain of dimensions Lx � 80 mm
and Ly � 40 mm was considered, while the tumor was assumed as a circle of radius
R � 10 mm located in the center of the 2D rectangular domain. The lengths of both electrodes
were considered of 20 mm, so that 1=� {�10 mm � x � 10 mm, y � 20 mm} and 2=�

Figure 3.
Comparison of the

estimated and exact
transient temperature

variations with the
temperature

measurements at the
sensor position (r �

0.5 mm, z � 0.7 mm),
for N � 100 particles

Table II.
RMS errors of the

temperature for laser
heating

Filter No. of particles RMS error mean (°C) RMS error standard deviation (°C) CPU time

SIR N � 100 0.118 0.009 19 min 48 s
N � 250 0.076 0.005 46 min 27 s

ASIR N � 100 0.162 0.021 37 min 49 s
N � 250 0.135 0.026 92 min 50 s

LW N � 100 0.172 0.029 32 h 19 min
N � 250 0.150 0.032 81 h 02 min
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{�10 mm � x � 10 mm, y � �20 mm}, where the x, y axes are supposed to be located at the
tumor center (Figure 2). The voltage applied over 1= was U � 10 V. The following
parameters have been assumed: k1 � 0.5W/mK, k2 � 0.75W/mK, cp,b � cp,1 � cp,2 � 4,200
J/kgK, 	b � 	1 � 	2 � 1,000 kg/m3, �b,1 � 0.0005s�1, �b,2 � 0.002s�1, Tb � 37°C, Qmet,1 �
4,200 W/m3, Qmet,2 � 42,000 W/m3, where the subscripts 1, 2 and b denote health tissue,
tumor and blood, respectively [Figure 1(b)]. For the convective boundary conditions, we
assumed Tc � 20°C, and hc � 45 W/m2K (Majchrzak and Paruch 2011). For the iron oxide
nanoparticles (Fe3O4), the following parameters have been considered: k3 � 40 W/mK, cp,3 �
4,000 J/kgK and 	3 � 5,180 kg/m3 (Lv et al., 2005). The properties of the tumor embedded with
nanoparticles were approximated by rules of mixtures (Andra et al., 1999; Bermeo Varon
et al., 2015). For the electrical parameters in the normal tissue, considering a frequency f � 1
MHz, we used 
1 � 0.50268 S/m and �1 � 1,836.4 (Gabriel et al., 1996), while for the tumor
tissue, we have 
2=� 1.2
1 and �2=� �2 � 1.2�1 (Majchrzak and Paruch 2011). The electrical
properties of the iron oxide nanoparticles were taken as 
3 � 25,000 S/m and �" � 18 (Lv
et al., 2005). We assumed for the calculations, a number n � 108 nanoparticles of radius r �
10�8 m. The initial condition for the bioheat transfer problem, which is the solution of the
steady-state version of the problem given by equations (6) and (7), for no heat generation
from the external RF excitation, i.e. Qext � 0 and hc � 10 W/m2K at Tc � 25°C (Bermeo Varon
et al., 2015). The forward problem, considering the coupled Maxwell’s and Penne’s equations,
was solved with Comsol Multiphysics® 5.0 for this case, while the particle filter algorithms
were coded in MATLAB. The forward problem solution for the temperature field at t � 900
s is shown by Figure 4.

Temperature measurements of one single sensor were assumed available for the inverse
analysis, located at the position {x � 10 mm, y � 0}. The measurements were generated from
the solution of the forward problem with the parameters specified above. Uncorrelated
Gaussian errors with zero mean and a constant standard deviation of 1°C were added to the
solution of the direct problem. The simulated measurements were supposed available every
20 s, during 900 s. The particle filter algorithms examined in this work were applied with
N � 100, 250 and 500 particles.

For the application of the SIR and ASIR algorithms, Gaussian uncorrelated noise with
zero mean and a constant standard deviation of 1°C was added to the evolution model for
temperature [equation (6)], which was solved with each sample of a Gaussian distribution for
the electrical heat source; the means of such Gaussian distribution were obtained from the
deterministic solution of the electric problem given by equation (13), with standard
deviations given by 10 per cent of these values.

For the application of Liu & West’s filter, Gaussian uncorrelated noise with zero mean and
a constant standard deviation of 1°C was also added to the solution of the bioheat transfer
problem used for the evolution of temperatures. However, differently from the SIR and ASIR
filters, the electric problem [equation (13)] was also solved for each particle at each time step

Figure 4.
Exact temperature
field
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of Liu & West’s filter, by considering Gaussian uncertainties in the electric parameters with
zero means and standard deviations of 10 per cent of the exact parameter values. The other
model parameters were also supposed as Gaussian with means given by their exact values
and standard deviations of 10 per cent of their exact values.

Figure 5(a)-(c) presents the estimated temperature fields at t � 900 s, obtained with Liu &
West’s algorithm, by using 100, 250 and 500 particles. Such comparison on the effects of the
number of particles on the solution was made with Liu & West’s filter because it accounts for
uncertainties on the model parameters as well as on the evolution models. Figure 5(a)-(c)
shows that, as the number of particles increases, the estimated temperature field tends to the
exact one (Figure 4). Therefore, N � 500 particles were also used for the results presented by
Figure 6(a) and (b), which shows the temperature field in the regions obtained with the SIR
and ASIR filters, respectively. A comparison of Figures 4, 5(c) and 6 shows that the
temperature field could be accurately estimated with the three filters, despite the large
uncertainties in the evolution model, observation model and measurements.

Figure 5.
Estimated temperature

field at t � 900 s
obtained with Liu &

West’s filter

Figure 6.
Estimated temperature

fields at t � 900 s
obtained by using N �

500 particles with
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Figure 7(a)-(c) presents the transient temperature variations obtained with the three filters,
for N � 500 particles, at the measurement position. Such as for the case involving the laser
heating, these figures show an excellent agreement between estimated and exact
temperatures, with relatively small credible intervals, for the three filters.

The means and the standard deviations of the RMS errors obtained with different
numbers of particles for the three filters are presented in Table III. We notice in this table
that the SIR and the ASIR filters result in very similar RMS errors, in general smaller
than those of the algorithm of Liu & West. This is due to the fact that, in Liu & West’s

Figure 7.
Estimated at the
measurement position
{x � 10 mm, y � 0
mm} obtained by
using N � 500
particles with the
algorithms

Table III.
RMS errors of the
temperature for
radiofrequency
heating

Filter
No. of

particles
RMS error
mean (°C)

RMS error standard
deviation (°C) CPU time (h)

SIR N � 100 0.31 0.03 3.9
N � 250 0.25 0.02 9.8
N � 500 0.18 0.02 19.8

ASIR N � 100 0.24 0.04 8.7
N � 250 0.22 0.05 21.7
N � 500 0.15 0.03 43.7

LW N � 100 0.54 0.15 9.1
N � 250 0.32 0.13 22.5
N � 500 0.26 0.12 47.3
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algorithm, uncertainties in the model parameters are taken into account in addition to
uncertainties in the models. The standard deviations of the RMS errors demonstrate that
all algorithms are capable of recovering the exact quantities independently of the set of
simulated measurements that were used. Such is the case specially for the SIR algorithm,
or when the number of particles is increased. Similar to laser heating, the computational
times for the ASIR filter are as twice as those for the SIR filter, with the same number of
particles, because the evolution model is computed twice at each time step of the ASIR
filter. Besides that, the largest computational times are for Liu & West’s algorithm,
because the electric and bioheat transfer problems are solved at each time step, during
the application of the particle filter.

Conclusions
This paper dealt with the solution of state estimation problems related to the
hyperthermia treatment of cancer. Two different heating strategies were considered, by
using a laser in the near-infrared range or radiofrequency waves. The objective of the
paper was to compare three different algorithms of the particle filter (SIR, ASIR and Liu
&West), used for the solution of the state estimation problems with simulated
temperature measurements of one single sensor within the domain. The SIR algorithm is
one of the simplest implementations of the particle filter, while the ASIR was developed
to avoid sample impoverishment, more likely to occur with the SIR algorithm when the
noise in the evolution model is small. Liu & West’s version of the particle filter was based
on the ASIR algorithm, but directly accounts for uncertainties in the model parameters,
which are represented as Gaussian mixtures.

In the hyperthermia problems examined in this paper, the bioheat transfer equation
was coupled to a radiation transfer problem, in the case of laser heating, or to an electric
problem, in the case of radiofrequency heating. Either the radiation transfer or the
electric problem provided the external heat source term for the bioheat problem. The SIR
and ASIR algorithms were applied with deterministic values of the model parameters
and uncertainties in these values were taken into account through the uncertainties in
the evolution models. As a result of such an approach, the radiation and electric
problems were solved only once to provide the means for the heat source terms, which
were modeled as Gaussian. Samples from these Gaussian distributions were then used
for the solution of the temperature evolution model, for each particle of the filter. On the
other hand, for the application of Liu & West’s algorithm, the radiation or the electric
problems needed to be solved at each evolution step, because all the parameters were
modeled as Gaussian mixtures. Therefore, Liu & West’s algorithm resulted in the largest
computational times. On the other hand, this filter was shown to be capable of dealing
with very large uncertainties. In fact, besides the uncertainties in the model parameters,
Gaussian noises, identical to those used for the SIR and ASIR filters, were added to the
evolution models for the application of Liu & West’s filter. For the three filters, the
estimated temperatures were in excellent agreement with the exact ones. For the cases
examined above, the SIR algorithm resulted in RMS errors smaller than those of the
ASIR algorithm and sample impoverishment was not observed. Therefore, the SIR
algorithm is certainly an excellent candidate for practical cases involving actual
measured data in the hyperthermia treatment of cancer, because of its simplicity, smaller
computational times and stability, even for large uncertainties such as those examined
here. The results presented above show that a larger number of particles was needed for
larger model and measurement uncertainties.
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