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of IF sentences, called Extended IF-logic, on the other hand, corresponds to a proper
fragment of A%, In this article we consider SL({), IF-logic extended with Hodges’ flattening
operator |, which allows to define a classical negation. SL(|) contains Extended IF-logic
and hence it is at least as expressive as the Boolean closure of 211. We prove that SL(|)

ﬁg:fredcs{ information logic corresponds to a weak syntactic fragment of SO which we show to be strictly contained
Independence friendly logic in A;. The separation is derived almost trivially from the fact that ¥} defines its own
Expressive power truth-predicate. We finally show that SL(|) is equivalent to the logic of Henkin quantifiers,
Second order logic which shows, we argue, that Hodges’ notion of negation is adequate.

Flattening operator © 2014 Elsevier Inc. All rights reserved.

1. Introduction

Independence Friendly logic (IF, for short), introduced by Hintikka and Sandu [1] and which became part of Hintikka’s
foundational programme for mathematics [2], is an extension of first-order logic (FO) where each disjunction and each
existential quantifier may be decorated with denotations of universally quantified variables, as in

VXVy3zyy 3wy [y X 2 Vivxwy W R ). (1)

The standard interpretation of IF is through a variation of the classical game-theoretical semantics for FO: Eloise’s strategy
function for a position of the form 3x)vy v,¥ or ¥ V|vy v, x, under valuation v, cannot depend on neither v(y) nor v(2).
Thus, we say that a sentence ¢ is true in model A (notation, A =1 ¢) if Eloise has a winning strategy on the associated
game; and that it is false (notation, A =" ¢) whenever Abélard has a winning strategy.

Now, the fact that Eloise’s strategy may not take into account all the available information turns the game into one of
imperfect information. Thus, certain formula-structure pairs may have a non-determined semantic game; that is, one in
which neither of the players has a winning strategy. As an example of non-determinacy, consider this formula:

X1: =Xy ex 2 Y. (2)
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It is not hard to see that if A is a model with at least two elements, then A =+ x; and A =~ x1. One says that x; is
neither true nor false in A.

In game-theoretical semantics, negation is interpreted as a switch of roles, i.e., Abélard plays on Eloise’s former positions
and vice versa. We use ~ to denote this form of negation and we refer to it as game negation. For any IF-formula ¢ and any
model A, A=ty iff A=~ (i.e, Eloise has a winning strategy for v on A iff Abélard has one for ~y on A). However,
observe that ¥ v ~ is not in general a valid IF-formula (e.g., take ¥ to be x7 in (2)). This means that game negation in IF
is not equivalent to classical negation, which will be denoted with — and is characterized by

AET =y iff ATy (3)

Since the expressive power of IF corresponds to that of existential second-order logic (211) [2,3] and 211 is not closed
under (classical) negation, it is clear that classical negation cannot be defined in IF.

Classical negation plays an important role in Hintikka’s original programme. In [2], he claims that “virtually all of classical
mathematics can in principle be done in extended IF first-order logic” (in a way that is ultimately “reducible” to plain IF
logic). What he calls “(truth-functionally) extended IF logic” is the closure of the set of IF-sentences with operators —, A
and V. Clearly, extended IF logic corresponds in expressive power to the Boolean closure of X!, which is known to be a
proper fragment of A; [4,5].

Hodges [6] shows that IF logic admits a Tarski-style compositional semantics and then extends his presentation to ac-
count also for extended IF. To support classical negation, he introduces the flattening operator |, which “restores two-valued
logic on sentences” [6, p. 556]. That is, extended IF is obtained, roughly speaking, by considering the formulas where | only
occurs on certain positions (roughly speaking, ~| can occur where — would occur in extended IF logic, see below). But
because | is given a compositional semantics, the logic where it is allowed to occur anywhere in a formula is well-defined.
The natural question to ask is what is the logic one thus obtains, and this is the main topic of this paper.

One might suspect the resulting logic to be extremely expressive: freely combining classical negation with second order
existential quantifiers leads to full second-order logic (SO). We will show that this is not the case: IF with unrestricted
classical negation, in Hodges’ style, corresponds to a rather mild fragment of SO, which is properly contained in A;. This
will be the subject of Section 4. The separation from A% is based on known results on truth-definitions for the analytical
hierarchy [7,8] that, for the sake of completeness, are presented in Section 6.

Hodges’ overall presentation is based on a mild extension of IF, called slash logic (SL), in which independence restrictions
can occur in any connective (instead of only on 3 and V). The unique feature of his compositional semantics is that the free
variables are interpreted using a set of variable assignments (called deals), instead of just a variable assignment as in usual
Tarski-style semantics for FO. In his terminology, a trump for a given game is a non-empty set of deals, V, such that some
uniform strategy for Eloise is winning for every game starting with any v € V. To support classical negation, he extends
slash logic with the flattening operator |. If we denote a set of variable assignments with V, its semantics can be given by

AET Lov] iff AET @[{v}] forallveV; (4)
AE" lplV] iff AT @[{v}] forallveV. (5)

Then one defines —¢ as ~| ¢ and it is easy to verify that when restricted to formulas evaluated under a set composed of a
single assignment {v} (we omit the braces for readability), negation behaves as expected:

At —gv] iff At ~lplv] iff AET Jelv] iff AT @[v]; (6)
AE"—plv] iff A" ~le[v] iff AET plv] iff AT g[v]. (7)

It is worth stressing out that the asymmetry in clauses (4) and (5), which in turns reflects in the asymmetry in (6) and (7)
is fine. For instance, if in (5) the =T were replaced by =" then one would have that — behaves exactly as ~. Observe also
that the semantics of | is biased towards falsity: if a sentence ¢ in SL is neither true nor false then | ¢ is false. Thus, when
working with |, the adequate notion to study is being true (=) vs. not true (") instead of being true vs. false. This is
why we will study only the notion =" in the context of SL with the operator |.

Hodges’ slash logic with flattening (SL({)) admits a more convenient second-order game semantics, in which Abélard and
Eloise play what can be regarded as strategy functions for the standard game for SL. This will be the topic of Section 2; for
a proof of the equivalence with the original compositional semantics, the reader is referred to [9].

Arguably, it could be possible that the semantics given to the flattening operator only made sense when restricted to
sentences. Put in other words, it is not clear a priori that Hodges’ characterization of classical negation for IF is the correct
one. We investigate this in Section 5; we will see that SL(|) coincides with the logic of Henkin quantifiers. The latter can
be seen as the closure by (classical) negation of the logic in which only one top-level Henkin quantifier can be used, which
is known to be equivalent to IF.

Some of the results contained in the present paper appeared in [10].
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2. Syntax and semantics of SL(J)

We assume a fixed first-order relational language £, as well as a collection of first-order variables, which we will denote
X, y, z, perhaps with subindices. Formulas of SL(|), in negation normal form, correspond to the following grammar:

@ =11, %) | i p@ | VX @ [ L@ 1Y@ Lo Vpo @A pe (8)

where p denotes a (possibly empty) finite set of variables and I(x1, ..., Xk) is any first-order literal (i.e., an atom or a negated
atom). We will typically use 3x;, Vx;, v and A instead of 3x;4, VXijg, Vig and Ajg. Since we are working in negation normal
form, game negation ~ will be a mapping on formulas satisfying ~Vx; |, = 3x;,~¢; ~| ¢ = t~g, etc. Finally, —¢ will be
short for ~|¢.

Bv(p) and Fv(¢) denote the sets of bound and free variables of ¢, respectively, which are defined as in the classical case
with the proviso that variables mentioned in independence restrictions are considered free; e.g., Fv(3x),¢) = (Fv(@) \ {x})Up
(see [9] for a formal definition). A sentence is a formula with no free variables. A fresh variable for a formula is a variable
that is not bound nor free for that formula [11,12]. In order to give a formal account of the semantics of this logic, we need
to refer to the live variables for a subformula vy of ¢ (here we assume that ¢ denotes not only a formula but a concrete
node in the derivation tree of ¢). Intuitively, these are the free variables of ¢ plus any variable y that would be bound by
a quantifier if we substituted ¥ by y ~ y in ¢ (cf. [13]). Formally, the set Lv¥(y) is defined inductively from top down as
follows:

1. Lv¥® () = Fv(p).

2. If ¥ occurs in ¢ under % € {~, |, 1}, then Lv® (¢) = Lv¥ (x¢).

3. If ¥ occurs in ¢ in the form ¥ © x (resp. x © ¥), with ® € {v,, Ap}, then Lv¥ () = Lv¥ (¢ © x) (resp., Lv¥ (y) =
L (x o ¥)).

4. If ¢ occurs in ¢ under Qx;, with Q € {3, V), then Lv¥ () = Lv¥(Qx,%) U {x}.

Remark 1. For the sake of simplicity we will impose a further restriction on formulas: there can be no nested bindings of
the same variable (e.g., 3x3x@) nor a variable that occurs both free and bound in a formula (e.g., x~ y v 3x¢ or Ixxp). This
is called the regular fragment of SL(}) [12] and it has simpler formal semantics. The results in this paper apply to the whole
language under the proviso that history-preserving valuations are used instead of standard ones (cf. [9] for details).

We interpret SL(|)-formulas using first-order models .4 with domain |.4|. We use sets of finite valuations to account for
free variables; the domains of these valuations must be large enough to interpret them all (but they can be larger).

Definition 1. Given ¢ and A, we say that, V, a set of finite valuations over A, is suitable for ¢ iff there is a finite set
D D Fv(p) such that V < |A|P and D NBv(p) = (cf. [12]). We say that a finite valuation v over A is suitable whenever
{v} is suitable.

We define now the game G(A, ¢, V), where A is a model and V is a set of finite valuations over .4 suitable for ¢. As is
customary, this game is played between two opponents: Abélard and Eloise (sometimes called Falsifier and Verifier). There
is also a third agent, called Nature, which acts either as a generator of random choices or as a referee.

The board. Game G(A, ¢, V) is played over the syntactic tree of ¢. There is, additionally, a set of variables D and a place-
holder for a valuation v : D — |A|. Initially, D is such that V < |.A|P? and v is empty. In the syntactic tree of ¢, all the 3,
v and |-nodes of the tree belong to Eloise; while the V, A and 1-nodes belong to Abélard. Moreover, 3, V, v and A-nodes
will be (repeatedly) decorated with functions during the game; the first two admit any function f : [A/PY™YY®) — | A]; the
last two, only functions f : |A|DUL"¢(‘/’) — {L, R}, where 1 stands for the formula that corresponds to the node in question.
Initially, the nodes have no decoration.

The turns. At any point of the game, the remaining number of turns is bounded by the maximum number of nested occur-
rences of |-nodes and 1-nodes in the game-board.

e The opening turn. The first turn is different from the rest. It is composed of two clearly distinguished phases. In the first
phase, both players decorate all their nodes with suitable functions. The order in which they tag their nodes is not
important as long as they do not get to see their opponent’s choices in advance. For simplicity, we will assume they
both play simultaneously. In the second phase, Nature picks a valuation from V and puts it in the placeholder v and
finally evaluates the outcome of the turn, as described below.

e The subsequent turns. In all but the first turn, the formula tree is of the form |y or 1y (see next). In these turns, both
players get to redecorate their nodes, one after the other; Eloise goes first when the formula tree is of the form | and
Abélard does so on 11/. Finally, Nature replaces the tree with i and proceeds to evaluate.

The recursive evaluation procedure used by Nature is the following:
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R1 If the tree has root v, of the form 1 V |y, .y, ¥2 OF Y1 Ajy,,..y Y2, then ¢ must have been decorated with a func-
tion f : APV W) s (I R}. Nature picks elements a . ..a, from |A| and proceeds to evaluate f(v[yi > a1, ..., Yk
ag])—by construction {y1,...,yx} € D. That is, the values the player was not supposed to consider are randomly re-
placed prior to evaluating the function provided. The tree is then updated with 1, if the result is L, and with v,
otherwise. D and v remain unchanged and evaluation proceeds.

R2 If the tree has root v, of the form 3xy, .y, ¥ or VX, . ¥, then ¥ must have been decorated with a function
f ] APYYY W) s | A|. Nature picks aj...ag, evaluates b := f(v[yi — ai,..., yk — a;]) and records this choice by
replacing D with D U {x} and v with v U {x — b}. Finally, the tree is updated with ¥ and evaluation proceeds.

R3 If the tree is of the form |y or 1, the evaluation ends (and so does the turn).

R4 Finally, if the root of the tree is a literal I(x1,...,X;), the game ends. Eloise is declared the winner if A =po
I(x1, ..., x,)[v]; otherwise, Abélard wins.

Remark 2. Let ¢ be |- and t-free; then game G(A, ¢, V) consists of only one turn, but the evaluation phase is essentially
the usual game for SL (and, mutatis mutandis, for IF), except that Abélard and Eloise are substituted by the (strategy)
functions they already played.

Winning strategies. We will not go into a formal description of what a strategy for G(A, ¢, V) is. We simply take it to be a
form of oracle that tells the player how to proceed in each turn. As usual, a strategy is said to be winning for a player if
it guarantees that he or she will win every instance of the game, regardless the strategy of the opponent and the choices
made by Nature.

Definition 2. Let V be a set of finite valuations suitable for ¢. We define:

o AT @[V] iff Eloise has a winning strategy for the game G(A, ¢, V);
e A" @[V] iff Abélard has a winning strategy for the game G(A, ¢, V).

When V = {v} we may alternatively write A =" ¢[v] and A =" @[v]. Also, for a sentence ¢ we may write A =" ¢ and
A =" ¢ meaning A =" ¢[@] and A =~ ¢[@], respectively, where & is the empty valuation. If V is a set of finite valuation
suitable for ¢ and W consists of extensions of the valuations in V, from A =1 ¢[W] we cannot infer A =" ¢[V]. This
is due to signaling: the value of a variable a player is supposed not to know is available through the value of another
one (cf. [14,15]). It is shown in [9] that the logic of Definition 2 coincides with Hodges’ compositional semantics for SL({)
described in Section 1.

We will work with two different kind of equivalences.

Definition 3 (Equivalence). We say that ¢; and ¢, are equivalent (notation: @1 = @) whenever Fv(g1) = Fv(¢o), A =T
o1[V1e AET @a[V], and A= ¢1[V]1 & A= @[ V], for every A and every set V suitable for ¢ and ¢;.

On the other hand, we resort to a coarser notion of equivalence which only considers singletons V = {v}. We need this
in order to compare SL(}) with “classical” logics such as second order logic (whose formulas are evaluated in classical
valuations).

Definition 4 (Equivalence on classical contexts). We say that ¢ and ¢, are equivalent on classical contexts (notation: @1 =¢ ¢3)
whenever Fv(g1) =Fv(gy), AT ¢1[vl & AET ¢a[v] and A=~ ¢1[vl & A=~ ¢a[v], for every A and every valuation v
suitable for ¢; and ;.

Observe that Hodges shows that for any sentence ¢, A =" ¢ if and only if the meaning of ¢ is nonempty. This is the
same as saying that the empty valuation belongs to the meaning of ¢. Hence, two sentences ¢ and ¢, are equivalent if
and only if for any structure A, we have A =" ¢ iff A =T .

Proposition 1. Given v, a finite valuation over A suitable for ¢, we have that A =" ¢[v]iff A = |@[v], and that A =" ¢[v] iff
AE" telvl]

Proof. The left-to-right directions hold for all V. For the remaining case, note that Nature’s initial choice of a valuation is
irrelevant in this case, so if a player has a winning strategy playing first, this same strategy can be used for the case where
they play simultaneously. O

To see that Proposition 1 fails when V is not a singleton set, consider | A| = {a, b} and V = {{x +— a}, {x — b}}. It is easy
to verify that for ¢ =3y [x~ y] we have A =T L@[V] (since Eloise knows the valuation picked by Nature, she can play a
constant function for her existential) while A =+ ¢[V].
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Remark 3. Nodes may get redecorated during the game but only by its owner, that is fixed. Hence it is equivalent to
assume that players decorate only those nodes that are not under nested | or 1. This way, each node gets decorated only
once. Moreover, whenever one is interested in whether A =" | ¢[V] holds, it may be convenient to consider an equivalent
version of G(A, | ¢, V) in which Eloise plays functions and Abélard plays elements (until the game reaches a 41, where the
situation gets reversed). This resembles the perfect-information game for IF given by Vddndnen in [16].

Under some assumptions, operators | and 4 turn a formula that may lead to a non-determined game, into one that
always leads to a determined one. This suggests the following notion.

Definition 5 (Determined). We say that ¢ is determined whenever, for every model A, and every set V suitable for ¢,
AT [V] iff A=~ @[V]. All such formulas constitute the determined fragment of SL({).

Intuitively, determined formulas are those that have a well-defined truth-value on every structure. One would like that
first-order formulas (i.e., those with no independence restrictions) be determined. However this is not the case: the formula
x~ y is not determined when |A| ={a,b} and V = {{x — a, y — b}, {x — a, y +> a}}. Here the problem resides in the fact
that first-order (as well as any logic in classical context, say second-order) involves single valuations instead of sets of
valuations. Furthermore, though | “restores two-valued logic on sentences”, it is not true that it restores a two-valued logic
on any first order formula, as | (x ~ y) is not determined for A and V defined above.

We restrict Definition 5 in order to guarantee that each first-order formula now behaves as we want, and also to ensure
that | and 1 “determine” a formula. The idea is to consider not arbitrary V, but singletons V = {v}.

Definition 6 (Determined on classical contexts). We say that ¢ is determined on classical contexts (CC-determined for short)
whenever, for every model A, and every finite valuation v suitable for ¢, A ' ¢[v] iff A =" @[v]. All such formulas
constitute the CC-determined fragment of SL(]).

Of course, not every SL({) formula is CC-determined. For instance the formula in (2) is not CC-determined. The following
result establishes some sufficient conditions for a formula to be CC-determined:

Proposition 2. The following hold:

1. Every FO formula is a CC-determined formula.
2. |y and 1 are CC-determined formulas.
3. If ¢ and v are CC-determined, so are ¢ Ajg W, @ Vg ¥, IX|g@ and Vxg¢.

Proof. For 1, suppose ¢ is an FO formula. If A = ¢[v] (i.e. ¢ is true in A under v with the classic first-order semantics) then
Eloise just plays the winning strategy for the classical game-theoretical semantics for FO, which is a valid winning strategy
for the game G(A, ¢, v). Hence if A = ¢[v] then A =" @[v]. Analogously for Abélard: if A }~ ¢[v] then A =" ¢[v]. Since
either A = ¢[v] or A} ¢[v] holds, ¢ is CC-determined.

For 2, observe that by (4) and (5) we have that A =1 J[v] iff A =T @[v] iff A=~ J@[v]. Hence ¢ is CC-determined.

For 3, observe that on the one hand, A =" @ Ay [v] iff AT ¢[v], and A = y[v]. On the other hand, A =~
@ A wlv] iff A" @[v] or A" y[v]. Since either A =T @[v] or A =" ¢[v] is true, and the same for v, then one of
AEY @A ylv] or AE" @ A ¢[v] must hold. The case for ¢ vig ¥ is analogous.

For 3xjg¢, observe that A =" Ixge[v] iff there is a € | A| such that A =T @[v U {x > a}], and A =" 3xge[v] iff for
all a € | A| we have A =~ ¢[v U {x+> a}]. Since ¢ is CC-determined, one of these two must hold. The case for Vxjg¢ is
analogous. O

As was mentioned in the introduction, the semantics of | is biased towards falsity: if A = ¢[2] and A =~ ¢[2] then
AE" Jp. Observe that this is a straightforward consequence of Proposition 1 and item 2 of Proposition 2.

3. Normal forms for SL(|)

Normal forms in the context of SL were initially investigated in [13]. Later, Janssen [14] observed some anomalies which
cast doubt on the correctness of these results. However, it was shown in [12,11,9] that only the formal apparatus employed
in [13] was defective, and not the results per se.

In this section we revisit the prenex normal form results of [13]| and extend them to account for | and 4. For this, bound
variables will be tacitly renamed when necessary' and the following formula manipulation tools will be employed.

1 While this assumption was considered problematic in the context of [13], it is safe here since we are using regular formulas. Moreover, this can also
be assumed for arbitrary formulas under an adequate formalization (cf. Remark 1).
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Definition 7. Let x; ...x, be variables not occurring in ¢; we denote with @)y, x, the formula obtained by adding x;...xy
as restrictions to every quantifier, every conjunction and every disjunction in ¢. Also, we write ¢° for the formula obtained
by replacing all independence restrictions in ¢ by @.

Notice that ¢ is essentially an FO formula. As is observed in [13], independence restrictions on Boolean connectives can
be removed by introducing additional quantifications. It is not hard to extend this result to SL({). In what follows, we shall
use, for emphasis, Vg and Ay instead of v and A, etc.

Theorem 3. For every ¢, there exists a ¢’ such that ¢ = ¢’ and every disjunction (resp. conjunction) in ¢’ is of the form 11 Vg ¥
(resp. Y1 Ajp ¥2)-

Proof. When restricted to models with at least two elements, a simple inductive argument gives us the desired formula.
The important step is that, given a formula v := 1 V|x,..x, ¥2 and given y1, y fresh for v, we can define

V=31 0 3V 2 [V R Y2 AV, y,) Y (V1 E Y2 A Y21, )] 9)
Fact 4. On models A with at least two elements, we have A =" ¢[V] & AT y*[V]and A=~ ¢ [V] & A" ¢*[V].

Proof. Assume A =" [V]. We transform Eloise’s winning strategy on G(A, ¥, V) into a winning strategy of Eloise for
G(A, y*, V). Suppose Eloise plays an {L, R}-valued function f for the outermost node V|, x, of ¥ and let a,b € | A| be
two distinct elements. Then Eloise plays the following |.Al-valued functions g; and g for the outermost nodes 3y1y, . x,
and 3y3y, . x, Of ¥* respectively, and an {L, R}-valued function h for the outermost node Vv of ¢*: if f(v) =L then g1(v) =
g2(v) =a and h(v) =L; if f(v) =R then g{(v) =a, g2(v) =b and h(v) = R. The rest of Eloise’s strategy in G(A, ¥*, V)
is the one she has in G(A, ¥, V). Observe that g;(v) and g;(v) can be determined independently of the values of x1...x;
because f(v) is determined in that way. It is not hard to check that these definitions of g, g, and h are winning for Eloise
in G(A, y*, V).

Assume now that A =1 y*[V]. We transform Eloise’s winning strategy on G(A, y*, V) into a winning strategy of Eloise
for G(A, ¥, V). Suppose Eloise plays |.A|-valued functions g1 and g for the outermost nodes 3y1|y, x and Iy, , of
¥* respectively. Then we define the function f for the outermost node V. x, of ¥ as follows: if g1(v) = g2(v) then
f(v) =L; otherwise f(v)=R. Since the value of g{(v) and g»(v) can be determined independently of x;...x; then so is
the determination of the value for f(v). One can check that this definition of f (together with the rest of Eloise’s strategy
for G(A, ¥*, V)) constitutes a winning strategy for Eloise in G(A, vy, V).

It is straightforward to see that A=~ ¢[V]iff A= ¢v*[V]. O

By successively applying this truth-preserving transformation in a top-down manner, one can obtain, for any given ¢,
a formula ¢ that is equivalent on models with at least two elements.

On models with exactly one element, restrictions are meaningless. Therefore, for any given ¢ we can define the equiva-
lent formula:

¢ = (VaVylx~ yl A @) v (IXAy[x % yIA@). O (10)

Formula (9) in the above proof was taken from [13], except that we have added independences on y; and y, to v
and ;. This prevents undesired signaling [14,15,12,9] and it was most probably an involuntary omission in [13]. Also, since
we are considering only suitable valuations, the following result in [13] is now true.

Lemma 5. If x does not occur in v, then the following hold:

1. Elx‘p[go] VW) lp = Elx‘p[go \/|(/| Tﬂ|x].
2. Lol ng ¥ = 3K ple A Yixl-
3. YX)pl@]Vig ¥ =Vx)p[@ Vig Y.
4. YXp[@]I ANg U = VX109 Alg Yixl

The above result is a basic building block for a proof of a prenex normal form theorem. In the case of SL(|), we also
need to show how to extract | and 1 from arbitrary formulas.

Lemma 6. The following hold:

1. If ¢ is CC-determined, then |y = 1 =¢ ¥.
2. l@Ap¥) =clo gy and (@ A ) =c 1o N 1.
3. levpy)=clo Vv ly and T (@ Vig ) =c to Vg 1.
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Proof. Item 1 follows straightforwardly from Proposition 1.

For the first equivalence of item 2, suppose that A =" | (¢ Ay y)[v]; this means that Eloise has a way of decorating
both ¢ and v that guarantees she wins each game. Therefore, we have A =" |¢[v] and A =T |y[v] which implies
AET (Lo Ajg L¥)[v]. The right to left direction is analogous, and one thus establishes that A =1 | (@ Ag¥)[v] iff AET
(9 Ag L¥)[v]. Moreover, since | (¢ Alg ) and (¢ Ajg L) are CC-determined formulas (Proposition 2), this implies A =~
Vo ngWIvIiff AE" (Lo A L¥DIv].

For the first equivalence of item 3, suppose that A =" | (¢ Visy)[v]; this means that Eloise has a way of deco-
rating either ¢ or ¢ (or both) that guarantees she wins the corresponding game. Therefore, we have A =T |¢[v] or
A ET |¢[v] which implies A = (J¢ Vg L¥)[v]. The right to left direction is analogous, and one thus establishes that
AET Levigwiv] iff A=Y (Lo vgly)lv]. Moreover, since | (¢ Vigv¥) and (@ Vg ) are CC-determined formulas
(Proposition 2), this implies A=~ (@ Vg ¥)[V] iff A=~ (Lo Vg Jy¥)[V].

The second equivalences of items 2 and 3 are dual of the first equivalences of items 3 and 2 respectively. O

Definition 8. An SL(|)-formula is said to be in prenex normal form if it is of the form Qj$:Q{¢,... Q) _;$,-1Q; ¢ with
n >0, where each Q/ is a (perhaps empty) sequence of quantifiers, $; € {{, 1} and ¢ contains only literals, Ajg and V.

Theorem 7. For every SL(|)-formula ¢, there exists a ¢* in prenex normal form with ¢ =. ¢*.

Proof. By Theorem 3 we can obtain a ¢’ such that ¢/ =¢ ¢ and no Boolean connective in it contains independences. We
proceed now by induction on ¢’. If ¢’ is a literal, ¢* = ¢’. If ¢’ =3xy, ., ¥, we have ¢* =3x), y,¥* and the cases for
@ =Xy, V¥, ¢ =1¢ and ¢’ =1y are analogous. We analyze now the case for ¢’ = Vv x; the one for ¢’ =y A x is
symmetrical.

We need to show that there exists a ¢* = (¥* v x*), in prenex normal form. We do it by induction on the sum of the
lengths of the prefixes of * and x*. The base case is trivial; for the inductive case we show that one can always “extract”
the outermost operator of either y* or y*.

The first thing to note is that if ¥* = Qx,, ,, ¥’ (Q €{¥,3}), then using Lemma 5 (renaming variables, if necessary) we
have ¢* := QXy, .y, (¥'V x*)* and the same applies to the case x* = Qx,y, .y, x. So suppose now that neither ¥* nor x*
has a quantifier as outermost operator. In that case, they start with one of | or 4, or they contain only Ay, Vg and literals.
In either case, they are both CC-determined and at least one of them starts with | or 1 (or we would be in the base case).
If we assume that * = |/, using Lemma 6 repeatedly, we have (v VvV x*) =c (¥’ VvV Ix*) = (@' Vv x*), and we can
apply the inductive hypothesis. The remaining cases are analogous. O

Observe that in the proof above, the formula ¢* obtained is (strongly) equivalent to the given ¢ if there are no occur-
rences of | nor 1 in ¢ (i.e,, ¢ € SL). Moreover, in that case, no | nor 4 are introduced in the resulting ¢*. Hence, we obtain
the following result (cf. Corollary 10.3 in [12]):

Corollary 8. For every SL-formula ¢, there exists a ¢* in prenex normal form with ¢ = ¢*.

4. Weak dependencies in second-order logic

It is not hard to encode in an SO-formula the game semantics of a CC-determined formula of SL(|): quantification over
Skolem functions accounts for the functions that can be played by a player while first-order quantification is used for the
rival’s moves (cf. Remark 3). This will be shown in detail in the proof of Theorem 16 (item 1), but we can now anticipate
an interesting feature of this translation: if ¢ is a formula obtained from it and 3f+ is a second-order quantification that
occurs inside @, then although f formally depends on any previously quantified function g, in practice it only depends on
a finite number of values of such g. This motivates the fragment of SO we are about to introduce which, moreover, will be
shown to coincide with SL({) (with respect to =").

Assumption 9. In what follows we assume, without loss of generality, that if a variable occurs free in an SO-formula, it
does not also appear bound. We reserve letters f, g and h (probably with subindices) to denote second-order functional
variables; arities will be left implicit. We identify first-order variables with 0-ary second-order variables; letters x, y and z
(with subindices) are to be interpreted always as 0-ary functions (f, g, etc. could be 0-ary too, unless stated). We also
assume, as is customary, that only FO terms occur in SO-formulas (the occurrence of a proper SO terms as in the formula
f~ g for f, g unary may be replaced by Vx[f(x) ~ g(x)]).

Definition 10. We say that an occurrence of the functional symbol f is strongly free in an SO-formula ¢ whenever f is free
in @ and, if the occurrence in question is of the form f(...g(...)...), then the occurrence of g is strongly free in ¢ too. We
say that f is strongly free in ¢ if all its occurrences are strongly free.
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Example 1. Variable g is strongly free in 3x[f(x) ~ g(y, g(z, ¥))], while f is not (for x is not, either). Any free first-order
variable is also strongly free.

Lemma 9. Let ¢ be an SO-formula and let g1 ... gy be strongly free in ¢. Moreover, let v1 and v, be interpretations of functional
variables in A such that (i) v{(f) = va(f) for every f € Fv(p) \ {g1,..., &/, and (ii) for every gi(t1,...,tm) occurring in @,
v1(8i(t1, ..., tm)) = va(gi(t1, . .., tm)). Then, A |=so 1] iff A k=so ¢lval.

Proof. First we analyze a condition over terms:
Fact 10. If ¢ is quantifier-free and t is a term occurring in ¢, v1(t) = v(t).

Proof. By induction on the complexity of the term t. If t is a constant symbol it is straightforward. If t is of the form
h(tq,...,tm) (or a first-order variable in case m = 0) then by inductive hypothesis for all i =1...m we have v{(t;) = va(t;).
In case h ¢ {g1,..., g/}, by clause (i) we have vq(h) = v,(h) and therefore v1(t) = v2(t). In case h = g; for some i then by
clause (ii), we conclude v{(t) =vy(t). O

We now show the statement of the lemma by induction on the complexity of ¢. Suppose ¢ is of the form P(tq,...,tn),
where P is an m-ary relation symbol and tq, ..., t;, are terms. By Fact 10, v1(t;) = v2(t;) and then A =so @[v1] iff A Eso
@[v2]. The Boolean cases for ¢ are straightforward. Finally, suppose ¢ is of the form 3f. Observe that if g1...g, are
strongly free in @, then f ¢ {g1, ..., g}; furthermore, g1, ..., g are also strongly free in . Let 12 and v, be interpretations
of the variables satisfying the hypothesis and suppose that A =so 3f¥/[v1]. Then, there exists f such that A |=so ¥[v1 U
{f — f1}1. Thus, by inductive hypothesis A F=so ¥[v2 U {f > f}]. Hence A =so ¢[va]. O

It is well-known that Vx;...x,3f¢ is equivalent to EIfV)q ...Xp®, where ¢ is obtained by replacing every occurrence of
a term of the form f(t1,...,t,) in @ by f(t1,...,tk,X1,...,%s). The following is a generalization of this idea to strongly
free second-order variables used instead of first-order ones.

Theorem 11. Let g1 ... g, be strongly free in ¢ and let h, free in ¢, be such that g;(...h(...)...) does not occur in ¢. Then, for every
f1... fm freein @, there exists ¢ such that g1 ... g, are strongly free in §; f1... fm are freein ¢ and Vgy...Vgy3haf1...Afme =

Vg, ...¥Yguafi ... 3fmd.

Proof. The idea is to move ‘h to the front’ using the fact that h does not depend on all the values of g;, but only on finitely
many of them.

Let T be the set of terms of the form g;(t1,...,tp;), 1 <i < n, occurring in ¢. Since g1, ..., gy are strongly free in ¢,
for each term g;(ty,...,tp;) € T and for each j e {1, ..,p,} we have that t; is a term built from constant and func-
tion symbols of the language, from variables occurring free in Vg;...Vgy,3h3f;...3fne, and from fq,..., fy—observe
that the hypothesis precludes h to occur in tj. Hence h only depends on the terms in T. Suppose T = {s1,..., s}, sup-
pose h has arity k, and consider f of arity k + I. Define ¢ as the result of replacing every occurrence of h(ﬁ,...,tk)
in ¢ by h(t1,.. b, S1,...,51), where f; is the result of the recursive replacement of h by h in tj, for i=1,...,k. Since
gi(...h(...)...) does not occur in ¢, no occurrence of h is left in ¢. One can see that A |=so Vg1 ...Vgn3h3 fy ...Elfm<p[v] if
and only if A g0 3hVgy...Vgn3f1...3fm@lv]. O

In a way, what Theorem 11 says is that a strongly free second-order variable corresponds, in terms of information,
to a finite number of first-order terms. Quantification over strongly free second-order variables introduces only “weak”
dependencies between them. This is formalized in the following definition.

Definition 11. We say that an SO-formula in prenex normal form has weak dependencies if in every subformula of the form
Vg1...Ygnaf1...3fme (with @ #3hy) or g1 ...3g,Vf1...Vmp (¢ # VYh{), g1...gn are strongly free in ¢. This notion is
extended to an arbitrary formula ¢ requiring that the prenex normal forms induced by the branches of the derivation tree
of the formula have weak dependencies. We use SO to denote the fragment of SO-formulas with weak dependencies.

It is immediate that SOY is closed under Boolean operations. Moreover, it is not hard (though perhaps rather tedious) to
verify that it is also closed under some standard transformations:

Proposition 12. Every SOV -formula is equivalent to an SO" -formula with only shallow terms (i.e., if g(t1, ..., ty) occurs in the
formula, all the t; are first-order variables) and the same number of quantifier alternations. Every SO" -formula is equivalent to an
SOY -formula in prenex normal form, with the same number of quantifier alternations and containing no new terms. Both transforma-
tions are primitive recursive.
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Proof. Let ¢ be an SOY-formula. For the first statement, suppose that for some relation symbol P, the atomic formula
P(...g(t1,...,ty)...) occurs in ¢, where some t; is not a first order variable. Then define ¢’ as the replacement of

P(...g(t1,...,ty)...) in ¢ by

Elxn< /\ xi%ti>/\P(...g(x1,...,x,1)...),

1<i<n

where X1 ...x, are fresh variables, or by

n( /\ xi%ti)—>P(...g(xl,...,xn)...)
1<in

if the first replacement increases the number of quantifier alternations in the resulting formula. Repeating this process for
every atomic subformula of the form P(...g(t1,...,ty)...) where some t; is not a first order variable, we obtain the desired
equivalent SO"-formula.

The second statement is a straightforward consequence of the following facts, since we only need to show that the
quantifiers can be moved step by step to the front of the formula. Firstly, whenever f is not free in ¢ then (Qf @) x ¢ =
Qf (px),if Q €{V,3} and * € {V, A}. Secondly, (Q f @) is an SO"-formula if and only if Q f (¢ x) is so. Finally, an
analogous rule for negation holds.

It is routine to check that these two transformations are primitive recursive. 0O

The natural question now is what is the expressive power of this weak fragment. We provide both upper and lower
bounds.

Proposition 13. Every formula in the Boolean closure of 211 has an equivalent formula in SO".

Proof. Take any ¢ € X1; ¢ can be rewritten as 3f;...3f;Vx;...Vx,¢' with ¢’ quantifier-free which is trivially a formula
in SOY. Moreover, recall that SO is closed under Boolean operations. O

Proposition 14. There are primitive recursive translations that map any formula in SOY to equivalent 221 - and 1'12] -formulas. Hence
SO" is contained in Al.

Proof. We first fix some notation. Suppose

¥ =3hvg3fivoafs... Qfi o
where p is first order Qe=V if k is odd and Qj = 3 otherwise, 3k [Vg] is a possibly empty list of ex1stent1al [universal]
quantifiers, and V f2n+] 13 f2n+2] is a nonempty list of universal [existential] quantifiers, and not all symbols in fk are O-ary.
We say that Q; fl is the i-th misplaced block. Clearly ¢ has no misplaced blocks if and only if ¢ is 21

We now turn to the proof. Being SO closed under negations, it suffices to show a primitive recursive translation from
SOY to 221. We actually show that the quantifiers in the prenex normal form of an SOY-formula with shallow terms
(cf. Proposition 12) can be reordered, one at a time, in a top-down manner, leading to a 221 -formula. That this is a primitive
recursive procedure will be immediate.

Suppose, then, that ¢ € SO is in prenex normal form, it only has shallow terms and it is not in 221 -form. We convert ¢
into a Eg-formula by induction on ¢(¢), the sum of the lengths of each misplaced block of ¢. For the base case, the
transformation is just the identity, as £(¢) = 0 implies that ¢ is a 221 -formula. For the inductive step, suppose that ¢ is not
in 221 form, i.e. £(¢) > 0. Consider the least block that is misplaced. There are two possibilities.

1. Not all the symbols of the first misplaced block are 0-ary. Suppose
¢ =3hy...3nVg1...YgnIx1...3x3hAf1 ... Ay

where k,I,m>0,n>1, x;...x, of zero arity and h of non-zero arity. Since we assumed ¢ to have only shallow terms,
gi(...h(...)...) does not occur in . By Theorem 11 we can relocate the misplaced 3h and obtain the equivalent
formula

@' =3h;...3h3hVg, .. . Vgu3x1 ... I f1 .. A fmVr

Observe that if k +m > 0 the only misplaced block that changes from ¢ to ¢’ is the first one (all the others remain
the same). In this case the length of the first misplaced block in ¢ has length k +m + 1, while the length of the
first misplaced block in ¢’ has length k + m. Hence £(¢’) < €(¢). In case k +m =0 then ¢’ has one less misplaced
block than ¢, but in this case it is also true that ¢(¢’) < £(¢). By inductive hypotheses, we can transform ¢’ into a
X, -formula.
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2. All the symbols of the first misplaced block are 0-ary. Here it can be the case that g;(...x;...) occurs in . Therefore,
suppose

@=73hy...3Vg ... VYguIx1 ... XNV f1... V¥,

where [ > 0,k,m,n > 1, the variables xq, ..., X, are all first-order, and v does not start with V. In this case we relocate
the quantifiers corresponding to the second misplaced block. Using Theorem 11 repeatedly (recall that x;...x; are
strongly free in ¥ ), we obtain the equivalent

@' =3hy...3Vg .. VgV f1.. Y fmIxg .. 3.

Observe that ¢’ is an SO -formula, since Vg; . NVgu¥fi...¥fm3x1...3x is one too. As one can see all the misplaced
blocks of ¢’ are also misplaced blocks of ¢, but ¢’ has one less misplaced block than ¢, namely Vf;...V fy. This
implies that £(¢’) < £(¢) and by inductive hypothesis ¢ can be transformed into an equivalent 221 -formula.

The proof straightforwardly induces a primitive recursive procedure for converting ¢ into a 221 -formula. O

It will be shown in Section 6 that any logic that can be translated both to 2,} and to 17,} (n > 1) in a primitive recursive
way (in fact, in an arithmetical way) has a truth-predicate in A; (cf. Theorem 25). Hence Proposition 14 implies that the
truth-predicate of SOY lies in A%. By Tarski's Undefinability Theorem such predicate cannot be expressed in SOY, which
gives us the following:

Corollary 15. SO is strictly contained in Al.

The remaining of this section will be devoted to proving that SO" coincides in expressive power with SL(|). Of course,
this transfers the expressiveness bounds of SO to SL().

Definition 12. Let ¢ € SL(}) and v € SOY. We say that ¢ and y are equivalent, denoted ¢ = v, whenever for every
structure A and every suitable valuation v, A =1 ¢[v] iff A =50 ¥[v].

Theorem 16. The following hold:

1. For every ¢ € SL(), there is a ¢* € SOV such that ¢ = ¢*.
2. Forevery i € SOY, there is a y* € SL(| ) such that * = .

For the proof of item 1 of Theorem 16, we will use a Skolemization to show that the existence of a winning strategy for
Eloise in a game G(gp, A, {v}) for a ¢ in prenex normal form can be expressed as SO"-formula. We first motivate this sort
of Skolem form with a short example; so let ¢ be quantifier-free, with variables among {x1, X2, X3, 1, Y2, ¥3} and consider

X2 = ¢Vy1Vy25|X1\y2T3X2|y23X3VYB|x3W- (I

Assume Eloise has a winning strategy for G(A, x2, {v}). Using the simplification of Remark 3 this is the case if and only if
A =so x5, where

X5 :=3fVy1Vy,¥z1Vgax,Ax33za[yro1] (12)

and o1 = {x1 — f(y1,21), y3 — g(¥1,¥2, f(¥1,21), X2, 22)} is a substitution of variables by terms.? Notice that z; and z;
represent the random choices made by Nature during the evaluation phases; e.g., f(y1,2z1) expresses that Nature replaced
the value of y, by a randomly picked z; when evaluating x;. Since z; and z, do not occur in ¢ and y; and y, occur
universally quantified, just as g, we have that /) is equivalent to x;', where

X5 =3fVy1Vy2VgdxoAxs[yos] (13)

and oy = {x1 — f(¥1),y3+— g(f(¥1),x2)}. Of course, one could simplify further and replace g(f(y1), x2) by g(x2), but this
will be discussed in more detail later on.

In order to formalize this transformation, we will use some conventions. First, > denotes an empty sequence (of quanti-
fiers, of variables, etc.). When describing SL(|) prefixes we shall use patterns such as

WY 1151 1p; - VVk1g 3k 0, $ Q5

it must be understood that not necessarily all the x; and y; are present in the prefix, and that either $Q = A or else
$€{l,1} and Q is a (possibly empty) SL({ )-prefix.

2 As is customary, we use postfix notation for substitution application.
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Definition 13. Given Q v in prenex normal form (v quantifier-free), T(Q v) is the SO-formula 7 (} Q)[y 0] with o) =
7/ ({}, 1 Q), where T (%) =, 7§ (0,4) =0 and

TAYY 115301 - - Vi k10, 3 Q) = T fxy - - YY1 ... VYem (3Q)
T3 p, YY1 7y -+ Xk VYR, $Q) =V 8y, .. V8 Ix1 ... AT ($Q)

T80 YY1 Iy - Yk e $Q) = T (0 U {xi > fi (@ \ pi)o}. 4Q)
T8 (0, 13X110, YV 11y - - I 0 VY, $Q) = rg,/(a U{yi gy (B \1)o}. Q).

Here, we assumed o' :=, y1...y, and B :=B,x1...x.

The reader should verify that, modulo variable names, T()2) = x4 . In particular, substitution application in fx, (&' \ p;)o
and gy, (B’ \ pi)o account for the introduction of nested terms like g(xz, f(y1)) in (13).

Lemma 17. For every ¢ € SL(|) in prenex normal form, every model A and every suitable valuation v, A =" ¢[v]iff A E=so T(@)[V].

Proof. First, observe that A =" ¢[v] iff A =T }@[v] (Proposition 1). One then can show that, for every v in prenex normal
form and every suitable v, A =" |y [v] iff A |=so T({¥)[v] by induction on the number of turns in G(A, |, {v}) (i.e., in
the number of | and 4 occurring in | ).

The base case is as follows. Suppose ¢ is of the form

VYY1, 3100, - - ~Vyk|rkaxk|pk‘l’,

where  is quantifier-free. In the game G(A, ¢, {v}), Eloise has a winning strategy if she can decorate her nodes (i.e. those
containing an existential quantifier) such that for any decoration of Abélard’s nodes, she wins the game G(A, v, {v}). She
must decorate the node 3x;, with an |.A|-valued function depending on all the variables in the scope of this node in the
syntactic tree of ¢. Because of Nature’s action in the evaluation phase, this function turns out to be equivalent to a one
whose value is independent on the values of the variables in p;. Hence Eloise has a winning strategy if and only if for
each i, there is a function fy, which depends only on the variables in the context of 3x;, except the variables in po; and
such that for any choice y; of Abélard in his node Vyj‘rj, the SO formula

@ =3fx - 3 YY1 VYV

is true in A under v, where v is the result of replacing x; by fx; @), for the adequate Z, as explained above. One can verify
that T(¢) = ¢’. Observe that all the existential quantifiers are in front of all the universal quantifiers because Eloise has to
play first (as she owns the initial | node), and Abélard has to do it in second place. Observe also that it suffices to consider
first order universal quantifiers because we are analyzing the case when Eloise has a winning strategy, and hence Abélard
can play ‘at random’, in the sense that any Eloise should beat any possible play of Abélard’s (see Remark 3).

The analysis for the inductive step is analogous to the basic case, since the game proceeds in turns which are pairwise
independent—except from the fact that the valuation is extended at each step. In the same way one can show the dual case
of ¢ starting with 13x1 5, VY17, -+ Ik 0, Vi), ¥ O

Proof of item 1 of Theorem 16. It follows directly from Definition 13 that for every SL(|)-formula ¢ in prenex normal form,
T(g) is an SOY-formula (incidentally, also prenex normal form). This, together with Lemma 17, concludes the proof of the
first part of Theorem 16. O

For the proof of item 2 of Theorem 16, we define a translation S that maps SO"-formulas in prenex normal form with
only shallow terms (cf. Proposition 12) to equivalent SL(|)-formulas. If i is quantifier-free, then S(iy) = ¥. Now, suppose
we are given a formula of the form:

@=3g1...3gVf1...YVfmy, (14)

where n >0, m >0 and  # Yhy'. Every occurrence of g in v is a shallow term g(ty), where, t; denotes a tuple
of first-order variables whose dimension is the arity of g, (t; = A when g is a first-order variable). Since ¢ has weak
dependencies, f, can only contain variables free in v, including those symbols g1,..., g, f1,..., fm of arity zero (i.e.

first-order variables). In particular, by Assumption 9, no variable that is bound in { may occur in t.

For k=1,...,n, let f;,...,fi" denote all the tuples (of first-order variables) such that gk(fli() occurs in . Let U =
{u, 11 <k<n,1<i<} be a set of fresh variables and let oy be a substitution that replaces the term gk(f,’<) by the first
order variable uj. Moreover, let Y = {y, |1 <k <n,1<i<I} be a set of tuples of fresh variables where the dimension of
each }7;( coincides with the arity of g,. We then define S(¢) as



S. Figueira et al. / Journal of Computer and System Sciences 80 (2014) 1102-1118 1113

_ . hooys ly
S(p) =4Vl VIV YR vyl v

1 h
vyl 3 )

1 b
Eluzly\{}-,;} .. Juy NG

TRV aufyly\{y,nn}[p A(=x VS(Vfi...Y fmlyoul))] (15)

U _ i
where p = A1<ksn, (V) % ¥ = = ) and x = Aigksn, Vi = G-
1<i<l 1<i<

Observe that if y, = (yi(1),..., ¥ () and )7,{ = (j/i(l),...,j/,{(lk)> then Vy! is to be read as Vyl(1)...¥yl () while
formula j/;'( ~ j/,’{ in p is short for /\1<r<lk y;'((r) ~ y,ﬁ(r). The same applies to j/}; ~ f}< in x.
There are two key points in the above definition of S(¢). One is that the substitution oy eliminates every occurrence

of g in . The other is that in the recursive use of S we use a less complex SO"-formula (in particular, the V-prefix may
be of length zero). The dual case (i.e., that when ¢ starts with a V) is analogous.

Lemma 18. If x is a first-order variable and ¢ is an SO% -formula then S(3xp) =¢ | IxS(p) and S(¥xp) =¢ 1VxS ().

Proof. We show S(3x¢) =, | 3xS(¢p). The case when ¢ starts with V is immediate. Suppose ¢ is of the form (14), i.e.

¢=3g1...3g&f1...Via¥,

and assume g is of arity 0. Using the nomenclature used above, we have that [; = 1, since the only tuple t such that gi(t)
occurs in v is the empty tuple t = (); on the other hand, since the dimension of 57} coincides with the arity of g1, 5/} gets
trivialized to the empty tuple of variables. So (15) becomes

S(p) = 4VyS .. vy vyl vy
Hu}w

1 I
F2vvipy 32 5

gy - R g [P A (XY SV Y fmlwouT))]- (16)

Now the first existential quantifier is independent of all the previous variables quantified universally (i.e. those variables

in Y). Then one can swap the block Vj/; .. .‘v’j/lzz .. .‘v’j/,l1 .. .Vj/f; and Elu%IY without changing the meaning. So (16) is equiva-

lent to
wu}w
- -l - Iy
NAT2 PO T AN A7,

1 b
gl 2y 5t

EluTlI\Y\{}_/;} s Elus"ll ‘Y\{ygﬂ}[p A (_'X Vv S(Vfl . me[]l’O—U]))]a

which is clearly equivalent in classical contexts to S(3gy...3g,Vf1...Vf ).
The case S(Vxg) =¢ 1VxS(@) is analogous. This concludes the proof of Lemma 18. O

Proof of item 2 of Theorem 16. We prove that A [=so ¢[v] iff A =T S(¢)[v] by induction on the number of quantifier
alternations in ¢. The property is trivially true when ¢ is quantifier-free, so assume instead that ¢ is of the form (14)—the
dual case being analogous. Clearly, ¢ is equivalent to

3g1... 3yl VIV VY2 LY Y [mx VY Y fly ] (17)

where T is a substitution of gk(f,"() by gk(j/;'(). This means that all occurrences of g in ¥t are shallow. Furthermore, (17) is
equivalent to ¢’ defined as

- iy -l . =l 7
3g1...38aVY] .. VIV VY2 LYY LYY 1Y (18)
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with ¢ an SO"-formula in prenex normal form, equivalent to —x Vv () and with the same number of quantifier al-
ternations as ¥t (Proposition 12). A simple inspection shows that ¢’ is an SOY-formula as well. Call ¢” the result of
stripping the 3-prefix from ¢’. Then, A =g ¢'[v] iff there are functions Gy : |A|* — |.A| interpreting all the g, such that,
for A’ = (A, Gy,...,Gy), A’ = ¢"[v], iff (inductive hypothesis) A" =1 S(¢")[v], iff (Lemma 18):

AT VLY LR L YE YIRS (Y LY ) V] (19)
which holds (using again the identity |3x| x = | 3xy ) iff:
AT VL VYL YR Y S (Y LY )], (20)

Now, the key observation is that (20) holds iff A =" y[v], where y is

- —liyo =l = =l
NAATZ I 7 A 2 IO 7 R A

1 h
Elum(\{}-,}}...Elu1 ot

1 b
Eluzw\{y;} .. duy N2

In ~
gy gy - - - W\{ylnn}[p AS(Yfi...Yml¥Tl)T'] 21)

and 7’ substitutes all the occurrences of g(j/L) by uf{. We prove this claim next, but notice that S(Vfi...Yfal¥t)T' =
SKVf1.. Vfml¥tt']), and Y17’ = yoy. Then SNVfi.. .V ¥ TT']) =¢ S(Vfi...Vfm[¥oyl), and we conclude that y =,
S(¢), which would conclude the proof. A _

Then, A =T y[v] iff, according to the block of existential quantifiers Ju,, Eloise has functions G, to play in the nodes
for u, for k=1,....,nand i=1,...,l; depending only on y; such that makes her win the rest of the game. In any winning

strategy for Eloise, all the &;{ for a fixed k must be in fact the same function (otherwise, Abélard can beat hear by picking
values that distinguish them and playing the proper conjunct in p). So if Eloise has a winning strategy for G(A, y, {v}),
her functions G} played in nodes u; show the existence of the functions G, (take G} := G} ). Conversely, if there exist the

functions Gi, then these constitute the winning strategy for Eloise (take G} :=G}). O

5. The connection with the logic of Henkin quantifiers

We have shown in the preceding sections that when one adds classical negation to SL (or IF, for that matter) in the
way suggested by Hodges [6], one lands in a rather weak fragment of SO. But this way of incorporating negation may seem
arbitrary, so one may wonder whether this was a sensible definition in the first place. We will argue in this section that
this is indeed the case. To see this, we resort to Henkin quantifiers.

As an example of the simplest (non-trivial) Henkin quantifier, consider formula:

<VX0 dyo

Vi ay]>§0(><o,x1,yo,y1). (22)

Semantics are usually given using a Skolemization; for instance, (22) is equivalent to the 211 -formula 3 f3gVxeVx1¢(x0, X1,
f(x0), f(x1)).

More generally (we follow here the presentation in [17]), a Henkin prefix can be defined as a triple Q = (Aq,Eq.,Dq)
where Aq and Eq are disjoint sets of variables (universal and existential, respectively) Q, and Do € Aq x Eq is a depen-
dency relation. When (y, x) € Dq, we say that the existential variable y depends on the universal variable x in Q. Moreover,
if Dq is the union of n complete bipartite graphs, then we can write Q in matritial form using n rows, as in (22). L* is the
extension of FO with Henkin prefixes (i.e., they may occur wherever a first-order quantifier is allowed to occur) while L] is
the fragment composed by formulas of the form Q ¢ with v first-order.

The Skolemization of Q ¢, denoted sk(Q ¢), is defined as the result of substituting in ¢ all the free occurrences y; € Eq
by fy;(X;), where ; is a tuple containing every x such that (y;, x) € Dq. All the fy, are assumed fresh. We then define =+
by extending =po with the semantic clause:

A= Qolv] iff (A, Fy,..., Fp) 1+ YXsk(Q@)[v], for some functions Fy,..., Fx on A interpreting the fy,,..., fy,
introduced by Skolemization.

The reason we are interested in these logics comes from the following well-known result, a direct corollary of the
equivalences of X with L% [4,18] and with IF [2].

Theorem 19. IF is equivalent to L.
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The crucial connection is that L* can be regarded as the result of adding classical negation to L%, in an iterated way,
in exactly the same way as SL(|) is obtained from SL (for a formal treatment of this notion, cf. [19]). We then have the
following:

Theorem 20. L* is equivalent to SO and, therefore, to SL({) as well.

Proof. It is straightforward to encode the semantics of an L*-formula ¢ as an SO-formula T(g). The only case that in-
troduces second-order quantification is T(Qv) =3fy, ...3fy,Vx1...Vx T(sk(Qv¥)) and one only needs to observe that if
fy; (t) occurs in sk(Q ) then f is a tuple of variables among x; ...x,. Hence, T(¢) is in SO,

The argument for the other inclusion is a straightforward modification of the proof of Theorem 16, item 2; one simply
needs to replace y defined in (21) by

vyl Jul ... Elul]1
vyl ol L 3u? .

[oAS(Yfi1...Vfml¥T])T] (23)
vyl Ful .. 3ub

and then argue in an analogous way. 0O

6. An aside: truth-definitions in the analytic hierarchy

The results of this section appear in [7,8]. We include them in this aside section for the sake of completeness and
readability.

Let N be the standard model of Peano Arithmetic over the signature o = (0, 1, +, x). For every n > 0, let o, denote
the extension of o with unary function symbols f;... f;,. We say that a Z‘,}-formula is normalized if it has the form
Af1Vf3f3...Qfay where ¢ is an FO formula over o,. Notice that every quantifier is immediately followed by its dual
so Q =V iff n is even.

Proposition 21. Over N, every X! -formula is effectively equivalent to a normalized X} -formula.
Proof. This is a standard result that follows from the expressibility in N of a pairing function [20]. O

We assume a computable Godelization that assigns a number [«] to every second-order term or formula « (over sig-
nature o, assuming any f; may occur as a second-order variable). Moreover, we assume the usual formula manipulation
functions; thus, given [¢], we will write, [—¢] for the Gédel number of the formula that results of negating ¢, [Ix¢]
for the Godel number of the formula that results from prepending 3x to ¢. Furthermore, sometimes we will mix logical
symbols and natural numbers, as in 3xp, for x, p € N, to denote the formula 3y¢ where [y] =x and [¢] = p.

For every n > 0 we assume the following primitive recursive predicates and functions:

. Var(x) holds iff x is the Gddel number of a first-order variable.

. Trmg, () holds iff t is the G6del number of a closed term over oy.

. Frmgn (p) holds iff p is the Gddel number of an FO-formula over oy,.

. Snt?,n (p) holds iff p is the Godel number of an FO-sentence over oy,.

. Snt}I (p) holds iff p is the Gédel number of an SO-sentence over o.

. Inz,} (p) holds iff [3fp] has at most n — 1 SO-quantifier alternations.

. subg ([@], [x],t) = [@[x/t]] if Frmg([(p]) holds (¢ is the numeral of t).
. matrix([¢]) = [¥] if lnxg (TeD holds and ¢ is the matrix of ¢.

. Normy;1 (1) =¥, ¥ is a normalized Z‘,} -formula equivalent to ¢.

O© 0og O b WN =

Since these are primitive recursive, they can be expressed in the FO-language of o. Fix two second-order variables v and
X and let T,(v, X) be the conjunction of the formulas in Table 1. All but S1 are the standard way of describing, in FO,
a truth-predicate X for FO-sentences over o, and a valuation function v for closed FO-terms over o, (see, e.g. [21]). S1,
on the other hand, looks rather unusual and is the only axiom referring to Z‘r} -sentences. Finally, define the SO-formulas
over oy:

03 (%) :=3X3v(Ta (v, X) A X (%))
Oy (x) 1= VXYV (Tn(v, X) = X(x)).
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Table 1
Tn(v, X) is the conjunction of these formulas. X is used as a unary predicate but can be
assumed to be a unary function with image in {0, 1}.

TL. v(o) ~0 A v([1]) ~ 1

T2. VsVt[Trmg, (s) A Trmg, (t) — v([s +t]) = v(s) + v(t)]

T3. VsVt[Trmg, (s) A Trmg, (t) — v([s x t]) & v(s) x v(t)]

T4. VsVE[Trmg, () A Trmg, () — AiLy vTfi(OD = fi(v(©)]

El VsVt[Trmg, (s) A Trmg, (t) — (X([(s & 1)) <> v(s) ~ v(t))]

E2. VsVt[Trmg, (s) A Trmg, (t) — (X([(s Z 1)1) <> v(s) Z v(t))]

B1. Vp¥qisnty, (p) A SntS, (q) — (X([p Aq]) < X(p) A X(@))]

B2. vpvqsntd, (p) ASntd, (q) = (X(Tp v q1) < X(p) v X(@))]

Q1 VpVx[Frm, (p) A Var(x) A Sntd (T¥xp1) — (X([Vxp]) <> ViX(subs (p. X, 1)))]
Q2. VpVx[Frm?,n (p) AVar(x) A Snt?,n ([3xp1) — (X([Ixp1) <> JiX(subs (p, X, 1)))]
S1. Vp[Snt},(p) A Inzg (p) »> (X(p) < X(normzy} (p)) < X(matrix(norng (P)N]

Lemma 22. Let ¢ be a Z‘nl -sentence over o, let  be its Z‘r} normalized form and let g be the matrix of y. Moreover, let 6, be any of
9,.,5 or 9:. Forany Fq, ..., F, interpreting fq, ..., fa, the following are equivalent:

1. (N, Fq,..., Fp) Ero vYo.

2. (N, F1,..., Fp) Eso On([¥o]).
3. (N, Fq,..., Fp) Eso On(T¥ D).
4. (N, F1,..., Fn) =so 6 ([@1).

Proof. We show only the case for 6, = 6,?. We first show that if either 2, 3 or 4 hold, then 1 holds as well. Let
X € {p, ¥, Yo} and assume that (N, Fq,..., Fp) Eso 9”3([)(1). That means that for some X and ¥, (N, Fy,..., Fn, X, ¥) Ero
Ta(v, X) A X([x7). By S1, we may conclude that (N, Fy, ..., Fu, X, V) Ero Tn(v, X) A X([¥0]); moreover all the other for-
mulas make ¥ and X uniquely determined on the Gédel number of closed terms and sentences over oy, respectively. Hence,
we conclude that (N, Fq, ..., Fy) Ero Yo.

Now we show that if 1 holds, then 2, 3 and 4 hold too. Assume then that (N, Fq,..., Fy) E=ro Yo. We know that
Fi,...,Fy induce a unique valuation y on closed terms and a unique set ¥y of FO-formulas over o, that are true in
(N, Fyq, ..., Fp), from which ¥ € ¥ by assumption. Moreover, ¥y induces the unique set ¥ of normalized Z‘,} -formulas
such that x € ¥ iff the matrix of x is in ¥y, so ¥ € ¥. Finally, ¥ induces the unique set of X!-formulas @ such
that x € @ iff its normalized ¥}-form is in ¥, from which ¢ € @. Let v be any function such that, for any closed
term t over oy, V([t]) = y(t) and let X={[x11]x € ¥ UW U ®)}. By construction, we have that (N, Fy, ..., Fp, X, ¥) E
Ta(v, X) A X(TWoD) A X(TY1) A X([@]), 50 (N, Fr,...., Fa) E63(Tx1) for x € (Yo, ¥, ). O

The main result of this section is that the truth-predicate for Z‘,} -sentences over N is a E,} -set in the analytic hierarchy.
This is formally stated as follows:

Theorem 23. For alln > 0 thereis a En] -formula t,(x) over o such that for every 2,} -sentence ¢ over o, N |=so @ iff N E=so Ta([@]).

Proof. We discuss the case for n odd, the even case being analogous. Define, then t,(x) := 3f1Vf2...3f03(x), which is
clearly X! since 63(x) is X]. For the “only if’ case, assume N f=so @, which implies N =50 3f1¥f2...3fno where g
is the matrix of a normalized X!-sentence equivalent to ¢. This means there is a strategy for Eloise in the standard
game-semantics for SO that allows her to reach to a position such that (N, Fq,..., Fy) =ro Yo regardless what Abélard
plays. By Lemma 22, this same strategy is also winning when playing over formula 3f{Vf;...3 fne,?(wﬂ), which means
that N =so T ([¢1). The converse case is analogous. 0O

Now, observe that if 7,(x) is the E,}-truth-predicate for Zﬁ-sentences, then 7,([¢]) := —Ta([—¢]) is a I'Inl-truth-
predicate for /7)-sentences. Therefore, we get the dual result:

Corollary 24. For alln > 0 thereisa 1'[,} -formula T, (x) over o such that for every Hn1 -sentence ¢ over o, N =50 @ iff N =so T, ([¢1).

We say that a logic £ is arithmetically reducible to E,} over o if there is a function g5 expressible in FO over o, such
that for any L-formula ¢, g} (p) is a Z‘,} -formula and N =, ¢ iff N 5o g5} (¢). The notion of arithmetical reduction
to H,} is analogous. It is straightforward to see that if 7,(x) is the truth-predicate for Z‘,}, then t.(x) = tn(gzt} (x)) is a
Enl -truth-predicate for £. Again, a similar result holds for the 1'[,} case. From this we get the following result, which allows
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one to easily prove separation results for a logic with respect to A}l (i.e., to the set of formulas that are logically equivalent
both to a ¥!- and to a I -formula).

Theorem 25. For n > 1, if £ is closed under Boolean operations and arithmetically reducible to both X and IT] then there is a
A}l-formula that is not equivalent to any formula in L.

Proof. Let T, € N be such that [¢] € 7 iff N |=, ¢. By the remark above, 7. is a A;—set of natural numbers, so let rf x)
and ‘L'g (x) be the Z‘,}— and Hr} -predicates defining 7. Since N may be described up-to-isomorphism by a 1711 -sentence pa

and X and [T} are closed (for n > 1) by conjunctions with /T]-formulas we get that 7} (x) A pa is a A}-formula and by
Tarski’s Undefinability Theorem, it is not expressible in £. O

We conjecture that this result holds for the case n=1.
7. Discussion

The motivation for the research reported in this paper was an interest in understanding what are the properties of
IF with classical negation, as defined by Hodges [6]. Taking as starting point the equivalent, game-theoretical semantics
introduced in [9], we first found a characterization of SL(}) in terms of a syntactic fragment of SO and proved that this
fragment is indeed quite weak: it is strictly contained in A%. Moreover, this characterization allowed us to precisely locate
SL(}) in the logic spectrum: it corresponds to the well-studied logic of Henkin quantifiers, L*.

The equivalence with L* is a pleasant result, in that it gives a concrete and definite answer to our motivating question.
It also means that some of the results we obtained in the process can, alternatively, be concluded from known properties
of L*. It is therefore interesting to make a comparison of both approaches.

In retrospect, one finds that Enderton [4] already saw the connection between L* and the fragment of SO with weak
dependencies (cf. Section 5). He goes as far as “cheating” (sic) by saying [4, p. 394]:

The class of finite partially-ordered (f.p.o0.) formulas then is defined by adding one additional clause to the definition of
elementary formula (with equality): If @(x1,...,Xm, ¥1,..., yn) is a f.p.0. formula, then so is the formula:

3F1 ... 3FpVx1 V%@ (X1, .o Xm, F1(R1), .., Fn(Xn))

where X; is a sublist of x1, ..., xp.

He then shows [4, Theorem 2] that any L* formula can be effectively reduced to a 221 and to a 1'121 formula (which proves
L* to be, at most, as expressive as A;) and the sketched proof corresponds, essentially, to the proof of our Proposition 14.
Mostowski, on discussing Enderton’s result, says [5, p. 23]:

This would suggest that the logic of branched quantifiers is equivalent to A;-second order formulas. However it is not
So.

He then proves the separation employing an ad-hoc truth-predicate construction sketched in [22].

On the contrary, we derive the strict separation of A; and L* (or SOY or SL({), for that matter) as a trivial corollary of
Proposition 14, by way of the results discussed in Section 6 for the analytic hierarchy.

It has been shown in previous work how to extend the expressive power of L* to cover the whole of SO. The idea,
roughly, is to allow quantifiers in which existential variables may depend on universal variables and the other way round
as well (see, e.g. [23] for more details).

Another approach, completely different from Hodges’, for adding classical negation to IF is considering Team Logic [24].
On the one hand, Team Logic is an extension of Dependence Friendly Logic obtained by adding classical negation. On the
other, Team Logic can be seen as the closure of IF under classical negation. In this setting, adding classical negation adds
much more expressivity, as the expressive power of Team Logic is equivalent to SO.

One natural question is, then, if there is a counterpart extension for SL({) that lands it in full SO. In addition, it would
be interesting to find out if SO" coincides or not with the Boolean closure of 211.
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