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Abstract

The aim of this paper is to introduce an alternative definition for
the k-Riemann-Liouville fractional derivative given in [6] and whose ad-
vantage is that it is the left inverse of the corresponding of k-Riemann-
Liouville fractional integral operator introduced by [5]. Its basic prop-
erties are discussed, their Laplace transform, the derivative of the po-
tential function and the derivative of the Mittag-Lefller k-function in-
troduced in [2] is calculated.
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I Introduction and Preliminaries

For further development of this work we need to remember elements of frac-
tional calculus as derivatives and integrals of arbitrary orders. Also remember
the action of integral transforms such as Laplace transformation on fractional
operators.

Definition 1 Let f € L}, [a,b] where —oo < a <t < b < co. The Riemann-

loc
Liouwille integral of order v is defined as
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I"f(t) == ﬁ/ (t—7)""'f(r)dr v>0. (L.1)

Definition 2 Let f € L'a,b], —c0 < a < t < b < oo and I"Vf(t) €
Wmta,bl, n=[w]+1,v >0
The Riemann-Liouville derivative of order v, is given by

d

s () 1w, (12)

where W™t a, b = {f € L'[a,b] : f™ € L'[a,b]} is the Sobolev space.

Definition 3 Let f : RT — R an exponential order and piecewise continuous
function, then the Laplace transform of f is

£LOH) = [ (L3)
The integral exist for Re(s) > 0.

In 2012 Mubeen-Habbibulah (cf.[5]) introduced k-Riemann-Liouville frac-
tional integral given by

Definition 4 Let o« € RT and n € N such thatn—1 < a <n, f € L'([0,00))
then the k-Riemann-Liouville fractional integral of f is

IO =t [ =0 @ = e )
where
Fk(a):/O to‘_le_%dt, k> 0. (L.5)

is the k-Gamma function introduced in [1] and whose relationship with the
classical Gamma function is

T(a) = kE710 (%) (L6)

Is important to note that for & — 1, I'y(a) — I'(«), thus I — I for
k— 1.
The k-integral (I.4) also satisfies the semigroup property

Proposition 1 Let o, 3 € RY, f € L'([0,00)) and k > 0, then

RIf() = Y f(6) = I f(1) (L7)
Ct.[5] formula (10) p. 91.
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Proposition 2 Let f be a sufficiently well-behaved function and let o be a
real number, 0 < a < 1. The Laplace transform of the k-Riemann-Liouville
fractional integral of the function f is given by

L{DH)

(hs)f cf.[6]. (1.8)

L{IZ (1)} (s)

In 2013 [6] introduced the following

Definition 5 Let 3 € R such that 0 < 8 < 1; f € L'([0,00)) and k > 0 the
k-Riemnnan-Liouville fractional derivative of order 3 of f is

d

DLF() = S 1) (L9)

Unfortunately, this derivative is not a left inverse of the corresponding
integral operator of the same order as can be verified easily, since

DRI (1) = 5 1T )]

d ooy 4 [ 57
= L) = (W(l) " f@)

d [ ¢}

T (ka(1)> * )
1 1-k

= %Ik f(t) # f(t)

This fact led to an alternative definition according to the development of
the classical fractional calculus.

Suppose we want to solve the following integral equation (which can be
considered as a generalization of the Abel equation of the first kind)

L f(t) = u(t) (1.10)

To solve (1.10), we seek a left inverse operator of the k-Riemann-Liouville
fractional integral of the order a. To do this we note that, using equation (1.6),
we have that the k-Riemann-Liouville fractional integral introduced in [5] it
related to the classical Riemann-Liouville fractional integral by

IRf(t) = k™RI5 f(1) (L11)
Therefore, by replacing (I.11) in (I.10) we have
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As D7 is the inverse operator to the left of I'% result

f(t) = D¥k¥u(t), (1.12)

In terms of the Riemann-Liouville derivative is:

f(t) =k* (%)pfp—i‘u(t), (1.13)

where p = [a/k] + 1.
If we use here once again (I.11)

Elle)

s = k() 1
= (EY;@M St
- (&) e

This leads us to define a k version of the classical Riemann-Liouville frac-
tional derivative in terms of k-Riemann-Liouville fractional integral given in

[5].

II Main results

Definition 6 Let k,a € RT and n € N such that n = [$] + 1, f € L'([0,00))
and IT*= f(t) € W™![a, 00); the modified k-Riemann-Liouville fractional deriva-

tive 1s given by

o3t = (5 ) WIS (1)

We note at first that, using (I.6) and (1.7) obtained
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nen0) = (§) e ) (2)
= (%) EMIPR£(t) (I1.3)

_ (%)nkr,jnk) /0 ot dr (1L4)

— g (%)nkknlrl(nk/k) /Ot(t—T)”_lf(T)dT (I1.5)

_ <%)nﬁ /0 (= ) () (IL.6)
_ <%)n]”f(t) (IL7)
= f() (I1.8)

This proves that indeed the operator ;0%; is a left inverse of their correspond-
ing integral operator I;'. Note that the above proof also follows that

d n
(5) wmsse = s (1)
As a particular case of K = 1 we have

IQ%Lf(t) = D?%Lf(t)u

where D%, f(t) is a classic fractional derivative of Riemann-Liouville.

Some basic properties of the modified k-Riemann-Liouville fractional deriva-
tive are presented.

Proposition 3 Let f € L'([0,0)), k,a,8 € R and n,m € N such that
n=1[2]+1and m = [Z] + 1; then

o If B>«
¥R () = LT7f (D) (I1.10)

o If <«
WDK () = kD5, f(t) (IL11)

Proof. To prove (I1.10), by the semigroup property (I1.7)we have

DRI () =05, (11 ()
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=1, f (1)

To prove the case (II.11) by using again the semigroup property and (I1.9)
we have

ot = i () e (i)
= (-)n ) (d> S G F0)
= (_>n ) (d> R (1 ()

— fnm [ (a—p) t
() 1 ()
= D 1 ()
Proposition 4 Let k,a € R" and r,n € N such that n = [¢] + 1, f €

LY([0,00)) and I f(t) € AC™1([0,00)) = {f € C"71([0,00))/f"1) is absolutely continous};
then

(%)Tlgf(t) I;Ja RE), if rk <a. (I1.12)
’ d ’ a 1 rk—a :
(E) IDf(t) = Ek’@RL t), if rk>a. (I1.13)

Proof. To prove (I1.12) it is sufficient to derive r-times the integral of
order «.

To prove (I1.13), we start with the second member, we take p = [rk—a]+1
and we use (I1.9)

1 K (AN ek
yk@zﬁ (t) = y(a) IR ()

p—r d . (p—7)k 7o
= W) BN

d ' d r —-r - «
= (E) <E) R ()

- (&) oo
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Proposition 5 Let n € N and a € RT such that n = [$] + 1, f € L'([0,00))
and ;"= € AC™([0,00)); then

n

i f () = 10 = 3 Oy (119)

7=1

Proof. Making use of (1.6), (II.13) and the derivation rule for a parametric
integral notice that

d 1 ¢ a
50 = G | gy J, ¢ WSROl

-~

(*)
By integrating by parts n-fold the expression in brackets and applying (I1.1)

1 t
= = t_ *—nknlnk « d
kEET (2 —nt1) /0 (=) fr)dr

- t%7j+1 d " knlnk—a
_z:: k.k%*lf‘( —j—|—2) (a) r () =0

k t a—nk+k
) /0 (t—7) * “‘D*ef(r)dr

T kD (a—nk+k
n d n—j t%—j—f—l
—> K= LMf()lme—= .
;1 (dt> e )l ko kEIT (22 4 9)
A

_k[a nk+k[nk af Zk] lkga ]k )’7— 0

R (5 4 )

= kIf D% F (7)o 11.16
0~ O Oy (1)
j=
Replacing (I1.16) in (II.15) result
d " . kjil d a—jk
T I{JI a—jk e _ tTJrl
REDRpf(t) = kf() jZIkQRL (7)] Okg_lr(a ]k+2) (dt>
LD (g K £
= f(t o - , 22
f() ;k f( )]{Zz_lr(a_Tjk—i-l)
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=J0) =2 @5 O G

7j=1

Proposition 6 Letr,n € N and o € RT such that n = [$]+1; f € L'([0,00))
and I;'**f(t) € AC™*~1([0,00)), then

() WoRt0) = i s 17

Proof. From the first member and using (I1.13) and (II.1) one has

(3) oo = (%) [(5) w0 o

d n+r
= k" (£> I f(t) (I1.19)
1 n r n (0%
= k" Wk@ ke gy (11.20)
— W@rkm (t) (I1.21)

Proposition 7 Let r,n € N, and o € R such that n = [¢] + 1 and
f e ™ ([0,00)); then

' [e3

, . =%
D%, fI(t ——CD”’”O‘ e e A (1 I1.22
Pl 0 = D0 = SR O L
Proof. From (II.1), it result
a p(r) _ d\" n nk—a £(r)
D50 = (2) R0 (11.23)

Calculating the integral I}jk_o‘ f)(t) via integration by parts r-times has

]_ ¢ nk—a—rk
Inkfa (r) 1) = / t— nE—a—TE 1 d
w () kT (nk — o — 1k) J, (t—7) f(r)dr
T f(,,,i‘]) (0) tnk]:a —j

B & R Ti(nk —a —jk+ k)

1 f(,,, j (0) tnk};a 7.7
. . 11.24
Tk J() = Z Kt Ty(nk —a — jk+ k) (IL.24)

7j=1
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Substituting (11.24) into (I1.23)

d\" 0l o S ARIONEAN £
a g(r) N e n_~ ynk—a—rk . P S e
kD% [ (L) <dt) k o Iy f(#) Z Li+1 dt ) Tip(nk —a—jk+k)

j=1

Applying (I1.13) result finally

r

1 ' '
kg%Lf(T) (t) - ﬁkgrRkL—mf(t) — Z k”—y—lf(r—J)(O)

j=1

.
i

Fk(k? —]]{3 - O[)

Proposition 8 Let f and ;0% f(t) be piecewise continuous and of exponen-
tial order, then the Laplace transform of the k-Riemann-Liouville fractional
derivative of f is given by

—_

n—

LUDG F()}(s) = (ko)LL (1) H(s) = D k(ks) kD57 F(0)  (11.25)

J

Il
o

Proof. Applying Laplace transform in the definition (II.1)) and using
equations (I.8) and (I.13) is

CURIONS) = £1( ) KT IOH

=L 0N - S () ROl

- ls"ﬁ{f;?’“‘af(t)}(s)— > (d) Ceer |]

, dt
J

Il
o

=k [sw«sr"’? L) - 3 RO () m]

= (k)" () L)) — 3 D50 o
= (k)LL) — Y K05 70 Lo

<.
Il
o
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III Application Examples

Proposition 9 Let k,a,v € R* and n € N such that n = [¢] 4+ 1 then

J_ E"T (’Y) ot -2
a r-1) v TRV e
D% (t ) o (I1L.1)

Proof.

The simple proof is done using definition 6 and formula (11) of [5].

From the above property follows that for v = k

—= Mt_% = Lt_
Fk(l{ — a) Fk(k — Oé)
That is, the k-Riemann-Liouville derivative of a constant function is not

zero unless a = pk for p € R™.

el

KD %, (1) (I11.2)

Proposition 10 Let v,a, 3,7,k € R™ and n € N such that n = [{] + 1; then
KORL (tg‘lEZ,a,g(t%)) = k"t%"‘lE,Z,aﬂ,u(t%) (I11.3)
Where
. 2 ()ik
Bl 5(2) =) ————"—s 111.4
k,a,ﬁ( ) jzoj!rk(a] +/B) ( )

is the k-Mittag-LefHler function introduced in [2]
Proof. The simple proof is done using (I1.1), the formula (II.1) and the
uniform convergence of the serie (I11.4).
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