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Abstract

We present an equivalence between the category of Nelson Paraconsistent lattices (NPc-lattices) and a category of pairs of
Brouwerian algebras and regular filters. Specializing such category of pairs to Godel hoops, we get the subvariety of Godel
NPc-lattices and, using the dual equivalence of finite Godel hoops with finite trees, we obtain a duality for finite Godel
NPc-lattices. This duality is used to describe finitely generated free Godel NPc-lattices..
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1 Introduction

Nelson’s paraconsistent logic N4 is the paraconsistent variant of Nelson’s system [26]. We recall that
Paraconsistent logics are those logics that admit inconsistent but non-trivial theories and Nelson’s
system (constructive logic with strong negation, [3, 23]) is an expansion of intuitionistic logic by a
new negation symbol that behaves as an involutive negation.

It turns out that N4 is algebraizable and the corresponding algebraic structures are N4-lattices,
which were studied and analysed by Odintsov in [24, 26].

Following some of the ideas of [28, 29] and [6], in [5] a class of residuated lattices with involution
is defined, called Nelson paraconsistent lattices (NPc-lattices for short). There it is proved that NPc-
lattices and eN4-lattices (an extension of N4-lattices by a constant e) are termwise equivalent. This
situates Nelson’s paraconsistent logic within the framework of substructural logics [16], providing
an alternative semantics in terms of well-known algebraic structures.

The most interesting property of NPc-lattices is that they can be represented by twist-products of
Brouwerian algebras, sometimes also known as generalized Heyting algebras, which are bottom-free
reducts of Heyting algebras. By a rwist-product of a lattice L we mean a suitably defined sublattice
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2 NPc-lattices

of the cartesian product of L with its order-dual L? equipped with the natural order involution
(x,y)— (v,x) for all (x,y)eL x L9.

The idea of considering this kind of construction to deal with order involutions on lattices goes
back to Kalman’s 1958 paper [20], and it has been used widely to represent many involutive lattices
with additional operations (see [5, 6, 9, 10, 14, 21, 25-27, 30, 31]).

In the present article the fact that NPc-lattices are representable by twist-products of Brouwerian
algebras is exploited to obtain some results about these residuated lattices. To begin with, we give a
categorical equivalence between the category of NPc-lattices and morphisms and a category whose
objects are pairs consisting of a Brouwerian algebra and a regular filter of it. The equivalence follows
the ideas given by Sendlewski [27] and by Odsintov [26], but we rephrase them in the context of
residuated lattices.

Then we focus our attention on Godel NPc-lattices. These structures form the proper subvariety
of NPc-lattices that can be represented by twist-products of Godel hoops (prelinear Brouwerian
algebras). As is well known, Esakia duality [13] can be specialized to a duality between finite
prelinear Heyting algebras and finite forests with order preserving open maps [12, 19]. In [1, 2] the
latter duality is adapted to Godel hoops: finite Godel hoops are dually equivalent with finite trees and
order preserving open maps. In particular, each finite Godel hoop arises as the set of all non-empty
downward closed subsets of a tree, equipped with suitably defined operations. Based on this duality,
we present a duality for finite Godel NPc-lattices and we use it to describe finitely generated free
algebras in this subvariety.

We refer to [22] for all results and notions of Category Theory needed along the paper.

2 Brouwerian algebras and NPc-lattices

By a commutative residuated lattice we mean a residuated lattice-ordered commutative monoid, that
is, an algebra A =(A, V, A, *,=,e) of type (2,2,2,2,0) such that (4, V,A) is a lattice, (A, *,e) is a
commutative monoid and the following residuation condition is satisfied:

xxy<zifandonly ifx<y=z, (1)

where x,y,z denote arbitrary elements of A and < is the order given by the lattice structure.

It is well known that commutative residuated lattices form a variety that we shall denote by CRL
(see, for instance, [4, 16, 18]).

A commutative residuated lattice A is called integral if x <e for all x€A. The negative cone of
A eCRListheset A~ ={xeA:x<e}. Itis easy to see that A~ is closed under the operations V, A, *,
and if the binary operation =, is defined as

X=ey=(x=y)Ae, )

then A™ =(A™, V, A, *,=>¢, e) is an integral commutative residuated lattice. An integral commutative
residuated lattice is a Brouwerian algebra [16, Chapter 2] (also a generalized Heyting algebra or an
implicative lattice) if it satisfies the equation x*x =x’=x.

2.1 Regular filters on Brouwerian algebras

Let L. be a Brouwerian algebra (also known as implicative lattice). In Brouwerian algebras both
products * and A coincide and the neutral element of the product e is also the greatest element of the
algebra. We say an element x € L is dense if it is of the form x=wV (w=z), with w,z € L.
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NPc-lattices 3

PROPOSITION 2.1
The set F; of dense elements of L is a (lattice) filter.

PRrROOF. Assume first L has aminimum element . Then an element x is dense iff x = 1 = _1 . In details,
ifx= 1 =1 then x is clearly dense as x=xV (x= ). Conversely, if x is dense then x=wV (w=z)
and

x=>l=wviw=2))=l=w=DA(w=2)=1)
<w=I)A(w=2)=1)<l.

In this case F is a filter. Now consider the case L unbounded. Take (F;), the filter generated by Fy
and let x € (F 7). Then x is of the form

n
x> /\WiV(Wi=>Zi)
i=1

for some w;,z; € L, and take m = /\?:1 (Wi Azi), 80 Ly, ={y:y>m} is a subalgebra of L with x,w;,z; €
L, and minimum element m. Then x is dense in L,, (as it is greater than or equal to the infimum of
finitely many dense elements of L,,) and we have x=m=m (in L,, but also in L as the former is a
subalgebra of the latter) and therefore x =xV (x = m), obtaining x € F;. |

Observe that if L is a chain, we have x=y=T if x<y and x=y=y if x>y, then every non-
bottom element (in case it exists) will be dense, as given x € L if there exists y with x>y, we will
have x=xV (x=y).

We will work with filters containing the filter F,;, which we call regular. It turns out that they have
a specific structure.

LEMMA 2.2
If the filter F is an intersection of maximal filters, then it is regular.

PROOF. Assume first F' maximal and take a,be L. If a€ F then aVv(a=b) € F and we are done. If
a¢F, then (FU{a})=L, being F maximal, and therefore b € (F U{a}). Then there will exist ce F
such that b>a A c. But this is equivalent to c<a=>b, so (a=b)eF and aVv(a=>b) € F. This way
F4 CF for F maximal.

If F is an intersection of maximal filters, clearly F,; C F, as it is contained in each one of them. W

LEMMA 2.3
If L bounded, then every regular proper filter is an intersection of maximal filters.

PrOOF. Take L to be the minimum of L and let F be a proper regular filter. If F C P with P a prime
filter, then P must be maximal. Indeed, if not there would exist M maximal (and proper) such that
PCM and givenaeM \P,as aV(a= 1)eF CP with P prime and a ¢ P, it should be a= 1 € P,
thena,a=>_L € M and therefore | =aA(a= _1)eM, absurd as M is proper. Then every prime filter
containing F' must be maximal.

As every proper filter is the intersection of every prime filter containing it, this last result implies
F is an intersection of maximal filters. |

COROLLARY 2.4
If L is bounded, then regular proper filters are exactly intersections of maximal filters.
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4  NPc-lattices

2.2 NPc-lattices

An involution on A € CRL is a unary operation ~ satisfying the equations ~ ~x=x and x= ~y=
y= ~x.If f:=~e, then ~x=x=f and f satisfies the equation

(x=f)=f=x. 3

The element f in Equation (3) is called a dualizing element.

Conversely, if f €A is a dualizing element and we define ~x=x=f for all x€A, then ~ is an
involution on A and ~e=f. Hence there is a bijective correspondence between involutions on A
and dualizing elements in A (see [15, 30] for details).

Taking f =e in (3) we obtain an equation in the language of residuated lattices that determines
a subvariety I,CRL of CRIL. We call the elements of this subvariety e-involutive commutative
residuated lattices or e-lattices for short (they were called residuated lattices with involution in
[6, 7]). It is easy to see that the involution ~ given by the prescription ~x=x=>e for all x€A,
satisfies the following properties:

(1) ~~x=x,

(2) ~(xvy)=~xn~y,
(B) ~(xAy)=~xv~y,
@) ~(x*xy)=x=> ~y.

Moreover, we have that ~e=e.
Lattice-ordered abelian groups with xxy=x+7y, x - y=y—x and e =0 are examples of e-lattices.
Other examples of e-lattices are given by twist structures, which will be defined in the next section.

DEFINITION 2.5
(see Definition 2.1 in [7]) A Nelson Paraconsistent residuated lattice (NPc-lattice for short), is a
distributive e-lattice A =(A, V, A, *, =, ¢) satisfying the following equations:

(xxy)Ane=(xAe)x(yAe), @)
()c/\e)2 =xAe, )
(xne)=A(~yAe)=~x)=x=y. (6)

The reader can check that B~ with the implication as defined in 2 is a Brouwerian algebra. It is
also well known and easy to verify that NPc-lattices satisfy the quasiequation:

if xAe=yAe and ~xAe= ~yAe, then x=y. @)

3 Representation of NPc-lattices

By a full rwist-product of a lattice L we mean the cartesian product of L with its order-dual L?
equipped with the natural order involution (x,y)> (y,x) for all (x,y)eLxL?. As far as we know
the idea of considering this kind of construction to handle order involutions on lattices goes back to
Kalman’s 1958 paper [20], but the denomination ‘twist’ appeared thirty years later on Kracht’s paper
[21]. The following result is a particular case of [30, Corollary 3.6].
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NPc-lattices 5

THEOREM 3.1
Let L=(L,*,=,V,A,e) be an integral commutative residuated lattice. Then

KL)=(LxL,u,m,*,—,(e,e))

with the operations LI,M, %, — given by

(a.b)U(c.d)=(aVec,bAd) (8)

(a,b)N(c.d)=(arc,bVd) ©9)
(a.b)x(c,d)=(axc,(a=>d) A(c=>b)) (10)
(a,b)— (¢c,d)=((a=>c) A (d =>b),axd) (11)

is an e-lattice. Moreover, the correspondence

(a,e)~a

defines an isomorphism from (K(L))™ onto L.

We refer to K(L) as the full twist-product obtained from L, and every subalgebra A of K(L)
containing the set {(a, e¢):a € L} is called a twist-product obtained from L. Thus if A is a twist-product
obtained from L its negative cone is isomorphic to L.

K-lattices, introduced in [8], are e-lattices satisfying equations (4), (6) and the distributive law of
lattices when one of the variables is the neutral e. Thus NPc-lattices form a proper subvariety of the
variety of K-lattices. But K-lattices are exactly those e-lattices that are isomorphic to a twist-product
of their negative cone [8, Theorem 3.7]. As a particular case one can verify the following result:

THEOREM 3.2
If L is a Brouwerian algebra, then K(L) is an NPc-lattice. Moreover, for every NPc-lattice B, the
application ¢ :B — K(B™) given by

x> (xAe,~xANe)

is an injective morphism.

As itis clear from the definition of the operations in the twist-products, each term y in the language
of NPc-lattices, with variables x1,...x;, can be uniquely identified with a couple of terms (yl , y2)
in the language of Brouwerian algebras. A simple proof by induction on the complexity of y yields
the pair of terms. In details, let y be a term in the language of NPc-lattices and assume that A is
an NPc-lattice, that by Theorem 3.2 can be identified with a subalgebra of K(A™). Let ys be the
corresponding term function from A” to A. If ¢ =¢ :A— K(A7) as in Theorem 3.2, for each
(ar,ap,...,ap) €A™ if ¢p(a;)=(b;,c;) forevery i=1,2,...,n, we get

¢((ya)at,....an)) =y A-(P(a1), ..., P(an)))
= J/K(Af)((bl ,Cl), s (b}’hcl’l))
:(Vi—(bl,cly cwesbp,cn), Vi—(bl»clv---,bn,cn))-

We now proceed to prove a categorical equivalence between the category of NPc-lattices and
residuated lattices morphims and a category whose objects are pairs of Brouwerian algebras and
regular filters. The idea is to reformulate the characterization of N4-lattices given by Odintsov [26]
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6 NPc-lattices

in terms of residuated lattices. In Section 6 of [8] it is proved that some varieties of e-lattices can
be represented by pairs formed by a bounded integral residuated lattices and a lattice filter of it. But
those ideas cannot be applied directly to the present case, since the lower bound of the residuated
lattice plays a crucial role. Following Odintsov’s notation [26], in the sequel we shall often denote
with V the regular filter of a Brouwerian algebra L used to build a twist-product.

THEOREM 3.3
Let L be a Brouwerian algebra and V a regular filter of L. Then the subset

Tw(L,V)={(a,b)eLxL:avbeV},

of the NPc-lattice K(L) is a twist-product obtained from L, whose negative cone is isomorphic with
L.

Moreover, if L’ is another Brouwerian algebra and V' a regular filter in L/, for each morphism
f:L— L/ satisfying f (V) C V' we obtain an NPc-lattice morphism

f:Tw(L,V)— Tw(L/, V')

given by f((a,0))=(f (a).f (b)).

PROOF. For the first part we prove that B=Tw(L, V) is the universe of a subalgebra of K(L.) whose
negative cone is isomorphic to L, i.e., the operations are closed in B and (a,e) € B for each ae L.
Take (a,b),(c,d) € B, then

* (a,b)n(c,d)€B, as (a,b)N(c,d)=(anc,bvd) and therefore (anc)V(bvd)=(aVvbVvd)A
(cvdvb)y=(avb)A(cvd)eV.
* (a,b)u(c,d)eB, as (a,b)U(c,d)=(aVc,bAd) and therefore (aVvVc)V(bAd)=(aVbVc)A
(avevd)=(avb)n(cvd)eV.
e (a,b)-(c,d)eB, as (a,b)-(c,d)=(aAc,(a=d) A(c= b)) and therefore
(anc)v((a=d)N(c=b)=
=(aV@a=d)A(cVa=d)A(aV(c=>b)A(cV(c=D))
>@V(a=d)ANcvd)A(aVvb)A(cV(c=b))eV.
e ~(a,b)eB, this is immediate as ~ (a,b)=(b,a) and bva=aVvbeV.
* (a,b)— (c,d)€B, as x— y=~(x-~Yy) in e-lattices.
* (a,e)eBforeachaclL,asaVve=ecV (in particular (e,e) € B).
Finally, assume L’ is another Brouwerian algebra with V' a regular filter in it, and take a morphism
f:L— L' satisfying f(V)CV’'. We will show that f(a,b)=(f(a),f (b)) is well defined and is a
morphism from Tw(L, V) to Tw(L', V). The condition f (V) C V' guarantees that if aVVb €V, then

f@Vfb)=f(avb)eV, thenf is well defined. From the fact that f is a morphism and the definition
of the operations for Tw(L, V) and Tw(L’, V'), we obtain that f is an NPc-lattice morphism. |

Now we will assign to each NPc-lattice B a pair composed by a Brouwerian algebra L and a
regular filter V such that B=Tw(L, V). This is achieved by gluing the result of Theorem 3.2 and the
following theorem:

THEOREM 3.4
Given a twist-product B obtained from L, the set V={aV b:(a,b) € B} is a regular filter in L, and

B=Tw(L,V).
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Moreover, let L’ be another Brouwerian algebra and B’ be a twist-product obtained from L'. Let
further 71 : B’ — L’ be the projection on the first coordinate, and V' ={cVd :(c,d) € B'}. Then for
each NPc-lattice morphism f : B — B’ we obtain a Brouwerian morphism f : L. — L’ given by

fl@)=m(f((a,e)))

that satisfies f(V)C V.

PrOOF. We first observe that if a € V, then there exists b <a such that (a,b) € B. Indeed, if ae'V
there exists (¢,d) € B such that a=cVvd, then (cvd,cAd)=(c,d)u~(c,d)€B and taking b=c Ad
we obtain b <a and (a,b) € B.

Now we show that V is a regular filter.

e ¢cecV,as(e,e)eBande=eVe.
e if a,ceV, then ance V. In fact, by the observation above there exist b,d € L such that b <
a,d <cand (a,b),(c,d) € B. Then since (b,e),(d,e) are also in B, (bAd,e) e B and

(a,b)n((a,b)— (bAd,e))=(a,b)N((a= (bAd))Ab,a)
=(a,b)n(br(a=d),a)
=(bAd,a),

we have (bAd,a) € B, and similarly (bAd,c)€B. Finally (bAd,anc)=(bAd,a)U(bAd,c) €
Band asbAd <anrc weobtainaAceV.
* if eV and ¢ > a, again from the observation there exists b <a such that (a,b) € B, and as we
also have (c,e) € B, we obtain (c,b)=(a,b)U(c,e)eB,and asb<a<c,we getc=cVbeV.
e ifa,bel,thenaVv(a=b)eV, as (a,e),(b,e)eB and (a=b,a)=(a,e)— (b,e)€B.
For the next part, observe that if B= {(a,b)e Lx L:avbeV}, then it is clear that BC B. For the
other inclusion take (a, b) €B with a,beL. Since B is an algebra that contains all the elements of the
form (x, e) with x € L we have that (e,b) and (e, a) are in B. Then the element (a = b,a)=(e,b) —

(e,a) is also in B. From the definition of V there exists (c,d)€ B such that avb=cVvd. Hence
(c,dyn(d,c)=(cvd,cnd)=(aVvb,cAd)is also in B. Then

(avb,cAd)N(a=b,a)N(e,b)=((aA(a= b))V (bA(a=>b)),aVb)
=(b,aVb),

so (b,aVvb)eB and similarly (a,aVb)eB. From this we obtain (aAb,aVvb)eB, and as (b,a)=
(avb,anb)n(a=>b,a) e B, we get what we wanted.

For the last part, take L’ another Brouwerian algebra, B’ a twist-product obtained from L’ and
f :B — B’ an NPc-lattice morphism. As f sends negative cones to negative cones, f is well defined
from L to L', and it is also clear that it is a lattice morphism and f (e) =e. We now check that it also
preserves implication, define ¢ =f(a),d =f (b), then

fla=b)y=m(f(a=b,e))=m1(f(((a,e) > (b,e))N(e,e)))
=m1((f(a,e)—£(b,e))rf(e,e))
=m1(((c,e)—> (d,e))N(e,e))=m(c=>d,e)
=f(a)=f (D).
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8 NPc-lattices
Finally, if V' ={cVvd:(c,d)eB'}, taking aVvb eV define (c,d)=F(a,b) € B’ and observe that

f(avb,e)=f(((a,b)u~(a,b))r(e,e))
=(f(a,b)u~f(a,b))rf(e,e)
=((c,d)u(d,c))r(e,e)
=(cVvd,e),

socvd=m(f(avb,e))=f(aVb), and thus f(V)C V' |

THEOREM 3.5

Let B be an NPc-lattice. Then the set V={(xV ~x)Ae:x € B} is a regular filter in B~, and
B=Tw(B ,V).

Moreover, if B’ is another NPc-lattice, for each NPc-lattice morphism f:B— B’ we obtain a
Brouwerian morphism f : B~ — (B’) ™ given by f =f|g-, that satisfies f (V) C V’/, where V' ={(yV ~
y)Ae:yeB'}.

PrROOF. As B=¢g(B), and the latter is a twist-product of B~ (and B™ is a Brouwerian algebra), the

set

V={m1(¢B(x)) V2B (x)):x € B}
={(xAne)V(~xAne):xeB}
={(xv~x)Ae:xeB}

is a regular filter in B~ and
op(B)=Tw(B ", V).

For the second part, if f : B— B’ is an NPc-lattice morphism, it maps negative cones into negative
cones, so f is well defined. To check that it is a Brouwerian algebra morphism only need to see that
fx=ey)=f(x)=¢f (). To see this, let x,y € B,

fax=ey)=t(x=cy)=f((x=y)ne)
=f)=>f)Ae=fx)=.f(y)
=f()=ef ().
Finally, to check that f (V) C V', if (xV ~x)Ae €V, then it is clear that if y=Ff(x) € B/,

f(xv~x)ne)=F((xV~x)Ae)
= @)V ~f@)Ae=GHV~y)reeV .

We now obtain a categorical equivalence. Consider the category NPC of NPc-lattices together
with NPc-lattice morphisms, and the category BF that has as objects pairs of the form (L, V) where
L is a Brouwerian algebra and V C L is a regular filter, and as arrows f : (L, V) — (L', V’) such that
f:L— L' is a Brouwerian morphism that satisfies f (V) C V.
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NPc-lattices 9

THEOREM 3.6
The functor F : BF — NIPC that acts on objects as

F((L,V))=Tw(L,V)
and on arrows, for f : (L, V) — (L/, V’) obtaining F(f): Tw(L,V)— Tw(L’, V') given by

F()xy)=((x).f ().

gives an equivalence of categories.

PrOOF. F is well defined from Theorems 3.3 and 3.4, and it is clearly functorial, as F'(id(, v)) =
idp(L,vy), and for arrows g :(L,V)— (L', V) and f : (L', V) - (L”, V"), if (x,y) e Tw(L, V),

F(fog)(x,y)=(fog(x),f og(y))
=F(f)(gx),g(y)
=F(f)oF(g)(x,y).

Now, to prove it is an equivalence of categories, we will prove that F is full, faithful and essentially
surjective:

e full. Let f:Tw(L,V)— Tw(L’, V') be an NPc-lattice morphism. Take f (x)=m(f(x,e)), for
x € L. From Theorem 3.4, it is a morphism from (L, V) to (L', V'), let us see now that f = F(f).
In the negative cone, it is clear that f(x,e) = (f (x),e) = F (f )(x, ). Then, as they are NPc-lattice
morphisms, they must be equal everywhere. Indeed, if g,h: B — B’ are NPc-lattice morphisms
such that g(x Ae)=h(xAe), for each x € B, then if y=g(x) and z=h(x), from yAe=g(xAe)=
h(xAe)=zAe and ~yAe=g(~xAe)=h(~xAe)=~zAe we obtain y=z, as NPc-lattices
satisfy the quasiequation (7).

e faithful. If F(f):Tw(L,V)— Tw(L’,V’) and F(g):Tw(L,V)— Tw(L', V') satisfy F(f)=
F(g), in particular they coincide on the negative cone, (f(x),e)=F(f)(x,e)=F(g)(x,e)=
(gx),e)forallxeL,sof =g.

« essentially surjective. From Theorem 3.5, every object B on NIPC satisfies B=Tw(B~, V).

LEMMA 3.7
In the category BF, finite products are given coordinatewise. That is, if (L, Vy),...,(L,,V,) are
objects in BFF, then

[ vo= <HLi,Hvi>»
i=1

i=1 i=1

where []i_,L; and [[/_;V; are products in the category of Brouwerian algebras (filters are
subalgebras, products are defined as set-products with operations defined pointwise), and projections
coincide with the projections in [T/, L;.

PrROOF. Itsufficesto prove theresultforn=2.Let(L, V1), (L2, Vo) beobjectsin BF, take L=L; x L,
V=V xVyand r;= 711.1‘, where niL is the projection from L onto L;, for i=1,2. Clearly V is a filter
and contains all the dense elements, as operations are given coordinatewise. Then 71,7, are clearly
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10 NPc-lattices

morphisms in BF, as they are morphisms in the category B of Brouwerian algebras, and besides
mi(V)=7E(V1 x V)=V,

Let (L', V') be another object in BF and take f;: (L', V') — (L;, V;) morphisms. Define f : L' — L
by f(x")=(f1(x'),f>(x")) for x’ € L', we will show that it is a morphism in BF and that 7r; of =f;. The
fact that it is a morphism in B and that ; of =f; follow from the fact that L is the product of L; and
L, in the category of Brouwerian algebras, we only need to show that it is a morphism in BF. To see
this, observe that £ (V)= {(fi(x),2(x):x e L'} CAV) x(V), but as f;(V') C V;, we obtain that
F(V)CV xVy=V. |

THEOREM 3.8
In the category NIPC, finite products are characterized as follows: let By,..., B, be objects in NPC
and for each i, let V; be the regular filter in B;” such that B; =Tw(B, , V;). Then

n n n
HBisz(HBI._,HVI).
i=1 i=1 i=1

PrROOF. This follows from Lemma 3.7 and the fact that NPC and BF are categorically equivalent. H

4 Godel hoops and Godel NPc-lattices

A Godel hoop is a Brouwerian algebra satisfying the prelinearity equation (x = y) VvV (y=x)=e. Every
linearly ordered set can be equipped with a structure of Godel hoop in a unique way. We denote by
[0, 1]g the Godel hoop on [0, 1] and by G, the finite linearly ordered Godel hoop with n elements.
Godel hoops form a variety that is generated by [0, 1]g. Given a Godel hoop G =(G, V, A, *,=,¢)
and a new element L, we extend operations of G on GU{L} by setting L smaller than all the
elementsof Gand xx L=1l=1x1l=1xx,x=>1=1, |l 5x=e=1= 1 for every xeG. Then
G| =(GU{L},V,A,*,=,e) is a Godel hoop which is lower bounded.

DEFINITION 4.1
A Godel NPc-lattice is a NPc-lattice satisfying the equation

(xrne)—=y)V(yAe)—>x)Nne=ce.

Then, as a consequence of Theorem 3.6 we have the following.

THEOREM 4.2

The restriction of the functor F' to the category GHF of pairs consisting of Godel hoops and regular
filters, gives an equivalence of categories between GHIF and the full subcategory GNPC of NPC
having Godel NPc-lattices as objects.

4.1 Duality for Godel hoops

In [1] it is shown that the category of finite Godel hoops is dually equivalent to the category 7g, of
finite trees and open maps. We recall here some details of such construction. A forest is a poset F
such that | x={yeF |y <x} is totally ordered for any xe F. If P is a poset, by P, we denote the
poset obtained by adding a new bottom element L to P. A tree is a forest with a minimum element
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NPc-lattices 11

(the root of the tree), hence for each forest F, F') is a tree. We hence denote by ¢ the singleton tree
only consisting of its root. Given a tree T we denote by 71 the unique forest such that T=(T") | .

A downset (i.e. a downward closed set) of a forest (tree) is itself a forest (tree), and we shall call
it a subforest (subtree) of F.

Given two forests F' and G, an order preserving map f : F — G is open if ¥’ <f(x) in G implies
that there exists y <x in F such that f (y) =x’. Open maps carry downsets to downsets.

We denote by Fj, and Ty, the category of finite forests and finite trees, respectively, with open
maps.

In F, the coproduct, denoted by + from here on, is just the disjoint union, whereas in T, it is
given by

SEBT;(SMTT)L

(i.e. all roots merge in a single root). It is clear that @ | is the neutral element of the coproduct (that
is, the initial object) in 7}in.

Given two trees S and 7', their product in the category 7y, of finite trees coincide with the product
in the category Fp;, of finite forests, and it can be calculated by the following recursive laws [2]:

* @1 xT=T (i.e. ¥ is the neutral element of the product, being the terminal object, in both 7,
and }-..ﬁn);

e SXTESTXxTHSTxTT+S5xTh | ;

e If F,G,H are finite forests, (F+G)x H=(F x H)+(G x H).

Then the projection maps g and w7 are recursively defined as follows (we focus on g, the other
projection being analogous): if x€.S x T then either x is the root of S x T and in this case we set
ms(x) equal to the root of §, orxeSTxT+STxTT+SxT". Inturns, if xe ST x T+ST x T then
we set wg(x)=t5(wgr(x)), where (g is the inclusion function of § Tin S and 7t 18 the projection
function of ST x T or ST xTT. If xe S x T then 7g(x) coincides with the projection function in §
of the product S x T'T.

Note that an atom x of S x T satisfies that either 7g(x) is the root of S and 77(x) is an atom of T,
or mg(x) is an atom of S and 77 (x) is the root of T'; or both g(x) and w7 (x) are atoms of S and T
respectively.

THEOREM 4.3
[1] The category T, is dually equivalent to the category GlHg;, of finite Godel hoops and (Brouwerian)
morphisms.

The duality is given by the functor Spec™ that sends a Godel hoop L to its prime filter tree (Spec(L)) |
(identifying L with the root of the tree, that is Spec*(L)={p:p is a prime filter of L or p=L}), and
given a morphism f : L — L/, its image under the functor is f —1 :(Spec(L/)) 1 — (Spec(L)) | .

We recall from [1, Thm. 4.3.1] that the free Godel hoop Freeg(n) over n generators is inductively
defined as follows: Freegp(1) =G> and

n—1

Freegp(n)= ]_[ FreeGH(i)(f) ) (12)
i=0

Finally, from [1, Theorem 4.3.1] we have that the dual of the free Godel hoop over n generators

H,, = Spec*(Freegu(n))
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12 NPc-lattices

o o \ o o
°
FIGURE 1. A tree and all of its atomic upward closed subtrees.

is given by Hyp=% and

Hy = (2_:1 (?)H,-)L,

i=0

where the sum here is taken as the coproduct in forest (i.e. the disjoint union).

4.2 Duality for Godel NPc-lattices

To establish a duality for Godel NPc-lattices, we will introduce another category, consisting of pairs
of trees, as follows.

DEFINITION 4.4
Given a finite tree T, a subtree ¢ of T is an atomic upward closed subtree of T if ¢ contains the root
of T and whenever an atom a of T belongs to t and be T with b>a, then bet.

We consider the following category denoted by 7; 4,: objects are pairs (7', ¢) where T is a finite tree
and 7 is an atomic upward closed subtree of T'; arrows ¢ :(T,t)— (T’,t") are open maps ¢: T — T’
such that ¢(r) C 7.

In contrast with general embeddings of subtrees, note that if 7" is a tree and ¢ is another tree
embeddable in 7 in such a way that its image is an atomic upward closed subtree of 7', then this
embedding is unique up to isomorphism. See Fig. 1 and Fig. 2 for examples. Notice further that given
atree T, the only atomic upward closed subtrees of 7| are ¥ (that is the root of 7| ) and T itself.

THEOREM 4.5
T: in is the dual of the category GNIPCp;, of finite Godel NPc-lattices.

ProOF. Since GNIPCy;, is equivalent to the category GHIFj, of pairs of finite Godel hoops and
regular filters (Theorem 4.2), it is enough to see the duality of 7; 5, and GHF;,,. As the functor Spec*
gives the dual isomorphism with GIHg,, we only need to check that it is well-behaved with respect
to atomic upward closed subtrees and regular filters.

Given a regular filter V, define

1(V)={peSpec(L):ImeSpec(L),VCm,pCm},
(observe that if V=L, then t(V)=@| ={L}). Clearly #(V) is an atomic upward closed subtree of
Spec*(L) with the order D (the filters m are the maximals of L or all of L, i.e. they are atoms or the

root of Spec*(L)). From Corollary 2.4, one can recover V from #(V),

V=nN{me#(V):mis the root or an atom of #(V)}.
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NPc-lattices 13

We now define
Spec*(L, V) =(Spec*(L),#(V)).

We still need to check that it is well-behaved with respect to arrows. Let f : L— L’ be a (Brouwerian)
morphism and let V, V’ be regular filters in L and L', respectively. We will check that f(V)C V' if
and only if f _l(t(V/ ) C1(V), so Spec* sends arrows in GFﬁn into arrows in 7;,ﬁ,1, and vice-versa.

o Iff(V)CV/, then VCf (V). Now if p’ €#(V’), we should check that f ~!(p’) e 7(V). This is
clear if p’ is the root or an atom of #(V’), as V/ Cp’ so by hypothesis f (V) Cp’, which in turn
gives VCf~!(p’) and therefore f ~!(p’) € #(V) (as f ! is an open map, f ~!(p’) is the root or an
atom of Spec*(L")). Now, if p’ is not the root or an atom, let m’ be the unique atom (maximal
filter) such that p’ Cm’. As m’ €#(V’) is an atom, we just proved that f ~!(m’) e #(V), but as
£ 1) <f ~1 (') the fact that (V) is an atomic upward closed subtree gives us f 1 (p') € #(V).

o If f~1(#(V")) C#(V), we need to check that f(V)C V', or equivalently that V Cf~1(V). As

V' =N{m’ e#(V'):m’ is the root or an atom of #(V)},
we have that
7N V) =n{f 1 m’):m’ is the root or an atom of #(V')}.

By hypothesis, each of these m’ satisfies f ~!(m’) € #(V), and as they are the root or an atom of
(V) (f ~! being an open map), we have V Cf~!(m’) and we conclude V Cf ~1(V).

The functor S: GNPCp, — T; fi, obtained as composition of F -1 :GNPCyy, — GHFp,, of Theo-
rem 4.2 and Spec®: GHIFf;,, — T; 4, is the desired duality.
[ |

In the category 7; 4, the coproduct is given coordinatewise, i.e.
(S, )BT, HESBT,sdt).

This fact can be easily proven directly, but it is also a consequence of Theorem 3.8.
To define the product in the category 7; s, first observe that for any (S, s) in 7 g,

(S.9)x @1, 01)=(S,s)

as (1,0, ) is the terminal object in 7?,ﬁn- Now set, for every other (7',7) in 7},ﬁ,,,

r= ((sT X T) +(sT X tT)+ (S X tT>)J—
and we are going to prove that
S,)x(T,H=(SxT,r).

PROPOSITION 4.6
With the notation as before, r is an atomic upward closed subtree of S x 7.
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14  NPc-lattices

G

o

FIGURE 2. The dual in GHg;, of the tree in Figure 1 and all of its regular filters, in correspondence to
its atomic upward closed subtrees.

PrOOF. Clearly r is a subtree of S x T and the set of atoms of r is {a €r|a is an atom of S x T'}.

Let us denote by a® and b0 the roots of S and T (hence of s and f) and by a} , ...,a,ll and b}, b,ln
the atoms of s and ¢, respectively. If x is an atom of § x T and x € r, then x is the root of a tree in one
of the forests sT x T or sT x 1" or § x 1T, Suppose x is the root of a tree in s x T hence the root of a
tree in ST x 7. Then JTT(X)ZbO while yrg(x):al.1 for someie{l,...,n}. Nowif y>xand yeS x T,
then it must be 77 (y) > b and ws(y)> ail ,hence w7 (y)eT and rg(y)es’ and so yesT x T Cr. The
other cases are similar, hence r is an atomic upward closed subtree of S x T'. [ |
THEOREM 4.7
(§ x T,r) is the product of (S, s) and (7, ¢) in the category Tt’ﬁn.

PrROOF. Note that the projection map 7g:S x T — § is such that wg(r) Cs, hence it is a map in the
category 7;,ﬁn and we set 7(S,s) =TS Analogously, we set T,y =7T-
The proof follows by the properties of product in the category 7. |

5 Free GNPc-lattices

THEOREM 5.1
Let [0, 1]g denote the standard Godel hoop over the real interval [0, 1]. The variety GNIPC of Godel
NPc-lattices is generated by the full twist product K([0, 1]g).

PrROOF. We have to prove that given two terms 7, y in the language of NPc-lattices, an equation 7 =y
holds in GNPC if and only if it holds in K([0, 1]g). One direction is immediate, since K([0, 1]g) €
GNPC. For the other direction, recall that if t(xy,...,x;) is a term in the language of NPc-lattices
there are unique terms !, 72 in the language of Gédel hoops such that if A € GNPC, then replacing
x; by the pair of variables (y;,z;) we get

KA X, -+ Xn) = TRA (15215 - - Ons Zn)
and
TRA-Y 1,20 -0y 20)) = (TA (V1,205 Vs 20)s Tae V1520 o5 Vs Zn)-

Now assume that T =y does not hold in GNPC and let t 1 s 1:2, y 1, y2 be the corresponding terms in
the language of Godel hoops. Then there is an algebra A in GNPC and elements ay,...a, €A such
that

TA(al,---7an)7éVA(al,---aan)-
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NPc-lattices 15

Since A can be identified with a subalgebra of the full twist-product K(A™) (see Theorem 3.2)
there are elements by,cy,bs,c3,...,b,,c, €A™ such that if a; = (b;, ¢;) foreachi=1,...,n one of the
equations

Ta-(b1.c1....bp,cp)=yA-(b1.c1....bp.Cp)

or

Ti—(bhcl---7bnacn):7/§—(blacl---,bn,cn)

does not hold in A™. But since A~ is in the variety of Godel hoops and this variety is generated by
[0, 1]g, we can assert that there are elements f1, g1, ...,fn, g in [0, 1]g such that either

T[i*(fl’glv"'vfnign)#yi*(flvgli"-vfnvgn)

or

T (1,815 fs @) E VA (1,81, o fs 80)-
Take d; =(f;, gi) € ([0, 1](;)2 and B=K([0, 1]g) and we get

TB(dla»dn)?éVB(dla»dn)

Therefore the equation T =y does not hold in K([0, 1]g). ||
The following is a well known result of universal algebra.

THEOREM 5.2

([11, Chapter IV, Theorem 3.13]) If a variety V of algebras is generated by an algebra A, then the free
algebra in V with o generators is isomorphic to the subalgebra of functions f : A% — A generated by
the projection functions.

5.1 The case of one generator

We intend to use Theorem 5.1 and Theorem 5.2 to describe the free Godel NPc-lattice with one
generator Freegnpc(1).

Now, the carrier of K([0, 1]gg) is just [0, 1]2, so we have to characterize exactly the class of
functions {f : [0,1]2—> [0, 1]2} generated, with the pointwise operations of K([0, 1]gm), by the
identity function (a,b)+> (a,b). This is equivalent to the determination of all functions f : [0, 1]2 —
[0, 1]2 such that there is a term t in one variable such that f (a,b) =1 (a,b) for all (a,b) € [0, 1]2. We
first prove some necessary results taking finite subalgebras of the Gédel hoop [0, 1]:

LeEMMA 5.3

Consider the three-element Godel chain G3 ={a,b, 1} with a <b < 1. Then the Godel NPc-lattices
respectively generated by the elements (a,b) or (b,a), i.e. the smallest subalgebras of the full-twist
K(G3) respectively containing the elements (a, b) or (b,a), are in both cases Tw(G3, {b, 1}), whose
carrier is K(G3)\{(a,a)}. Moreover, they coincide with the Godel NPc-lattice generated by the
elements (a, 1) and (b, 1).
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16 NPc-lattices

PrOOF. First notice that the carrier of Tw(Gs, {b, 1}) is clearly K(G3)\ {(a,a)}. Let us focus on (a, b)
and let ((a,b)) be the subalgebra generated by (a,b). As K(G3)\{(a,a)} is a subalgebra and contains
the element (a, b), for it is the twist-product Tw(G3, V) with V= {b, 1}, it only remains to be shown
that every element of K(G3) different from (a,a) belongs to ((a,b)).

e (1,1),(a,b) € ((a,b)) trivially.

e (b,a)e{(a,b)), as (b,a)=~(a,b).

e (a,1)e{(a,b)), as (a,1)=(a,b)r1(1,1).
e (1,a)e{(a,b)), as (1,a)=~(a,1).

e (b,1)e{(a,b)), as (b,1)=(b,a)r1(1,1).
e (1,b)e{(a,b)), as (1,b)=~(b,1).

e (b,b)e{(a,b)), as (b,b)=(a,b)u(b,1).

For the other part, (a,1),(b, 1) € {((a,b)), and as (b,1)— (a,1)=(a,b), the result follows. The case
((b,a)) is promptly settled by noticing that (a,b) =~ (b,a). |

LEmMA 5.4
Consider the two-element Godel chain G, ={a, 1} with a < 1. Then:

(1) The Godel NPc-lattice generated by the element (a,a) is K(G2).
(2) The smallest subalgebras of the full-twist K(G2) generated either by the element (a, 1) or by
(1,a), are both isomorphic with Tw(G3, {1}) whose carrier is K(G»)\ {(a,a)}.

PrOOF. 1) Just notice that (a,a)r(1,1)=(a, 1) and (a,a)u(1,1)=(1,a).
2) As in Lemma 5.3, (a,a) € ((a, 1)). The rest follows trivially by (1,a)=~(a, 1). Clearly, the
carrier of Tw(G», {1}) is K(G»)\ {(a,a)}. |

We shall now determine the structure of the free Godel NPc-lattice over one generator. The result
hinges on the characterization given in [17] of the free prelinear Heyting algebras (or, Godel algebras)
as algebras of [0, 1]-valued functions.

LEMMA 5.5
In the variety GNPC, the algebra Freegnpc (1) embeds into the following product:

Tw(G3,G2) x Tw(G2,G2) x Tw(G3, Go).

PRrOOF. Consider the following subsets of [0, 1]1%: A={(a,b) €[0,1]?,a <b}, B={(a,b)€[0,1]?,a=
b}, C={(a,b)€[0,11%,a > b}. Clearly, {A, B, C} forms a partition of [0, 11%.

Now, pick two distinct points (ay,b1),(a},b}) €A, with by #1#b). By Lemma 5.3, the algebras
((ay,by)), ((a’1 ,b/1 )) singly generated by these two points are isomorphic. Moreover, the function from
{(a1,by)) into ((a1,by)) x ((a}, b)) that maps (a,by) to ((a1,b1),(a],b))) yields an isomorphism

((a1,b1) =(((a1,b1),(d}, b)),

and clearly (((a1,b1),(a},b}))) embeds into ((a1,b1)) % ((a],b))).

Pick now (a},b}) €A, with b =1. By Lemma 5.4, ((a},b))) is isomorphic to the quotient of
((ay,by)), given by the congruence 6 generated by ((b1, 1), (1, 1)). Therefore

(a1, b)) =(((a1,b1),(aj, 1))
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via the maps (ay,b1)— ((a1,b1),(ay,b1)/0)— ((a1,by), (a/l, 1)). Repeating the argument above for
each point in A, it turns out that the embedding from ((ay, b)) into I—[(a’b)eA ((a,b)) given by

(a1,b1) = ((a,b))(a,b)ea

is an isomorphism between ((ay,b1)) and {((@,b))(4,p)cA)-

But (((a,b))(,p)ea) is by its very definition the algebra of all functions f : A— [0, 11? generated by
the identity function id4 : A— A. The latter, in turn, by Lemma 5.3 is isomorphic with Tw(G3,G>).

In a completely analogous fashion, one shows that the algebra of all functions f: B— [0, 1]
generated by the identity function over B is isomorphic to K(G>) =Tw(G», G3), and that the algebra
of all functions f : C — [0, 1]% generated by the identity function over C is isomorphic to Tw(G3, G»).

To end the proof, notice that every element of Freegnpc(1) can be expressed as a triplet of
functions (f, g,h), with f : A— [0, 1]2, g: B—|0, 1]2, and h: C— [0, 1]2. Therefore the generator
of Freegnpc (1) can be chosen as a triplet

((ay,b1),(az,b2),(az,b3)),

for some arbitrarily fixed choice of a,b1,a3,b7,a3,b3 €[0,1] such that a; <b; <1,ay=by <1 and
b3 <a3z < 1. |

Notice that we cannot drop any of the three factors in Tw(G3z, G2) x Tw(G3, G) x Tw(G3,G2)
without losing the property that Freegypc (1) embeds into the remaining algebra. As a matter of fact
each of the maps (a;, b;) = (aj,b;), fori,j € {1,2,3} and a;, b;, a;, bj being the corresponding elements
forming the chosen generator triplet in Lemma 5.5, is an isomorphism iff i =;.

THEOREM 5.6
The following holds:

Freegnpc (1) =Tw(G3, G2) x Tw(Gy, G2) x Tw(G3, G2)
ETw(G3 x Gy xG3,G2 x Gy xG))
=Tw(Freegm(2), V),

where V=G, x G2 x G».
PrOOF. We need to prove that for every triplet

((P1,91),(P2.92), (3, 493)) € TW(G3,G) X Tw(G2, G) x Tw(G3, G),

there is a one-variable term #(x) in the language of NPc-lattices, such that

((P1,91): (P2:92): (p3.93)) =1(((a1,b1), (a2, D2),(a3,D3))),
where ((ay,b1),(a2,b3),(asz,b3)) is the chosen triplet in Lemma 5.5.
We consider the terms: 77(x) :=~ ((~x)*(~x))x~((~x)*(~Xx)), T72(x):=~((x =>~x)*(x <>~

X)), and 73(x) ;=" (X% X)% ~ (X *kX).
Notice that:

t1(((a1,b1).(a2,b2),(a3,b3))) =((a1,1),(1,a2),(1,b3)),
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18 NPc-lattices

(((a1,b1),(az,b2),(az,b3)))=((1,a1),(az, 1),(1,b3)),
and
13(((a1,b1),(a2,b7),(a3,b3)))=((1,a1),(1,a2), (b3, 1)).

Now, by the proofs of Lemmas 5.3 and 5.4, we have that for each i € {1, 2,3}, there is a one-variable
term

tix)yele,x,~x,xANe,xVe,~xVe,~xANe,xV(~xAe),x\N(~xVe)}

such that m;(#;(((a1,b1),(a2,b2),(az,b3)))) = (pi,qi) where m; is the i-th projection.
Observe then that

(t1 vVT)(((a1,b1),(a2,b2),(a3,b3)) =((p1.q1).(1,a2),(1,b3)),

(rvV)(((ar,b1),(az,b2),(a3,b3))=((1,a1), (p2.492),(1,b3)),
and
(3 vT3)(((a1,b1).(az,b2),(a3,b3)) =((1,a1),(1,a2), (p3.93)).

The proof is settled by checking that

3
(/\(tivfi)) (((a1,b1),(a2,b2).(a3,03)) =((p1.41).(P2.92). (P3,93))-

i=1
Since the operator Tw commutes with direct products (Theorem 4.2), we equivalently have
Freegnpc (1) ETW(G3 X G X G3,G2 X G X G)),

(see Fig. 3 for a display of the two components of the twist-product above) and the last isomorphism
follows from (12) for n=2:

Freegu(2)=G3 x G x G3.
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NPc-lattices 19

FIGURE 3. The Godel hoop G3 x G, x G3 together with its filter Gy X G2 x Gy.

Notice that, for every finite Gédel hoop A, with Spec*(A)=T, it holds that Spec*(A|,A)=
(T, ,T,), since the only pair (a,b)GAZL such that avb €A is (a,b)=(L,1). On the other hand,
Spec* (AL, A1 )=(TL,01). We recall that S: GNPC— T, 4, is the functor realising the duality as
in Theorem 4.5.

LEMMA 5.7
S(Freegnpc (1) =(Ho, (2H7) 1).

PrOOF. By Theorem 5.6,
S(Freegnrc (1)) = S(Tw(Gs x G X G3,Gy X G X ).
Recall that Gz =Freegy (1)1 and G, =Freegp (1) =Freegu(0) 1 . So,

S(Freegnpc (1)) =S(Tw(Freegp(1) | x Freegm(0) | x Freegu(1) 1,
Freegm (1) x Freegm(0) 1 x Freegm(1)))

=S(Tw(Freegm (1) ,Freegm(1)))

&S (Tw(Freegp(0) L, Freegp(0) 1))

@ S(Tw(Freegm(1) 1 ,Freegm(1)))
=(Hy 1. H11)®Ho,91)®(H 1, Hi)
=(H 1 ®Ho  ®H . H @V 1 ®H1 1)
=(H2,(2H1)1).

5.2 The case of n generators

We plan now to use the results from sections 4.1, 4.2 and 5.1 to obtain the free GNPc-lattice with n
generators.
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20 NPc-lattices
Since H,, = Spec*(Freegm(n)), it immediately follows that
H; x H; = Spec™ (Freegm (i) LIFreegm(j)) = Spec™ (Freegr (i +/) = Hij,

where L1 is the coproduct in GH.
Let now T, =S(Freegnpc(n)). Note that T, =T, x T1 and by Lemma 5.7:

Th=(H,(2H1) ).

Set, for i=0,...,n—1, ¢; ,=0and fori=n,...,2n:

; n
. :2211—1 )
Cin <2n— i)
LEMMA 5.8

Fori=n+2,...,2nitholds ¢; ,11=c¢i—2 n+2¢i—1 .

PrOOF. By definition Ci—l,n:22n+1_i(2 ") Ci—za”:22n+2_i(2n—':12—i)’ and  ¢j 1=

n+1—i
22n+2-i (zn'i:rzl_l.). The claim follows by properties of binomial coefficients, since:

n+1 _ n n n
2n+2—i) \2n+1—i 2n+2—i)’
LEMMA 5.9

T, = (Hy,, ty) where 1, is the uniquely determined (up to isomorphisms) subtree of H,, given by

2n—1
tn:<ZCi,nHi> .
i=n 1

PROOF. As T1 =(H>,(2H1) 1), Ty41 =T, x Ty and (Hp)" = H»,, we only need to check the subtree
part. We proceed by induction on .
Assume by induction hypothesis, that T, = (H3,,t,) with

2n—1
th= ( Z Ci’nH,) .
i=n 1
We are going to prove that Ty, | = (Hp(n41), tnt1) With

2n+1

1= Z Cin+1H;
i=n+1 n

By definition of product

1 2 ((;,I tz) (1) X 2H))+ (Hap X 2Hl))L

2n—1 2n—1
= ( Z cinHit2+ Z 2¢i nHit1 +2H2n+1> .
1

i=n i=n
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Notice that, by index shifting,

2n—1 2n+1
> cinHi2= Y cioonH
i=n i=n+2
and
2n—1 2n
> 2einHip1 = Y 2ci10H;.
i=n i=n+1
Hence, by Lemma 5.8,
2n—1 2n—1
t,lq =Y cinHipa+ Y 2inHit1+2Ho 41
i=n i=n
2n 2n+1
= > 2i1aHi+ Y cioonHi+2Ho
i=n+1 i=n+2
2n 2n+1
gzCn,nl'1n+1 + Z zcifl,nHi"i‘ Z Ci72,nHi+2H2n+1
i=n+2 i=n+2
2n
=2 nHni1+ Y (Cimon+26i-1 ) Hitcon—1.0Honi1 +2Hon 1
i=n+2
2n
gzcn,an—H + Z Ci,n—i—lHi+(2+62n—1,n)H2n+1~
i=n+2
Since
n+1
2cn,n=2-2"=2"+1=2"+1< )zcn+1,n+1,
n+1
n+1
2+02n1,n:2+2n:2< 1 >:C2n+l,n+1
we have
2n+1
1 Z| D cingiHi
i=n+1 n
and the claim follows. | |

So we have that 7,, = (Hp,, t;), with

2n—1 n 2n—1
Hon = (Z ( i )Hi> s = ( Ci,nHi> :
i=0 1 i=n il

1=
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22 NPc-lattices

Rewriting them using coproducts in the category of trees, we obtain

2n—1 2n—1

Hy =P <2l.n>(Hi)J_, tn=EP cin(H)..

i=0 i=n

Combining the fact that coproducts in the category 7; 4, are given coordinatewise, that ¢ | is both
the terminal and the initial object in 7%,,, and that ¢; , =0 for i=0,...,n—1, we have that

2n—1

2n—1
2
I,= (( T‘) _c,-,n) (H) 1, 00)® @) cin(H) 1, (Hi) D).
i=0 !

i=n

Notice now that the NPc-lattice dual of the pair ((H;)1,d1) is the full twist-product
K((Freegm(7))1 ) and that the NPc-lattice dual of the pair ((H;)1,(H;)1) is

Tw ((Freegm(i)) 1 , Freegm(?)) .

Finally, recalling that the carrier of this algebra is K((Freegm(i))1)\{(L,L1)}, we conclude the
following theorem.

THEOREM 5.10

Freegnpc(n) =
1 ((2’1)*6' > 2n—1
= l_[ K((Freegp (i) L)\’ M x H Tw ((Freegp(i)) | , Freegm (i)
i=0 i=n

=Tw (Freegu(2n), V),

where
2n—1 2n—1

V=] (Ereecs@ D7) x ] Ereecsine.

=0 i=n
PrROOF. By Lemma 5.9. u

COROLLARY 5.11
For each integer n > 0, the cardinality of Freegnpc(n) is given by the following recurrences:

2n—1 2((2n)_c_ )
[Freegnpc(m)= [ | (i+ 1"\ 4205,
i=0

where hg=1 and, for all integers k >0,

k—1
he=[ [+ 10

i=0

PrROOF. By [1, Theorem 4.3.1], the cardinality of Freegpy(k) is Ay, for all integers k > 0. Then, clearly,
the cardinality of K((Freegp(i))1) is (h; + 1)2 and the cardinality of Tw ((Freegm (7)) , Freegm(?))
is (hj + 1)% — 1. The claim follows by Theorem 5.10. [ |
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