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Given 0 < a < n and a Young function 1, we consider the generalized fractional maximal operator M, , defined
by

My, f(x) = sup|B|*"|| f1],.5.
B>x

where the supremum is taken over every ball B contained in R”. In this article, we give necessary and sufficient
Dini type conditions on the functions .4, B and n such that M, , is bounded from the Orlicz space L(R") into
the Orlicz space L5 (IR"). We also present a version of this result for open subsets of R" with finite measure. Both
results generalize those contained in [6] and [14] when 7(7) = 1, respectively. As a consequence, we obtain a
characterization of the functions involved in the boundedness of the higher order commutators of the fractional
integral operator with BMO symbols. Moreover, we give sufficient conditions that guarantee the continuity in
Orlicz spaces of a large class of fractional integral operators of convolution type with less regular kernels and
their commutators, which are controlled by M, .
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1 Introduction and main results

Norm inequalities for several classical operators of harmonic analysis have been widely studied in the context
of Orlicz spaces. It is well known that many of such operators fail to have continuity properties when they act
between certain Lebesgue spaces and, in some situations, the Orlicz spaces appear as adequate substitutes.

For example, for the Hardy-Littlewood maximal operator M, boundedness results between general Orlicz
spaces were given in [2], [5], [12], [14], [16] and [27]. Since M controls, in some sense, the singular integral
operators, the mentioned results allow us to derive continuity properties for them. According to this, the Hilbert
and Riesz transforms were also studied in this setting (see, for instance, [6], [14] and [18]).

When dealing with other type of singular integrals or their commutators, the maximal operators that govern
their behavior are defined in terms of a Young function n, M,. The continuity properties in Orlicz spaces for
such maximal operators were first studied in [17] in the Euclidean context. In this article the author considers the
operator M¥, the k-th iteration of the Hardy—Littlewood maximal operator M, which is known to be pointwise
equivalent to M, with n(¢) = t(1 + log* #)*~!. When 7 is a general Young function, the boundedness of M, in
Orlicz spaces was analized in [15] in the framework of spaces of homogeneous type.

Concerning fractional type operators, the authors in [6] and [14] gave necessary and sufficient conditions on
certain functions A and B for the maximal fractional operator M,, 0 < o < n, and the fractional integral operator
I, to be bounded between the associated Orlicz spaces L and L? (see below for the definition of these spaces).

When dealing with generalizations of I, and their commutators, the maximal functions that control them, in
some sense, are the fractional maximal operators M, , associated with a Young function n, where n is sometimes
related with the regularity properties of the kernel of the operator, or 1 is a L log L type function when dealing
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20 E. Dalmasso and G. Pradolini: Generalized fractional operators in Orlicz spaces

with commutators, or both. In relation with the correspondence between regularity and maximal operators, the
more regularity on the kernel, the better the maximal operator.

Let us define the operator M, ,. Given an open subset Q of R”, for0 < & < nand f € L}, (), M, is defined
by

M f (x) = sup| B O Q“"|| f]];.5.
B>x
where the supremum is taken over every Euclidean ball B = B(xo, R) with xo € Q and R > 0, and || - ||, 5
denotes the Luxemburg-type average given by

_ 1 |f ()l
Han’B_mf{)L>0'|Bﬂ§2|/Bn( : )51}_

When « = 0, we simply write M, = M,,. It is well known that this type of maximal functions control a large
class of operators such as generalized singular integrals and their commutators.

Our main aim is to characterize the functions involved in the boundedness on Orlicz spaces of the fractional
maximal operator M, ,. Concretely, we give necessary and sufficient conditions on the functions .A, 13 and 1 such
that M, , : L*(RQ) — LB(R) for @ = R" and open subsets 2 of R" with finite measure. Our results generalize
those related with M,, contained in [6] and [14] and they have a correspondence with the result in [15] for the case
a = 0and Q2 = R". As a consequence, we obtain similar continuity properties for other operators of convolution
type with kernels satisfying certain size condition and having different degrees of regularity, as well as their
commutators, which are controlled, in some sense, by M, ,.

Throughout this article, we consider the functions that define the Orlicz spaces to be of the form

Ar) = /Ota(s)ds and B(r) = /Olb(s)ds,

where a and b are left-continuous functions defined on [0, co) with a(0) = 5(0) = 0, such that a is positive on
(0, 00) and nondecreasing, and b is nonnegative (see the next section for the definition of Orlicz spaces). The
function 7 associated with the maximal operator we are dealing with is a submultiplicative Young function, that
is, 7 : [0, 00) — [0, 00) is convex, increasing with (0) = 0 and lim,_, , n(¢) = 400, and it satisfies n(ts) <
n(t)n(s) forevery 7, s > 0. We will also assume, without loss of generality, that 5 is normalized, thatis, n(1) = 1.
Under these conditions, we obtain the following main results. The first one gives the characterization when
2 = R" and the second one when €2 has finite measure.

Theorem 1.1 Let 0 < o < n, and let A, B and n be defined as above. Let & be a Young function such that
£71(t) = t=wn~'(t). Then, the following statements are equivalent.

(i) There exist positive constants C| and C, such that

CitA(t)=e/n b CitA(t —a/n t I+a/n
[ ) ¢ (MY 5, g AN
0 t

for everyt > Q.
(i) My, : LA(R") < LB(R"), that is, there exists a positive constant K such that the inequality

HMav”fHLl"(]R") = K||f||LA(R”)

holds for every f € LA(R").

Remark 1.2 When 7n(¢) = ¢, the theorem above improves the corresponding result proved in [6], where the
author gives necessary and sufficient conditions on the functions .4 and B that are more difficult to handle than the
Dini type condition given in (i). Moreover, as our result shows, the function b needs not to be increasing, which
allows us to include more spaces then the ones considered in [6].

When o = 0, the characterization of the Dini-type condition for M, was obtained in [15] in the setting of
spaces of homogeneous type, and it is in correspondence with the result for 0 < « < n, by noticing that, in this
case, & = .
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Remark 1.3 If we consider A(¢) = t” and B(¢) = t? with1 < p < n/aeand1/g = 1/p — «/ninTheorem 1.1,
we have that M, ,, : L?(R") — L9(R") if and only if

C'-F -2
/ D el (C”T> d% < Cyr?H91 = yr-(1-%),
0

for some positive constants C; and C,, and each t > 0, where £~ (¢) = t=*/"5~!(z). It is easy to see from the
relation between p and ¢ that this inequality can be rewritten as
o0
[T .
1 st s T
which means that & belongs to the class B, introduced in [24]. It is easy to check from the formula & ~!(7) =

t=*/"n~1(¢) that & € B, if and only if n?/? € B,. In the case « = 0, we have that ¢ = p and Theorem 1.1 is the
fractional version of the result given in [24, Theorem 1.7].

Remark 1.4 From the previous remark, when considering A(¢) = ¢” and B(t) =17 with 1 < p < n/a
and 1/g =1/p —a/n, the functions n that verify the Dini condition are those such that 19/? e B,.
Examples of these functions are given by n(t) = t" for every 1 <r < p, or n(t) = t"(1 +1log" ¢)° and n(¢) =
t"(141og(1 +1log™ ¢))° for every § > 0 and 1 < r < p. Other examples are functions with negative exponents
on the logarithm, like n(¢) = ¢"(1 +log™ ¢)~° forevery 1 <r < p and § > 0. For A and B of L log L type, it is
easy to check that n(¢) = ¢" with 1 <r < n/« also verifies the Dini condition if

A(t) =tP(1+1log™ 1), B(t) = tn%p(l +log™ t)”
where r < p <n/aand y > ne/(n —ap) fore,y > 0.

Even though our original purpose was to give boundedness properties on Orlicz spaces defined over R”, the
use of the ideas of [14] in the proof of the theorem above also allowed us to obtain the following characterization
over finite measure domains, generalizing the result for M,, given in that article.

Theorem 1.5 Let Q2 be an open subset of R" with || < 0o. Let 0 < o < n, A, B, n and & be as in Theorem 1.1
such that the functions t — t'=%/"a(t)~*/" andt — n~'(A(t))/t are increasing and tend to infinity whent — oo,
and B is of positive lower-type. The following statements are equivalent.

(1) There exist positive constants C| and C, such that

Cit!=e/ng ()= l—a/n —a/n
b(}\.) %_/ Clt a(t) dr < C tu/na<t)l+(x/n
| Y ) =7 ’

foreveryt > 1.
(i) M,,: LAQ) — L3(Q).

Remark 1.6 Although Theorem 1.5 is proved for the non-centered fractional maximal operator, a similar
result can be obtained for its centered version, let us say Mé,n’ as it will be obvious from the proof of the theorem
above and the fact that M , f(x) < My, f(x), even though they are not equivalent.

Then, in the particular case of the fractional maximal operator M,, that is (¢) = ¢, we have proved that, under
the corresponding hypotheses on A and B3, M,, and M are bounded between the associated Orlicz spaces if and

only if there exist two positive constants C; and C, such that

Cit' =g (1)~ ( ) :
/ 2 < Caale) (.0
1 n—a

for every ¢ > 1. This result was proved in [14] for M and, thus, our result is a generalization of the corresponding
result given in that article. Notice that, if n(t) = ¢, n~'(A(t))/t = A(t)/t and from the fact that a(1/2)/2 <
A(t)/t < a(r), the hypotheses of Theorem 1.5 are equivalent to the corresponding ones of [14].

From Theorem 1.1 we can obtain the next characterization of the boundedness of M, ,, over R" in terms of the
continuity properties of the classical fractional maximal operator with weights, that is, nonnegative and locally
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integrable functions over R". The theorem below gives the analogous result in the fractional case for M), in [15].
When A(t) = B(tr) =17, 1 < p < 00, the corresponding result was proved in [24] for « = 0. The interest in this
kind of characterization appears when it is required a dual version of Fefferman—Stein’s inequality for nonlinear
operators. Inequalities in the spirit of (1.2) were also studied in [26] for 0 < o < n and 7 certain power function.

Theorem 1.7 Let 0 < o < n and let A, B, n and & be as in Theorem 1.1. The following statements are
equivalent.

(i) M, : LY(R") — LB(R").
(ii) There exists a positive constant C such that

‘ M. f f

Msu u

<C

: (1.2)
LA(R?)

LB(R”)

Sor every f > 0 and for every weight u, where 7 is the complementary Young function of n.

It is well known that the operator M, , controls a large class of fractional type operators (see, for instance, [3],
[4], [7], [10], [11] and [13]). As a consequence of Theorem 1.1, in §4 we will derive boundedness results for this
class of operators. The classical example is the k-th order commutator of 7, with symbol b € BM O, that is,

s ) = [ (o) = o0t L

=y
where k € N U {0} and b satisfies

’

1
[1bllgmo = sup —
B Bl Jg

Clearly, 1 (? » = 1. For this operator we prove the following characterization.

1
b(x)——/b‘dx<oo.
|Bl Jg

Theorem 1.8 Letr «a, A and B be as in Theorem 1.1, b € BM~0 and k € N U {0}. Suppose that B € A, and
has positive lower-type g > n/(n — «), and for k > 0, that also B satisfy the A,-condition. Then, the following
statements are equivalent.

(i) There exist positive constants C and C, such that

kn

Cyt'=e/ng(1)~w b Cit'/ng(t - n—a n
/ Q <1 +log™ (ﬁ)) dr < Caa(t) =
0

n—a A

holds for every t > 0.
(ii) There exists a positive constant K = K (||b||pmo) such that the inequality

|26 f 1 s ey < KILF Nz
holds for every f € L°(R").
Remark 1.9 The A,-condition on B and B, and the positive lower-type on B are not really necessary for the
implication (ii) = (i) in the theorem above.

Remark 1.10 Note that the Dini condition (i) is the same as condition (i) of Theorem 1.1 with & (¢) = n(¢)7 =,
where 1(t) = t(1 + log™ #)* is the Young function that defines the fractional maximal operator M, , that controls

I 0’[‘ p in some sense (see Theorem 4.8).

2 Preliminaries

Before we proceed with the proofs of the main results, we shall introduce some preliminary definitions and
properties concerning Orlicz spaces.
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Let 2 be an open subset of R”. Given an increasing function ® : [0, co) — [0, co) with ®(0) = 0, we define
the Orlicz space L®(2) as the set of all measurable functions for which there exists a positive number A such that

[ o4 aecr

This definition induces the Luxemburg norm for this space, given by

£ llzo(e) = inf{x -0 /ch ('fi—x)') dx < 1},

and (L‘I> Q). -1 L“’(m) is a Banach space. For more information and properties of these spaces see, for instance,
[25]. Clearly, when ®(¢) = t” with 1 < p < oo, we recover the norm || f||.»(q)-
If @ is an N-function, that is, ® is a Young function that satisfies

. o)
lim —= =0 and Iim —= = 400,

t—0t t t—>+o0
its complementary N-function ® can be defined by means of the inequalities
r<d 'O '(t) <2, Vi >0,

and the following generalization of Holder’s inequality

/QlfgISZIIfH@IIgII% 2.0

holds (see [23]). It is easy to see that the above inequality allows to prove that
fllLe@) ~  sup / f(x)g(x)dx, (2.2)
llgll, 5 g <1 /2

whenever the left-hand side is finite (see [25]). This gives an important tool in order to obtain boundedness results
in §4.
There is also a version of Holder’s inequality for the Luxemburg-type averages

1
—/ |8l <2 flle8ll8ll5 5 (2.3)
|B| Jp
where || - ||o 5 were defined in the Introduction. Although ®(¢) = 7 is not an N-function, inequalities (2.1) and
(2.3) still hold, where || - [|§ and || - ||, must be understood as || - ||z~(rs) and || - ||z~ (p) TEspectively.

Moreover, there is a further generalization of the inequality above. If ®, W and ® are nonnegative, nondecreasing
and left-continuous functions satisfying the relation ® ! ()W ~!(¢) < ®~!(¢), the following generalized Holder’s
inequality, proved in [23], holds:

1fglle.s <211 flle.llgllv.B- 2.4)

We must also consider certain subclasses of Young functions. We say that a Young function @ is in the class A,,
or satisfies the A,-condition if ®(2¢) < C®(¢) for certain positive constant C and every ¢ > 0. This is equivalent
to say that @ has finite upper-type, that is, there exist constants C > 0and 0 < g < oo such that ®(st) < Cs?®(r)
for every s > 1 and every ¢ > 0. Similarly, we can define the positive lower-type: there exist constants C > 0 and
0 < g < oo such that ®(st) < Cs7®(t) forevery 0 < s < 1 and every ¢ > 0.

3 Proofs of the main results

In this section we will give the proofs of Theorems 1.1, 1.5 and 1.7. We shall postpone the proof of Theorem 1.8
until the next section.

An auxiliary result that we will be using in the proof of Theorems 1.1 and 1.5 is the following modular
inequality for the generalized maximal operator Mg, £ a submultiplicative Young function, that can be easily
deduced from the proof of [15, Theorem 2.3]. When M = M, the analogous result was already proved in [22].
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Theorem 3.1 Let i, ¢ be two nonnegative functions and let V() = for Y (s)ds and ®(t) = fof o(s)ds. Let
Q be an open subset of R" and let Dy =ty = 0 if |2| = +00 and Dy = ®(1)|R| and ty = 1 if |2] < 00. If€ isa
submultiplicative Young function such that for every t > t,

Dyt
/ @ g <%> dx < Dyyr(Dat), (3.1)

for some constants D1 > 1 and D, > 0, there exists a positive constant D such that

[ otesax < oo+ b [ wdIf@a

Proof of Theorem 1.1. We will first show that (i) implies (ii). By homogeneity, it is enough to
consider a function f € LA(R”) with || f |74 = 1. For such a function, we need to find a positive constant C,
independent of f, such that

[ﬂB(M)dxgl.

Let us write | f(x)| = g(x)h(x) where
g(x) = 1FLANF ) xir0(x)  and  h(x) = A(LF ()" xip0) (x)-
Since 5! (r) = /&~ (1), from Holder’s inequality (2.4) we have that
My, f(x) < 2M¢(g)(x)[|Al|Lra(rry < 2Me(g)(x), x € R", (3.2)

since, from the hypothesis on f, ||A]| 4 < 1. Then,
M, M,
/ B (an(x)> dx < f B <%(2x)> dx =/ B (Mg(2g/C)(x)) dx. (3.3)

Let us now consider the function

cet) = /01 @s/ (%) dn, (3.4)

which is well-defined on [0, 00). In fact, by condition (i), c¢(#;) < oo for some #,, and thus, c¢(¢) < oo for every
0 <1t <t since &' is increasing. For t > 1y, since 1 is submultiplicative, it is easy to see that  verifies
n(t) n(2t)

7577([)57- (3.5)

From the definition of £, one can show that & is also submultiplicative and satisfies (3.5). This yields

g(sr) < S0 E@EW) _ 552 E(t—t) < 26'(25)8(1).

st st 2s

From this estimate and the fact that ¢ (1) < oo

celt) = /0“ @g' (%) & + /,,t @s’ (%) .
<¢ (f—:) ce(tr) + /t,r @5/ (%) dxr < oo,

where the last term is finite since the integrand is continuous.
Then, by taking Cs(f) = fot ce(s) ds, condition (3.1) of Theorem 3.1 trivially holds with ¢ = b and ¢ = c,
and any constants D; > 1 and D, > D;. Thus, from that theorem, there exists D > 0 such that

B(M:(2¢/C)(x)) dx < D/ C.(2Dg(x)/C) dx. (3.6)
R R
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Let C = max {2D/C1 , 2D2C2}, where C| and C; are the constants of (i). From (3.3), (3.6) and using the fact
that C: (1) < tce(t), it follows that

|e (MTM> dx <D | Ce(2Dg(x)/C)dx

< D/” 2Dg(x)cg <2Dg(X)) dx

C C
2D?
= Z [ swer (Cugl)) dx.
Rll
Note that, from condition (i) and (3.4),
CitA(r)=/n b Cit At —a/n t)1+a/n
Cs(Clt.A(l‘)ia/")Z/ ()L)S/< ! A;) )d)LSCzL, VvVt > 0.

0 t

Then, by applying this inequality to r = | f(x)| > 0,

g(x)ee (Cig(x)) = [f ()IAS ()) ™ "ez (Crlf ()IAS (1)) ™)

A ) AL
= 1 @IAQF @) el

Finally, from this estimate and the definition of the constant C, we get

= GA(If(x)D). (3.7

2
[ B(Meal) ax < 222 [ aqsconas = [ Aureonas 1.
n C C RVI R”

In order to prove the converse, let us now consider § >0 and f5= xp(o,s). Then, |[|fs|lpare) =
1/A Y w,'87"), where w, = |B(0, 1)|. We will estimate the measure of the set {x € R" : M, , f5(x) > s} for
certain values of s > 0.

By considering 0 < s < wy/"8% /&' (2"*"), from the definition of £~ we get

[{x € R": My, f5(x) > s} = |[{x € R" 18 < |x[ and [B(x, 21x[)|*"|| fslly. B(x.2x) > S}

=|{xeR":8 < |x|and

a/n

— R":-§ d @n 8% '
=|yX € 18 < |x| an W>S}

1
8 o/m g\ "
_ xeR“:8<|x|<—§<w ) H
2 S

w,8" [ /"8
= s — C()nan

7 s

1/n
where we have used that, for each § > 0, the set {x eR":6 < |x| < %é (wﬁ”"S“/s) } is non-empty since £~

is increasing and s < wi/"8%/£~1(2"). By using again that s < wj,'"8% /£~ (2"*1) and the property &'(1/2)/2 <
&(t)/t, we obtain

) wnan wz/"(sa w’11+%5n+a , a)g/ﬂsa
lx € R" : Muy fo(x) > sl = 5k > 3 . (3.8)

s 2nt2g 2s
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Now, from (ii) and the previous estimate we get

1> / B (MU—M) dx 3.9)
" K| fsllLa®n

=/ b(M)lfx € R : My, f5(x) > AKI| fol|La(re) H d
0

a/n s

- w,11+%5n+a /‘Ks—l(znf’]’>|f“A(W) b()»)é, /"5 ”
= 222K fill e Jo X0 \2AKI follacen

o mf,‘/" @ g—1 mn—l —n
_wrl,+”8”+°‘¢41(wn18”)/isi\‘u(n“)é )b(k)g, o "8 A (67
- MH2K o A 2K M

w,1,+%8"+“A_' (a)n—la—n) /-Clwff/"rS“.A](w”lS”) b()\) %_/ Clwg/naaA—l (a)n—15—n) "
m+2 g 0 A A !

where C; = 1/(K&~'(2"")). By taking t = A" (w, '6 ") > 0 since A" is positive on (0, o0), we get that

J AT b, (wa)-i A
0

A A

for every ¢ > 0 and for some positive constants C; and C,, that is, condition (i) holds. Il

Proof of Theorem 1.5. Letus first prove (i) = (ii). Fix f € L*(Q) with 1 fll4(e) = 1. Then, it is
enough to show that there exists a positive constant C, independent of f, for which

LB(M)dxsl.

We split | f(x)| = fi + f> where fi(x) = |f(x)|x(s>1)(x) and fo(x) = | f(x)|x(f<1)(x). Thus, we have
My, f <My, fi +M,,f>. Let us estimate each term separately.

For the case of f,, we write as before f> = g.h where g(x) = | f(x)|xqs1<1y(x) and 2 (x) = x{ <1 (x). From
the relation n~!(t) = t*/"£~1(t), we can apply the generalized Holder’s inequality (2.4) to obtain

Moy fo(x) < 2Meg(x)||hl| ey < 21Q1°" = 2K.

On the other hand, if we define the functions gi(x) = |f(x)A(lf(x))"*" xs=1;(x) and hi(x) =
A(F()D)Y™ xq1£1=11(x), we have that f; = g;.h; and we can use again Holder’s inequality (2.4) to get

Mg, f1(x) < 2Me(g1)(xX) A1) e (@) < 2Me(g1)(X),

since ||| e (@) < 1. Therefore,

/B<Ma.nf(x))dx 5/3(w> dx (3.10)
Q C Q ¢

5/QB(4C’1maX{Mgg1(x),Kl})dx
5/B(Mg(4C’1g1)(x))dx+|Q|B(4C’1K1).

Let us now consider the function

0, 0<t<l,

) =
- | e () drr =1,

@3.11)
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which is clearly well-defined on [0, co). From this definition, it follows immediately that condition (3.1) of
Theorem 3.1 holds with ¢ = b and ¥ = ¢, for any constants D; > 1 and D, > D;. Thus, by taking C: (1) =
[, ce(s) ds, we have that

/QB(Mg(4C’1g1)(x))dx < |Q|B(1)+DLCE(4C*ng1(x)) dx. (3.12)

Let K, = |Q|(B(1) + B(4C’1K1) and choose C > 4D/C; where C; is the constant appearing in (i). Then,
from (3.10), (3.12) and using that C¢(¢) < rcs (1), we deduce that

Mo f(x) < -1
/QB <T> dx < K>+ D/S;Cg(4C Dg;(x))dx
<K,+ D/Q4C_'Dg1(x)6g (4C7'Dg(x)) dx

<K+ C /le(x)Cg (C1g1(x)) dx.

Asin (3.7), it is easy to see from (i) and (3.11) that g; (x)cs (C181(x)) < C2.A(| f(x)]). Therefore, we obtain
M(X?
/ B <—-7Cf(")) dx < Ko + clczf A(F () dx < Kz +C1Ca.
Q Q

Finally, if we know that K, + C1C, < 1, the sufficiency of the Dini type condition (i) is proved. On the contrary,
if K, + C1C, > 1, since B has positive lower-type, there exist positive constants ¢, g such that B(st) < ¢s?5(t)
forevery 0 < s < 1 and every ¢ > 0. Then, it follows that

/QB <C[C(Iga1fC(1xC)z)]”q ) dr=e ([C(Kz + lclcz)]l/q )4 /Q B <Ma"Tf(x)> dx < 1.

Conversely, let us assume, without loss of generality, that there exists xo € € such that the ball B(xy, 1) is
contained in €2. Let us consider f5 = xp(x,5 for 0 < < 2-1/7 and, as in the Euclidean case, we will measure
the level sets of M, ,(fs), Es = {x € Q: M, f5(x) > s}.

Let w2/ 8% /671((2/8)") < 5 < wl/"8% /€ (2"*1). Then, by following the same arguments as in the proof of
Theorem 1.1, we obtain

|Es| =

{x €Q:38 <|x—xo| <1/4and|B(x,?2|x —x0|)|°‘/”||f,;||,,,B(X.2‘x_xu|) > s}

1
S 3/”30[ n
> er:8<|x—x0|<§§<w )

N

For the values of s considered, it is easy to see that

1/n
5 o5\
< =¢ <1
2 K

This guarantees that the annulus above is non-empty and is entirely contained in €2. Thus,

w1+%8n+a w“/”aa
lfx € Q: M, f5(x) > s} = — s’( - )

2nt2g 2s

by applying similar arguments to those used in the case Q2 = R".

www.mn-journal.com © 2016 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



28 E. Dalmasso and G. Pradolini: Generalized fractional operators in Orlicz spaces

By following the ideas in (3.9), assuming now that (ii) holds, we have
M,
1= [ (et ),
o \Kll/fsllLae
o0
_ / b(%)
0
o/

a):l+; 8}1+(X / K571(2”+])”-/‘6HLA(Q) b()\‘) s/ ( (()Z/H(Sa ) d)\l

o @ 0
T 22K | fsll LA o/ "5 A 20K fsllAcq)

KeT((2/0)") sl (gom)

{x €Q: My, fs(x)> AK”fBHL*‘(Q)Hd)‘

wi+%8n+ad471(w;157n) Cuof"s AT @157 p(y) Croy"8* A (w; '67")
> § dh,
mt2 g p A

2t/ A (w15 A
Kn—T(275-71)

where C; is the constant defined in the proof of Theorem 1.1. Then, if we take = A~ (e, '6™"), we obtain the
following condition

ClAD ™" Cit A(t)~e/n A()1+e/n
T (CUAD™Y e AW

22w, "t A A t
Kn~1(2awn A(1))

3

foreacht >t = A’1(2a)n’1).
Let us now define

2u g/”t
1) P —
Kn='(2"w, A(t))

S L
Kn~1(2"wy) n~"(A(1))
know that 4(¢) — 0 when ¢ — +00. On the other hand, we also have that t'~*/"a(t)~%/" — oo when t — +00.
Consequently, we can assert that there exists # > #, such that, if ¢ > o, then 4(¢) < 1 and C;t'~%/"a(t)=*/" > 1.
For those values of ¢, by using that A(7) < ta(t), we get

Cit' =g (r)=e/m b C l=a/ngpy—a/n
[ 2 (G
1

which is smaller than since 7 is submultiplicative. From the hypothesis on ' (A(z))/t, we

A A
CitA(t)=/m —a/n
5 / b()LA) ¢ <C1tA§Lt) ) )

N

1+a/n
< CZ& < Czta/na(t)l—&-a/n.
t
If 7y < 1, the Dini type condition holds for every ¢ > 1. If 7y > 1, we claim that the above inequality can be
extended to every 1 <t < f,. In fact, since t'~%/"a(¢)~%/" and a(t) are increasing, and the above condition holds
fort =1y,if 1 <t < 1 it follows that

Cit!=/ma(t)=/n bl C tl—a/n ¢ —a/n
[ 2 (G
1

a0 ) (Gl alio)
=/ W (o2l 1) gy
1

A

< Cotg"a(10) " = Ky

Ky

/ I4a/n
< a(l)TOI/?lta "a(t) « .
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By taking C> = max {Ca, Koa(1)~'7%/"}, we obtain

QAT b2 L, (o' aln)
P

- )d)\, < C’:;tot/na(l)l-‘ra/n
1

for every ¢t > 1.
Proof of Theorem 1.7. Itisimmediate from the pointwise inequality
Mo f(x) < 2Me (f/u)(x)Miu(x), x € R",

(see (2.3)) that (i) = (ii).

By virtue of Theorem 1.1, the converse follows if we show that (ii) implies the Dini type condition (i) of that
theorem. Thus, we will estimate the measure of the sets {x € R" : M, f(x) > sMzu(x)}, for certain values of
s > 0.

Let us consider, for § > 0, f = u = xp(0.s). Thus, || f/ullpa@ = 1/A™ (w,'87"), where », = |B(0, 1)|.
For |x| > 28, let us suppose, for the moment, that the following estimate holds:

Miu(x) = Myxp(0.)(x) < 1/7" ((1x1/48)"). (3.13)
Thus, by considering 0 < s < 6% "@*/"8%/£~1(1/(2" — 1)) and using that

-1
L

i) Tt
by following similar arguments as in the proof of Theorem 1.1, we can get

2"7160(7”(1)1+a/n8”+a , 6a7nwa/n8a
§ > :
\)

Up to a constant, the inequality above is of the form of (3.8) obtained in Theorem 1.1. Therefore, it is clear that
we can continue in the same way in order to have the desired Dini type condition.
Let us now prove (3.13). From the definition of M,

1 1
sup

< _
Bl ™ Bsx:BNB ~—1 ( 1BL
|BmB(0,a)|) 2x:BNB(0.0)#0 1) 0nd"

=& ()" 1 >0,

{x e R" : My f(x) > sMuu(x)}| >

M5 xp(0s)(x) = sup
B>x:BNB(0,8)#0 7~1 (

If B = B(y, R) is such that B N B(0, §) # @ and we consider |x| > 28, it is clear that 2R > |x| — § > |x]|/2.
Then, R > |x|/4 and

1 - 1
= T ((Ix1/48)") -

M xB(0.5)(x) < sup =
B0 B3x:BNB(0,8) 0 n-'((R/8)")

4 Applications of Theorem 1.1 to fractional type operators

We will now introduce a class of fractional integral operators of convolution type that can be controlled by the
fractional maximal operator we are dealing with, which includes the classical fractional integral operator. This
control will allow us to derive continuity properties on Orlicz spaces for these operators.

In [4] the authors consider fractional operators of convolution type of the form

T, f(x) = g Ky(x =y)f(y)dy, 0<a<n, 4.1)

where the kernel K, satisfies a size type condition and a certain fractional Hormander condition associated with a
given Young function. We say that K, satisfies the size condition S, if there exists a positive constant C such that

/ |Ky(x)|dx < Cs®,
|x|~s

where |x| ~ s denotes the set {x € R" : s < |x| < 2s}.
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The Hormander type condition is defined as follows. For a given Young function ® we say that K, € H, o if
there exist ¢ > 1 and C > 0 such that for every y € R" and R > c|y|

[e.¢]

Z(z’”R)”"’HKa( =) = Ke(llo jxj~2mr < C.

m=1

If ®(r) = ¢ with 1 <r < o0, the class H, ¢ will be denoted by H,, . We can generalize the Hormander type
condition to L*° by considering the corresponding norms restricted to the sets |x| ~ 2™ R and the class, in that
case, will be denoted by H, .

Another class that we should take into account is the following. We say that K, € H; , if there exist constants
C > 0O and ¢ > 1 such that

|yl

|Ko(x —y) — Ka(x)] §C|x|n+l—a’ x| > clyl.

All the mentioned classes satisfy the inclusions
H;.oo C Hyoo C Hyr C Hys C Hy

for every 1 < s < r < 0o. Moreover, if ® is a Young function satisfying either ®(¢) < Ct" or Ct* < ®(r) for
large values of ¢, then either H, , C Hy o or Hy ¢ C H, s holds, respectively.

The interest in considering the classes H,, ¢ for a general Young function @ is justified in [21] in the case o« = 0.
In that article, the authors show the existence of an operator whose kernel K belongs to every H,, 1 <r < oo,
but K ¢ H.. This implies that the mentioned operator can be controlled, in the norm of the L” spaces, by any
maximal operator M,., where 1/r + 1/’ = 1 and 1 < r < o0, but it cannot be asserted that the same inequality
holds with M, which is smaller than M, . However, that kernel K does belong to a generalized Hormander class
Hg, for every € > 0, where & (1) ~ ¢! . This says that Hy, C He, C Ni<r<c0 H,, Which yields that the control
by means of M, can be improved by replacing it with the maximal operator Mg ~ My (1oe1)c S CeM,: for
each 1 < r < oo. In other words, the Hormander conditions associated with Young functions in the kernels of
convolution type operators can give us better boundedness results for them since they can be controlled by smaller
maximal operators.

As we said before, a classical example of an operator T, of the form (4.1) is the fractional integral operator I,
0 < o < n, whose kernel K,,(x) = |x|*™" satisfies the condition S, and the Hormander type condition H _, as
it can be easily checked.

Fractional integrals with less regular kernels than I, are also known. For example, in [19], the author studied
fractional integrals given by a multiplier. Specifically, if m : R" — R is a given function, the multiplier operator
T,, is defined, by means of the Fourier transform, as 7, £ (¢) = m(¢) f(¢) for f in the Schwartz class. Under some
conditions on the derivatives of m, the operator 7,, can be written as the limit of simpler convolution operators
T,,’lv . The associated kernels K O](V are in the class S, N H, , with constant independent of N, for certain values of
r > 1 determined by the properties on the function m.

Another example for this kind of fractional operators are fractional integrals with rough kernels, that is,
convolution type operators with kernel K, (x) = Q(x)|x|*™" where Q is a function defined on the unit sphere
§"~1 of R" with integral zero (see, for example, [8] and [9]). By extending 2 to R" \ {0} radially, the extension £
is an homogeneous function of degree 0. In [4, Proposition 4.2], the authors showed that the kernel of T, satisfies
Ko € Sy N Hy, 0, for certain Young function ®, provided that @ € L®(S"~') with

1
dt
/ we(t) — < 00,
0 t

where we is the L®-modulus of continuity defined by

we(t) = sup ||Q(- +y) — Q(-)||¢.gn1 <00, Vi=>0.

[yl=t

The following result, proved in [4], shows the control of these fractional integral operators by a generalized
fractional maximal operator associated with a certain N-function.
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Theorem 4.1 ([4]) Let 0 < o < n and let  be an N-function. Let T, be the fractional operator with kernel
K, € S, N Hy . Then, for any 0 < & < 1, there exists a positive constant Cs such that

MA(T, f)(x) < CsM, 5 f(x), 4.2)

for every measurable function f, where

M*(g)(x) —Suplnf/Ig ) —aldy,

Box 4€R

By Ai(1018)1/8

and Mgg :=M (|g| ) .
Remark 4.2 If we consider 7, to be a fractional integral given by a multiplier, (4.2) holds with M, ., = (M),

provided that the kernel belongs to the class H, ,. When T, has a rough kernel with @ € L*(§"™!), [, 2 =0

and fol we(t) % < 00, we obtain (4.2) with the corresponding N-function &.

When T, is a fractional integral operator whose kernel satisfies the Hormander condition H, o, or the stronger
condition H* __, it was proved in [4] that the control is given by means of the fractional maximal operator M,,, as

o,00?

the next results shows. When T, = I,,, the fractional integral operator, the mentioned estimate was already proved
in [1].

Theorem 4.3 ([4]) Let O < « < n and let T,, be a fractional operator with kernel K, € S, N Hy o0 o K, €
So N Hy . Then, for any 0 < § < 1, there exists a positive constant Cs such that
M (T, f)(x) < CsMy f(x), (4.3)
for every measurable function f.
Theorems 4.1 and 4.3 allow us to give sufficient conditions such that the operator T,, is bounded from L*(R")
into LB(R™).

Theorem 4.4 For 0 < a < n and an N-function n, let T, be a fractional operator defined in (4.1) with kernel
K, €S, NH,j. Let A, B and & be as in Theorem 1.1 with B € A,, and suppose that (i) of Theorem 1.1 holds.
Then

NTo fllLswny < CHF LAy,
forevery f € L°(R"), whenever the left-hand side is finite.
IfKy € Sy N Hyoo or Ky € Sy N H;oo, and we suppose that (1.1) holds, the result is also true.

In order to prove the theorem above, we shall use the following results, that will be also useful in all of the
boundedness results of this section. The first one shows how can the previous control theorems be applied; the
second one establishes a characterization of the boundedness of the Hardy-Littlewood maximal operator M on
Orlicz spaces by means of a A,-condition. This characterization was given in [12], although in [5] the authors
showed that the same result holds by means of a Dini type condition which is equivalent to the condition given in
[12]. Similar results were also obtained in [27].

Theorem 4.5 ([20]) There exists a positive constant C such that for every locally integrable function g and
every measurable function f satisfying |{x : | f(x)| > A}| < oo for each A > 0, the following inequality

|fgldx <C | M*fMgdx
Rﬂ Rﬂ
holds.

Theorem 4.6 ([12]) Let © be an N-function. The following statements are equivalent.

() The Hardy-Littlewood maximal operator is bounded on L®(R"),
(i) D, the complementary function of ®, satisfies the A,-condition.

We are now in position to prove Theorem 4.4.
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Proof of Theorem 4.4. Fix f e LX(R") with [|T, f||.5@r) < 00. For 0 <& < 1, let Bs(t) =
B(t'/%). Then, we can write

1/8
1/6
T flles@e = |[ITa f1° ||L/Bﬁ gy = SUp 1( |Taf|5|g|dx) .
]Ru

HgHLga =

We wish to apply Theorem 4.5 with |T,, f|° and |g|. In order to do so, we need to prove that [{x € R" :
|Ty f| > A}| < oo for every A > 0. But this can be easily obtained from the Aj,-condition on B and the hy-
pothesis ||Ty f||z5(rr) < 00. In fact, the property on B says that B has finite upper-type g, for some g > 0,
and then

lx € R : |T, f(x)] > A)| < / LEVACOIN (4.4)

eRMIT, f(x)|>2) A

< 1 / B( |To f (x)] ||Taf||L5(]R“)>dx
B(1) Jixerr: 7, £(x) 152} NTo f11L5mn) A

R T f11 75 ) /B< T, f(x)| )dx
~ B(1) ’ A4 " NTo S L5 (R

T 11
< - 7
—  B(l)ae
Thus, by Theorem 4.5, applying Holder’s inequality (2.1) and (4.2) we obtain that

1/8
T, flls@s <C  sup (/ Mﬁ(|Taf|5)Mgdx>

lll, 85 gy =1
- 4 1/8 1/8
< C sup ||M (|T f| )”LBA R") ”Mg”LBA R")
1811, (g <!
¢ 1/8
=C sup MI(Tuf )| o 1MEI 5
llsll, 85 gy <1
1/8
=C sup N May fllesen IMgl 5 g
1811, g <!

Since B € A, also Bs € A,, and from Theorem 4.6 ||Mg]|, 5 (Rr) = Cligl,z (R")" Thus, by using Theorem 1.1
we obtain

1/8
WTo flles@ny =€ sup [[Moy fllse IIgIIL/Bg gy = Clfleas).

HgHLB;(R,,) <1

If Ky € Sy N Hy oo 0r Ky € Sy N Hyy ., we can repeat the proof above by applying instead Theorem 4.3 which
gives us the control of T, by M,,, and we use the corresponding Dini condition (1.1). g

Remark 4.7 Notice that, as a particular case, the theorem above gives us the corresponding result for
the operator I,. Actually, if B has finite upper-type ¢ > n/(n — «), ||I, f||r5 is finite, and, since its kernel is
nonnegative, we can extend the result for every function in L(R") by an approximation argument.

We will now introduce the higher order commutators of 7,, in order to state similar boundedness results for
them. In the case of the commutators of I, we were able to obtain a characterization of their continuity properties
on Orlicz spaces by means of a Dini type condition, as we showed in Theorem 1.8.

Given b € BM O, the k-th order commutator of 7, for k € NU {0} and 0 < o < n is defined by

1o (6) = [ (00 = ) Kul = 3) () d.
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When k =0, T‘f_b = T,. We will now suppose that the kernel K, satisfies the S, condition and a Hormander
condition related to the order k, the condition H, ¢ . This means that there exist ¢ > 1 and C > 0 such that for
every y € R" and R > cly]|

M2

(2H1R)l1—0lmk||Ka(. — y) — Ka(')||<l>,|X\"‘2"’R <C.

m=1

We say that K, € Hy oo if the norm in the condition above is taken over L™.
In [4], the authors also proved an estimate in the spirit of Theorem 4.1 for the commutators Ta p» Which is given
in the following result. In the case of the commutators of I, it was proved in [10] and [7] for k = 1 and in [3] for

any k € N in the more general framework of spaces of homogeneous type.

Theorem 4.8 ([4]) Let k € N and let ® and ¥ be two N-functions such that 5_1( Wt
or(t) =t(1+1og" ). If 0 < a < n and T, is a fractional integral operator with kernel K
anyb € BMO and 0 < § < € < 1, there exists C = Cs such that for every f € L°(R")

< ,:() where
S N a\pk,fOV

)
€

M (Tho f ) (x <CZ||h||BMO (T o () + Cllbll 100 Mo 3. £ ().

If the kernel verifies K € S, N Hy oo or K € §, N H;,oo’ the above inequality takes the form

M (T ) (x <CZ||b||2M’0M (77 f) (¥) + ClIbllas 0 Ma g f ().

The theorem above allow us to derive the following boundedness result for T* .

Theorem 4.9 Let 0 < o < n, k € NU {0} and N-functions 1 and ® such that n~' (t)®~'(t) < ¢, ' (t), be-
ing o (t) = t(1+log" t)*. Let T, be the fractional operator defined in (4.1) with kernel K € S, N Hy, ¢, and
assume that T, is bounded from LP(R") into L™ (R"), for some py, qo > 1. Let A, B and & be as in Theo-
rem 1.1 such that B € A and also B € A, for k > 0, and suppose that (i) of Theorem 1.1 holds. Then, for any
be BMO

176 s ey < CUIBNBMO) f 140

forevery f € LY (R"), whenever ||T, f || 5rr) < 0.
IfKy € Sy N Hy oo or Ko € S, N H o, and we suppose that (i) of Theorem 1.1 holds with & (t) = (gi(1))7s,
the result is also true.

Remark 4.10 If £ = 0 and we take ® = 7 in the theorem above, we recover Theorem 4.4.

Remark 4.11 The functions of the form B(¢) = ¢#(1 + log* ¢)” with 8 > 1 and y > 0 are in the hypotheses
of the previous theorem, that is, both B and B(r) ~ e /(1 +1log*t) =) satisfy the A,-condition.

Proof of Theorem 4.9. We will prove it by an induction argument. If k£ = 0, the result holds by
virtue of Theorem 4.4 and Remark 4.10. Suppose now that the result holds for every 0 < j < k — 1. We will
prove it for k.

Let [|b][gyo = 1 and f € L(R") such that [|T, f||. 5" < 00, where the kernel of T, satisfies K € S, N
H, ¢ We will first consider the case b € L (R").

Let us prove that || T o || L5(Re) < OO By using the following formula

k
x) =Y Cuab(x) T, (6" f)(x), (4.5)

m=0
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and the fact that b € L*(R"), we have

k
TS o fllsen = | D Cosd " Tu (6" £) (4.6)
m=0 LB(R")
k
< ConillBI L T (07 f)l ()
m=0
k
<Y ConklIBI e o T 1y S BN e g 1 T f 11 5y < 00
m=0
Then, we can apply Lemma 2.2 in order to get
1/8
| Zak o f | ey < 75 f| Ig(x)1 d @7
abof sy S sup A\ wof| 18(X)dx ) . :
<

IgHLES(W

On the other hand, proceeding as in (4.4), we obtain that for each A > 0 the measure of the set {x eR":
|T0ﬁ of (x)| > A} is finite. Therefore, by Lemma 2.2, and using Theorems 4.5 and 4.6, we have

>~

<3| (rur)

J

1T Doy = € | M (1T 1)

M, .
- + ([ Moy f 1l L5 (Re)

LB(]R") LB( n

Il
o

where in the last inequality we applied Theorem 4.8. From the hypotheses on A, B and 7, the last term is bounded
by || f1l4(®n) - The other terms are bounded by || TO'[’,b f || LE(RY) foreach 0 < j < k — 1respectively, since B, € A,
for every 0 < € < 1 and thanks to Theorem 4.6.
Now, notice that for every 0 < j <k — 1, ¢;(t) < ¢ (t), so
(@7 (1) < ¢ (1) <9 (1)

and K € S, N Hy o x C So N Hy 0 . Then, for each 0 < j < k — 1, from the inductive hypothesis,
I7].s

Thus, ’TofbeLB(R”) < C||fllpAr for every b € L>(R"), with constant C independent of |[b]| ().
It is enough to show that we can extend the result for every b € BM O. Define, for each N € N, the functions
by as

<C ny. 4.8
Lo = RGO (4.8)

b if —N <b(x) <N,
by(x)=4{ N ifb(x) > N,
—N ifb(x) < —N.

It is easy to see that for each N, by (x) — by (y)| < |b(x) — b(y)|, which yields [|by||smo < 2||bllspmo = 2.
Moreover, since by € L*(R") and f € L°(R"), we have that (by )" f — b f when N — oo on L”(R") and,
from the boundedness properties on T, T, ((by)" f) — T,(b™ f) when N — oo on L% (R"). Thus, there is a
subsequence such that both limits exist almost everywhere. By applying again (4.5) we obtain that Ta”le f—

TO'[’: .S when I — oo almost everywhere. Therefore, from the continuity of B, Fatou’s Lemma and the fact that
1T o, f oy < ClNFNzare) we get

T/ flx 1T, f(x)]
/B oo SO dx:/ imB [ 2" 7 ) gy
" I RITEG-D) Rn [—00 PAINAIVEG:-0)

L |Tét/;bN f('x)l
< hmlnf/ Bl —— |dx <1,
=00 JRa 21 fNacwny
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which means that | Ta’ of | Lsgan = 2I1f 114 < oo. Finally, by the homogeneity of the norm we have that

I Tuf’beLB(R”) < 2116l p0f 1l 24(re) < 00 forevery 0 < j < k — 1 as desired.

If KeS,NHyor or K €8, NHJ ., the only difference we will find in the previous proof is that the
maximal operator that controls 7, is the fractional maximal operator M, ,, , as Theorem 4.8 shows. It is easy to
see that the function () = (¢ ()7« satisfies the relation £ ' (¢) ~ t=*/"¢,"'(¢), so the Dini type condition (i)
of Theorem 1.1 that involves this function and A and B is sufficient for the boundedness of M, ,, . The rest of the
proof is the same.

We give finally the proof of the characterization of the boundedness of higher order commutators of the
fractional integral operator in Orlicz spaces.

Proof of Theorem 1.8. Since the kernel of /, belongsto S, N H; .., the proof of Theorem 4.9 shows
that condition (i) is sufficient.

To see that the Dini type condition (i) is necessary, we will make a lower estimate of the k-th order commutator
of I, for the particular symbol b(x) = log |x| € BM O and f;5 = xp(0,5) for é > 0.

Let us suppose that |x| > 23. Then, for each y € B(0, 3),

b(x) — b(y) > log (|x|/8) = log2 4 log (|x|/28) = C(1 + log™ (|x[/28)).
Thus, for those values of x,
b(x) — b(y))F
o= [ BB,
B(0.s) |x =Yl

w,d"
(3lxl/2)r

(1 +log* (Ix[/28))"
(Ix1/28)"~

> C*(1 +log™ (Ix/26))*

= C(a,n, k) @*"8"
By defining n(¢) = t"/"=%) (1 + log™ 1)*/("=%) it is easy to see that there exists a constant D > 1 such that
D™~ (1) =" (1 +1og" )™ < Dy~ (1),

) Ilf_’hfg(x) > C(a, n, k)wg/nS“/Dn‘1(|x|/28) = C‘w,of/"S"‘/n‘l(lx|/28) for |x| > 26.
Then, by considering 0 < A < Caw?/"8% /5! (2'/"), we have that

[fx € R 111y, fs(x)] > 2}| =

{x eR": |x| > 28 and Cw®"8% /0~ " (|x|/28) > x”

Cow/" s
xeR":28 < x| <2n| ——

>

A

Copy"s*\" AT
=a)n2"5"n< - ) —2”3"360,,2"—‘5";7( @ )

A
C ,‘f/"S“
= a),,2”716”é (—a) ) ,

A

being &(¢) = ¢t (1 4+ log™ )<, which is a submultiplicative Young function. Hence, from the above estimate
we obtain

[fx e R 1 fs(0)| > 2} =

Czn—Za)’ll-Hx/"Sn-Hx g/ C‘a);‘/”sa
A 21 '

By following the ideas in (3.9), we obtain the desired Dini type condition. U
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