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1. Introduction

In quantum mechanics, the properties of a physical system are represented by closed subspaces
of the Hilbert space. The orthocomplemented lattice structure of the set of properties allows defining
the conjunction, the disjunction and the negation of properties. The probabilities for the properties at
a given value of time are given by the Born rule.

The standard formalism of quantum mechanics does not give a meaning to conjunctions or
disjunctions of properties corresponding to different times. However, there are situations in which
it is necessary to relate properties at different times. For example, in the measurement process it
is necessary to establish a link between the pointer position after the measurement and the previous
value of some observable of the measured system. In the double slit experiment it is necessary to argue
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about the impossibility to say through which slit passed the particle before it is detected, producing
a spot in a photographic plate.

In order to deal with conjunctions or disjunctions of properties at different times, R. Griffiths [1],
R. Omnés [2], M. Gell-Mann and J. Hartle [3] have developed the theory of consistent histories. In this
theory the allowed sets of quantum histories included in a description of the system must satisfy some
consistency conditions. As the consistency conditions depend on the state of the system, the properties
of the system which can be included in a valid description of the system also depend on the state. This
is an odd situation compared with the standard formalism of quantum mechanics, where the allowed
contexts of properties are all the possible distributive sublattices of the Hilbert space, which do not
depend on the state.

Moreover, in the axiomatic approaches of the standard formalism of quantum mechanics, once the
possible properties are identified, the states can be defined as functionals acting on the space of the
properties, appearing after these observables in a somehow subordinated position [4,5].

We presented in previous papers the generalized context formalism [6,7]. In this formalism, well
defined probabilities can be obtained for the conjunction of properties at different times, provided
they satisfy some compatibility conditions. Compatible properties at different times are represented
by commuting projectors when they are translated to a common time. This formalism was applied
to the double slit experiment [7], to the logic of quantum measurements [8] and to quantum decay
processes [9].

In this paper we explore the results that can be obtained from the theory of consistent histories by
imposing the consistency conditions on all the states of the system. We obtain that the consistency
conditions over all the states are equivalent to the compatibility conditions of our generalized contexts
formalism. We also show that the theory of state-independent consistent histories and the theory of
generalized context are equally useful representing expressions which involve properties at different
times. Both formalism can represent the same expressions and the corresponding probabilities have
the same value.

In Section 2 we present a brief description of the lattice of properties in standard quantum
mechanics, emphasizing the notion of contexts of properties for a fixed value of time. The main
features of the theory of consistent histories are given in Section 3, pointing out the motivations
for considering the consistency conditions for all states. In Section 4 we relate the consistency
conditions for all states with the commutation of the projectors corresponding to the time translation
of properties to a common time. In Section 5 we summarize our previously developed formalism
of generalized contexts. The consistency conditions for all states and the formalism of generalized
contexts are compared in Section 6. The main conclusions are given in Section 7.

2. Quantum contexts

In quantum mechanics, each isolated physical system is associated with a Hilbert space # and
a Hamiltonian operator H : # — #. The state of the system is represented by a nonnegative,
normalized and self adjoint density operator p : # —> H.

The time evolution of the state is generated by the Liouville-von Neumann equation. If p; is the
density operator representing the state at time t, the state at a different time t’ is represented by

pe =U,0) p UE, D7, (1)

where U(t', t) = e~ 17~ s the unitary time translation operator.

The properties of a quantum system are represented by closed vector subspaces of the Hilbert space
Jt. As for each closed subspace V there exists only one orthogonal projection operator ITy : # — J
such that V = ITy, #, each property V can also be represented by the projector ITy .

The set of all closed vector subspaces of #¢, with the partial order relation given by the set
inclusion (C), is an orthocomplemented nondistributive lattice. The supremum of V and V'’ is given
by Sup(V, V') = V + V' and the infimum is given by Inf(V, V') = V N V’. The universal property is
represented with the whole space # and the zero property is represented with the subspace {0y},
where Oy is the zero element of #. The complement of a property V is the orthogonal complement
V+ of the subspace V in J.
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A relevant difference between quantum mechanics and classical mechanics is that in classical
mechanics the lattice of properties is a Boolean lattice. However, in quantum mechanics, as the lattice
of properties is nondistributive, it is not Boolean.

In order to define probabilities it is necessary to have a Boolean lattice of properties. Therefore, it
is not possible to consider simultaneously the whole set of properties of a system, so it is necessary to
choose a Boolean sublattice.

With this purpose it is considered a set B of mutually orthogonal closed subspaces of # which
expand the whole Hilbert space, i.e.

B={Vi|i€o, Viisaclosed subspace of #,V; L V;ifi#j » Vi=H¢, 2)
ico
where o is a set of indices. Each closed subspace V; of the set B represents an atomic property and the
corresponding projectors I7; satisfy the relations

domi=1, L=, ijeo, 3)
leo
where [ is the identity operator in .
From the set B, a context of properties Cg can be obtained as the set of all subspaces which are sums
and intersections of elements of B

CB:{VCH|V:ZO¢,-V,-,0¢1:O,1}. (4)
i

The context of properties Cz generated by the set of atomic properties B, with the partial order
relation defined by the inclusion (C), is a Boolean lattice.
If p; is the state operator for the system at time t, the Born rule can be used to compute

Prp[(v) = Tr(pfnv)v (5)

for each property V. If we restrict the properties V to be elements of a context Cg, the function Pr;
satisfies the Kolmogorov axioms
(i) Pr, (V) > 0,
(i) Prp, (#) =1,
(lll) If Vinv, = {0;{}, then Pl'p[(V1 + V2) = Pl'p[(V1) + Pl'pt (Vz)

It is interesting to note that for each p; there is a different probability function Prp,.

The function Pr,,, : (g — Ris awell defined probability on the context of properties Cg. Therefore,
ordinary quantum mechanics gives a prescription to compute well defined probabilities for properties
of a context at a fixed value of time.

However, ordinary quantum mechanics is unable to assign probabilities to the conjunction of
properties corresponding to different values of time. As we pointed out in the introduction, in some
physical situations, for example the process of measurement or the double slit experiment, it is
necessary to relate properties at different times. This suggest the importance of a generalization of
ordinary quantum mechanics for dealing with time dependent properties, as it is realized in the theory
of consistent histories [ 1-3] and in the formalism of generalized contexts [6,7].

In the following sections we give a brief account of both formalisms, we explore the consequences
of imposing more restrictive consistency conditions on the theory of consistent histories and we
obtain the relation of these new conditions with our formalism of generalized contexts.

3. Consistent histories

In what follows we present the main features of the theory of consistent histories, developed by
R. Griffiths [1], R. Omnés [2], M. Gell-Mann and J. Hartle [3].

As we explained in the previous section, each property of a quantum system is represented by a
closed subspace of the Hilbert space of the system or by its corresponding projection operator. An
homogeneous history is defined as a sequence of properties for n consecutive times. The theory of
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consistent histories represents each homogeneous history with the tensor product of the correspond-
ing projection operators of each property involved in the history, i.e.

(P1,p2,--->P0) <> TH QL Q-+ Q Iy,

where I7; is the projector corresponding to the property p;.

Not every history is homogeneous. The general form of an n times history is represented by a
projection operator /1 : # —> # in the Hilbert space #, which is the tensor product of n copies of
the Hilbert space # (¥ = # ®.". ®J¢). As H# is a Hilbert space, the set of all its projection operators
is an orthocomplemented nondistributive lattice.

Itis possible to obtain a distributive lattice of histories by considering ateach timet; G =1, ...,n)

a different context of properties generated by projectors ijj i H —> H (kj € o)) satisfying

ki

K, ki ki f .
M) =8 0, Y M) =1 kKeo,j=1...n (6)

kj
where [ is the identity operator in #.
Expressions of the form “property Vf ! at time t; and ... and property V¥ at time t,” are called
elementary histories. They are represented by the projectors
M*=n'e. - -@m, k= (ki,... k).
It is easy to check that the projectors I« satisfy

ﬁkﬁk/:&d‘/ ﬁk, ZﬁkZT, keO']X"'XO'n
where T is the identity operator in H.The set of projectors given by

A= ﬁ:Zakﬁk,ak=0,l,keolx~~><an (7)
k

represent a distributive lattice of histories. Each projector of the set A represents an expression of the
form* (property V attime t; and ... and property V"” attime t,) or (property V attime t; and... and

property V at time t,) or.
In order to define probabllltles on A, the theory of consistent histories introduce the chain operator.
For each elementary history represented by /7¥ the chain operator is defined by
cU™ = oy ... Iy, (8)
where
ki ki
My = U(to, ) TT;" U8, to) 9)

and t is the time at which the state operator py, is considered.
For any element of the distributive lattice of histories given in Eq. (7) the chain operator is obtained
by the linear extension of the definition given in Eq. (8) for elementary histories, i.e.

C(ﬁ)zZakC(ﬁk), Keoy X- - X op. (10)
K

The probability of a history represented by I is defined by the expression
Pron(IT) = Te(C (I iy C (D)), (11)

where we incorporated the subindex ch to the probability symbol for consistent histories to make
an explicit distinction with the probability Prg, which will be defined in the next section for the
formalism of generalized contexts.
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The probability Pr.; do not satisfy the additivity condition. In order to have a well defined proba-
bility, it is necessary that the elementary histories of A satisfy the consistency conditions defined by

Re[Tr(CT(IT%) 0, C(FT¥))] = 0, forallk # K. (12)

A set of histories satisfying these conditions is called a set of consistent histories. Eq. (12) give the
weakest consistency conditions typically considered for the theory of consistent histories, but stronger
conditions can also be used (see also the final part of Section 6).

The theory of consistent histories is suitable to include properties at different times and it allows
computing well defined probabilities provided we consider properties within a set of consistent
histories.

Each set of consistent histories gives a possible description of the physical system. Different authors
gave different names to the sets of consistent histories (framework for R. B. Griffiths [ 10] or universe
of discourse for R. Omneés [11]), but all these different names refer to a sort of “perspective” of the
quantum system. The main difference of these sets of consistent histories and the usual meaning
of the notion of perspective is that in general they cannot be combined in a single more refined
description. Different sets of consistent histories are considered complementary descriptions of the
physical system.

As the sets of consistent histories must satisfy consistency conditions depending on the state of
the system, the properties of the system which can be included in a valid description of the system
also depend on the state. This is an odd situation compared with the standard formalism of quantum
mechanics, in which the allowed contexts of properties are all the possible distributive sublattices of
the Hilbert space, which do not depend on the state.

In what follows we point out some reasons which motivate us to explore a modification of the
theory of consistent histories in which the consistency conditions do not depend on the state.

e In the axiomatic theories of quantum mechanics the state is considered as a functional on the
space of observables and it appears after these observables in a somehow subordinate position. The
importance of the notion of state functionals acting on a previously defined space of observables
was stressed by one of us in Refs. [4,5]. As quantum histories play the role of observables, it seems
reasonable that the allowed sets of histories satisfy state-independent conditions.

e The consistency conditions allow too many histories and some of them are difficult to interpret
[12,13]. If we modify the restriction and we impose the consistency conditions for all the states we
limit the number of allowed histories.

e The partial order relation between two properties has a clear probabilistic interpretation in
ordinary quantum mechanics. For two properties a and b of the same context, with the
corresponding subspaces V, and V,, of the Hilbert space #, it can be proved that the probability
of property b conditional to property a is equal to one for all quantum states, if and only if V, C V.
In the theory of consistent histories there is not such a strong connection unless we imposed the
consistency conditions to all the states.

Motivated by these remarks, in the following section we are going to consider the theory of
consistent histories with the consistency conditions imposed for all states.

4. Consistency conditions for all states

In this section we are going to consider a restriction to the theory of consistent histories by
imposing that a valid description of a physical system must include quantum histories which satisfy
the consistency conditions for all states.

Ateachtimet; j = 1, ..., n) we consider a different context of properties generated by projectors

1"[jkj 1 H —> H(k; € 0j) satisfying
ki ki ki kj / :
M) =8 0. Y 17 =1 kkeo j=1....n
kj
We define the following elementary histories from these n different contexts
I=ny'® - @m0 k=(ki,... k)
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and we consider the set of histories given by

A:{ﬁ:Zakﬁk,akzo,l,kemx~--xan}.
K

The consistency conditions are given by
Re[Tr(Ct(7T%) 0, C(IT¥))] = 0, forallk # K,

and for a fixed state py,.
We propose to replace these consistency conditions by what we will call the state-independent
consistency conditions defined by

Re[Tr(CT(77%) 0, C(fT¥))] = 0, forall k # K and for all p,.

We will call theory of state-independent consistent histories to the theory of consistent histories with
the state-independent consistency conditions.

It can be proved that imposing the state-independent consistency conditions on the elementary
histories of a set of quantum histories A is equivalent to impose on the projectors Hik", representing
the atomic properties of the contexts at each time ti(i=1,...,n), the commutation condition when

I ki kj
they are translated to a common time t, ([/T. 10, 179 =0, 17‘,10 = U(to, tj) I'Ij’ U(tj, to)). More
specifically, we proved the following theorems (see Appendix Bi:

Theorem 1. If the elementary histories of the set A given in Eq. (7) satisfy the consistency conditions for
any state py,, then [17l 0 ] =0, foralli,j=1,...,nk € oy, k € o

Theorem 2. If | 17,"6, II; 0] =0, foralli,j=1,...,n,k € o, kj € oj, then the elementary histories of
A given in Eq. (7) satisfy the consistency condltlons for all state py,.

We will show in the following section that the commutation relations appearing in the previous
theorems are precisely the compatibility conditions of our formalism of generalized contexts.

Moreover, the probability has a simple form on a set of state-independent consistent histories.
Using the conditions [17! 0r 1T ] = Oonthe Egs. (8),(10) and (11) we obtain the following expression
for the probability of an elementary history, represented by the projector n* = H{“ ® - ® 17,’1‘",

" k

Pren(IT%) = Tr(p [1\% . . . T} ). (13)

For a non elementary history, represented by the projector o= D kK i« (ax = 0, 1), the
probability is given by

Pro,(IT) = Zak Pr(I1%) = Tr (,;EO > odl. ) . (14)

We emphasize that if the consistency conditions are imposed for all states, the histories
represented by projectorson # = # ® .". @ # have a probability which can be computed with the

“Born rule” in terms of projectors defined on #. In Eq. (13) the projector H,’ff“o ... Hi,]o corresponds to

the conjunction in # of the atomic properties 1'11-"i translated to a common time to and the projector in
Eq. (14) corresponds to the disjunction of these conjunctions. In the following sections we are going to
show that the same expressions for the probabilities are obtained with our formalism of generalized
contexts.

5. Generalized contexts

In this section we review the main aspects of the formalism of generalized contexts [6,7]. We define
an event as a property at a given time and we represent it with the pair (V, t), where V is a closed
subspace of the Hilbert space # and t is the time of the event. The set of all events will be called E.

Given a subspace V we can consider the time translated subspace U(t’, t)V, where U(t’,t) =
e~H'=0/h and H is the Hamiltonian operator. The relation (V/, t') « (V, t) defined by V' = U(t’, t)V
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is an equivalence relation. We will denote by [V, t] the class of events which are equivalent to the
event (V, t),i.e.

[V, el ={(V',t) | (V',t) ~ (V, D).
We also call by [E] = E/ ~ to the set of all equivalence classes of events,
[E]=E/ ~={[V,t]| (V,t) € E}.

We define a partial order relation < on [E] in the following way: [V;, t;] < [V, to] if and only if
U(ty, t1)Vy; C V,. From this partial order relation the disjunction and the conjunction of equivalence
classes are obtained,

[V.t] VIV, t']1=[U(ty, )V + U(ty, tHV', to],
[V, E]A [V, t'] = [U(ty, )V N U (Lo, tHV', to], (15)

where t; is an arbitrary fixed time.

We need a complemented and distributive lattice in order to define a probability function. Even
though [E] is a complemented lattice, it is not distributive. It is possible to obtain a Boolean sublattice
[E]p starting from an ordinary context of properties Cg having the form given by Eqs. (2), (4) and (15).
For a given fixed value t; of time, the set [E]g C [E] given by

[Els = {[V.to] € [E] | V € Cg},

is a Boolean sublattice of [E] and it will be called a generalized context of events. As Cg is generated by
B, we will say that [E]p is generated by B.

Once we have the generalized context [E]z C [E], a well defined probability Prg : [E]s —> R can
be defined as a generalization of the Born rule

PrgC[Va tO] = Tr(pfonv)a (16)

where py, is the state of the system at time to and Iy is the projector corresponding to V € Cg. This
is a well defined probability, which satisfies the Kolmogorov conditions.

In this way we have obtained a formalism for computing probabilities of classes of events. In what
follows we are going to show how to apply this formalism to expressions involving properties at
different times.

We consider n times t; < --- < t, and for each time t; a generalized context of events [E]g,,
generated by the atomic properties

Bi= 1V [ kieon V' LVIifle £k, Y V=g,

ki

where the projectors Hik", corresponding to the atomic properties, Viki satisfy the equations

K . .
O =8, Y 1 =1, k.k€o.
ki
To consider descriptions which involve classes of events of different generalized contexts [E]s, we
need that they could be included in a common generalized context. The formalism of generalized
contexts impose that the time translated projectors of each context commute, i.e.

15, 91 =0, kieoy keop, ij=1,....n
where ni’fg = U(to, t)IT U (to, t;) and HJk’O = U(to, Q)ijjU‘l(to, ;). We will call to these
conditions the compatibility conditions. If some generalized contexts satisfy these conditions we say
that they are compatible.
Once we have n compatible generalized contexts we can form a new generalized context including
all of them. First, from the sets of atomic properties B;, we define a new set of atomic properties B in
the following way

B={NiV|VieB, kico, i=1,....n),
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where Vilfé, = U(to, ti)Viki. The projector corresponding to the subspace N; Vf{) is Hffo . H,’l‘f“o. Then,
from B we can define the generalized context generated by it, i.e. [E]3.
Let us consider an expression of the form

“Property Vf ! at time t; and property Vzk2 attime t; and ... and property V,’f” at time t,,”.

The formalism of generalized contexts identifies this expression with the following conjunction of
equivalence classes

I ! k I
[V]{15 t]] A [V2<25 t2] AR [V;"fn’ tn] = [V]’l() N VZ{‘Z() n---N Vrl:f]ov tO]s
and the probability for this expression is given by
k k k I
Prec (V' 1A TVS2, ] A== A VR, ta]) = Proc([Vy o N Vo M- NV to])
k kn
= Tl‘{pto(nljo e Hn,O)}’

where Hfly‘ol'[;zo . 1'1,2‘"10 is the projector associated with the subspace V]kfo NV ...N V:ﬁ"&
Moreover, an expression of the form

“(Property V1k Vattime t; and ... and property V,f" at time t,,) or

(property Vf T attime t; and ... and property V,f;l attime t,) or ...",
is identified with
k K, K,
IV 0l A AV 6DV (VS 0l A AT ) VL

and the probability for this expression is given by

/ /
ki,

K
Prgc{([vkly [R] AEERIVA [V,f”, t.]) Vv ([V;l, tHIA - AV, D V.. )
k n K K,
= Tr{pfo(nl% e Hrlf.,o + Hl(,]O Y i DR

/
ki,

K, . . . .
where Hffo . Hr’f?o + 171(’10 ... 01,7y + - - - is the projector associated with the subspace
4

WA AAvE A vy

In the following section we are going to compare the results of the formalism of generalized
contexts with the results of the theory of state-independent consistent histories presented in the
previous section.

6. State-independent consistent histories and generalized contexts

In this section we will show that the theory of state-independent consistent histories and the
theory of generalized context are equally useful representing expressions which involve properties
at different times. Both formalism can represent the same expressions and the probabilities are the
same.

Let us consider at each time t; § = 1,...,n) a different context of properties generated by

projectors HJRJ 1 H —> H(k; € oj) satisfying

ij

K; ki ki
A ] p . / L —
P =8 1Y, Y I =1, kg Keo,j=1,....n
PR
J

We assume that these projectors also verify the conditions
ki

[17,.”‘5,171.,0]:0, i,j=1,...,nk €oikj€oj (17)

. ki ki
wherei,j=1,...,n,k € o, kj € ojand 1‘[1’O = U(ty, tj)Hj(fU(tj, to).
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We consider an expressions of the form

“(Property V1k1 attime t; and ... and property Vr’f” at time t,) or

K 7
(property Vfl attime t; and ... and property V,f" attime t;) or ...". (18)

This expression can be included in the formalism of generalized contexts, because Eqs. (17) are
the compatibility conditions of this formalism. According to Theorems 1 and 2 of Section 4, Egs. (17)
are equivalent to the consistency conditions for all states. Therefore expression (18) can also be
included in the theory of consistent histories (and moreover in what we have called the theory of
state-independent consistent histories).

We have shown in Section 5 that, in the formalism of generalized contexts, expression (18) is
represented by the equivalence class

[Vo, to] = (V{5 M-V 4 (V0 0V gl

with the corresponding probability

k n K ki
Prec([Vo, to]) = Tr{pe, (1T} . .. Iy + 1Y . T + - ). (19)
As we mentioned in the Sections 3 and 4, in the theory of state-independent consistent histories,
expression (18) is represented by the projector

/
ki,

~ k/
H:Hi“@...@n”;n +0'®--- @My +---,
definedin # = # ® - - - ® #. In this theory the corresponding probability is given by

Prey(77) = Tr(CT(1T) piy C(IT)) = Tr{pyy (1T} . .. [T} + 17{‘}0 ) AR (20)

Comparing Eqs. (19) and (20), we find that, if the consistency conditions are valid for all states, the

theory of consistent histories and the formalism of generalized contexts can be used to represent the
same expressions and they give the same probabilities.

Therefore, the theory of state-independent consistent histories is equivalent to our formalism of
generalized contexts. Although these two equivalent formalisms impose stronger requirements than
the theory of consistent histories, we have proved in previous publications that our formalism can be
successfully applied to describe the time dependent logic of quantum measurements [8], the quantum
decay process [9] and the double slit experiment with and without measurement instruments [7].

We based our discussion on the Griffiths consistency conditions

Re[Tr(CT(fT%) 0, C(fT¥))] = 0, forallk # K,

already given in Eq. (12). However, several reasons have been given by R. Omnés [11] and L. Diosi [ 14]
in favor of the stronger consistency conditions proposed by Gell-Mann and Hartle, and given by

Tr(CT (1%, C(7T¥)) = 0, forallk # K.

It is interesting to notice that the quantum histories obtained from our formalism of generalized
contexts not only satisfy the Griffiths consistency conditions for all states, but they also satisfy the
Gell-Mann and Hartle conditions for all states (see Appendix B, Eq. (B.1) in the proof of Theorem 2).

These partial results encourage us to continue our research on the formalism of generalized
contexts.

7. Conclusions

The theory of consistent histories, developed by R. Griffiths, R. Omnés, M. Gell-Mann and J. B. Hartle
[1-3], and our formalism of generalized contexts [6,7] are generalizations of the standard quantum
theory, designed to deal with expressions involving properties at different times.

The formalism of consistent histories imposes consistency conditions on the sets of histories to
have well define probabilities. These conditions depend on the state of the system. By contrast, the
formalism of generalized contexts imposes compatibility conditions which are independent of the
quantum states.
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In this paper we criticized the dependence on the state of the consistency conditions of the
formalism of consistent histories. We consider several reasons in favor of a formalism of consistent
histories with consistency conditions valid for all states.

Moreover, we analyzed a restriction of the theory of consistent histories by imposing that a
valid description of a physical system must include quantum histories which satisfy the consistency
conditions for all states. We proved that these conditions are equivalent to impose the compatibility
conditions of our formalism of generalized contexts, i.e., that the projectors generating the contexts
at each different time commute when they are translated to a common time.

Finally, we showed that the resulting formalisms of quantum histories, i.e. the theory of state-
independent consistent histories and the formalism of generalized contexts, are equally useful
representing expressions involving properties at different times. Both formalisms can represent the
same expressions with the same value of the corresponding probabilities, being therefore equivalent.

Although these two equivalent formalisms impose stronger requirements than the theory of
consistent histories, we have proved in previous publications that our formalism can be successfully
used in several applications [8,9,7]. These partial results encourage us to continue our research on the
formalism of generalized contexts.

Appendix A. Operators with zero mean values

Proposition. If an operator O : #¢ —> J# satisfies Tr (p0) = 0 for all state p, then 0 = 0.

Proof. Let {|¢;)}ico be an orthonormal basis of the Hilbert space #.
Giveni € o, we can choose p; = |¢;) (¢i], then Tr(p;0) = (¢;|0|¢;) = 0.

Therefore,
(¢il0l¢y) =0 Vieo. (A1)
Given two indices i # j, we can also choose the following normalized vectors
1 1
W) = —=() + o),  12) = —=() +ilgi)).
V2 ‘ V2 ‘

For the corresponding density operators |¥)(¥| and |®)(®| we obtain
1
(vlol) = §(<¢j|o|¢k> + (¢«|0l¢;)) = 0,

(@10|®) = %((¢j|o|¢k> — (¢|0l¢;)) = 0,
and then

(#101pr) =0, Vj,keo,j#k. (A.2)
From Egs. (A.1) and (A.2) we deduce 0 =0. ®

Appendix B. Compatibility conditions and state-independent consistency conditions

Theorem 1. If the elementary histories of the set A given in Eq. (7) satisfy the consistency conditions
for any state p,, then [Hilfg, 17]’90] =0, foralli,j=1,...,n, k € 0j, kj € 0.

kj

. ki ki k; k;
Proof. Ifi = j, from Eq. (6) we have 17]-(’17]-(’ = Skjk/,l'[j’. then [IT7, 17]-(1] =0.
J
The commutation relations are invariant under the unitary transformation given in Eq. (9),

K
therefore [1'[]’{’0 1'[].’]0] =O0forallj=1,...,n,kj, kj/- € ;.

If i # j, we consider the histories 1, IT' € A given by

k,‘

=1g - 0leNele -0lal el ol
~ X ki
M=19®I-MTHRIR - RIS RI® B
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It is easy to prove that if the elementary histories of A satisfy the consistency conditions for all state
Pr,» then all the histories of A also satisfy the conditions.
If we apply the consistency conditions given in Egs. (12) to [T and 1/, we obtain

Re[Tr{CT(IT) pyy C(IT")}] = = [Tr{C" (IT) pr, C(IT')} 4 Tr{C' (IT) py, C(IT")}]

I
—_ N =

- N |

[Tr{CT (IT) e, C(IT")} + Tr{(CT (IT) p, C(IT")) 1]

5Tl (CATNCH(T) + CATCT ()} = 0.
As this equation is valid for all state operator p;,, we can apply the proposition of Appendix A to obtain
c(rctan + canctdry = o.
The chain operators of I7 and /T’ are
cU1) = mfym,  CUT) = (- I,

Then, (I — ) LIS + I — 1115) = o.
If we apply the projector 17 0 to both members of the previous equation, we obtain

ki

ki
HIOHO_H n HIO’

and the adjoint equation is

kj

ity = mfm
Then, from these equations we finally obtain [17, b j’?b] =0.
Therefore,
[17,0, k’] =0, foralli,j=1,....,n,k€o;,keco. B
Theorem 2. If [171 0 kj] =0, foralli,j=1,...,nk € o, k; € oj, then the elementary histories of

A giveninEq. (7) satlsfy the consistency condltlons for all state py,.

. ~ ~ 1/ K !
Proof. Let be p,, an arbitrary state and let be /7% = 1" @ --- ® T and [T¥ = 1" ® - - ® II,"
two different elementary histories of A.
The corresponding chain operators of /7 and /7% are

c(ity = myme, ok, ¥y = miyn, . nk
Then,
Tr[CT (71%) pr, CUT¥)] = Trlpr, CUT)CT (114)]

K K. ’
= Tl o T, T2 . . T ITE L T3 T

= Tl pey 1T, , 1111 nﬁ‘zon TN
In the last member of the previous equation we have used that [IT. 10, k’] = Oforallij =
1,...,n,k €0,k € 0j.
As 1:1k and ﬁk/ are different, K’ # k. Then, there is some 1 < i < n for which k; # k!, hence
nl OHIkXO =0.
"Therefore,

Tr[CT (IT%) e, C(IT¥)] = 0, VK # K Y, (B.1)
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and
Re{Tr[CT(77%)p,, C(FT¥)]} = 0, VK #K Vp,.

Then, all the elementary histories of A satisfy the consistency conditions for all state p,,. ®
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