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Abstract

The use of composite ®nite element models where meshes with di�erent granularities are allowed to share the same problem domain,

is introduced. The idea of this method was taken from the mixture theory of multiphase materials, where the properties of each

component enter into the formulation a�ected by a participation factor. The di�erent behaviors of each component mesh due to

di�erences in the model accuracy rather than to the material properties.

We perform estimation of local and global errors for some problems in planar domains that are drawn from engineering problems

(structural elastic deformations or heat and mass transfer in catalytic chemical reactors). The main examples in this work are elliptic

problems with boundary conditions of Dirichlet, Neumann, and mixed types. The method is not restricted to 2D, being also applicable

to 3D problems.

In this paper, we also develop the use of composite models with the target of improving the numerical solution of ®nite element

models. By using extrapolation-like concepts, improved solutions may be obtained without increasing the computational cost of the

problem or requiring postprocessing of the results. Some examples are shown for which exact solution is available in order to validate

the method. Ó 2000 Elsevier Science S.A. All rights reserved.

Keywords: Mixed mesh algorithm; Double mesh method; `A posteriori' error; Finite element method; Error estimates; Improved
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1. Introduction

The ®nite element method is a valuable tool for engineering analysis. It provides an approximate
solution, the accuracy being governed by parameters like the mesh size or the order of the interpolating
functions. The method, to be fully useful, should be able to estimate the errors of the solution. Great e�ort
has been made by the research community in order to develop reliable estimators and practical solution
improvement techniques. In seeking error estimates for ®nite elements, the use of composite meshes has
been proposed in [1]. It has been realized that this approach could be useful also to improve the numerical
solution [2].
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The idea of the method proposed in this paper came from the mixture theory for materials composed of
several phases. In the mixture theory of solid mechanics, the properties of each component of multiphase
materials enter into the formulation a�ected by a participation factor [3]. For example a saturated porous
soil (water saturated sand soil) is composed of water and sand, and the porosity is the participation factor
of water, the soil component being its complement. The physical properties (density, elastic constants, etc.)
of each component enter into the formulation multiplied by the participation factor.

1.1. Types of error estimates

The general classi®cation of ®nite element error estimates resorts into two main categories. The ®rst one
is ®lled with a priori estimates: the estimate can be obtained before the approximate solution is known. The
a priori estimates are useful for ®nite element method design, and determination of asymptotic rates of
convergence. The problem is that a priori estimates are, in general, not computable. The second main class
of error estimates is the a posteriori one. Here the error estimate is computed after the numerical solution is
obtained. The a posteriori estimates are generally computable because they are expressed in terms of the
FEM solution.

The a posteriori estimators can be categorized under two main subclasses. The ®rst of these is stress
recovery, which is also referred to as a postprocessing or ¯ux-projection technique. It was proposed in the
context of linear elliptic problems by Zienkiewicz and Zhu [4,5]. The second subclass are those of residual
based estimators, explicit and implicit. The literature covering these topics is vast. See, for example the
references cited in Stewart and Hughes [6] or Verf�urth [7].

1.2. Mixed mesh estimates

Based on the idea of composite materials, in this work we introduce the use of composite ®nite ele-
ment models where meshes with di�erent granularities share the same problem domain. The di�erent
behavior of each component mesh is due to the di�erences in the model accuracy rather than in the
material properties. We can think of two ®nite element meshes, each of di�erent degree, bonded together
and participating in some proportion. The results are expected to be, in a sense, intermediate between
those of the analyses performed with each mesh alone. This is con®rmed in the practice, and the dif-
ference in the behavior of each component mesh may be used to estimate the approximation errors. In
previous work [2] we have proposed the use of the equipotential double mesh for error estimation in
®nite element approximations of elliptic problems [8]. The proposed methodology was also successfully
applied to a parabolic problem near to equilibrium states (see [8] where a monolith catalytic reactor is
modeled and controlled in the neighborhood of stationary states). The study of the extension of the
methods proposed in this paper to more general advection±di�usion cases is under way. Here we develop
composite mesh methods for error estimation in test elliptic problems [9] and we study the problem of
composite mesh solution improvement [10]. The results with the equipotential double mesh are inter-
mediate between those obtained from each mesh alone. The di�erences in the behavior of each com-
ponent is used to estimate the approximation errors.

One of the applications we anticipate for the error estimation method developed here is the construction
of an adaptive procedure for solving ®nite element models of monolith catalytic converters. Due to the
physical characteristics of the industrial monoliths (uniformity of ¯ow, mass and heat transfer conditions
across the monolith) the process of modelization leads to a simpli®ed 2D model that represents the whole
device quite well. The methods and algorithms developed here are for direct application to the modeling of
those reactors. All of them are generalisable to other problems.

A short description of the composite mesh concept is given in the next sections. Then two ways of
improving the numerical solution are referred to: Richardson's extrapolation and the use of a composite
mesh. We de®ne in the next section the double mesh method for error estimation. Two sections devoted to
examples follow, where results on error estimation and solution improvement are given for some elliptic
problems: test Poisson problems, an elastic beam problem and a cracked membrane problem. Finally, in
the last section, some conclusions are added.
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2. A ®nite element composite mesh

The composite mesh is formed by two (or more) ®nite element meshes sharing the problem domain. The
meshes have di�erent accuracies (e.g. di�erent element size h). Connection between components is enforced
(for instance connecting common nodes). A participation factor for each mesh is de®ned.

This procedure may be applied in several ways, but always with several components, each of di�erent
known accuracies. One h-version of this procedure uses meshes of different element sizes. The simplest case
is that of structured meshes of rectangular elements, where such an element shares the spatial subdomain
with four (2D) or eight (3D) elements of the ®ner mesh. Connection of both meshes is enforced at nodes of
the coarser mesh.

In Fig. 1 we show a very simple, structured, composite mesh. A coarse mesh (2� 2 elements), whose
nodes are circle-marked, shares the space with a ®ne mesh (4� 4 elements), whose nodes are cross-marked.
Connection is enforced at common nodes.

The participation factor for each mesh component may be introduced in the physical constants (i.e.,
elastic modulus) or the geometrical parameters (i.e., shell thickness).

The simplest way to proceed is to assign equal participation factors to all components. With equal
participation factors, the composed solution would lie anywhere between the solution of each component
mesh alone. One may realize that, by computing proper component factors, an ``extrapolation'' of the
results could be obtained and so a solution better than that of the ®ner mesh in use is possible. The results
obtained for some problems, which are explained in other sections, con®rm this.

This method is easily understood by considering the following physical example. Let us consider a plane
stress cantilever, which is cut by its middle plane. Each half is modeled by a ®nite element mesh and the
thickness of each component is half the beam thickness. When both meshes are glued together and the
analysis performed, if both meshes have the same accuracy, the original solution of standard ®nite element
is obtained. On the other hand, if both meshes are now of di�erent accuracy, an intermediate solution
between those corresponding to each mesh separately, is obtained instead.

A p-version of the method may be realized, where the component meshes have the same element
size h but different degree of approximation p. This one would facilitate the geometric treatment of the
meshes, but would render more dif®cult the estimation of the optimal participation factor. This case is
under study.

3. The double mesh method

The double mesh, therefore, is composed of two ®nite element meshes which have di�erent element size,
h1 > h2, and share the problem domain. In general, the second has the additional property of being a re-
®nement of the ®rst. The common nodes connect the two meshes so the complete set of elements are connected.
The participation factor of each of the meshes is set as equal, but other arrangements are equally possible.

Fig. 1. Finite element composite mesh. (�) denotes nodes of the ®ne (4� 4) mesh. (�) denotes nodes of the coarse (2� 2) mesh.
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The application of our results to monolith catalytic reactor modeling or elasticity problems leads us to
select the case of structured meshes of rectangular elements, where such an element shares the spatial
subdomain with four elements of the ®ner mesh (in the case of 3D elements the subelements are eight). The
nodes of the coarser element are the points of connection of the two meshes.

Other relations between the two meshes are also possible, e.g., the ®ner mesh should not be a re®nement
of the coarser one. Instead, a set of connection points of the domain related to both meshes could be
de®ned and the nodal points be restricted so the connection points of the two meshes coincide.

When dealing with the case of a mesh that is a re®nement of the other, we form a composite of the two
(with weights a and �1ÿ a�, respectively) so that the set of their elements are the union of the elements of
both and the nodes may be classi®ed between common nodes and free nodes of the ®ner mesh. The e�ects
of weights appear at the system of equations level. For further details of double mesh algorithm imple-
mentation see [10].

The operator problem

Lu � f �1�
can be approximated by standard ®nite element method as

Liuhi � fi; i � 1; 2; �2�
where, in general, h1 > h2, and in practical applications h1 � 2h2, hi being the element size of ®nite element
mesh Mhi , i � 1; 2. The meaning of symbols hi are the following: globally they represent the norm of the
partition of the domain in elements, but locally they refer to the diameter of the element and say that the
elements of size h2 re®ne those of size h1. In the usual case the meshes are connected at common nodes (they
are the nodes of the coarser mesh) and one is a re®nement of the other.

The mixed mesh solution uh1h2
is obtained from

��1ÿ a�L1!2 � aL2�uh1h2a � ��1ÿ a�f1!2 � af2�; �3�
where the symbol L1!2 stands for the immersion of matrix L1 into the correct places of L2 padded with
zeros. The same for f.

In the case of a � 1=2, Eq. (3) reads:

�L1!2 � L2�uh1h20:5 � �f1!2 � f2�: �4�
We can de®ne the symbol uh1h2n for the function, bilinear in the elements, that coincides with uh1h2

in the
coarser nodes (mesh Mh1

) and is bilinearly interpolated in the remaining nodes (those of mesh Mh2
that are

not on mesh Mh1
). And we de®ne the symbol uh1h2p for the function bilinear on mesh Mh1

that is a projection
of uh1h2

to the coarser mesh.

4. Improving ®nite element solutions

4.1. Extrapolation based improvement of results

Richardson's extrapolation is a way to obtain an improved solution from two results corresponding to
di�erent mesh accuracy. Let Mh1

be a ®nite element mesh with element size h1 and Mh2
another mesh with

element size h2. Let u be the exact solution (unknown) and uhi its approximation obtained with mesh Mhi

(i � 1; 2), then

u � uh1
� Chp

1 �O�hq
1�; �5�

u � uh2
� Chp

2 �O�hq
2�; �6�

where p is the order of the approach and q > p. Eliminating constant C

u � hp
1=hp

2

hp
1=hp

2 ÿ 1� � uh2
ÿ 1

hp
1=hp

2 ÿ 1� � uh1
�O��maxfh1; h2g�q� �7�
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and if h1 � 2h2 � 4h3

uh1h2r � 2p

2p ÿ 1� � uh2
ÿ 1

2p ÿ 1� � uh1
; �8�

uh1h2r in (8) is Richardson's extrapolation between meshes Mh1
and Mh2

. This solution is computed over the
nodes of the coarse mesh (Mh1

).
If a third mesh Mh3

is de®ned as a re®nement of Mh2
then

uh2
ÿ uh1

uh3
ÿ uh2

' hp
1 ÿ hp

2

hp
2 ÿ hp

3

�9�

and if h1 � 2h2 � 4h3

uh2
ÿ uh1

uh3
ÿ uh2

' 2p: �10�

This expression allows us to compute the approximate order of the numerical method, from the results
of three meshes Mh1

, Mh2
and Mh3

.

4.2. Estimation of errors via extrapolation

We have just obtained the extrapolation formula

uh1h2r � uh2
� 1

�2p ÿ 1� �uh2
ÿ uh1

� �11�

the symbol � �r stands for Richardson's extrapolation.
In Eq. (11) the term �1=�2p ÿ 1���uh2

ÿ uh1
� can be interpreted as the principal part of the extrapolation

correction. In the case of p � 2 the coe�cient is 1=3, tending to 1 when the order degrades towards one.
The local order obtained from Eq. (10) is needed in Eq. (11) for the extrapolation. They are also useful

for determining of weights in the extrapolation-like double mesh method for solution improvement.
The meaning of the Richardson correction is that, in each node common to the two meshes, it is nec-

essary to add to the nodal value uh2
the error estimation so that the value uh1h2r be a step nearer the true

value u (the next order in the asymptotic error expansion). In the points of the second mesh that are not
common with those of the ®rst one we can calculate a bilinear interpolant. The symbol uh1h2rn represents the
interpolated values from the Richardson extrapolation, and the symbol uh1h2rp the projected values to the
coarser mesh that coincide with uh1h2r. For example, if h1 � 1=20 and h2 � 1=40, the bilinear functions uh2

,
uh1h2

, uh1n, uh1h2pn uh1h2rn, are all of size 41� 41, and uh1
, uh1h2p, uh2p, uh1h2r, uh1h2rp, are all of size 21� 21. Note

that the symbol � �p stands for projection, and the ``� �p'' solutions are those that are represented in the
®gures of this paper.

4.3. Mixed mesh improvement of results

A ®nite element solution may be improved by using the mixed, or composite, mesh concept as described
in Section 3, by proper selection of the participation factor a. For a � 1, the original problem solved with
mesh Mh2

is recovered, while for a � 0 the solution is the same as that of mesh Mh1 alone.
One can realize that 0 < a < 1 would yield results in some sense intermediate between those of each

single component mesh. In the same sense, a > 1 would lead to some ``extrapolated'' case for the results,
much the same as the idea behind Richardson's extrapolation.

This strategy of taking a > 1 was used in the examples given below, where a was taken to be the factor of
uh2

in Eq. (8). Numerical evaluations of the order of the method have been performed for some examples. In
problems where p � 2, a � 4=3 has been used. In some cases a numerical evaluation of the optimal a
con®rmed the value a � 4=3 adopted [2].

M.B. Bergalloet al. / Comput. Methods Appl. Mech. Engrg. 188 (2000) 755±774 759



5. Error estimation

5.1. Residues

We can calculate the following residues:

ri � Liuh1h2
ÿ fi; �12�

the solution uh1h2
being adapted to the dimension of the matrices involved.

We can prove that (Eq. (4))

r1 � r2!1 � 0 �13�
over the nodes.

The double mesh solution uh1h2
lies, in general terms, between the solutions uhi , i � 1; 2. So the sum of the

absolute values of the residues is related and in a direct proportion to the di�erence between the two ap-
proximate solutions and to their absolute errors. The main idea is that the estimation can be done with only
one double mesh calculation.

5.2. Error bounds

In the case when local Richardson formulae (5)±(8) are valid and when we can determine a0 such that

uh1h2a0
ÿ uh1

' uh2
ÿ uh1h2a0

; �14�
we can state some error bounds. The expressions r1 � L1uh1h2a0

ÿ f1 and 0 � L1uh1
ÿ f1 lead to

r1 � L1�uh1h2a0
ÿ uh1

� �15�
so

r1 ' CL1�uh2
ÿ uh1

�: �16�
Let r1j be the jth mesh Mh1

nodal residue and Ij be the set of neighbor node element indexes, we then have

jr1jj6CkL1k1max
k2Ij

juh2k ÿ uh1kj �17�

and from the asymptotic Richardson extrapolation estimate

max
k2Ij
juh2k ÿ uh1kj6 �2p ÿ 1�C max

k2Ij
juk ÿ uh2kj �18�

so, with eh � uÿ uh

jr1jj6 �2p ÿ 1�CkL1k1max
k2Ij

jeh2kj: �19�

The conclusion is that we have to diminish the components of vector jr1j of absolute nodal residues in
order to allow the solution to have local errors small enough.

Analogously there exists a constant C such that, for h1, and h2 small enough (h2 � h1=2)

juj ÿ uh2jj6 C
2p ÿ 1

max
k2Ij

juh2k ÿ uh1kj �20�

but L1 being nonsingular and 2Lÿ1
1 r1 ' �uh2

ÿ uh1
� leads to

kuh2
ÿ uh1

k16CkLÿ1
1 k1kr1k1 �21�

so

kuÿ uh2
k16Ckr1k1: �22�
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The conclusion in this case is that when the absolute nodal residues are uniformly small and the granularity
is su�ciently ®ne we can conclude that the errors are dominated by the level of residues.

5.3. Band integrals of the residues

In some of the examples that follow in the next sections the constructed rectangular grids (double
meshes) of size h � h1 were obtained from simple rectangular ®nite element meshes of size h. Each element
of a ®nite element mesh (in 2D) is subdivided into four rectangular components of size h=2 � h2. We then
obtain a new simple ®nite element mesh of general size h=2. In a rectangular double mesh of size h, each
element of the simple coarse mesh shares the same domain with four elements of the ®ner mesh, their
common nodes being those of the coarser one.

The jth band integral of the residues is calculated as

Rj �
X
i�1;2

X
ej

i

X
pi�ej

i �
xpi�ej

i �r
2
i �pi�ej

i��; �23�

where ej
i stands for the index of elements of the meshes (i � 1 for the coarser one, i � 2 for the other) in the

band j considered. The symbols pi�ej
i� and xpi�ej

i � are the integration nodes and weights for the element ej
i ,

the latter being suitably chosen.

5.4. Error estimation of Zienkiewicz and Zhu

The classical stress recovery error estimator of Zienkiewicz and Zhu [4,5] is computed for comparison
purposes.

We shall focus our attention, for comparison purposes, on the solution of a Poisson problem which may
be posed by the di�erential equilibrium equation

Luÿ f � 0 �24�
in a domain X with the mixed boundary conditions (Dirichlet and Neumann conditions).

The approximate solution uh2
from Eq. (2) can be expressed in the base form functions f/ig as

uh2
�
Xm

i�1

uh2;i/i; �25�

and the stresses are calculated as

rh2
� ruh2

: �26�
In the class of problems we deal with, C0 continuity is assumed in the trial functions, resulting in a dis-

continuous approximation of rh2
. The classical method here performs a nodal averaging or projection process

in which it is assumed that the stresses r�h2
are interpolated by the same function as the displacements, i.e.,

r�h2
�

Pm
i�1 ri

x/iPm
i�1 ri

y/i

� �
; �27�

where

r�x � �r1
x ; . . . ; rm

x �T; r�y � �r1
y ; . . . ; rm

y �T �28�
such thatZ

X

NT 0

0 NT

� �
�r�h2
ÿ rh2

�dX � 0 �29�

with

N � �/1; . . . ;/m�T: �30�
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On substitution of Eqs. (27) and (28), this yields

Mr�x � SxU; Mr�y � SyU; �31�

where

�M�ij �
Z

X
/i/j dX; �Sx�ij �

Z
X

/i

o/j

ox
dX; �Sy�ij �

Z
X

/i

o/j

oy
dX �32�

and

U � �u1; . . . ; um�T: �33�
We have that r�h2

is in fact a better approximation than rh2
and we shall use it to estimate the error

rÿ rh2
.

In this work, we calculate:
(a) elementwiseZ

Xe

jr�h2

�
ÿ rh2

j2 dX

�1=2

; �34�

(b) globally���������������������������������������������X
e

Z
Xe

jr�h2
ÿ rh2

j2 dX

s
: �35�

6. Examples of error estimation

This section is devoted to several examples which illustrate the use of mixed meshes for error estimation.
We calculate the diverse approximate solutions and residues de®ned in the preceding section and, when

plotted, we restrict the graphs to the residues over the coarse grid.

6.1. Comparison with other error estimators

The main objectives of this example are to deal with the band integral of residues, to calculate the nodal
residues, to compare our results with the element error estimator of Zienkiewicz±Zhu [4], and to introduce
the ®rst steps of a prototype mesh adaptivity procedure based on the double mesh error estimator. The
adaptivity algorithm is oriented towards the application to 2D rectangular models of monolith catalytic
reactors. This objective justi®es the adopted band re®nement of the domain. We calculate the residues as
stated in the previous section and then integrate them over the parallel bands of elements of the square
domain. The greater values of the (weighted) band integrals lead us to re®ne the elements of those bands
instead of bands with the lesser ones. The elements could be re®ned in the other direction in order to
maintain a minimum form factor.

This example is a test Poisson problem over the unit square with polynomial-exponential source,
Dirichlet boundary condition over the sides x � 0 and x � 1, Neumann boundary condition over the sides
y � 0 and y � 1, and analytic solution

u�x; y� � e xy2�1ÿx�2�1ÿy�� � ÿ 1: �36�
In Figs. 2±4 we plot the results of a series of re®nements of the mesh, starting from a regular 8� 8 mesh
(not shown), for the Poisson test problem. In each of the ®gures we include: (a) the contour map of absolute
exact nodal errors, (b) the histogram of band integrals of residues, (c) the contour map of absolute residues
from double mesh algorithm, and (d) the contour map of error estimators of Zienkiewicz and Zhu. The
respective meshes (shown) were 8� 13, 16� 17, and 32� 35.
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We observe that the residues (subplots (c) in Figs. 2±4) and the exact errors (subplots (a) in Figs. 2±4)
show a similar pattern. We also observe some discrepancies between the subplots (c) and (d) of those
®gures, probably due to the di�erent kinds of error estimators and the di�erent physical meaning of each
one.

Note that the errors have been diminished due to the selective re®nements and the tendency is to a
relative uniformity of the magnitudes of the residues integrals. The re®nement of the bands leads to several
orders of magnitude reduction of integrals of residues.

Fig. 2. Poisson test problem, 8� 13 grid: (a) exact errors, (b) integrals of residues, (c) residues, (d) Zienkiewicz±Zhu errors.

Fig. 3. Poisson test problem, 16� 17 grid: (a) exact errors, (b) integrals of residues, (c) residues, (d) Zienkiewicz±Zhu errors.
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The cputime and flops used in:
(a) mixed mesh solution (including error estimation),
(b) ®ne mesh solution (not including Zienkiewicz±Zhu error estimation)

are similar. In fact, the double mesh algorithm implemented in this example (a) is a 10±15% more cputime
and flops consuming than the simple mesh one (b), but all the additional postprocessing needed for error
estimation in case (b) is already included in case (a). The main usage of cputime in case (a) is for ®ne mesh
construction (55%) and boundary conditions setting (35%). The flops usage in case (a) is for ®ne mesh
construction (35%) and double mesh solution (57%).

6.2. An `L' shaped domain

In this example, we study a Laplace equation test problem over the following `L' shaped domain:

X � �b0; 2c � b0; 1c� [ �b0; 1c � b1; 2c� �37�

the boundary conditions are of Dirichlet type and are set so the exact solution in polar coordinates is

u�q; h� � qa sin�ah�; a � p
x
; x � 3p

2
: �38�

This problem has a singularity at the point �1; 1� of order a � 2=3. That leads to a lesser than two
convergence order for the ®nite element method.

In this example the estimate the asymptotic local order of convergence as previously de®ned, is
performed.

In Fig. 5 we plot the contours of the double mesh estimated orders of the method (see Eq. (8)). They
approximate quite well the theoretical order of the singularity near the angular critical point.

In Figs. 6 and 7, we plot the contours of exact errors in absolute value, the same level contours of the
calculated residues, and the mesh plot of the same quantities. The double mesh residues detect the parts of
the domain where the problem is of a smaller order and greater local error. The residues of the double mesh
method are capable of detecting singular points of the domain.

Fig. 4. Poisson test problem, 32� 35 grid: (a) exact errors, (b) integrals of residues, (c) residues, (d) Zienkiewicz±Zhu errors.
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Fig. 5. Orders of the method in the neighborhood of a singularity (point �1; 1�).

Fig. 6. Exact and residue errors in a neighborhood of a singularity (point �1; 1�). (a) and (c) Contours and mesh of exact errors; (b) and

(d) idem of double mesh residues.

Fig. 7. Exact and residue errors in a neighborhood of a singularity (point �1; 1�). (a) and (c) Contours and mesh of exact errors, (b) and

(d) idem of double mesh residues.
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6.3. Errors estimators for a plane stress cantilever beam

As a third example a plane stress cantilever beam was analyzed. This problem has been chosen because,
for the particular boundary conditions, the exact solution is known and it has been used in the literature for
error estimation [11]. The square beam of linear elastic material is loaded with shear forces.

The beam was modeled with linear rectangular ®nite elements. Results have been obtained for meshes
with increasing number of elements, from M1=2, with 2� 2 elements, up to M1=64, with 64� 64 elements.

The analyses for the composite mesh have been performed with participation factor a � 1=2 where the
collaboration of the coarse mesh is added to the ®ne mesh in the same proportion.

Fig. 8. Exact displacement errors of the beam for mesh M1=32 (note the exaggerated vertical scale).

Fig. 9. Absolute residues of the beam for mesh M1=32.

Fig. 10. Smoothed errors estimates of Zienkiewicz±Zhu of the beam for mesh M1=32.
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The map of exact errors for the case of mesh M1=32 is given in Fig. 8.
In Fig. 9, we plot the absolute values of residues for one of the meshes. We observe that the residues are

able to detect the subdomains with greater exact errors and those with greater gradients of the error.
In Fig. 10, we plot the smoothed error estimations by the classical Zienkiewicz and Zhu method [4] for

the same mesh as the previous two ®gures. In two corners, the results coincide but the residues detect errors
in the other two corners of the problem.

7. Examples of mixed mesh solution improvement

In the following sections, some examples are presented which illustrate the use of a composite mesh
in order to get improved results. The cputime and flops required by the composite mesh improved
solution are almost the same as those of the simple ®ne mesh one. The size of the algebraic system
of equations to be solved is the same in both cases.

7.1. Scalar Poisson problem over a square domain

A ®nite element analysis was performed for the Poisson problem

ÿDu � f in X � R2;

u � 0 in C�� oX�; �39�
where X � b0; 1c � b0; 1c and

f �x; y� � �ÿ2500x3 � 4050x2 ÿ 1905x� 237�y � �250y4 ÿ 525y3 � 340y2 ÿ 69y � 4�
� �250x4 ÿ 675x3 � 635x2 ÿ 237x� 27�x� �ÿ2500y3 � 3150y2 ÿ 1020y � 69�: �40�

The analytical solution (Fig. 11) of problem (39) is

u�x; y� � 31250x�xÿ 1� x
�
ÿ 3

5

�
x
�
ÿ 1

5

�
�xÿ 9

10
� � y�y ÿ 1� y

�
ÿ 4

5

�
y

�
ÿ 1

5

�
y

�
ÿ 1

10

�
: �41�

Three di�erent kinds of solutions have been computed:
1. Standard ®nite element solutions;
2. Richardson's extrapolations of standard results; and
3. Finite element composite mesh solutions.

Fig. 11. Analytical solution u�x; y� of problem (39).
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7.1.1. Standard ®nite element solution
The standard ®nite element method was applied with di�erent mesh granularities. It will be denoted here

as M1=20 a regular mesh of 400 rectangular elements in the domain, with size h1 � 0:05. M1=40 is a mesh with
1600 rectangles of size h2 � 0:025, and so on.

The ®nite element solution for mesh M1=20 is u0:05, that for mesh M1=40, is denoted u0:025, etc. The pointwise
exact error corresponding to approximation u0:025 is given in Fig. 12.

7.1.2. Richardson's extrapolation
Before applying Richardson's extrapolation to obtain improved results, the order of the method was

computed numerically with Eq. (10), making use of three numerical solutions. This was repeated for several
triplets of solutions. The pointwise computed values are approximately constant over the whole domain
with a value p ' 2. In the same way, the second exponent in Eq. (5) could be estimated resulting in a value
q ' 4.

Performing Richardson's extrapolation with solutions u0:05 and u0:025 the extrapolated solution u0:05;0:025r

was obtained.
The pointwise errors of the Richardson's extrapolated solution u0:05;0:025r with respect to the exact one are

shown in Fig. 13.

7.1.3. Composite mesh solution
In order to apply the composite mesh concept, the participation factor for each component mesh must

be de®ned. We began adopting the same factors used in Richardson's extrapolation (formula (8)) which, for

Fig. 12. Exact error of the standard ®nite element solution with mesh M1=40: u0:025 ÿ u.

Fig. 13. Exact error of the extrapolated solution: u0:05;0:025r ÿ u.
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p ' 2 results in a � 4=3. Numerical experiences varying the value of a for this problem, whose analytical
solution is known, con®rm that a � 4=3 is the optimal value [2].

Figs. 14±16 shows the pointwise exact errors for solution u0:05;0:025 ÿ u obtained with a mixture of mesh
M1=40 weighted with a � 4=3 and mesh M1=20 weighted with �1ÿ a� � ÿ1=3. The number of elements in this
case is the sum of those of both meshes, that is 1600� 400 � 2000, but the size of the linear equation system
to be solved is the same as for the ®ne mesh (M1=40).

A global L2 norm of the errors for cases of Figs. 12, 13 and 16 is summarized in Table 1.

Fig. 14. Exact error of the composite mesh solution: u0:05;0:025 ÿ u.

Fig. 16. Exact error of the composite mesh solution: u0:05;0:025p ÿ u. Function restricted to common nodes.

Fig. 15. Exact error of the composite mesh solution: u0:05;0:025 ÿ u. Projection of the surface of Fig. 14.
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7.2. Plane stress cantilever beam

As a second example, a plane stress cantilever beam was analyzed. This problem has been chosen be-
cause, for the particular boundary conditions, the exact solution is known and it has been used in the
literature for error estimation [11]. The square beam of linear elastic material is loaded with shear forces.

Here two kinds of solutions have been obtained:
1. standard ®nite element solutions, and
2. ®nite element composite mesh solutions.

The beam was modeled with linear rectangular ®nite elements. Results have been obtained for meshes
with increasing number of elements, from M1=2, with 2� 2 elements, up to M1=64, with 64� 64 elements.
Fig. 17 shows one of such meshes (M1=16).

The analyses for the composite mesh have been performed with participation factors a � 1=2 and
a � 4=3. The case a � 1=2 was expected to give worse results for the same problem size since the coarse
mesh is added to the ®ne mesh in the same proportion. The case a � 4=3 was expected to improve the
results as in the case of the previous example.

The results with di�erent mesh size are summarized in the following ®gures, for three cases: standard
®nite element mesh; composite mesh with a � 1=2; and composite mesh with a � 4=3. Global relative errors
are shown in: Fig. 18 (in energy norm), Fig. 19 (in L2 norm), Fig. 20 (in the euclidean norm of the dis-
placement vector), and in Fig. 21 (in in®nity norm of the displacement vector). Errors in Figs. 18±21 are
those of the numerically computed displacements with respect to the exact values, which are known for this
example. The vertical displacement of the beam tip is plotted in Fig. 22.

Results in Figs. 18±22 reveal that for the three kinds of analysis performed (simple mesh, composite
mesh with a � 1=2 and composite mesh with a � 4=3) the global errors are the same if they are measured in
energy norm, but they are di�erent in other norms. This was expected since the Galerkin method applied to
this elasticity problem guarantees minimum error ±±in energy norm±± for a given vector space of the
approximate solution, and the three cases give a numerical solution in the same vector space. The

Fig. 17. Cantilever beam problem: M1=16.

Table 1

Global error norm of di�erent solutions for Poisson's problem (39)

Case L2 norm of the errors Norm value

Standard FE solution ku0:025 ÿ ukL2�X� 0.00160

Extrapolated solution ku0:05;0:025rp ÿ ukL2�X� 0.00009

Mixed mesh solution(a � 4=3) ku0:05;0:025 ÿ ukL2�X� 0.00022
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Fig. 20. Cantilever beam problem: Global relative error in euclidean norm of the displacement vector. (�) Simple mesh, (s) composite

mesh a � 1=2, (+) composite mesh, a � 4=3.

Fig. 19. Cantilever beam problem: Global relative error in l2 norm. (�) Simple mesh, (s) composite mesh a � 1=2, (+) composite mesh,

a � 4=3.

Fig. 18. Cantilever beam problem: Global relative error in energy norm. (�) Simple mesh, (n) composite mesh a � 1=2, (+) composite

mesh, a � 4=3.
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magnitudes of the error in other norms, however, are di�erent. We can see a similar behaviour of curves in
Figs. 19±21. Results for a � 1=2 correspond to a mixed mesh with equal participation of a given mesh with
a coarser one, and therefore the results are worse than those of the simple ®nite element mesh. On the other
hand, the case a � 4=3 o�ers an ``extrapolated mesh'' and their results are greatly improved over those of
the simple mesh. Not only are the errors reduced but the curve slope is also increased (in absolute value).

The map of exact errors for the case of mesh M1=32 is given in Fig. 8. The rough pattern displayed by the
error map in Fig. 14 does not appear here. This is because in problem (39) the source function (40) leads to
nodal forces over all nodes, which is not the case in the present example.

7.3. Plane stress crack problem

The case of a plane stress distribution on a cracked domain has been also studied since it provides a
strong singularity. The problem is de®ned on a square domain, which by symmetry, represents a half
cracked membrane. In Fig. 23 one mesh (M1=32) is shown together with the boundary conditions.

In this case there is no exact solution. As a reference a ``®ne'' mesh solution was used. This was obtained
with the SAMCEF code with 16178 degrees of freedom mesh, re®ned near the singularity point. The po-
tential energy of this reference solution was 1.616708E04, which is compared with the value of 1.617152E04
given for another reference solution to this problem in Beckers and Zhong [11].

Fig. 22. Cantilever beam problem: Vertical displacement of the beam tip. (�) Simple mesh, (s) composite mesh a � 1=2, (+) composite

mesh, a � 4=3.

Fig. 21. Cantilever beam problem: Global relative error in in®nity norm of the displacement vector. (�) Simple mesh, (s) composite

mesh a � 1=2, (+) composite mesh, a � 4=3.
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Here again three kinds of results have been obtained, those of: a standard ®nite element mesh; a
composite mesh with a � 1=2; and a composite mesh with a � 4=3.

Fig. 24 shows the global relative error, with respect to the ``reference solution'', measured in in®nity
norm of the displacement vector.

In spite of the singularity of this problem, as observed in the previous example, the use of a composite
mesh with a � 4=3 greatly reduces the global error. The slope of the curves is, however, less marked in this
problem with strong singularity.

8. Conclusions

The use of a composite, or mixed, ®nite element mesh is introduced. Two or more ®nite element meshes
are allowed to share the problem domain. These component meshes have di�erent intrinsic accuracies and
are a�ected each by a weight or participation factor. The composite mesh has been used for two purposes:
to estimate a posteriori discretization errors or to improve our ®nite element solution.

Fig. 23. Crack problem: Finite element mesh (M1=32).

Fig. 24. Crack problem: Global relative error in in®nity norm of the displacement vector. ��� Simple mesh, (s) composite mesh,

a � 1=2, (+) composite mesh, a � 4=3.
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A qualitative error estimator based on a double mesh algorithm has been proposed and we have shown
that the pattern of this a posteriori error is similar to the exact error and gives us a good valuation of the
errors that allows the formulation of a band adaptive algorithm.

The use of the composite mesh concept to improve a numerical solution has been illustrated through
some examples. The results for some cases of elliptic problems show that, by adopting participation factors
that may be computed from the approximation order of the ®nite element method, improved solution may
be obtained.

The solution improvement was very important. For the case of the elastic beam, for instance, the error
levels of solution in displacement obtained with 50 degrees of freedom with the composite mesh, could be
obtained with a standard ®nite element mesh of 1000 degrees of freedom. Besides this solution by composite
mesh does not require any post-processing of the results, as does Richardson's extrapolation.

More research is still needed, but the composite mesh method appears to be a powerful and simple tool
for obtaining accurate ®nite element solutions.
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