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Most of the research work on photoreactor analysis, modeling, and design published so far relies
on two approaches to represent the emission of tubular radiation sources: the line (linear) source
models (LSMs) and the extense (three-dimensional) source models (ESMs). It is widely recognized
that the ESMs give the more realistic representation of the emission phenomenon so far; however,
they are rather difficult to use in some applications, especially when indirect radiation plays a
dominant role. On the other hand, LSMs are simpler, and in some cases, mostly when reflected
radiation has not been involved, they have been used with success. In this work, the simplified
extense model (SEM), systematically derived from the extense source model with voluminal
emission (ESVE), is proposed. The SEM retains all of the simplicity of the LSM for the prediction
of the direct radiation contribution, while rendering closed mathematical expressions that give
a more realistic and often very accurate representation of the reflected radiation inside reflecting
cylindrical cavities with elliptical cross sections. The average incident radiation on the reactor
surface at the midreactor length as predicted with the SEM never differs by more than 12% of
the average value computed with the ESVE. Moreover, for different sets of frequently used
parameter values characterizing the shape of the elliptical mirror and the reactor, the compared
average values agreed within 5% of the reference value given by the ESVE. Within the same
parameter range and for eccentricities of about e ) 0.4, nonaveraged values of the incident
radiation computed at different points on the external surface of the reactor wall at the midreactor
height position using the SEM and the ESVE models agreed remarkably well, to the point that,
under certain circumstances, the profiles obtained are not easily distinguishable from one
another. The SEM brings together simplicity of implementation with desirable accuracy for a
wide set of values of the apparatus parameters used to illustrate the proposal.

I. Introduction
The radiation field models of photochemical reactors

inside cylindrical reflectors of elliptical cross section
have evolved driven by the necessities of accuracy and
simplicity. Early incidence1 and emission2 models were
based on the assumption that beams diverge radially
from a linear source on parallel planes perpendicular
to the lamp axis, to finally converge after reflection at
the reactor on planes that mutually intercept at the
reactor center line.

Although attractively simple, parallel-plane incidence
or emission models will not be included in this analysis
because they do not predict experimental data within
an acceptable error, except for special cases (subjected
to strong geometrical restrictions) and for cases in which
photoreactors are directly irradiated from the lamp.3 In
fact, when the light source is a lamp, incidence models
are no longer used for the analysis of photoreactors
because it was recognized that the radiative part of the
problem must be treated on the grounds of radiative
transfer theory and the source, the reflector, and the
reactor must be considered as parts of a unique system.

Later, the line source model with spherical and
isotropic emission (LSSE model) was presented,4,5 in-

troducing an approximation that matched reality better
than earlier models. The lamp was assumed to be a line
made of a succession of point sources emitting isotro-
pically in all directions in space.

As indicated by Alfano et al.,6 incidence models cannot
be used without empirically adjusted parameters. At
least one empirical parameter is needed for line models
and always more than one in the case of two- or three-
dimensional incidence models. In all cases, these pa-
rameters depend on the size and geometrical configu-
ration of the reactors. This is a serious drawback for
design purposes for it precludes the implementation of
systematic scaling-up procedures.

Irazoqui et al.7 proposed a three-dimensional source
model with isotropic and voluminal emission for the first
time: the extense source model with voluminal emission
(ESVE model), including all of the characteristics of an
arc lamp. The lamp model includes all its geometrical
dimensions, and it is assumed that each differential
volume in the uniform lamp arc emits radiation isotro-
pically in all directions. Later, Stramigioli et al.8,9

extended the model to lamps with superficial emission
(ESSE model).

Line and extense emission models, particularly of the
superficial emission type, have also been used with the
assumption of diffuse emission. A number of variations
and applications have been presented in the literature.
The review paper by Alfano et al.6 offers a comprehen-
sive and critical discussion of this subject.
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Three-dimensional source emission models are precise
and reliable but are more difficult to implement than
two-dimensional models. Despite this fact, they do not
present any additional conceptual difficulty because, in
both models, all directions across a field point contribute
to the local incident energy.

About a decade ago, De Bernardez and Cassano,10,11

Clariá et al.,12,13 Alfano et al.,14-16,19 Alfano and Cas-
sano,17,18 Esplugas et al.,20 Vicente et al.,21 Cabrera et
al.,22-25 and Tymoschuck et al.,26,27 successfully used
source models with both voluminal and superficial
emission (the latter being either isotropic or diffuse) in
a variety of reactor configurations. Computer times were
reasonable, and results agreed quite satisfactorily with
bench-scale experimental data, with no experimentally
adjustable parameters required.

Romero et al.,3 in an extensive theoretical work, and
De Bernardez and Cassano,10,11 using theory and ex-
periments, have modeled photoreactors employing the
line source model for comparison purposes and when
only direct radiation was involved. Annular photoreac-
tors without reflectors were used, and the observed
deviations between predicted and measured properties
were never larger than 20%. Many authors have suc-
cessfully used the LSM in laboratory- or bench-scale
studies, always considering direct irradiation from the
source only.6 Moreover, Pascuali et al.28and Li Puma
and Yue29 have used the LSSE model very recently in
annular reactors.

On the basis of experimental evidence, Alfano et al.14

and Clariá et al.13 have clearly shown that predictions
of radiation field properties using the line models
available at the time were far from accurate when ruled
curved reflecting surfaces and tubular lamps were part
of the emission system, irrespective of whether the
mirror was a cylinder of elliptical cross section or a
parabola.

When photoreactors with cylindrical reflectors are
used, indirect radiation reflected on ruled curved sur-
faces is an important contribution to the energy density
at the reaction zone. Predictions based on the LSSE
model have shown discrepancies on the order of 100%
in the case of a parabolic reflector14 and up to 2 orders
of magnitude when an elliptical reflector was used13

when compared with experimental data.
It is evident that the accuracy of the predictions based

on line models decreases when the contribution of the
reflected radiation, relative to the value of the total
incident radiation, increases. In fact, in most of the
elliptical reflectors, indirect radiation produces more
than 90% of the total incident radiation,30 whereas in
parabolic reflectors, indirect contributions are never
larger than 70% of the total.14

The problem of reducing complexities arising from the
ESVE model is important from many aspects. On one
hand, reactors with reflectors have proven to be excel-
lent devices for laboratory- and bench-scale experi-
ments. In the case of elliptical cylinders, they permit:
(i) the separation of the lamp from the reactor, facilitat-
ing heating or cooling and filtering undesired radiation;
(ii) the irradiation of the reactor from the outside, with
absorption produced in the opposite direction of the
geometrical concentration; and (iii) reactor cross sections
compatible with reasonable consumption of reactants
in the continuous-operation mode. In the case of para-
bolic cylinders, in addition to the advantage of having
the lamp outside the reactor, they permit good stirring

conditions in the reactor vessel and are very suitable
for gas-liquid reactions. On the other hand, many
photochemical reactions involve complicated mecha-
nisms or reaction sequences with many steps and
species. This leads to the existence of several multicom-
ponent mass balance equations that are coupled to each
other through their respective reaction rate terms.
Moreover, for some species, the reaction rate is coupled
to the radiation balance in an unusually difficult fashion
because of the local concentration dependence of the
radiation absorption coefficient. Additionally, it should
be noted that this would be the case for the most
favorable situation when thermal effects can be ne-
glected. However, even though from a kinetic point of
view thermal effects are generally of a lesser importance
in photochemical reactions, the design of the reactor
itself (as far as avoiding undesirable thermally activated
side reactions or unsafe operating conditions) may
require the inclusion of thermal energy balance for the
case of highly exothermic reactions. Under these condi-
tions, it would always be advisable to use a radiation
source model that, although simple, is as precise as
needed.

The aim of the present investigation is the develop-
ment of a simplified extense model for predicting the
radiation field inside an elliptical reflecting cavity with
a cylindrical arc lamp source, taking the ESVE as the
starting point. The leading notion is that of considering
the radiation field properties predicted by the SEM as
the respective asymptotic mathematical expressions
given by the ESVE in the limit that the lamp radius
tends to zero. This process is conceptually different from
those considering a line source with spherical emission,
which already is the result of a previous physical
limiting process, as the starting model element for
computing direct and indirect incident radiation at a
given point in the reactor resorting to geometrical optics
to trace ray trajectories. By operating in this manner,
changes in the divergence of the energy beams when
reflected on the elliptical mirror are definitely lost,
hampering the ability of the LSM to predict radiation
contributions (particularly from indirect radiation) with
the desired accuracy.

The problem is also important because of the increas-
ing potential applications of concentrated solar energy
to many different processes. Curved reflecting surfaces
have been one of the most widely used devices for
achievement of this photon concentration. Even when
the concentrating effect is not sought, compound para-
bolic collectors make use of reflecting surfaces. Thus,
the conclusions obtained in this work can be extended
to the case when ruled curved reflecting surfaces are
used to improve solar irradiation at the location of
cylindrical reactors. These reactors seem to be emerging
as an attractive technology for water purification.31-35

Although solar irradiation is a much more complicated
phenomenon than artificial irradiation with lamps, the
results of this work will also provide some insights into
this problem, particularly in terms of qualitative ideas
about some of the starting assumptions for the modeling
of different solar reactor configurations.

The approach will be illustrated with the elliptical
reflector because this is the reactor arrangement for
which existing line models have shown the largest
discrepancies. It should be noted that the method can
be equally applicable to other reflector geometries,
typically the widely used parabolic reflector. The inci-
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dent radiation36 is the field property chosen for compar-
ing the performance of the SEM against that of the
ESVE. The latter has been widely considered as the best
available model so far for predicting photoreactor radia-
tion field properties, its only important drawback aris-
ing from the difficulties of its numerical implementation.

II. Development of the Simplified Extense
Model (SEM)

This section will be devoted to the derivation of the
simplified extense model (SEM) for predictions of the
radiation field inside an elliptical reflecting cavity and
a diactinic medium, on the basis of the extense source
model with voluminal and isotropic emission (ESVE).7,30,37

The strategy devised can be applied to other emission
models, as is the case with the extense source model
with superficial emission.8,9

The setup under consideration is made of a cylindrical
reflector of elliptical cross section, with one cylindrical,
tubular lamp placed at one focal axis and the cylindrical,
tubular reactor placed at the other, as shown in Figure
1. The analysis can be extended to the case of a parabolic
reflector with a cylindrical lamp collinear with its focal
axis irradiating the flat bottom or side of the reactor.

Without loss of generality, the following two simplify-
ing assumptions will be made to reduce the complexity
of the mathematical model: (i) only monochromatic
radiation will be considered (extensions to polychromatic
sources have been precisely treated by Clariá et al.13),
and (ii) the reactor is assumed to be transparent (a
diactinic medium). This means that we are only inter-
ested in determining the ability of different lamp-
reflector system models to predict the radiation field
about the reactor location without the interference of
absorption or scattering phenomena. The use of a model
with polychromatic and participating media can be
implemented in the same way that the ESVE model has
been used in the past; however, in this case, the
numerical implementation is significantly simpler.

Regarding the ESVE model, we will present here the
final equations only. A detailed description of their

derivation from model assumptions and of their use in
computing the direct and indirect contributions to
radiation fields in different setups can be found else-
where.7,30,37

Following Ozisik,36 the incident radiation is given by

This is the important property in photochemical reac-
tors, for it is related to the local volumetric rate of
energy absorption (LVREA), always necessary to ex-
press the reaction rate of a kinetically controlled
photochemical process, whether it has been derived from
a reaction mechanism or from an empirical correlation.
The product of the incident radiation times the absorp-
tion coefficient of the reactant under consideration gives,
at any point inside the reaction space, the LVREA.

II.1. Direct Contribution to the Incident Radia-
tion. The ESVE Model. The direct contribution to the
incident radiation as predicted with the ESVE7 model
is presented in Appendix AI.1. For a diactinic medium,
it simplifies into the expression

The Simplified Extense Model. We are interested in
the asymptotic mathematical expression of eq 2 as the
lamp arc radius, rLp, is continuously contracted to zero,
taking on values much smaller than the ellipse param-
eters a and b.

From the condition that the values of F1,2(θ,φ) in eq
AI.3 be real numbers, it follows that the constraint

must be satisfied as limiting mathematical forms are
derived. This condition amounts to say that (∆ sin φ) is
an infinitesimal quantity of order greater than or equal
to rLp as rLp f 0. As a consequence of this, both terms
in eq 3 approach their asymptotic forms at least with
the same rate. We can conclude that the limiting
expression of eq 3 is

where ∆ is a constant and the substitution

valid whenever sin φ f 0, has been made. The equality
in eq 4 holds for beams with a direction of propagation
tangent to the lamp cylindrical body. From eq 4, it can
be concluded that the integration limits of eq 2, for rLp
f 0, approach the simpler expressions

and

respectively.
With the constraint that (∆ sin φ) goes to zero as rLp

f 0 at least as fast as rLp does, we conclude that the

Figure 1. Geometry of the bench-scale setup. Adapted from Cerdá
et al.31

G ) ∫4π
I dΩ (1)

GE
D ) 2PVΨR ∫

φ1

φ2dφ (rLp
2 - ∆2 sin2

φ)1/2[θ2(φ) - θ1(φ)]
(2)

(rLp
2 - ∆2 sin2

φ) g 0 (3)

(rLp
2 - ∆2

φ
2) g 0 as rLp f 0 (4)

sinφ ≈ φ 0 < φ < π
2

(5)

φ2 ) (rLp

∆ ) (6)

φ1 ) -φ2 (7)

4262 Ind. Eng. Chem. Res., Vol. 39, No. 11, 2000



limit expressions of eq AI.5 and AI.6 are

where the substitution cos φ ≈ 1 has been made, and
where the infinitesimal quantity (rLp

2 - ∆2 sin2φ)1/2 has
been neglected compared to the constant value ∆. The
limit expressions given by eqs 8 and 9 are no longer
functions of the integration variable φ.

In the limit for rLp f 0, eq 3 tends to the limit form

where the integration limits are given by eqs 8 and 9,
respectively.

It is shown in Appendix AI.2 that the integration of
eq 10 renders an analytical, closed mathematical form.

With the relationship

where PL is the lamp constant in the LSSE model given
by

the limit form of eq 3 can be rewritten as

From eq 13, we conclude that the asymptotic value of
the direct radiation contribution to the incident radia-
tion, GE

D, given by the SEM coincides with the expres-
sion given by the LSSE model.4,5 This situation will not
be found again in the case of the indirect contribution
to the incident radiation, because in that case, the two
models differ from each other both conceptually and
quantitatively.

II.2. Reflected (Indirect) Contribution to the
Incident Radiation. The ESVE Model. With the
assumption that a single reflection is sufficient for the
accurate prediction of the indirect contribution to the
local radiation field properties in an elliptical cavity at
a reception point (rI, zI, âI), we can write30

The complete set of equations of the ESVE model for
reflected radiation is presented in Appendix AII.1, while
the relevant parameters and variables are defined in
Figure AII.1.

The Simplified Model. In eq 14, the constraint

must always be satisfied. This condition amounts to the
fact that, when the incident ray trajectory is traced
backward, the lamp body is intercepted, and conse-

quently, the considered beam contributes to the local
incident radiation.

Combining eqs AII.1, AII.2, and AII.3 from Appendix
AII.1, we can write

where C ) a2/b2 > 1. With these definitions and results,
part of the integrand in eq 14 can be rearranged into
the following form:

which, as will be seen later, is a useful intermediate
result.

We will derive asymptotic forms of the equations
governing reflected radiation in the limit for rLp f 0.
The constraint of eq 15 must be satisfied as asymptotic
mathematical forms are derived. This condition amounts
to saying that the product D(φ - ε) sin ε, where ε )
ε(φ), is an infinitesimal of order greater than or equal
to rLp as rLp f 0. As a consequence of this, both terms
on the lhs of eq 17 approach their asymptotic forms at
least with the same rate.

Considering that D(φ - ε(φ)) always remains finite
in the limiting process, we must conclude that, under
the constraint of eq 15,

up to a first-order approximation of sin ε(φ) in terms of
its argument ε(φ).

Considering eqs AII.3 and 18, we conclude that there
are two asymptotic forms of eq 17 for rLp f 0, corre-
sponding to

and

respectively.
In the first case, keeping up to first-order infinitesi-

mals only

while in the second case

Therefore, the asymptotic form of eq 17 for φ f âI is

while the corresponding form for φ f (âI + π) is

D(φ) sin ε(φ) )
C[1 + e2 + 2e cos(φ - ε(φ))] rI |sin(φ - âI)| (16)

rLp
2 - D2(φ) sin2

ε(φ) ) rLp
2 {1 - C2[1 + e2 +

2e cos(φ - ε(φ))]2( rI

rLp
)2

sin2(φ - âI)} g 0 (17)

sin ε(φ) ≈ ε(φ) f 0 as rLp f 0 (18)

φ f âI (19)

φ f (âI + π) (20)

D(φ) sin ε(φ) f C[1 + e2 + 2e cos(âI)] rI(φ - âI)
as φ f âI (21)

D(φ) sin ε(φ) f -C[1 + e2 -
2e cos(âI)] rI[φ - (âI + π)] as φ f (âI + π) (22)

rLp
2 - D2(φ) sin2

ε(φ) f

rLp
2 {1 - C2[1 + e2 + 2e cos(âI)]

2( rI

rLp
)2

(φ - âI)
2} (23)

θ1 ) tan-1[ ∆
1/2(LRf + LLp) - zI

] (8)

θ2 ) π - tan-1[ ∆
zI - 1/2(LRf - LLp)] (9)

GE
D f 2PVΨR[θ2 - θ1] ∫φ1

φ2dφ (rLp
2 - ∆2

φ
2)1/2 (10)

PL ) πPVrLp
2 (11)

PL )
ELp

4πLLp
(12)

GE
D f GD ) PLΨR

[θ2 - θ1]
∆

(13)

GE
Rf ) 2PVΨRΓRf ∫φ1

φ2dφ [rLp
2 - D2 sin2

ε(φ)]1/2 ×
[θ2(φ) - θ1(φ)] (14)

rLp
2 g D2 sin2

ε(φ) (15)
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When these results are substituted into eq 17, two
contributions to the local indirect incident radiation can
be identified, each one having the same general form of
eq 12 and therefore being amenable of analytic integra-
tion. The results are

and

respectively, where the asymptotic forms of the θ inte-
gration limits are derived in Appendix AII.2.

In the limit for rLp f 0, with rLp
2 g D2 sin2 ε(φ) and rI

> 0,

where GRf is the reflected (indirect) contribution to the
incident radiation as predicted by the simplified extense
model (SEM).

It is important to remark the fact that the asymptotic
expressions of eqs 25 and 26 retain the geometrical
features of the elliptical mirror through its eccentricity
e and the product of the maximum (a2/b) and the
minimum (b2/a) radius of curvature of the elliptical cross
section through the constant C ) a2/b2.

The expression for the indirect contribution to the
local incident radiation inside an elliptical reflecting
cavity corresponding to the SEM as the constrained
limit of the ESVE model as rLp f 0 differs both
mathematically and conceptually from the expression
for the same contribution based on geometrical optics
only. The latter approach stresses the geometry of ray
trajectories, stripping them of their diverging character,
this being a purely energetic aspect that will always be
affected by the local curvature of the elliptical reflecting
surface. Models that conceive of the lamp as a line as
their starting point have been based on this approach
and consequently fail to represent the true contributions
of reflected radiation in this type of mirror-lamp setup.

An important limit of eqs 25 and 26 is that of e f 0.
The physical interpretation of this limit is that both
reactor and lamp are collinear, corresponding to the case
of an annular photoreactor with an external cylindrical
reflecting surface. It can be seen that eqs 25 and 26
reduce to a single equation corresponding to the local
incident radiation as predicted with the LSSE model
for an annular photoreactor with an external cylindrical
reflecting surface.

Mathematically, the total incident radiation as pre-
dicted by the SEM only requires the closed, explicit eqs

13, 25, 26, and 27 and direct implementation, with no
numerical integrations needed.

III. Incident Radiation Profiles. Predictions
Using the Simplified Extense Model

The relative incident radiation, g ) (G/GAv), as well
as the direct, gD ) (GD/GAv), and reflected, gRf ) (GRf/
GAv), contributions relative to the average value

where the total incident radiation as a function of âI,
G(âI), has been computed on the basis of eq 13 and eqs
25-27. Each set of calculations has been performed at
points âI on a circumference of radius rI, centered at
the reception focus of the midheight elliptical cross
section.

Figure 2 shows computational results based on the
SEM for rI ) 0.05 m, 0 e âI e 2π, and the ellipse
parameter values a ) 0.50 m and e ) 0.4. For every
value of âI, we can identify three collinear radius
vectors, each one measuring different contributions to
the value of the incident radiation g (full line): (i) the
segment OD from the origin to the dash-dotted curve
measures the direct contribution to the incident radia-
tion, gD, at the point (zI, rI, âI), as given by eq 14; (ii)
the segment OR from the origin to the dashed curve
represents the reflected (indirect) contribution, gRf, as
given by eqs 25-27; and (iii) the segment OT from the
origin to the full profile represents the total incident
radiation, g, as given by the SEM.

From these results, we can conclude that the indirect
radiation clearly dominates over the direct radiation
contribution to the incident radiation in the entire range
0 e âI e 2π. This also explains why the incident
radiation has maxima at âI ) 0 and âI ) π, correspond-
ing to points with local maximum curvature of the
mirror and, therefore, of maximum reduction effect on

Figure 2. SEM computational results for rI ) 0.05 m and 0 e âI
e 2π. Parameters of the elliptical reflector: a ) 0.50 m and e )
0.40. Mirror reflectivity ΓR ) 0.8. Plotted values are relative to
the averaged value GAv over the range of âI. s, incident radiation
g; -‚-‚-, direct contribution gD; - - -, indirect radiation gRf.

GAv ) 1
2π ∫0

2π
dâI G(âI) (28)

rLp
2 - D2(φ) sin2

ε(φ) f rLp
2 {1 - C2[1 + e2 -

2e cos(âI)]
2( rI

rLp
)2

[φ - (âI + π)]2} (24)

G1
Rf ) [PLΨRΓRf

C ]{ 1
[1 + e2 + 2e cos(âI)]

[θ2
(1) - θ1

(1)]}1
rI
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G2
Rf ) [PLΨRΓRf

C ]{ 1
[1 + e2 - 2e cos(âI)]
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the beams divergence upon reflection. Minimum values
of the total incident radiation G occur when the direction
âI points at segments of the ellipse close to the points
with the smallest curvature. In these cases, the mini-
mum of G does not correspond exactly to the directions
pointing at the mirror sectors with the smallest curva-
ture mainly because of the additional contribution from
the direct radiation. Incidentally, note that the shapes
of the direct radiation profiles indicate contributions of
this radiation for -π/2 e âI e π/2, a situation that might
be possible because we are dealing with a diactinic
medium.

The effect of the ellipse eccentricity on the shape of
the relative incident radiation profile as predicted with
the SEM is shown in Figure 3 for rI ) 0.05 m, 0 e âI e

2π, and the ellipse parameter value a ) 0.5 m. As the
eccentricity increases, the radiation concentration effect
due to points on the mirror with local maximum
curvature is reinforced. The opposite trend is predicted
for the minimum values of the total incident radiation
G occurring when radiation is reflected about points
with the smallest curvature. On the assumption that
this model is a good representation of the actual
performance, this result provides an important conclu-
sion for designing these reactors. To achieve uniform
irradiation from outside, the ellipse eccentricity must
be minimized.

The ratio of the âI-averaged, direct contribution, GAv
D ,

to the average total incident radiation, GAv, is shown
in Figure 4 for a ) 0.5 m, e ) 0.4, and ΓR ) 0.8, as a
function of the dimensionless distance from the recep-
tion focal axis to the incidence point, rI/a. As the
incidence point is located farther away from the recep-
tion focal axis, the importance of the direct radiation
contribution increases when compared to the average
total incident radiation. Despite this trend predicted by
the SEM, the direct radiation contribution is never
larger than 15% of the total incident radiation for the
considered setup and for reasonable values of rI/a, as is
also the case with the ESVE.31 Once more, we can draw
some additional design conditions: to increase unifor-
mity in the radiation field for a given reactor radius,
the elliptical reflector cannot be small (a must be large).

IV. Comparison with the Extense Source Model

The ESVE and the SEM were compared under similar
conditions. In Figure 5, results corresponding to the set
of parameter values a ) 0.5 m, e ) 0.4, and (rI/a) ) 0.1
are shown for both the SEM and the ESVE. In the case
of the ESVE, values of (rLp/a) ) 0.01, 0.02, and 0.04 have
been chosen. The results show that the incident radia-
tion profiles obtained with the SEM (full profile) agree
quite well with those obtained with the ESVE for (rLp/
a) ) 0.01 and (rLp/a) ) 0.02. Although larger âI-
dependent errors can be observed for (rLp/a) ) 0.04, the
âI-averaged values show a much better agreement. Let
us look at these values.

Figure 3. Effect of the ellipse eccentricity, e, on the shape of the
incident radiation profile g as predicted using the SEM for rI )
0.05 m and a ) 0.50 m. Mirror reflectivity ΓR ) 0.8. Plotted values
are relative to the averaged value of GAv over the range of âI for
each eccentricity. s, e ) 0.4; - - -, e ) 0.5; -‚-‚-, e ) 0.6; - - -,
e ) 0.7.

Figure 4. SEM predicted ratio of the âI-averaged, direct contribution GAv
D to the averaged total incident radiation GAv for a ) 0.50 m, e

) 0.4, and ΓR ) 0.8 vs the dimensionless distance from the reception focal axis to the incidence point, rI/a.
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From the definition of the âI-averaged total incident
radiation in eq 28, we can readily derive the following
expression:

On the basis of eqs 13, 25, and 26, we can conclude that
the integral factor in eq 29 depends only on the
geometry of the setup and on effective reflection and
transmission factors, being independent of the lamp
output power. In a similar manner, for the ESVE, we
have

For the purpose of model comparison, a function Error-
(%) can be defined

From eq 11, and for equal lamp output power, the
function Error(%) can also be written

Figure 6 shows the function Error(%) vs (rLp/a) for a
) 0.5 m; e ) 0.4; and values of (rI/a) ) 0.025, 0.050,
0.100, and 0.200. The value of Error(%) is always below
12% for the range of values of (rLp/a) and (rI/a) chosen
and drops dramatically for (rLp/a) < 0.020. The accuracy
of the SEM also increases with the ratio (rI/rLp).

For the set of parameters a ) 0.5 m, e ) 0.6, and (rI/
a) ) 0.1, Figure 7 clearly pictures how the incident
radiation profiles predicted with the ESVE for different
(rLp/a) values continuously tend to that predicted with
the SEM (full profile) as (rLp/a) f 0. However, note that
the ESVE model indicates that the larger the lamp
radius is, the more uniform is the radiation field for a
given radial position in the reactor. Although not
derived from the SEM, this is again valuable design
information.

V. Conclusions
The extense source models (ESM) have been widely

considered as the best available mathematical repre-
sentation so far for predicting photoreactor radiation
field properties, its main drawback arising from the
difficulties of its numerical implementation. In the

Figure 6. Comparison of SEM and ESVE performances for several distances from the reception focal axis to the incidence point, rI.
Parameters of the elliptical reflector are a ) 0.50 m and e ) 0.40. Mirror reflectivity ΓR ) 0.8. Plotted function Error(%) as defined in eq
32. 0, rI/a ) 0.025; O, rI/a ) 0.050; 4, rI/a ) 0.100; 3, rI/a ) 0.200.

Figure 5. Comparison of SEM (s) and ESVE computed g values
for several lamp radii rLp and rI ) 0.05 m. Parameters of the
elliptical reflector are a ) 0.50 m and e ) 0.40. Mirror reflectivity
ΓR ) 0.8. Plotted values are relative to the averaged value GAv
over the range of âI. - - -, ESVE for rLp/a ) 0.01; -‚-‚-, ESVE
for rLp/a ) 0.02; - - -, ESVE for rLp/a ) 0.04.

GAv )
PL

2π ∫0

2π
dâI

G(âI)
PL

(29)

GE,Av )
PV

2π ∫0

2π
dâI

GE(âI)
PV

(30)

Error(%) ) [1 - ( GAv

GE,Av
)] × 100 (31)

Error(%) ) [1 - (πrLp
2 )( ∫0

2π
dâI

G(âI)
PL

∫0

2π
dâI

GE(âI)
PV

)] × 100 (32)
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present work, a simplified extense model is proposed
that takes the ESVE as the starting point. The leading
notion is that of considering the radiation field proper-
ties predicted with the SEM as the respective asymp-
totic mathematical expressions given by the ESVE as
the lamp radius tends to zero.

This process is conceptually different from those
considering a line source with spherical emission, which
already is the result of a previous physical limiting
process as the starting model element for computing
direct and indirect incident radiation at a given point
in the reaction space resorting to geometrical optics to
trace ray trajectories. By operating in this manner,
changes in the divergence of the energy beams when
reflected on the curved mirror are definitely lost,
hampering the ability of the LSM to predict indirect
radiation contributions with the desired accuracy.

The SEM is mathematically simple to apply. The
incident radiation profiles for nonparticipating media
are given as closed, analytical expressions that are
amenable to direct calculation and very easy to imple-
ment in a computer program. Moreover, for direct
radiation contributions, it provides the same degree of
simplicity that has been found in the LSSE model.
Despite its simplicity, the SEM retains the relevant
features of the ESVE, specifically those related to the
indirect radiation contribution.

The results show that the incident radiation profiles
obtained with the SEM agree quite well with those
obtained with the ESVE for lamp radii smaller than
0.01 m. Although larger âI-dependent errors can be
observed for thicker lamps, the âI-averaged values
predicted with the ESVE and SEM are in excellent
agreement. For a ) 0.5 m, the value of Error(%) is
always below 12% for the range of values of (rLp/a) and
(rI/a) tested and drops dramatically for (rLp/a) < 0.020.
The accuracy of the SEM also increases with the ratio
(rI/rLp).
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Appendix AI

AI.1. Equations of the ESVE Model for the
Prediction of the Direct Contribution to the In-
cident Radiation. The expression for the direct inci-
dent radiation as predicted with the ESVE model in a
diactinic medium is

where the value of PV is given by

From eq AI.2, it can be seen that the entire lamp
dimensions, as well as its output power, are included
in the definition of PV. ELp is the monochromatic
emission, usually expressed in terms of einstein s-1.

As shown in Figure AI.1, the limits of the F integra-
tion in eq AI.1 are

respectively, where from Figure AI.2

The limits of the θ and φ integrations are

and

Figure 7. Comparison of SEM (s) and ESVE computed g values
for several lamp radii rLp and rI ) 0.05m. Parameters of the
elliptical reflector are a ) 0.50 m and e ) 0.40. Mirror reflectivity
ΓR ) 0.8. Plotted values are relative to the averaged value GAv
over the range of âI. - - -, ESVE for rLp/a ) 0.005; -‚-‚-, ESVE
for rLp/a ) 0.010; -‚‚-‚‚-, ESVE for rLp/a ) 0.020; - - -, ESVE for
rLp/a ) 0.040.

GE
D ) PVΨR ∫θ∫φ

∫F
dθ dφ dF sin θ (AI.1)

PV )
ELp

4π2LLprLp
2

(AI.2)

Figure AI.1. ESVE model. Parameters and variables associated
with the direct radiation contribution to the incident radiation at
I(zI, rI, âI). Adapted from Irazoqui et al.7

F1,2(θ,φ) )
∆ cos φ - [rLp

2 - ∆2 sin2
φ]1/2

sin θ
(AI.3)

∆ ) [(2c + rI cos âI)
2 + rI

2 sin2 âI]
1/2 (AI.4)

θ1(φ) ) tan-1[∆ cos φ - [rLp
2 - ∆2 sin2

φ]1/2

1/2(LRf - LLp) - zI
] (AI.5)

θ2(φ) ) π - tan-1[∆ cos φ - [rLp
2 - ∆2 sin2

φ]1/2

zI - 1/2(LRf - LLp) ]
(AI.6)
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respectively, as can be concluded from Figures 1, AI.1,
and AI.3.

AI.2. The Integral in Equation 11. The integral on
the rhs of eq 11 is analytical and can be substituted by
its indefinite expression found in standard mathemati-
cal tables, i.e.,

In the case of direct radiation, by identifying x ) φ and

we obtain the definite integral expression

After eqs 7 and 8 are substituted into eq AI.12 and the
result thus obtained is used in eq 11, we finally arrive
at the limit form

as rLp f 0. Therefore,

is the limit form of GE
D when rLp f 0, always satisfying

the constraint that (rLp
2 - ∆2 sin2 φ) g 0. From eq AI.2,

it can be also concluded that the product (πPVrLp
2 )

remains a finite quantity in the limiting process.

Appendix AII

AII.1. Equations of the ESVE Model for the
Prediction of the Indirect Contribution to the
Incident Radiation. In eq 15,

Figure AI.2. ESVE model. Projections on the cross section, as well as parameters and variables associated with the direct radiation
contribution to the incident radiation at I(zI, rI, âI).

Figure AI.3. ESVE model. Limits of integration of the variables
θ and φ associated with the direct radiation contribution to the
incident radiation at I(zI, rI, âI). Adapted from Irazoqui et al.7

φ2 ) sin-1(rLp

∆ ) (AI.7)

φ1 ) -φ2 (AI.8)

∫dx (A + Bx2)1/2 ) x
2
(A + Bx2)1/2 -

A
2(-B)1/2

sin-1 Bx
(-AB)1/2

(AI.9)

A ) rLp
2 (AI.10)

B ) -∆2 (AI.11)

∫
φ1

φ2dφ [rLp
2 - ∆2

φ
2]1/2 )

{φ

2
[rLp

2 - ∆2
φ

2]1/2}
φ1

φ2
-

rLp
2

2∆[sin-1(- ∆
rLp

φ)]
φ1

φ2
(AI.12)

GE
D f 2PVΨR[θ2 - θ1](-

rLp
2

2∆)[sin-1(-1) - sin-1(1)]
(AI.13)

GE
D f (πPVrLp

2 )ΨR

[θ2 - θ1]
∆

(AI.14) D ) a
[1 + e2 + 2e cos R]

[1 + e cos R]
(AII.1)
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where a and e are parameters of the elliptical reflector
and R is defined in Table 1.

From the relationship

derived from Figure AII.1, we readily obtain

For given (rI, âI, φ) values, the set of eqs AII.1, AII.2,
and AII.3 can be solved.

The limits of the θ integration are

and

where

From Figure AII.1, we also conclude that the set of φ
integration limits is obtained by solving the following
implicit equation:

AII.2. Derivation of the Asymptotic Form of the
θ Integration Limits in Equations 26 and 27. When

eqs 24 and 25 are used in eq 15, two contributions to
the local indirect incident radiation can be identified,
each one having the general form of eq AI.9. With the
definitions

the asymptotic forms given by eqs 24 and 25 can be
written as

and

respectively.
In the limit for rLp f 0, with rLp

2 g D2 sin2 ε(φ) and rI
> 0, there are two illuminated wedge-shaped zones
converging to points with different zI but sharing the
same pair of values (rI, âI). To each of these two zones
corresponds a pair of φ integration limits, (φI

(1) < âI <
φ2

(1)) and (φI
(2) < âI + π < φ2

(2)), that can be obtained from
the condition that the lhs of eqs 24 and 25 be zero. The
result is

From eqs AII.4, AII.5, and AII.6, it can be concluded
that the asymptotic forms of the θ integration limits are

Figure AII.1. ESVE model. Projections on the cross section, as well as parameters and variables associated with the reflected radiation
contribution to the incident radiation at I(zI, rI, âI).

Table 1. Parameter r in Equation AII.1 as a Function of
âI, O, and E(O)a

φ g âI
φ - âI e π R ) φ - ε

φ - âI > π R ) φ + ε

φ < âI
âI - φ e π R ) φ + ε

âI - φ > π R ) φ - ε

a For all entries, ε g 0.

[2a - D(φ)] sin ε ) rI |sin(φ - âI)| (AII.2)

sin ε )
rI |sin(φ - âI)|

[2a - D(φ)]
(AII.3)

θ1(φ) ) tan-1[F′I + D cos ε - [rLp
2 - D2 sin2

ε]1/2

1/2(LRf + LLp) - zI
]

(AII.4)

θ2(φ) ) π - tan-1[F′I + D cos ε - [rLp
2 - D2 sin2

ε]1/2

zI - 1/2(LRf - LLp) ]
(AII.5)

F′I ) -rI cos(φ - âI) + [(2a - D)2 - rI
2 sin2(φ - âI)]

1/2

(AII.6)

[D(φlimit - ε(φlimit))]
2 sin2

ε(φlimit) ) rLp
2 (AII.7)

A1 ≡ 1 (AII.8)

B1 ≡ -C2[1 + e2 + 2e cos(âI)]
2( rI

rLp
)2

(AII.9)

A2 ≡ 1 (AII.10)

B2 ≡ -C2[1 + e2 - 2e cos(âI)]
2( rI

rLp
)2

(AII.11)

rLp
2 - D2(φ) sin2

ε ≈ rLp
2 [A1 + B1(φ - âI)

2] (AII.12)

rLp
2 - D2(φ) sin2

ε ≈
rLp

2 [A2 + B2(φ - âI - π)2] (AII.13)

ú2,1
(1) ) φ2,1

(1) - âI ) ( 1
C(rLp

rI
) 1

[1 + e2 + 2e cos(âI)]

for φI
(1) < âI < φ2

(1) (AII.14)

ú2,1
(2) ) φ2,1

(2) - (âI + π) ) ( 1
C(rLp

rI
) 1

[1 + e2 - 2e cos(âI)]

for φI
(2) < âI + π < φ2

(2) (AII.15)
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and

respectively.
Substituting the asymptotic forms thus obtained into

eqs 24 and 25, we can identify the two contributions to
the indirect incident radiation, corresponding to the
illuminated wedge-shaped zones converging to points
with different zI but sharing the same pair of values
(rI, âI). The contribution corresponding to the integration
interval φI

(1) < âI < φ2
(1) is

while the remaining contribution, corresponding to the
interval φI

(2) < âI + π < φ2
(2), is

Equations AII.18 and AII.19 have the general form
of eq AI.9; therefore, they can be integrated analyti-
cally.

Notation

a ) ellipse parameter, see Figure 3
b ) ellipse parameter, see Figure 3
c ) ellipse parameter, see Figure 3
C ) dimensionless constant, defined by eq 32
e ) ellipse eccentricity, dimensionless
E ) monochromatic emission, einsteins s-1

G ) incident radiation, einsteins s-1 m-2

g ) relative incident radiation, dimensionless
I ) specific intensity, einsteins s-1 m-2 sr-1

L ) length, m
PL ) lamp constant in the LSSE model, einsteins m-1 s-1

PV ) characteristic property of the lamp emission, defined
by eq 4, einstein s-1 m-3 sr-1

rLp ) lamp arc radius, m
rI ) distance from the reception focal axis to the incidence

point, m
zI ) coordinate of the incidence point, m

Subscripts

E ) property calculated with the ESVE model
Lp ) lamp
Rf ) reflector

Superscripts

Av ) âI-averaged property
D ) direct
Rf ) reflected

Greek Letters

Ω ) solid angle, sr
ΓR ) mirror reflection coefficient, dimensionless
ΨR ) transmission coefficient, dimensionless
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