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Abstract. The relation between isothermal elongational flow and other flow kinematics, like shear flow, 
was of interest since the early stages of rheometry. The main seeking purpose was precisely to achieve the 
evaluation of the elongational viscosity as a function of elongational rate through other simpler kinematics 
attained easily in experimental programs and commercial rheometers. At present, it is known that this 
target is not possible. It is also clear that experimental data of the steady elongational viscosity of 
viscoelastic melts at different temperatures are quite difficult to obtain. In this sense, various techniques 
for determining the elongational properties of these materials were developed; the apparatuses involved 
are considered expensive, difficult to operate and unsuitable for most types of materials, especially for 
those having a low viscosity. A technique widely used at present dealing with a variety of polymer melts 
is the isothermal fiber spinning process in its well-known version designated Rheotens. This apparatus 
presents a challenging problem, which consists in translating measurements of the spinning flow 
kinematics and filament forces into those variables pertaining to pure elongation flow within the 
rheometric framework. According to what has been reported in the literature, different research groups 
have studied this difficult problem and proposed approximate solutions for this purpose. In the present 
work we use a computational model of isothermal melt spinning to study the different accuracies obtained 
with expressions suggested in previous works to evaluate the elongational viscosity from spinning 
experimental data. Some physical aspects concerning the requirements to attain appropriate experimental 
conditions are provided, mainly those concerning the description of different zones present in the spinning 
kinematics. 
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1 INTRODUCTION 
 

The presence of flows with a predominant stretching kinematics is frequent in several polymer 
processing operations like, for instance, blow molding, film blowing and fiber spinning. 
Consequently, the appropriate design and control of these operations require the knowledge of 
characteristic rheometric functions pertaining to the elongational kinematics, like the elongational 
viscosity as a function of the elongational rate. Various techniques for determining the uniaxial 
elongational properties of polymer melts have been developed in rheological laboratory (see, for 
instant, Meissner, 1971), in which samples are stretched under constant stress or constant 
elongational rate. Nevertheless, one should also observe that these apparatuses are expensive, 
difficult to operate, and not suitable for all polymers. To obtain an approximate characterization 
of a polymer melt behavior under a predominant stretching flow, one of the techniques most 
widely used dealing with a variety of fluids is the isothermal fiber spinning operated, for 
instance, in the well-known version designated Rheotens (see, for example, Bernnat, 2001; 
Wagner et al., 1998; Rauschenberger and Laun, 1997; Lin and Hu, 1997; Laun and Schuch, 1989, 
Bayer 1979). The Rheotens experiment was developed (Meissner, 1971) simultaneously with the 
uniaxial elongational rheometer. These instruments have in common a system composed of two 
rotating wheels, which elongate a polymer melt sample with a prescribed velocity producing an 
elongational deformation. The main differences between them are that the elongational rheometer 
yields a time dependent uniaxial extension with constant elongational rate, where the polymer 
sample is initially homogeneous and stress-free (Bernnat, 2001), while the Rheotens is an 
elongational experiment at a constant prescribed take up velocity / force where the polymer 
sample tested is initially sheared in a capillary tube. Therefore, in this last apparatus the melt 
passes through a significant relaxation process, probably in a short distance before entering into a 
monotonic non-uniform stretching response. This relaxation process involves the well-known 
swelling zone, where the filament diameter takes a maximum value. 

It is relevant to indicate here that measurements carried out in the Rheotens are fast and easy 
to perform with good reproducibility (Bernnat, 2001). Also the rheological information obtained 
in this process belongs to the steady state. On the other hand, the elongational rheometer provides 
the transient elongational viscosity from where the asymptotic steady state values are estimated. 
Therefore, having into account these practical advantages to characterize polymer melts in the 
isothermal spinning flow, it was clear that expressions to convert experimental data, obtained as 
tensile force at the end of the spinline versus take up velocity, into a relation between 
elongational viscosity and elongation rate was required. In this direction, several proposals are 
available in the literature (Bayer, 1979; Laun and Schuch, 1989; Revenu et al., 1993; Macosko, 
1994; Wagner et al., 1996; Fulchiron et al., 1997; Rauschenberger and Laun, 1997; Lin and Hu, 
1997; Wagner et al., 1998). For instance, Laun and Schuch (1989) provided values of the 
elongational viscosity at the end of the spinline by using the tensile force and the draw ratio, 
without taking into account swelling effects. These authors found that, in spite of the large 
number of assumptions considered, the spinning elongational viscosity is in qualitative agreement 
with the rheometric elongational viscosity at the same temperature and elongational rate, 
although it is different quantitatively. The observed discrepancy can be attributed in part to the 
combined effects of inhomogeneous spinning kinematics and cooling along the spinline. 
Nevertheless, in principle, the spinning elongational viscosity calculated at each point of the 
filament from an isothermal fiber spinning experiment cannot be considered equivalent to the 
steady state rheometric elongational viscosity function (Ottone et al., 2006). In fact, the 
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comparison of the spinning and rheometric elongational viscosities needs a careful examination 
of the experimental conditions. In this sense the influence of the swelling zone should be also 
analyzed or eliminated appropriately in order to establish the range of elongational rates over 
which the comparison can be qualitatively achieved (see also, Laun and Schuch, 1989; Revenu et 
al., 1993; Lin and Hu, 1997).  

It is also interesting to point out that Revenu et al. (1993) measured the spinning elongational 
viscosity of polyethylene through isothermal melt spinning. They measured axially the filament 
diameter through a photographic technique, and then obtained both the elongational rate and the 
tensile stress through the mass and force balances in the polymer melt domain. Thus, the spinning 
elongational viscosity at different points of the extended filament was obtained excluding the 
effect of the filament swell, and having into account that the elongational rate is not 
homogeneous. In the work of Lin and Hu (1997), the Rheotens device (Gottfert tensiometer) is 
utilized to measure the take up force of polymer melts in isothermal spinning flow. They 
analyzed the approach proposed by Revenu et al. (1993) to evaluate the spinning elongational 
viscosity, and then proposed another procedure for these calculations by assuming, however, that 
the filament radius changed linearly along the spinline when the swelling phenomenon was not 
considered. 

It is then clear that the works mentioned above provided procedures and expressions to 
calculate the spinning elongational viscosity from Rheotens experimental data. In addition, other 
studies have proposed to include a constitutive equation in these analyses. In this sense, in order 
to interpret better Rheotens experimental data from the rheometric point of view, various authors 
have used more complex theoretical models, including numerical calculations, where differential 
and integral constitutive equations were applied (Sridhar and Gupta, 1991; Petrie and Petrie, 
1995; Petrie, 1995; Rauschenberger and Laun, 1997). Petrie and Petrie (1995) and Petrie (1995) 
proposed that a spinning elongational viscosity could be defined as the ratio of stress to 
elongational rate at the midpoint of the spinline or as an averaged quantity based on measurable 
quantities like applied force, flow-rate, spinline length and velocities. More recently Bernnat 
(2001) tried to use the Wagner integral constitutive equation to interpret these experimental data 
apart from carrying out a wide and interesting experimental program concerning Rheotens 
measurements of different polyethylene melts. The numerical method implemented for this 
purpose resulted quite unstable and the author suggested the need for a different constitutive 
equation. Based on these conclusions, instead we study below the use of the Phan-Thien and 
Tanner (PTT) differential constitutive equation for the same purpose of finding a relation 
between spinning and rheometric elongational viscosities. 

At present, it is clear that there is much interest to measure and evaluate the local elongational 
rate along the spinline by photographing the filament. The target is the estimation of the filament 
radius gradients for complementary calculations (see for instance, Bayer, 1979; Laun and Schuch, 
1989; Revenu et al., 1993). Another possibility is to measure the local velocity along the fiber 
with the Laser-Doppler Velocimeter. Then from these experimental data the shape of the 
deformed filament as well as the local elongational rates can be calculated (Wagner et al., 1998; 
Bernnat, 2001). 

In the present work a previous computational non-isothermal spinning model (Ottone and 
Deiber, 2002) is used, which is adapted here for the isothermal melt spinning flow to compare the 
spinning and rheometric elongational viscosities through the expressions suggested in previous 
works. In this specific work the study is carried out with a polyethylene therephtalate (PET), 
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which is a typical polymer used in the commercial production of fibers. The rheological model 
was taken from Ottone and Deiber (2000), and the rheological parameters pertain to a PET melt 
reported by Gregory and Watson (1970). Therefore the model proposed previously is evaluated 
here under isothermal flow conditions to simulate the experimental operation of the Rheotens, 
and thus to be able to extract the relevant information required to compare the spinning and 
rheometric elongational viscosities. We thus expect to test the expressions proposed by previous 
authors with the same purpose. 

The present work is organized as follows. First the basic numerical algorithm used to model 
the spinline is briefly described by using the one-relaxation mode PTT model mentioned above 
(Section 2). Then, in Section 3, aspects on the numerical solution of the spinning model are 
presented. We also define both the spinning elongational viscosity and the rheometric 
elongational viscosity, and express the clear differences between them in Section 4. In the Results 
and Discussion section, different expressions proposed previously to compare these viscosity 
functions are analyzed and discussed by using numerical data provided by the numerical 
algorithm that simulates the isothermal spinning test. Finally some relevant conclusions and 
proposal for further researches are provided. 
 
2 BASIC EQUATIONS FOR THE SPINNING FLOW 
 

The spinning flow is formulated in the steady state regime (Figure 1). The basic tensorial 
model to obtain the resulting equations of the perturbed model presented by Ottone and Deiber 
(2002) is briefly described here.  
 

 
 

 

Figure 1: Scheme of isothermal melt spinning. 
 

Since the polymer is considered incompressible, the mass balance implies,  
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( ) 0=⋅∇ v                  (1) 
 

where v is the velocity vector. The balance of momentum in the filament is expressed, 
 

           gpvv ρτρ +⋅∇+∇−=∇⋅             (2) 
 

where ρ is the polymer density, p is the pressure field, g  is the gravity vector and τ  is the extra 
stress tensor considered symmetric throughout this work. Since the spinning flow is required for 
isothermal conditions, the energy balance in the filament is not included in this study. Thus it is 
assumed that the mechanical power τ:D  is relatively small and the temperature field is 

approximately constant. Here ( ) 2/TvvD ∇+∇=  is the rate of deformation tensor, which is a 
function of the fluid kinematics. Throughout this work v  is used to designate the axial velocity 
component of the velocity vector in the cylindrical coordinate system. 

The appropriate set of boundary conditions to solve Eqs. (1) to (2) are taken directly from 
Denn (1983). In addition, since the PTT model is considered with the retarded elastic response, 
the asymptotic Newtonian term Dss ητ 2=  is included (see also below). We fix the origin of the 
coordinate system at the maximum swelling of the polymer melt, where the jet forms at the exit 
of the extrusion capillary. Therefore throughout this work we designate initial conditions to the 
boundary conditions at z=0, which are, 
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where )(zro  is the fiber radius as a function of the axial direction z, sv  is the melt velocity at the 
maximun swelling with radius sr  and oT  is the extrusion melt temperature which is kept constant 

along the filament. Therefore 22 / sccs rrvv = , where cv  is the melt averaged velocity in the 

extrusion capillary of radius cr  (the value of sr  is around 2cr  according to George, 1982). 
Also the stress ratio Rel can be varied in the range 05.0 <<− Rel  for viscoelastic fluids. This 
result has been fully discussed in the literature (Denn, 1983), where it was reported that 
numerical solutions were not sensitive for values of Rel within this specific range, and that the 
condition 0≈lRe  is a good approximation (Ottone and Deiber, 2000). 

The take up boundary conditions at Lz =  are, 
 

oL TTvv == ,             (4) 
 

Once the stress field is known at this position of the filament, one obtains 
DRrF cL

rrzzeff
L /)()( 2πττ −= , where cL vvDR /=  is the spinning draw ratio. Also, eff

LF  is the 
effective tensile force at the take up position in the spinline. This force is calculated as the 
resultant of all forces existing in the filament at position Lz = . Thus most of the theories to be 
tested below evaluate GISTL

eff
L FFFFF +++= , where LF  is the take up force measured 

experimentally and ( GIST FFF ++ ) is calculated by considering other forces coming from 
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surface tension, inertia and gravity, respectively (see, for instance, Macosko, 1994). It is 
appropriate to point out here that different draw ratios may be defined in the spinning process 
apart from DR. In fact, sL vvRD /=′  involves the swelling velocity and css vvDR /= , 
consequently sDRDRDR ´= . 

In addition, the stress tensor τδ +−= pT  involves the extra stress tensor τ  and the pressure 
p, where δ is the unit tensor. To complete the formulation of the spinning model, the viscoelastic 
stress pτ  is required, which is a part of the total extra stress tensor sp τττ += , where 

Dss ητ 2=  is associated to retardation effects. In this sense, one expresses, 
 

           DG
t pp λτ

δ
δλτ 2=+               (5) 

 

for the Phan-Thien and Tanner model (PTTM). In Eq. (5), the expression, 
 

     Dt
TDLL

Dt
D

t p
T

pppp
lnτττττ

δ
δ −⋅−⋅−=          (6) 

 

is the Gordon-Schowalter (1972) non-affine time-convective derivative, where the effect of the 
thermal history is accounted through the term Dt/TDln , although for the case of isothermal 
spinning is null. Also DvL χ−⋅∇= is the effective velocity gradient tensor. We define 

( ) ααηη /1−= ps  and Gp λη = , and the instantaneous elastic response can be obtained for α =1 
(Denn, 1990). 

For the PET under study, Gregory and Watson (1970) reported the following expression of the 
relaxation time: ( )[ ]273/68029755.11016.0 ++−= Texpoλ . In particular, the PTT model 
considers a relaxation time that is a function of the stress tensor expressed ( ) ( )τλλ trTKTo ,/=  
where [ ]GtrxpeK /τξ= . In this context of analysis the relaxation modulus changes with 
temperature according to ( )ro T/T G =G  where rT  is the reference temperature. These 
expressions are useful to compute the rheological model at the same temperature as that of the 
spinning flow. The rheometric characterization of the PTT rheological model is also taken from 
Ottone and Deiber (2000). Thus rheological parameters of the PET melt (case study of this work) 
are: ≈oG 5246 Pa, α ≈ 0.8, χ ≈ 4 10-5 and ξ ≈ 9.25 10-5. 
 
3 ASPECTS ON THE NUMERICAL SOLUTION OF THE SPINNING MODEL 
 

In this section, the main numerical steps followed to solve the spinning model described above 
are presented only. A detailed description of the algorithm used here may be found in Ottone and 
Deiber (2000 and 2002). Thus, a regular perturbation analysis is applied to Eqs. (1) to (6) 
according to the scheme proposed by Henson et al. (1998). In this step one obtains the 2-D 
perturbed model. This scheme allows one to neglect rigorously terms of small orders from the 
balance and constitutive equations and the boundary conditions of the complete model (see 
Section 2). Then the perturbed 2-D model is averaged in the radial direction of the filament, 
without any approximation, to yield an appropriate version of the perturbed average model. One 
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should also observe that the complete model described by Eqs. (1) to (6) may be expressed in 
dimensionless form by using appropriate scales (Henson et al. (1998)). Thus, the perturbation 
analysis is carried out on the dimensionless model. Therefore any dependent variable, represented 

by P in the generalized sense, can be expressed ( ) ( ) ( )Λ+=Λ= ∑
∞

=
ϑo

n

nn PPP
0

, where Λ  is the 

ratio between the capillary radius and the stretching length of the filament. In the regular 
perturbation analysis, terms of order Λ  and greater are neglected to introduce the slenderness 
hypothesis. The perturbed averaged model thus obtained can be expressed in the matrix form 

( ) bxAx ⋅= −1!  where 








=
zz

f
z
vx

∂
τ∂

∂
∂

∂
∂ ,,!  and 

dz
dvf = . Equation ( ) bxAx ⋅= −1!  can be solved 

with the appropriate initial conditions for velocity, temperature and stresses as reported above. 
Nevertheless, in practice one may know the value of the axial velocity sv  at the initial position as 
well as the melt temperature at the extrusion capillary only. Unfortunately, the initial stresses are 
not known beforehand and they must be found through a numerical iterative process already 
described in the literature (see, for instance, Papanastasiou et al., 1996). In the framework of 
cylindrical coordinates r  and z , the iterative process consists of initializing the viscoelastic 
tension components zz

pτ  and rr
pτ  at z = 0 (this position is placed at the maximum swelling of the 

filament) and solving the system of equations described above iteratively with the fourth order 
Runge-Kutta method, until one reproduces the value assigned to Lv  at z =L, with the following 

convergence criterion 610/ −≤− LL
k vvv ,where k indicates the number of axial step size used 

to reach L . Thus a two-point-boundary value problem is solved. 
 In addition, it is know that only one stress, say )0(zz

pτ , at the initial condition shall be iterated 

while the other is fixed with a constant ratio zz
p

rr
pelR ττ /=  at z = 0. Since in our model we 

consider, in addition to previous works, the constitutive equation of Phan-Thien and Tanner with 
retarded response, the initial value f = 0 is also required, which is the best estimate for the 
velocity derivative at the maximum extrudate swell (Ottone and Deiber, 2000). 
 The numerical code is written in FORTRAN language, and the axial step size is fixed at 10-5 
m. This value is small enough to achieve appropriately the convergence criterion concerning the 
take up velocity Lv  with a running time of around 20 minutes, when a PC Pentium III is used. 
Numerical results of rheometric and spinning viscosities are precise enough to test the theories 
under consideration below. 
 
4 RHEOMETRIC AND SPINNING ELONGATIONAL VISCOSITIES 
 

The purpose of this section is to define the rheometric eη  and spinning p
eη  elongational 

viscosities, which are used in the Results and Discussion section below. As described above, 
while the first viscosity is a rheometric function under isothermal conditions, the second one is 
obtained from the isothermal melt spinning process. Therefore, throughout this work, the use of a 
super-index p indicates that variables are evaluated with the melt spinning model to distinguish 
their values from those under strict rheometric conditions. It is also clear that the spinning 
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process variables p
eη  and pε!  cannot be superposed in the rheometric elongational map defined 

by the elongational viscosity eη  versus the elongational rate ε!  for different parametric 
temperatures T without further considerations.  

Since a cylindrical coordinate system is used with the z-axis along the filament from the 
maximum swelling to the take up roll (Figure 1), the spinning elongational viscosity, which 
varies along the spinline, is expressed at Lz =  as follows: 
 

p
c

eff
L

p
L

rrzz
p
e

r
DRF
επε

ττη
!! 2

)(
=

−
=                   (7) 

 

where the true spinning elongational rate is 
p

p
z
v






∂
∂=ε! , and it varies with coordinate z . 

Nevertheless, the theories to be analyzed below provide an estimate pε!  through a proposed 
relationship involving the process variables. In this work in particular we evaluate numerically 

eff
LF  from the model proposed above for a given set of process variables and apply directly the 

theories proposed for appropriate comparisons. In particular, in the equations proposed by Bayer 
(1979), Revenu et al. (1993) and Wagner et al. (1998), the knowledge of the experimental fiber 
radius )(zro  and axial velocity profile )(zv , respectively, are required along the spinline. For 
these cases we provide these profiles through numerical calculations in order to be able to carry 
out the expected comparisons among theories. After using the above relationships, it is then clear 
that the spinning elongational viscosity evaluated at Lz =  may be also expressed as follows: 
 

2)(
L

p

eff
Lpp

e r
F
πε

εη
!

! =                      (8) 

 

where Lr  is the value of )(zro  at Lz = . Thus, the central problem here is to evaluate pε!  to be 

able to compare the values of p
eη  and eη . We show in this work that these functions may be 

either rather close or quite different depending on the range of values selected for the process 
variables as well as the semi-empirical expression used to calculate pε! . 

Before ending this section, it is also appropriate to define here the rheometric elongational 
viscosity, 
 

( ) ( )
ε
ττεη
!

!
rrzz

e
−=                      (9) 
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where 
z
v

∂
∂=ε!  must be constant throughout the elongational rheometer. As pointed out above, it 

was clear that p
eη  should not be equal to eη  due to the effect of non-uniforms values taken by 

pε!  along the spinline.  
 
5 RESULTS AND DISCUSSION 
 

In this section we analyze different equations proposed previously in the literature to calculate 
pε! , once eff

LF  and )(zro  have been obtained from spinning experimental data. In this work 
eff
LF  and )(zro  are, however, obtained numerically within the framework of a tensorial 

constitutive equation solved for the rheometric and spinning processing conditions. Thus by 
using Section 2, we consistently simulates the spinning experimental data in order to apply the 
results in the previous proposed expressions to be tested in this work. It is clear that by 
introducing a tensorial constitutive equation as representing a given material, one can obtain 
rigorously the response under different flow conditions of this material, and hence be able to 
evaluate the quality of approximate expressions that intent to relate functions associated to 
different flow kinematics, like for instance the relationship between p

eη  and eη . This procedure 
is an effective test and validation of those expressions proposed in the literature to relate these 
material functions. 
 

5.1 Expressions proposed by Bayer (1979)  
 

The model of Bayer (1979) has also been used by Laun and Schuch (1989), and 
Rauschenberger and Laun (1997). This author expressed the elongational rate at Lz =  as a 

function of the draw ratio 2)(
L

c

c

L
r
r

v
vDR == . Thus with the help of a photographic technique the 

filament radius was obtained along coordinate z to deduce the following equation, 
 

( )DRSDR
L
vcp

2ln=ε!                    (10) 
 

where the local transversal area of the filament is assumed to vary exponentially with z. 
In Eq. (10), 2S  is a free parameter related to the filament swelling. Figure 2 shows the 

comparison of p
eη  and eη  as obtained from Eqs. (7), (9) and (10), when Lv  is varied from 300 to 

3500 m/min. This figure also shows the effect of different values of 2S  for a fixed value of the 
extrusion velocity ( cv = 0.606 m/s) and L = 19 cm. In general, one finds that for very low values 

of 2S , p
eη  approximates eη  for the range of low elongational rates used. The converse is also 

true; thus for high 2S  this approximation is satisfied at relatively high values of elongational 
rates. Further, our numerical tests indicate that there is not an optimum value fitting well all the 
experimental data provided in the take up velocity range used here. In addition, for ≈2S 0.1 it 
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was not possible to evaluate p
eη  with Bayer equations for 800<Lv  m/min ( DR =22) indicating 

that this parameter provides realistic pε!  only in a limited range of take up velocities. 
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Figure 2: Rheometric and spinning elongational viscosities as functions of rheometric and spinning elongational 
rates. Symbols are the predictions of the spinning elongational viscosity through the expressions proposed by Bayer 
(1979) for different values of 2S . Also cv = 0.606 m/s and =L  19 cm. The rheometric elongational viscosity (full 

line) is predicted with the tensorial constitutive equation. The take up velocities are in the range Lv = 300 to 3500 
m/min. 
 
5.2 Expressions proposed by Revenu et al. (1993) 

 

This model presented by Revenu et al. (1993) also requires the evaluation of the filament 
radius along the spinline through a photographic technique. These authors proposed to use the 
sum of two exponential functions to represent ( )zro

2  when the swelling zone is excluded. 
Nevertheless, for the PET melt studied here, we found that for high draw ratios this proposal is 
not necessarily the appropriate one, and hence another function is required. Therefore we tested 
this model for 300 ≤≤ Lv  3500 m/min (8 ≤≤ DR 96) and found that only for DR =8 the filament 
radius may be fitted to the following expression as suggested by Revenu et al. (1993) for 
different polymers, 
 

)(exp)exp()(2 zDCzBAzro −+−=                 (11) 
 

where =A -0.04708 m2, =B 0, C= 3.00392 m2 and =D 12.45180 m-1. Consequently the spinning 
elongational rate at Lz =  is, 
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( ) ( )
( ) ( )[ ]2expexp

expexp
LDCLBA

LDCDLBBAQp

−+−
−+−=

π
ε!                           (12) 

 

Also, for 22 ≤≤ DR  96 the following expression was required, 
 

))exp((
1)(2

zBA
zro +

=                (13) 

 

where A  and B  are reported in Table 1. 
 

DR  A  (m-2) B  (m-2) Regression Coefficient 
22.0 -62.33 62.64 0.9999 
24.7 -64.07 64.38 0.9999 
27.5 -65.19 65.51 0.9999 
41.3 -67.18 67.49 0.9995 
55.0 -67.76 68.06 0.9993 
68.8 -68.02 68.33 0.9992 
82.5 -68.04 68.35 0.9991 
96.0 -68.11 68.42 0.9991 

 

Table 1: Fitting parameters for Eq. (13) at different values of draw ratio (22 ≤≤ DR 96) 
 

Therefore the elongational rate at the filament take up for this range of DR is, 
 

)exp(LBQp
π

ε =!                     (14) 
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Figure 3: Numerical predictions of )(2 zro  with the isothermal spinning model for different draw ratios. Take up 

velocities are in the range Lv = 300 to 3500 m/min. Also cv = 0.606 m/s and L = 19 cm. 

 
Figure 3 shows numerical values of )(2 zro  for =DR  8, 22 and 96 obtained from the spinning 

model described by Eqs. (1) to (6). Thus, from this figure one infers that very low precision may 
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be obtained by measuring experimentally the filament radius at relatively high values of DR , 
indicating thus that in practice this model provides acceptable results at low values of draw ratio 
only (DR<22). This conclusion is evident in Figure 4, where the rheometric and spinning 
elongational viscosities are presented as functions of the rheometric and spinning elongational 
rates for different take up velocities. It is observed that at high values of DR, Eqs. (7), (9), (12) 
and (14) predict values of p

eη  quite different from eη  for the PET melt under study. This may be 
a consequence of the difficulties found to fit the values of fiber filament radius for DR>22, where 
experimental values describing profiles )(2 zro  are too close one another. 
 

10-2 10-1 100 101 102 103 104 105 106

100

101

102

103

104

 η
e  

/  
3 
η o  

,  
η ep   /

  3
 η

o 

ε.  ,  ε. p  (s-1) 
 

 

Figure 4: Rheometric and spinning elongational viscosities as functions of rheometric and spinning elongational 
rates. Symbols are the predictions of the spinning elongational viscosity through the expressions proposed by Revenu 
et al. (1993). Also cv = 0.606 m/s and =L  19 cm. The rheometric elongational viscosity (full line) is predicted with 

the tensorial constitutive equation. The take up velocities are in the range Lv = 300 to 3500 m/min. 
 
5.3 Expressions proposed by Macosko (1994) 
 

The model proposed by Macosko (1994) introduces an average value of the elongational rate 
pε!  along the filament, which is defined,  

 

L
vv cLp −

=ε!                     (15) 
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Figure 5 shows the rheometric and spinning elongational viscosities as functions of the 
rheometric and spinning elongational rates for different take up velocities when Eqs. (7), (9) and 
(15) are used. It is observed that at relatively low values of DR, these equations predict values of 

p
eη  quite close to eη  for the PET melt under study. Thus in this range of DR the use of an 

average elongational rate (Eq. (15)) seems appropriate to estimate the rheometric elongational 
viscosity when experimental data of eff

LF  are available. Nevertheless, the differences between 
these viscosities become higher as the DR is substantially increased. The predictions of this 
model are quite similar to those found with Bayer model for low 2S . 
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Figure 5: Rheometric and spinning elongational viscosities as functions of rheometric and spinning elongational 
rates. Symbols are the predictions of the spinning elongational viscosity through the expressions proposed by 
Macosko (1994). Also cv = 0.606 m/s and =L  19 cm. The rheometric elongational viscosity (full line) is predicted 

with the tensorial constitutive equation. The take up velocities are in the range Lv = 300 to 3500 m/min. 
 
5.4 Expressions proposed by Lin and Hu (1997) 
 

The model proposed by Lin and Hu (1997) neglects the swelling zone and considers that the 
filament radius decreases linearly with z. The take up force is obtained with a Rheotens 
instrument for different polymer melts. These authors proposed a simple expression for the 
elongational rate by using a similar theoretical analysis as that already presented by Revenu et al. 
(1993), which is, 
 

( )1
2

−= DRDR
L
vcpε!                            (16) 
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Figure 6 shows the rheometric and spinning elongational viscosities as functions of the 
rheometric and spinning elongational rates for different take up velocities when Eqs. (7), (9) and 
(16) are used. It is observed that only at relatively high values of DR, these equations predict 
values of p

eη  quite close to eη  for the PET melt under study. 
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Figure 6: Rheometric and spinning elongational viscosities as functions of rheometric and spinning elongational 
rates. Symbols are the predictions of the spinning elongational viscosity through the expressions proposed by Lin and 
Hu (1997). Also cv = 0.606 m/s and =L  19 cm. The rheometric elongational viscosity (full line) is predicted with 

the tensorial constitutive equation. The take up velocities are in the range Lv = 300 to 3500 m/min. 
 
5.5 Expressions proposed by Wagner et al. (1998) 
 

The model presented by Wagner et al. (1998) is based on the following experimental evidence, 
which indicates that when the filament velocity along the spinline is measured by optical 
methods, it is observed that the velocity increases linearly with z below a critical draw ratio, 
while for higher draw ratios the velocity increases over-proportionally (power-law dependence) 
with z. Therefore, the following expressions are proposed for the two flow regimes: 
 

Linear Regime:  
This regime applies for cDRDR ≤ , where c

c
Lc vvDR /=  is designated the critical draw ratio, 

and it corresponds to the limit value of draw ratio above which the filament velocity is not 
anymore near linear with z. Consequently, in this regime it is evident that v  is assumed to 
increase linearly with z. Thus at z=L, 
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L
vv sLp )( −

=ε!                     (17) 
 

It is also assumed that the take up force increases linearly with z below cDR . Therefore the 
spinning elongational viscosity is expressed, 







−

=
cscc

cp
e DR

DR
DRDRLv ))(/(

ση              (18) 

 

where )/()()( 2
cc

eff
Lc

rrzz
c rDRF πττσ =−=  is the stress difference at Lz =  evaluated for cDR  

(we obtain cσ , of course, from the spinning model formulated through Eqs. (1) to (6)). In Eq. 
(18), css vvDR /=  is the draw ratio between swelling and capillary velocities (in practice is a 
fitting parameter). 
 

Nonlinear Regime:  
This regime applies for cDRDR > , and v  increases over-proportionally with z. Therefore the 

authors deduced the following expressions at Lz =  by using the Power Law model with a power 
index n<1, 
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Also the spinning elongational viscosity is expressed, 
 

n
n

cscc

cp
e DR

DR
DRDRLv

1

))(/(

−







−

=
ση                 (21) 

 

Thus this model has three fitting parameters: n, sDR  and cDR  ( cσ  is an experimental data for 
the processing conditions at cDR  calculated in this work through the spinning numerical model 

described through Eqs. (1) to (6)). The critical velocity c
Lv  defining cDR  is required to obtain the 

spinning elongational viscosity as a function of the spinning elongational rate through Eqs. (17) 
to (21). In this sense, Figure 7 presents velocity profiles for 800 ≤≤ Lv  3500 m/min 
(22 ≤≤ DR 96). It is observed that by following the analysis of Wagner et al. (1998) the critical 
velocity is around 1000 m/min. Figure 8 reports alternatives concerning the values of c

Lv . 
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Figure 7: Axial velocity )(zv . The take up velocities are in the range Lv = 800 to 3500 m/min. Also cv = 0.606 m/s 

and L = 19 cm. 
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Figure 8: Rheometric and spinning elongational viscosities as functions of rheometric and spinning elongational 
rates. Symbols are the predictions of the spinning elongational viscosity through the expressions proposed by 
Wagner et al. (1998). Also cv = 0.606 m/s and =L  19 cm. The rheometric elongational viscosity (full line) is 

predicted with the tensorial constitutive equation. The take up velocities are in the range Lv = 800 to 3500 m/min. 

The effect of c
Lv  is illustrated for n =0.4 and sDR =0.5. 
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Figure 7 shows the effect of selecting different c
Lv  around the value 1000 m/min on the 

spinning elongational viscosity when n =0.4 and sDR =0.5, which are kept constant. At each 
value of the critical velocity a set of values for cDR  and cσ  at Lz =  are required. Figure 8 

shows that as c
Lv  takes values different from 1000 m/min, the spinning elongational viscosity 

differs from the rheometric elongational viscosity. 
Figure 9 shows the effect of n on the spinning elongational viscosity when c

Lv =1000 m/min 
and sDR =0.5. One observes here that when n increases, different trends of the spinning 
elongational viscosity predicted by the Nonlinear Regime are obtained, although it is difficult to 
ascertain which is the appropriate value for this parameter. In principle, it seems that 62.0=n  is 
better and it coincides with that value reported by Wagner et al. (1998) for different polyethylene 
melts.  
 

.
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Figure 9: Rheometric and spinning elongational viscosities as functions of rheometric and spinning elongational 
rates. Symbols are the predictions of the spinning elongational viscosity through the expressions proposed by 
Wagner et al. (1998). Also cv = 0.606 m/s and =L  19 cm. The rheometric elongational viscosity (full line) is 

predicted with the tensorial constitutive equation. The take up velocities are in the range Lv = 800 to 3500 m/min. 

The effect of n  is illustrated for sDR =0.5 and =c
L

v 1000 m/min. 

 
Figure 10 presents the spinning elongational viscosity for different values of sDR , when n and 

c
Lv  are constant. It is relevant to observe here that the effect of sDR  on these calculations is not 

important, at least for 15.0 << sDR . From different parametric studies carried out with this 
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model, we found that for the PET melt under study, n= 0.62, sDR =0.5 and c
Lv =1000 m/min 

( cDR =27) are appropriate values to model a spinning elongational viscosity that approximate the 
rheometric elongational viscosity for the operating conditions indicated in figures. 
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Figure 10: Rheometric and spinning elongational viscosities as functions of rheometric and spinning elongational 
rates. Symbols are the predictions of the spinning elongational viscosity through the expressions proposed by 
Wagner et al. (1998). Also cv = 0.606 m/s and =L  19 cm. The rheometric elongational viscosity (full line) is 

predicted with the tensorial constitutive equation. The take up velocities are in the range Lv = 800 to 3500 m/min. 

The effect of sDR  is illustrated for n =0.4 and =c
L

v 1000 m/min. 

 
6 CONCLUSIONS 
 

The isothermal melt spinning model is a useful computational tool to test and validate 
different expressions suggested in the literature in order to compare the rheometric and spinning 
elongational viscosities. It is basically concluded that most of the expressions of the spinning 
elongational rate reported by several authors are good estimates to evaluate the spinning 
elongational viscosity that qualitatively presents the same trend as the rheometric elongational 
viscosity. It is also clear that these estimates are not necessarily the local values of the true 
elongational rates along the spinline, the values of which are also available from numerical 
calculations with the isothermal spinning model. In addition, one should not expect a quantitative 
agreement between the elongational viscosities under analysis due to the non-uniform 
elongational rate field in the spinline. From the expressions analyzed above, one expects to find 
practical mainly those that do not contain free parameters, even in the cases that less precision 
may be obtained. In general, the Rheotens data, for instance, may be a powerful tool to 
characterize qualitatively the extensional response of non-Newtonian fluid.  
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At present, further researches are required to interpret better how to exclude the complex 
swelling zone in theoretical analyses. Also, since both the velocity along the spinline and the 
effective take up force might be measured quite well within the present state of the art of the 
isothermal spinning process, future researches should focus on the relationship between the 
spinning elongational viscosity and the true spinning elongational rate, perhaps abandoning the 
estimation of a representative average spinning elongational rate used in different expressions 
along the present work. In this sense, we believe that computational models of isothermal fiber 
spinning may contribute substantially to elucidate this relevant and practical problem. 
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