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In this contribution we present ab initio results for ionization total cross sections, probabilities at zero
impact parameter, and impact parameter moments of order +1 and �1 of Ne, Ar, Kr, and Xe by proton
impact in an extended energy range from 100 keV up to 10 MeV. The calculations were performed by
using the continuum distorted wave eikonal initial state approximation (CDW-EIS) for energies up to
1 MeV, and using the first Born approximation for larger energies. The convergence of the CDW-EIS to
the first Born above 1 MeV is clear in the present results. Our inner-shell ionization cross sections are
compared with the available experimental data and with the ECPSSR results. We also include in this con-
tribution the values of the ionization probabilities at the origin, and the impact parameter dependence.
These values have been employed in multiple ionization calculations showing very good description of
the experimental data. Tables of the ionization probabilities are presented, disaggregated for the different
initial bound states, considering all the shells for Ne and Ar, the M-N shells of Kr and the N-O shells of Xe.

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

Ionization data, involving experimental and theoretical values,
has received great attention for a very long time ([1] and
references therein). However, current progress of beam character-
ization methods, atomic analytical techniques such as the
so-extended particle induced X-ray emission (PIXE) [2,3], and
multiple-purpose simulations for the passage of particles through
matter as the Geant4 [4], have aroused new interest and require-
ments of accurate data and reliable predictions. The probabilities
as function of the impact parameter are the seeds to describe the
total ionization cross sections of the different shells. But also,
these probabilities are the inputs for the multiple ionization cal-
culations in a multinomial combination of the impact parameter
probabilities [5]. From the theoretical point of view, these proba-
bilities represent a challenge and a test of the capability of a the-
ory to describe wave functions and interaction potentials.
Different approaches have been employed over the years, from
the basic first Born approximation, to distorted wave methods,
numerical solution of the Schrödinger equation or collective
response models [6–11]. Moreover, in very recent works, the
ionization probabilities by proton and antiproton impact have
been the seeds to obtain multiple ionization cross sections of rare
gases by electron and positron impact, with reasonably good
results [12,13]. It is worth to note that multiple ionization cross
sections are highly dependent on the inner-shell ionization prob-
abilities, which contribute to the final values through Auger-type
processes [8,12].

There are different compilations of experimental data for the
total ionization cross sections of the K-shell [14,15] and the
L-shell [1,16]. One of the most employed models for K and
L-shell ionization cross sections is the ECPSSR by Brandt and
Lapicki [17,18], of high efficiency and the usual input in PIXE codes
[19]. Instead, reliable values of M-shell ionization are scarce
[20,21]. This is related to the complexity of the M-X-ray spectra
because of the existence of five sub-shells [22].

The goal of the present contribution is to make available ab initio
CDW-EIS and first Born approximation results for proton impact
ionization of different sub-shells of the heaviest rare gases.
Presents results are calculated by rigorously solving the radial
Schrödinger equation for different angular momenta for both the
initial bound and the final continuum states. Thus, we can assure
the proper description of the continuum wave function and its
mathematical orthogonality to the bound state. These values have
already been tested in total [23] and differential [24] ionization
cross sections. Also the probabilities as function of the impact
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parameter have been employed in multiple ionization calculations
[9,12,13,25] with good agreement with the experimental data,
even for sextuple ionization of Kr (Xe), where L-shell (M-shell) con-
tribution is decisive. In the following sections we compare the pre-
sent inner-shell ionization cross sections with the available
experimental data, and with the ECPSSR values [17], for the K-
shell of Ne, K and L-shells of Ar, L and M-shells of Kr and M and
N-shells of Xe. We make available our CDW-EIS values for proton
impact energies 0.1–1 MeV, and also the first Born approximation
results for proton energies 1–10 MeV, considering the ionization
of different sub-shells: Ne (1s, 2s, 2p), Ar (1s,. . ., 3p), Kr (2s,. . .,
4p) and Xe (3s,. . ., 5p). We display tables of the present total ion-
ization cross sections, probabilities at zero impact parameter, and
impact parameter moments of order 1 and �1. Atomic units are
used throughout this work, except when specifically mentioned.
2. Total ionization cross sections

The total ionization cross section of an electron initially in the
nlm state, due to the interaction with a heavy projectile of charge
ZP (in this work ZP ¼ 1, proton impact) and impact velocity v, is
given by the four-dimension integral

rnlm ¼ ð2pÞ2
v2

Z
d k

! Z
d g

!
Tk! ;nlmðg

!Þ
��� ���2 ð1Þ

where T
k
!
;nlm

ðg!Þ is the transition matrix as a function of the momen-

tum transferred g
!
perpendicular to the incident velocity ~v , and k

!
is

the momentum of the emitted electron. For heavy projectiles such

as protons, the integration over g
!
extends to infinity.

If we are interested in high energy collisions, we can resort to
the first Born approximation. This is a perturbative method valid
at large impact velocities and low projectile charges, with the ini-
tial and final wave functions being the unperturbed ones. The first
Born transition matrix element is given by

TBorn
k! ;nlmðg

!Þ ¼ 1

ð2pÞ3=2
eVPðpÞ

Z
d r

!
u�

k!ðrÞ expði p! : r
!ÞunlmðrÞ: ð2Þ

Here u
k
! (unlm) is the final (initial) continuum (bound) eigenfunc-

tion of the target hamiltonian; eVPðpÞ ¼ � ffiffiffiffiffiffiffiffiffi
2=p

p
ZP=p2 is the Fourier

transform of the projectile-electron Coulomb potential, and

p
! ¼ K

!
i � K

!
f is the momentum transferred, with K

!
i (K

!
f ) being the ini-

tial (final) projectile momentum. The momentum transferred can

also be expressed as p
! ¼ ðg!;pmÞ, with pm being the minimum

momentum transfer along the direction of ~v ;pm ¼ ðef � eiÞ=v , and
ei (ef ) the initial (final) electron energy.

If we are interested in the intermediate energy regime, i.e. pro-
ton energies smaller than 1 MeV, we have to improve the calcula-
tion of the transition matrix. To that end we resort to the rigorous
calculations using the CDW-EIS approximation [23,24]. This model,
initially proposed by Crothers and McCann [26], is one of the most
reliable approximations to deal with calculations of ionization
probabilities in the intermediate to high energy regime [27,28].
Within the CDW-EIS approach the distorted wave functions
include the projectile distortion in the initial and final channels.
The T-matrix element reads

TCDW�EIS
k! ;nlm ðg!Þ ¼ � 1

ð2pÞ3=2
W
!
ðp!Þ � G

!
k! ;nlmðp

!Þ; ð3Þ

with

G
!

k! ;nlmðp
!Þ ¼

Z
d r

! r
!
uk!ðr

!Þ
� ��

ei p! � r! unlmðr
!Þ; ð4Þ
W
!
ðp!Þ ¼ Nn

Z
d r

!

ð2pÞ3=2
Eþ
v!ðr!Þ e�i p! � r! r! F��

v!ðr!Þ; ð5Þ

Eþ
v!ðr!Þ ¼ exp �in lnðv r þ v

! � r!Þ
h i

; ð6Þ

F�
v!ðr!Þ ¼ 1F1ð�in;1;�iv r � iv

! � r!Þ; ð7Þ
and

Nn ¼ expðn=2ÞCð1þ inÞ; ð8Þ
where n ¼ ZP=v , and 1F1 is the confluent hypergeometric. In our
case, both unlm and u

k
! are numerical solutions of the same Hamil-

tonian, therefore fully orthogonal, then the transition matrix
TCDW�EIS
if does not display prior-post discrepancies.
The initial bound and final continuum radial wave functions

were obtained by using the RADIALF code developed by Salvat
and co-workers [29]. The number of pivots used to solve the
Schrödinger equation rounds a few thousands of points, depending
on the number of oscillations of the continuum. The radial integra-
tion was performed using the cubic spline technique. The number
of angular momenta considered, lmax, varied between 8, at very low
ejected-electron energies, up to 28, at the largest energies consid-
ered. The same number of azimuth angles were required to obtain

the fourfold differential cross section (on k
!
and g

!
). Each total cross

section rnlm in Eq. (1) was calculated using 35 to 199 momentum
transfer values of g to determine a doubly differential cross section,
28 fixed electron angles and around 40 electron energies

(E ¼ k2=2), depending on the projectile impact energy.
In the Tables 1–3 we report our results for proton impact total

ionization cross sections of Ne, Ar, Kr, and Xe. CDW-EIS values are
displayed for impact energies 0.1–1 MeV, and the first Born
approximation for 1–10 MeV. A comparison between them is pos-
sible at 1 MeV. In all these cases we show separately the contribu-
tions of the different nlm initial states, raging from the valence
shell to two deeper shells.
3. Inner-shell ionization

The total ionization cross sections are determined mainly by the
outer target shells. The CDW-EIS and first Born approximation
proved to be effective in the description of these total cross sec-
tions, as shown in [23]. However, the cross sections for highly ion-
ized targets strongly depend on the inner-shell contributions due
to Auger cascade processes. I.e. the ionization of the K-shell of Ar,
the L-shell of Kr and the M-shell of Xe are very important to
describe the triple to sextuple ionization cross sections at hight
impact energies) [25,12].

We test the theoretical values displayed in Tables 1–3, in Figs. 1–
4 by comparingwith the experimental data available (only available
for theKandL-shells) andwith the ECPSSRvaluesobtainedusing the
ISICS11 code by Cipolla [30] (we take note of the comments by Smit
and Lapicki [31] about this code). To our knowledge, no measure-
ments have been reported for the M-shell ionization of Kr and Xe,
or the N-shell ionization of Xe by proton impact.

The K-shell ionization cross section displayed in Fig. 1 shows
good agreement with the data. Note that for proton impact energy
above 700 keV, the multiple ionization of Ne is sensitive to the K-
shell ionization. It contributes directly to multiple ionization via
single ionization of one K-shell electron followed by post-
collisional electron emission via Auger processes. Similar impor-
tance has the L-shell of Ar displayed in Fig. 2. For this shell we
include in Fig. 2 the proton impact data compiled by Miranda
and Lapicki [1], and the deuteron impact data by Watson and



Table 1
Total ionization cross sections rnlm of the different sub-shells of Neon and Argon by impact of (0.1–10 MeV) protons. The cross sections for the different nlm sub-shells are given
by Eq. (1), calculated with the CDW-EIS, Eq. (3), for impact energies 0.1–1 MeV; and with the first Born, Eq. (2), for impact energies 1–10 MeV. To save space, throughout these
tables the subindex n replaces the 10n factor. Units: the energy is in MeV and the cross sections in atomic units.

Ne

CDW-EIS Born

E 0.1 0.2 0.3 0.4 0.5 0.7 1 1 2 3 5 7 10

r2p1 8:17�1 7:96�1 6:86�1 5:95�1 5:25�1 4:26�1 3:36�1 3:41�1 2:04�1 1:49�1 9:93�2 7:55�2 5:63�2

r2p0 8:79�1 9:03�1 7:72�1 6:59�1 5:71�1 4:52�1 3:46�1 3:44�1 1:99�1 1:43�1 9:35�2 7:09�2 5:19�2

r2s 2:49�1 2:86�1 2:40�1 2:00�1 1:69�1 1:30�1 9:62�2 9:46�2 5:30�2 3:74�2 2:40�2 1:78�2 1:30�2

r1s 2:04�5 1:44�4 3:29�4 5:20�4 6:99�4 9:92�4 1:29�3 1:34�3 1:58�3 1:50�3 1:25�3 1:04�3 8:35�4

Ar

CDW-EIS Born

E 0.1 0.2 0.3 0.4 0.5 0.7 1 1 2 3 5 7 10

r3p1 2.86 2.31 1.84 1.53 1.32 1.08 7.85�1 7.98�1 4.54�1 3.24�1 2.21�1 1.56�1 1.16�1

r3p0 3.52 2.68 2.04 1.65 1.38 1.10 7.79�1 7.85�1 4.32�1 3.04�1 1.94�1 1.52�1 1.05�1

r3s 6.62�1 5.09�1 3.77�1 2.98�1 2.47�1 1.85�1 1.35�1 1.36�1 7.27�2 5.01�2 3.16�2 2.28�2 1.66�2

r2p1 2.73�3 7.71�3 1.11�2 1.32�2 1.44�2 1.54�2 1.51�2 1.61�2 1.24�2 9.96�3 7.33�3 5.71�3 4.41�3

r2p0 2.14�3 6.98�3 1.18�2 1.41�2 1.58�2 1.73�2 1.73�2 1.71�2 1.36�2 1.08�2 7.68�3 5.98�3 4.53�3

r2s 1.16�3 4.91�3 7.49�3 8.93�3 9.69�3 1.01�2 9.69�3 1.04�2 7.40�3 5.67�3 3.91�3 3.01�3 2.27�3

r1s 2.08�8 3.52�7 1.41�6 3.35�6 6.07�6 1.33�5 2.62�5 2.73�5 6.86�5 9.58�5 1.20�4 1.24�4 1.19�4

Table 2
Total ionization cross sections rnlm of Krypton L, M and N shells by 0.1–10 MeV protons. Explanation as in Table 1.

Kr

CDW-EIS Born

E 0.1 0.2 0.3 0.4 0.5 0.7 1 1 2 3 5 7 10

r4p1 3.36 2.51 1.94 1.58 1.35 1.04 7.77�1 8.01�1 4.38�1 3.09�1 1.98�1 1.47�1 1.07�1

r4p0 4.48 2.91 2.12 1.76 1.38 1.03 7.53�1 7.70�1 4.24�1 2.95�1 1.79�1 1.32�1 9.52�2

r4s 9.92�1 7.03�1 5.09�1 3.96�1 3.24�1 2.38�1 1.70�1 1.71�1 8.80�2 5.95�2 3.63�2 2.62�2 1.88�2

r3d2 1.98�2 3.53�2 4.20�2 4.45�2 4.50�2 4.37�2 4.01�2 4.25�2 3.07�2 2.43�2 1.75�2 1.39�2 1.08�2

r3d1 2.42�2 4.13�2 4.85�2 5.14�2 5.20�2 5.04�2 4.59�2 4.65�2 3.31�2 2.57�2 1.80�2 1.40�2 1.06�2

r3d0 2.65�2 4.81�2 5.65�2 5.88�2 5.86�2 5.54�2 4.93�2 4.79�2 3.37�2 2.61�2 1.80�2 1.39�2 1.05�2

r3p1 3.36�3 9.02�3 1.24�2 1.42�2 1.50�2 1.52�2 1.41�2 1.51�2 1.04�2 7.96�3 5.48�3 4.23�3 3.19�3

r3p0 3.38�3 9.92�3 1.48�2 1.70�2 1.77�2 1.74�2 1.59�2 1.63�2 1.13�2 8.46�3 5.65�3 4.28�3 3.16�3

r3s 1.40�3 5.63�3 8.22�3 9.44�3 1.00�2 1.02�2 9.62�3 1.03�2 7.10�3 5.38�3 3.65�3 2.79�3 2.09�3

r2p1 5.88�7 7.13�6 2.28�5 4.59�5 7.36�5 1.33�4 2.14�4 2.31�4 3.71�4 4.13�4 4.13�4 3.80�4 3.31�4

r2p0 1.80�6 1.16�5 2.72�5 4.59�5 6.54�5 1.03�4 1.58�4 1.80�4 3.28�4 4.00�4 4.33�4 4.12�4 3.64�4

r2s 2.74�7 1.40�6 7.86�6 2.21�5 4.30�5 9.70�5 1.83�4 1.90�4 3.38�4 3.73�4 3.50�4 3.09�4 2.56�4

Table 3
Total ionization cross sections rnlm of Xenon M, N and O shells by 0.1–10 MeV protons. Explanation as in Table 1.

Xe

CDW-EIS Born

E 0.1 0.2 0.3 0.4 0.5 0.7 1 1 2 3 5 7 10

r5p1 5.09 3.52 2.67 2.16 1.82 1.40 1.05 1.06 5.91�1 4.18�1 2.68�1 2.08�1 1.46�1

r5p0 6.46 4.07 2.93 2.29 1.89 1.41 1.03 1.03 5.53�1 3.85�1 2.42�1 1.80�1 1.29�1

r5s 1.72 1.05 7.37�1 5.67�1 4.61�1 3.36�1 2.39�1 2.39�1 1.22�1 8.23�2 5.00�2 3.60�2 2.54�2

r4d2 1.80�1 2.35�1 2.33�1 2.20�1 2.06�1 1.79�1 1.50�1 1.55�1 9.96�2 7.52�2 5.17�2 3.99�2 3.03�2

r4d1 2.12�1 2.77�1 2.72�1 2.54�1 2.35�1 2.00�1 1.63�1 1.67�1 1.03�1 7.59�2 5.08�2 3.87�2 2.90�2

r4d0 2.16�1 3.01�1 2.99�1 2.77�1 2.53�1 2.12�1 1.70�1 1.72�1 1.04�1 7.59�2 5.03�2 3.81�2 2.83�2

r4p1 1.67�2 2.77�2 2.99�2 2.96�2 2.84�2 2.54�2 2.12�2 2.21�2 1.37�2 1.00�2 6.65�3 5.02�3 3.71�3

r4p0 1.33�2 3.67�2 4.21�2 3.99�2 3.65�2 3.05�2 2.46�2 2.49�2 1.45�2 1.02�2 6.44�3 4.73�3 3.39�3

r4s 9.35�3 1.92�2 1.98�2 1.93�2 1.86�2 1.71�2 1.48�2 1.51�2 9.48�3 6.96�3 4.60�3 3.47�3 2.56�3

r3d2 6.01�5 3.14�4 6.33�4 9.33�4 1.19�3 1.57�3 1.89�3 2.00�3 2.20�3 2.09�3 1.78�3 1.54�3 1.28�3

r3d1 7.22�5 2.59�4 4.64�4 6.62�4 8.53�4 1.22�3 1.68�3 1.83�3 2.31�3 2.30�3 2.00�3 1.71�3 1.40�3

r3d0 7.46�5 2.62�4 4.32�4 5.94�4 7.67�4 1.12�3 1.56�3 1.73�3 2.34�3 2.36�3 2.08�3 1.78�3 1.44�3

r3p1 6.23�6 7.72�5 2.37�4 4.40�4 6.48�4 9.99�4 1.31�3 1.27�3 1.42�3 1.30�3 1.04�3 8.53�4 6.76�4

r3p0 1.73�5 9.49�5 2.02�4 3.31�4 4.63�4 7.04�4 1.03�3 1.08�3 1.42�3 1.38�3 1.14�3 9.39�4 7.36�4

r3s 3.37�6 2.55�5 1.13�4 2.53�4 4.17�4 7.38�4 1.06�3 9.86�4 1.14�3 1.04�3 8.14�4 6.60�4 5.15�4
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Toburen [44]. For the ionization of Ar K-shell the agreement with
the experiments and the ECPSSR is very good. For L-shell ioniza-
tion, our description differs from the ECPSSR one, while the exper-
imental data seems to be in between both curves.

Perhaps the most interesting feature is displayed in Fig. 3 for Kr.
For L-shell ionization the agreement of the present results with the
measurements by Winters et al. [36] and Czuchlewski et al. [37],
and with the ECPSSR is very good. However, for M-shell ionization
the situation is different: we got a clear discrepancy with the
ECPSSR results [30] and no experimental data is available. Present
M-shell ionization probabilities of Kr have already been employed
in multiple ionization calculations with very good agreement with



Fig. 1. K-shell ionization cross section of Ne by proton impact. Curves: solid line,
present results displayed in Table 1; dashed line, ECPSSR [17,30]. Symbols:
experimental data by Rodbro et al. [32], Cocke et al. [33], Golden et al. [34], and
Stolterfoht et al. [35].

Fig. 2. K and L-shell ionization cross sections of Ar by proton impact. Curves: solid
line, present results displayed in Table 1; dashed line, ECPSSR [17,30]. Symbols: K-
shell experimental data by Winters et al. [36], and by Czuchlewski et al. [37]; L-shell
experimental data by Ariyasinghe et al. [38], Schiwietz et al. [39], Maeda et al. [40],
Stolterfoht et al. [41], Rudd [42], Crooks and Rudd [43], and Watson and Toburen
[44] (deuteron impact).

Fig. 3. L and M-shell ionization cross sections of Kr by proton impact. Curves: solid
line, present results displayed in Table 2; dashed line, ECPSSR. Symbols: exper-
imental data for L-shell ionization by Winters et al. [36], and by Czuchlewski et al.
[37].

Fig. 4. M and N-shell ionization cross sections of Xe by proton impact. Curves: solid
line, present results displayed in Table 3; dashed line, ECPSSR.
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the experimental data [9,25]. In triple and quadruple ionization of
Kr at high energies the M-shell ionization plays a mayor role due to
single ionization followed by Auger emission of 2 or more elec-
trons. This is also a test of the present results validity.

Finally, in Fig. 4 we display the M and N-shell ionization cross
sections of Xe. Good agreement with ECPSSR is observed for the
M-shell ionization at high energies, and a clear difference below
500 keV. The M-shell of Xe is very important in quintuple and sex-
tuple ionization above 1 MeV [25,12], which is the region where
both calculations agree well.

4. Ionization probabilities as a function of the impact parameter

The transition amplitude a
k
!
;nlm

ðb
!
Þ as a function of the impact

parameter b
!
is defined with the help of the bi-dimensional Fourier

transform
ak! ;nlmðb
!
Þ ¼

Z
d g

! expði b
!
� g!Þ

2p
Tk! ;nlmðg

!Þ: ð9Þ

with the probability being P
k
!
;nlm

ðb
!
Þ ¼ a

k
!
;nlm

ðb
!
Þ

����
����2. To solve Eq. (9)

we expanded

Tk! ;nlmðg
!Þ ¼

XM
l¼�M

il
expðil ugÞffiffiffiffiffiffiffi

2p
p T ðlÞ

k! ;nlmðgÞ: ð10Þ

where g
! ¼ g;ug

n o
. We integrated numerically the T-matrix ele-

ments for different angular momentum and added them appropri-
ately. To be consistent, the maximum value M was considered to
be the maximum angular momenta used to solve the Schrödinger

equation. Special care should be taken to obtain TðlÞ
k
!
;nlm

ðgÞ (see

details in [9]). For practical purposes all these TðlÞ
k
!
;nlm

ðgÞ values were

stored in a large table of ð2� 8þ 1Þ to (2� 28þ 1Þ values of l,
around 70 values of g, 28 electron angles X, and between 33 to
45 values of E, which are available upon request.
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Afterwards, Eq. (9) can be written as

ak! ;nlmðb
!
Þ ¼

XM
l¼�M

il
expðil ugÞffiffiffiffiffiffiffi

2p
p aðlÞk! ;nlmðbÞ; ð11Þ

with

aðlÞk! ;nlmðbÞ ¼ i�l
Z 1

0
dg g Jlðb gÞ TðlÞ

k! ;nlmðgÞ; ð12Þ

and with Jlðb gÞ being the cylindrical Bessel function. Then the total
ionization probability as a function of the impact parameter is
obtained after integrating in the ejection electron space
Table 4
Ionization probabilities at zero impact parameter, Pnlmðb ¼ 0Þ, of Neon and Argon different
and they were calculated with the CDW-EIS approximation for impact energies 0.1–1 MeV
throughout these tables the subindex n replaces the 10n factor.

Ne

CDW-EIS

E 0.1 0.2 0.3 0.4 0.5 0.7 1

2p1 8.50�2 8.17�2 6.97�2 5.98�2 5.20�2 4.11�2 3.10
2p0 2.19�1 1.92�1 1.51�1 1.23�1 1.02�1 7.60�2 5.38
2s 3.97�2 4.47�2 4.27�2 3.97�2 3.67�2 3.18�2 2.62
1s 6.78�4 3.15�3 5.81�3 7.87�3 9.47�3 1.13�2 1.22

Ar

CDW-EIS

E 0.1 0.2 0.3 0.4 0.5 0.7 1

3p1 9.51�2 6.78�2 5.21�2 4.23�2 3.56�2 2.72�2 2.02
3p0 2.85�1 1.77�1 1.28�1 1.01�1 8.38�2 6.25�2 4.52
3s 5.67�2 5.92�2 4.99�2 4.11�2 3.44�2 2.57�2 1.87
2p1 4.02�3 1.09�2 1.47�2 1.64�2 1.71�2 1.71�2 1.57
2p0 8.58�3 3.02�2 4.51�2 5.36�2 5.72�2 5.73�2 5.12
2s 3.83�3 1.08�2 1.26�2 1.22�2 1.12�2 9.34�3 7.96
1s 8.15�6 7.81�5 2.21�4 4.09�4 6.29�4 1.12�3 1.80

Table 5
Ionization probabilities at zero impact parameter, Pnlmðb ¼ 0Þ, of Krypton M and N shells

CDW-EIS

E 0.1 0.2 0.3 0.4 0.5 0.7 1

4p1 1.04�1 6.64�2 4.88�2 3.86�2 3.19�2 2.38�2 1
4p0 3.57�1 1.89�1 1.32�1 1.02�1 8.22�2 5.91�2 4
4s 5.62�2 6.31�2 4.99�2 3.98�2 3.29�2 2.48�2 1
3d2 1.31�2 2.06�2 2.29�2 2.32�2 2.24�2 2.03�2 1
3d1 2.50�2 4.16�2 4.66�2 4.67�2 4.48�2 3.97�2 3
3d0 4.67�2 8.28�2 9.40�2 9.46�2 9.07�2 7.88�2 6
3p1 2.94�3 5.69�3 6.65�3 6.77�3 6.58�3 6.01�3 5
3p0 9.69�3 2.44�2 3.15�2 3.24�2 3.04�2 2.50�2 1
3s 2.53�3 6.50�3 7.52�3 7.30�3 7.16�3 7.46�3 8

Table 6
Ionization probabilities at zero impact parameter, Pnlmðb ¼ 0Þ, of Xenon N and O shells by

CDW-EIS

E 0.1 0.2 0.3 0.4 0.5 0.7 1

5p1 9.85�2 6.71�2 4.91�2 3.85�2 3.17�2 2.34�2 1
5p0 3.56�1 2.19�1 1.48�1 1.08�1 8.49�2 5.97�2 4
5s 9.14�2 5.46�2 4.16�2 3.54�2 3.12�2 2.48�2 1
4d2 3.70�2 3.48�2 2.95�2 2.53�2 2.21�2 1.77�2 1
4d1 1.09�1 9.76�2 7.55�2 6.00�2 4.90�2 3.53�2 2
4d0 2.02�1 1.96�1 1.59�1 1.24�1 9.88�2 6.83�2 4
4p1 5.08�3 7.47�3 7.32�3 6.88�3 6.53�3 6.02�3 5
4p0 2.32�2 3.96�2 3.65�2 3.10�2 2.69�2 2.25�2 2
4s 5.46�3 8.71�3 9.12�3 9.87�3 1.04�2 1.07�2 8
Pnlmðb
!
Þ ¼ 1

2p
XM

m¼�M

Z
d k

!
aðlÞk! ;nlmðbÞ
��� ���2: ð13Þ

It is always convenient to re-calculate the total cross section as

rnlm ¼ R
d b

!
Pnlmðb

!
Þ to check the procedure.

These impact parameter dependent probabilities are very
important because they are the seeds to get the different multiple
ionization ones by introducing them in the multinomial expansion
[6,8]. For multiple processes the probability at small impact
parameters is very important. In Tables 4–6 we display the geo-
metrical factor Pnlmð0Þ for the four rare gases, considering the dif-
ferent sub-shells and impact energies.
sub-shells by 0.1–10 MeV protons. The ionization probabilities are given by Eq. (13),
, and with the first Born approximation for impact energies 1–10 MeV. To save space,

Born

1 2 3 5 7 10

�2 3.40�2 1.75�2 1.18�2 7.06�3 5.03�3 3.51�3

�2 5.80�2 2.73�2 1.77�2 1.02�2 7.17�3 4.94�3

�2 2.63�2 1.60�2 1.14�2 7.11�3 5.15�3 3.63�3

�2 1.28�2 1.18�2 1.01�2 7.32�3 5.60�3 4.09�3

Born

1 2 3 5 7 10

�2 2.09�2 1.12�2 7.62�3 4.66�3 3.36�3 2.36�3

�2 4.53�2 2.32�2 1.54�2 9.16�3 6.49�3 4.55�3

�2 1.93�2 1.03�2 7.08�3 4.41�3 3.21�3 2.27�3

�2 1.60�2 1.08�2 7.96�3 5.17�3 3.81�3 2.70�3

�2 4.56�2 2.74�2 1.87�2 1.10�2 7.65�3 5.19�3

�3 8.42�3 7.27�3 6.46�3 5.00�3 3.98�3 3.01�3

�3 1.91�3 3.23�3 3.68�3 3.76�3 3.58�3 3.11�3

by 0.1–10 MeV protons. Explanation as in Table 4.

Kr

Born

1 2 3 5 7 10

.72�2 1.74�2 9.08�3 6.17�3 3.77�3 2.72�3 1.92�3

.10�2 4.11�2 2.03�2 1.36�2 8.19�3 5.86�3 4.12�3

.84�2 1.84�2 1.01�2 6.90�3 4.21�3 3.04�3 2.15�3

.73�2 1.79�2 1.11�2 7.99�3 5.11�3 3.75�3 2.67�3

.25�2 3.13�2 1.82�2 1.25�2 7.45�3 5.25�3 3.61�3

.24�2 5.57�2 2.94�2 1.93�2 1.10�2 7.60�3 5.15�3

.33�3 5.49�3 4.40�3 3.70�3 2.82�3 2.27�3 1.75�3

.88�2 1.64�2 1.22�2 1.05�2 7.89�3 6.13�3 4.51�3

.23�3 8.67�3 6.32�3 4.55�3 2.86�3 2.13�3 1.59�3

0.1–10 MeV protons. Explanation as in Table 4.

Xe

Born

1 2 3 5 7 10

.69�2 1.70�2 8.86�3 6.02�3 3.68�3 2.66�3 1.88�3

.19�2 4.23�2 2.12�2 1.41�2 8.65�3 6.06�3 4.16�3

.87�2 1.86�2 9.89�3 6.81�3 4.20�3 3.02�3 2.12�3

.36�2 1.39�2 8.14�3 5.83�3 3.75�3 2.78�3 2.00�3

.48�2 2.40�2 1.31�2 9.26�3 5.84�3 4.24�3 2.99�3

.54�2 4.03�2 2.32�2 1.73�2 1.11�2 8.00�3 5.47�3

.46�3 5.64�3 4.03�3 3.11�3 2.16�3 1.68�3 1.27�3

.11�2 2.10�2 1.30�2 8.74�3 5.30�3 3.91�3 2.85�3

.99�3 7.74�3 4.79�3 3.79�3 2.66�3 2.01�3 1.45�3



Table 8
Impact parameter moment b�1

nlm

D E
, given by Eq. (14), for proton in Ne and Ar using the CDW

mean radius of each sub-shell, rnlh i�1, given in Table 7. To save space, throughout these ta

CDW-EIS

E 0.1 0.2 0.3 0.4 0.5 0.7 1

2p1 9.15�1 9.17�1 9.08�1 8.95�1 8.82�1 8.57�1 8
2p0 1.34 1.23 1.18 1.15 1.11 1.07 1
2s 1.19 1.17 1.20 1.23 1.25 1.29 1
1s 2.78 2.26 2.02 1.86 1.76 1.60 1

CDW-EIS

E 0.1 0.2 0.3 0.4 0.5 0.7 1

3p1 1.02 9.76�1 9.48�1 9.25�1 9.05�1 8.76�1 8
3p0 1.39 1.29 1.24 1.20 1.17 1.13 1
3s 1.37 1.48 1.55 1.57 1.58 1.59 1
2p1 1.60 1.45 1.37 1.31 1.26 1.21 1
2p0 2.27 2.32 2.21 2.13 2.06 1.94 1
2s 2.29 1.90 1.68 1.53 1.43 1.31 1
1s 3.38 3.17 2.81 2.58 2.44 2.22 2

Table 7
Mean radii rnlh i of the atomic nl sub-shells of Ne, Ar, Kr and Xe (in atomic units).

Ne Ar Kr Xe

r2p
� 	 ¼ 0:9653 r3p

� 	 ¼ 1:6629 r4p
� 	 ¼ 1:9516 r5p

� 	 ¼ 2:3380
r2sh i ¼ 0:8921 r3sh i ¼ 1:4222 r4sh i ¼ 1:6294 r5sh i ¼ 1:9810
r1sh i ¼ 0:1576 r2p

� 	 ¼ 0:3753 r3dh i ¼ 0:5509 r4dh i ¼ 0:8704
r2sh i ¼ 0:4123 r3p

� 	 ¼ 0:5426 r4p
� 	 ¼ 0:7770

r1sh i ¼ 0:0861 r3sh i ¼ 0:5378 r4sh i ¼ 0:7453

Table 9
Impact parameter moment b�1

nlm

D E
, given by Eq. (14), for proton in Kr using the CDW-EIS

CDW-EIS

E 0.1 0.2 0.3 0.4 0.5 0.7 1

4p1 1.15 1.09 1.06 1.03 1.01 9.83�1 9.53�
4p0 1.62 1.48 1.42 1.38 1.35 1.31 1.26
4s 1.35 1.50 1.55 1.58 1.59 1.61 1.63
3d2 1.46 1.31 1.24 1.20 1.17 1.12 1.08
3d1 1.77 1.69 1.62 1.55 1.49 1.41 1.33
3d0 2.14 2.10 2.04 1.97 1.90 1.79 1.65
3p1 1.74 1.51 1.38 1.29 1.24 1.18 1.15
3p0 2.72 2.50 2.34 2.22 2.10 1.93 1.76
3s 2.29 1.90 1.70 1.56 1.49 1.44 1.46

Table 10
Impact parameter moment b�1

nlm

D E
, given by Eq. (14), for proton in Xenon using the CDW-

CDW-EIS

E 0.1 0.2 0.3 0.4 0.5 0.7 1

5p1 1.15 1.11 1.07 1.05 1.03 9.99�1 9.68�
5p0 1.62 1.55 1.49 1.44 1.40 1.35 1.30
5s 1.48 1.51 1.55 1.59 1.62 1.65 1.68
4d2 1.29 1.14 1.08 1.03 1.00 9.60�1 9.18�
4d1 1.83 1.56 1.41 1.32 1.25 1.17 1.09
4d0 2.35 1.97 1.78 1.64 1.54 1.40 1.28
4p1 1.64 1.51 1.41 1.35 1.32 1.30 1.31
4p0 3.02 2.44 2.23 2.12 2.05 2.00 2.05
4s 1.98 1.79 1.71 1.69 1.69 1.73 1.73
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5. Impact parameter moments

The impact parameter moments concerning each sub-shell ion-
ization are very interesting parameters of the collision. They are
defined as

bJ
nlm

D E
¼ 1
rnlm

Z
d b

!
Pnlmðb

!
Þ b

rnlh i
� �J

: ð14Þ

To bring these moments to unity, we have normalized to rnlh i,
the mean radius of the initial atomic state as given in Table 7.
-EIS and the first Born approximations. The values are normalized to the inverse of the
bles the subindex n replaces the 10n factor. The energy is expressed in MeV.

Ne

Born

1 2 3 5 7 10

.26�1 8.36�1 7.58�1 7.16�1 6.65�1 6.35�1 6.05�1

.01 1.02 8.97�1 8.37�1 7.68�1 7.29�1 6.91�1

.31 1.32 1.31 1.29 1.25 1.23 1.19

.45 1.46 1.28 1.20 1.12 1.06 1.01

Ar

Born

1 2 3 5 7 10

.45�1 8.53�1 7.90�1 7.60�1 7.22�1 7.03�1 6.85�1

.08 1.08 9.93�1 9.50�1 9.00�1 8.75�1 8.56�1

.59 1.60 1.58 1.56 1.53 1.51 1.48

.16 1.16 1.07 1.02 9.60�1 9.18�1 8.73�1

.80 1.73 1.48 1.36 1.23 1.15 1.08

.25 1.26 1.27 1.29 1.30 1.29 1.27

.02 2.03 1.68 1.53 1.38 1.31 1.23

and the first Born approximations. Explanation as in Table 8.

Kr

Born

1 2 3 5 7 10

1 9.47�1 8.88�1 8.55�1 8.15�1 7.91�1 7.68�1

1.25 1.16 1.12 1.06 1.03 9.99�1

1.62 1.63 1.63 1.62 1.62 1.61
1.07 9.92�1 9.43�1 8.81�1 8.40�1 7.99�1

1.30 1.17 1.09 9.99�1 9.44�1 8.89�1

1.57 1.34 1.23 1.11 1.04 9.75�1

1.15 1.15 1.15 1.16 1.15 1.14
1.69 1.64 1.65 1.66 1.64 1.61
1.44 1.45 1.44 1.41 1.39 1.36

EIS and the first Born approximations. Explanation as in Table 8.

Xe

Born

1 2 3 5 7 10

1 9.72�1 9.13�1 8.84�1 8.52�1 8.36�1 8.21�1

1.31 1.22 1.18 1.15 1.12 1.10
1.68 1.70 1.71 1.70 1.70 1.69

1 9.22�1 8.46�1 8.04�1 7.54�1 7.22�1 6.90�1

1.08 9.75�1 9.20�1 8.56�1 8.16�1 7.76�1

1.25 1.12 1.06 9.83�1 9.33�1 8.82�1

1.32 1.35 1.36 1.36 1.35 1.34
2.02 2.06 2.04 2.00 1.98 1.95
1.65 1.63 1.64 1.62 1.60 1.57



Table 11
Impact parameter moment b1

nlm

D E
for proton in Neon and Argon using the CDW-EIS and the first Born approximations. Explanation as in Table 8.

Ne

CDW-EIS Born

E 0.1 0.2 0.3 0.4 0.5 0.7 1 1 2 3 5 7 10

2p1 1.85 1.91 2.00 2.09 2.17 2.33 2.53 2.53 3.06 3.44 4.03 4.49 5.05
2p0 1.42 1.58 1.69 1.80 1.90 2.08 2.31 2.33 2.92 3.35 4.01 4.51 5.11
2s 1.30 1.34 1.35 1.36 1.38 1.41 1.45 1.45 1.59 1.70 1.87 2.01 2.19
1s 6.02�1 7.33�1 8.24�1 9.00�1 9.60�1 1.06 1.18 1.18 1.37 1.47 1.62 1.73 1.86

Ar

CDW-EIS Born

E 0.1 0.2 0.3 0.4 0.5 0.7 1 1 2 3 5 7 10

3p1 1.55 1.67 1.79 1.90 2.00 2.16 2.36 2.35 2.82 3.06 3.46 3.68 3.88
3p0 1.28 1.44 1.58 1.70 1.81 2.00 2.23 2.22 2.74 3.01 3.44 3.66 3.87
3s 1.13 1.10 1.08 1.08 1.08 1.09 1.11 1.10 1.17 1.24 1.34 1.42 1.53
2p1 9.38�1 1.09 1.18 1.25 1.30 1.36 1.43 1.42 1.58 1.70 1.90 2.05 2.25
2p0 7.55�1 7.62�1 8.01�1 8.43�1 8.88�1 9.67�1 1.07 1.08 1.30 1.45 1.68 1.85 2.07
2s 6.96�1 8.39�1 9.50�1 1.03 1.10 1.11 1.23 1.21 1.28 1.32 1.40 1.47 1.55
1s 3.29�1 4.40�1 5.20�1 5.83�1 6.31�1 7.02�1 7.83�1 7.82�1 9.69�1 1.08 1.22 1.30 1.39

Table 12
Impact parameter moment b1

nlm

D E
for proton in Kr using the CDW-EIS and the first Born approximations. Explanation as in Table 8.

Kr

CDW-EIS Born

E 0.1 0.2 0.3 0.4 0.5 0.7 1 1 2 3 5 7 10

4p1 1.38 1.48 1.58 1.66 1.73 1.86 2.01 2.03 2.44 2.74 3.18 3.49 3.84
4p0 1.12 1.27 1.38 1.48 1.56 1.71 1.88 1.91 2.36 2.69 3.18 3.53 3.90
4s 1.10 1.07 1.05 1.04 1.04 1.04 1.04 1.05 1.07 1.09 1.12 1.16 1.20
3d2 1.15 1.31 1.38 1.43 1.47 1.53 1.60 1.64 1.85 2.00 2.25 2.46 2.70
3d1 9.59�1 1.02 1.09 1.16 1.21 1.29 1.39 1.44 1.68 1.86 2.15 2.37 2.64
3d0 8.46�1 8.86�1 9.41�1 9.99�1 1.05 1.15 1.26 1.34 1.62 1.82 2.12 2.35 2.63
3p1 8.33�1 9.85�1 1.09 1.16 1.21 1.26 1.29 1.46 1.54 1.58 1.65 1.71 1.80
3p0 6.43�1 7.03�1 7.41�1 7.78�1 8.18�1 8.90�1 9.64�1 1.19 1.33 1.42 1.55 1.64 1.75
3s 6.69�1 7.99�1 9.01�1 9.80�1 1.03 1.09 1.11 1.09 1.13 1.16 1.21 1.26 1.33

Table 13
Impact parameter moment b1

nlm

D E
for proton in Xe using the CDW-EIS and the first Born approximations. Explanation as in Table 8.

Xe

CDW-EIS Born

E 0.1 0.2 0.3 0.4 0.5 0.7 1 1 2 3 5 7 10

5p1 1.33 1.44 1.53 1.62 1.69 1.81 1.95 1.94 2.25 2.44 2.65 2.77 2.89
5p0 1.09 1.22 1.33 1.43 1.51 1.65 1.81 1.81 2.15 2.35 2.57 2.70 2.81
5s 1.03 1.02 1.01 1.00 1.00 9.99�1 9.99�1 9.93�1 1.01 1.02 1.04 1.06 1.08
4d2 1.17 1.32 1.40 1.47 1.53 1.62 1.74 1.73 2.03 2.26 2.61 2.88 3.20
4d1 9.14�1 1.06 1.17 1.26 1.33 1.45 1.59 1.58 1.92 2.16 2.54 2.83 3.19
4d0 8.01�1 9.48�1 1.05 1.14 1.22 1.35 1.50 1.50 1.86 2.12 2.51 2.81 3.18
4p1 8.20�1 9.22�1 1.01 1.06 1.09 1.11 1.12 1.11 1.14 1.16 1.20 1.23 1.29
4p0 5.81�1 6.80�1 7.27�1 7.64�1 7.93�1 8.32�1 8.48�1 8.52�1 8.77�1 9.02�1 9.55�1 1.00 1.07
4s 7.11�1 7.86�1 8.54�1 9.02�1 9.27�1 9.42�1 9.49�1 9.64�1 9.91�1 1.02 1.07 1.11 1.17
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The impact parameter moments b1
nlm

D E
and b�1

nlm

D E
are impor-

tant values, specially to compare with classical trajectory Monte
Carlo calculations. The classical microcanonical ensamble, usually
used to describe the initial state velocity distribution, has a finite
space dimension. It produces probabilities PðbÞ that falls down
abruptly with increasing impact parameter. Thus, total cross sec-
tions are generally well reproduced at expenses of an enhancement
of the value at the origin, Pðb ¼ 0Þ. The comparison with the pre-

sent ab initio results in two regions: Pð0Þ and b1
nlm

D E
can shed some

light on the reliability of the approach. For these reason in Tables
8–13 we display the CDW-EIS and first Born approximation values
for the impact parameter moments of order �1 and +1 in the ion-
ization of Ne, Ar, Kr and Xe, considering the different sub-shells
and impact proton energies between 100 keV and 10 MeV.

6. Conclusions

In this contribution we present detailed ab initio results con-
cerning the ionization processes of Ne, Ar, Kr, and Xe by proton
impact. The inner-shell ionization cross sections are compared
with the experimental data and with the ECPSSR predictions, when
available. We tabulated the results of total cross sections, probabil-
ities at zero impact parameter, and two impact parameter
moments for ionization, using the CDW-EIS approximation for
energies up to 1 MeV and the first Born approximation for higher
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energies, up to 10 MeV. We have considered all the sub-shells of Ne
and Ar, the L-M-N shells of Kr, and the M-N-O shells of Xe. In this
way we have described the ionization processes through the corre-
sponding cross sections for the different initial bound
sub-shells and the ionization probability through four values:

rnlm, Pnlmð0Þ; b1
nlm

D E
and b�1

nlm

D E
. Imposing these four conditions to

a reasonable trial expression for Pnlmðb
!
Þ one can describe most of

the physics involved, even for multiple ionization processes.
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