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The present work revisits and improves the Shannon entropy approach when applied to the estimation of
an instability timescale for chaotic diffusion in multidimensional Hamiltonian systems. This formulation has
already been proved efficient in deriving the diffusion timescale in 4D symplectic maps and planetary systems,
when the diffusion proceeds along the chaotic layers of the resonance’s web. Herein the technique is used to
estimate the diffusion rate in the Arnold model, i.e., of the motion along the homoclinic tangle of the so-called
guiding resonance for several values of the perturbation parameter such that the overlap of resonances is almost
negligible. Thus differently from the previous studies, the focus is fixed on deriving a local timescale related to
the speed of an Arnold diffusion-like process. The comparison of the current estimates with determinations of
the diffusion time obtained by straightforward numerical integration of the equations of motion reveals a quite

good agreement.

DOI: 10.1103/PhysRevE.00.004100

I. INTRODUCTION

The diffusion time, Tp, is a relevant timescale in dynamical
systems since it drives the evolution of the phase space con-
figuration. For instance, in stable domains the actions do not
experience any evolution at all since the motion is confined
to invariant tori, the action space does not evolve with time,
and thus 7p — o0. On the other hand, in a connected chaotic
region of the phase space, the actions could exhibit large
variations and the finite value of Tp provides the timescale
in which such changes take place.

In near-integrable Hamiltonian systems analytical esti-
mates of 7p could be obtained only when the perturbation
acting onto the integrable part is rather small, and thus their
application is somewhat limited. On the other hand, numerical
determinations of the diffusion time are in general derived un-
der the assumption of a nearly normal diffusion process, that
is, when the variance of the actions scales almost linearly with
time, its rate being proportional to the diffusion coefficient D
and therefore Tp ~ D~'. This approach is largely discussed
and applied to investigate the global diffusion process in many
different dynamical systems, such as in [1-10].

Alternatively, Tp can be computed from straight numerical
simulations, such as the motion time after which the actions
escape from a given domain of phase space as was done
in [11-15]. In this direction, in [14], the diffusion time was
estimated in the Arnold Hamiltonian [16,17] for the motion
along the homoclinic tangle or stochastic layer of the so-
called guiding resonance. The computed values of 7p were
then compared first with the analytical estimates provided by
Chirikov [17] for small values of the parameters, and later on
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a relationship between this timescale, and the Lyapunov time
was investigated for a wide range of parameter values.

It has been shown [18,19] that the assumption of a nearly
normal diffusion process in the Arnold model is not well
sustained, at least for moderate motion times (t < 5 x 10°).
Thus the classical approach of looking at the variance evolu-
tion to derive the diffusion coefficient does not provide good
estimates of the diffusion time. The authors of [19] explored
another way to derive the timescale for diffusion, the Shannon
entropy approach, which afterwards was successfully applied
to different dynamical systems, from multidimensional sym-
plectic maps to multiplanetary dynamics (see [11-13,20]).

All these studies focus on the diffusion in multiplets of
resonances or resonance crossings, so the derived diffusion
time is macroscopical, when the chaotic motion proceeds over
the resonance web. However, reports concerning the use of
this technique to estimate the diffusion speed along a single
resonance are still lacking.

In this effort we review and improve the theoretical formu-
lation of the entropy approach. Later we implement it in the
Arnold model to estimate a nearly local instability timescale
for the diffusion along the stochastic layer of the so-called
guiding resonance (similarly to an Arnold diffusion process)
for different values of the parameters. Finally we compare the
obtained results with those presented in [14] that, as men-
tioned, were obtained by direct numerical integration of the
equations of motion.

This work is organized as follows: in Sec. II the entropy
formulation is revisited and improved; in Sec. III the Arnold
model is briefly discussed; in Sec. IV a single experiment is
presented in order to illustrate the evolution of the entropy and
its associated diffusion coefficient; while in Sec. V a global
numerical experiment for different values of the perturbation
parameter is presented. Finally, in Sec. VI we summarize the
main conclusions of this research.

©2023 American Physical Society
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II. FORMULATION OF THE SHANNON ENTROPY
APPROACH TO DIFFUSION

Here we review and extend the main derivations given
in [12,13,19] regarding the Shannon entropy as an efficient
technique to estimate the diffusion rate in action space of mul-
tidimensional dynamical systems. For a general background
on Shannon entropy we refer to [21-23].

A. Shannon entropy

Let us consider a volume-preserving N-dimensional dy-
namical system of discrete or continuous time defined through
action-angle variables (Iy, ..., Iy, %1,...,0n8), I € R, ¥; €
S. In several problems, the dynamics could be analyzed con-
sidering different pairs of action variables (and their conjugate
angles) such as was shown in [11-13,20]. We focus then on
the dynamics restricted to a given pair, say, (1, ), on the
section S : {8 = ¥), 9, = ¥}

For a given initial condition (7;(0), L(0), 90, ¥7) and a
total motion time 7" a finite trajectory of the system on S,
y ={U1. L), =1,...,N; > 1} leads to a (discrete) dis-
tribution density p,, (/1, I,) definedin G C S. Since N; is finite,
then diam(G) = d is bounded.

Introduce a partition on G, o = {ay, k=1,...,q}, ¢ >
1, a collection of g bidimensional cells that cover G. The
elements a; are assumed to be measurable and disjoint. The
measure of a; is

Ry
My (ar) = / oy, L)dh dl = N (D
ay K
where n is the number of action values (I, I;) of y in the cell
ay.
The entropy of y for the partition « is defined as

q0
Sty a) == () In[py ()]
k=1
1 'l
=1nNS—17Sk§nklnnk, )

where 1 < gog < ¢ denotes the nonempty elements of the par-
tition.

For the given partition and any y, the entropy is always
bounded, 0 < S(y, @) < Ingp. The entropy takes its mini-
mum when y is confined to a single element of o, w(a;) =
1, u(a;) = 0,Vi # j, i.e., motion on a torus, while its maxi-
mum is reached when the nonempty elements have the very
same measure, u(a;) = 1/qo, i.e., ergodic motion.

The estimation of the last sum in (2) is simple if we
assume random motion. Let y" = {({1;, h;) = (II’J, 12’,1), [ =

1,...,Ny; > 1} C S, where Ii’J are random values; then the n;
follow a Poisson distribution with mean value (and variance)
A= N.S/ q0-

If A > 1, the distribution is strongly peaked around n;, = A
so we can write ny = A + &, |&| < A, and since ZO=1 & =
0 due to the normalization condition, then up to O((£;/A)?)

q0 q0

1
2: Inng = Ny InN; — N, 1 —§ 2, 3
2 i In ng n ngo + ™ z & 3)

and the entropy reduces to
9 40
S a)~Ingy— —— Y &L 4
(", o) ¥ Ingo stsz_ljsk “)

By the central limit theorem, Y {*, &2 = goA = N, so (4)
reads

1
S” =Sy a)~1 - —, 5
() =S(y", a) = Ingo N (5)
i.e., for random motion |§” — In go| = O(1/1), and thus
S’(a) ~ Sy =In q0. (6)

For a given strong chaotic trajectory y we assume that the
above approximation partially holds in the sense that the ny
distribution still presents a sharp maximum around n; = A, so
writing again n; = A + £ and introducing 8 such that

ST o 59
DE=B) & B=T
k=1 k=1

the entropy of y results in

N B
S(y,a) =~ Ingo TR (7
If y presents weak correlations, /A < 1 and S(y,a) =
S"(a) =~ Sp.
Let us mention that if G is compact, then the n; distribution
approaches a 8(n; — A) function, so |&;| &~ 1/2 and (see [24])

IS(y, o) —Ingo| ~ (®)

82’

B. Entropy-like diffusion coefficient

As was shown, for a given motion time ¢ < T, the entropy
for chaotic motion can be approximated by S(z) & Ing(t),
where ¢o(¢) denotes the cells visited by y after a time z.
Actually this estimate for the entropy is true provided that
A(t) = Ny(t)/qo(t) > 1 where N,(¢) denotes the number of
intersections with the given section at time z. Thus the approx-
imation for the entropy applies for t > #., where 7. is some
transient time.

The variation of S over a finite but small time interval
At L T reads

At qo(t) At ©
and involves the rate Ago/At in the interval (¢, 1 + At).
Changes in the number of occupied cells in this interval
are due to the diffusion of I}, I, in At, so we introduce the
following assumption: the mean-square displacements of both
I and I, in (¢, t 4+ At) provide a measure of Agy(¢). Denoting
with (All2 (1)) and (Alzz(t)) such displacements we set

Aqo(t) o (AIF (1)) + (AL (1))

Let ¥ be the measure of G (area) where the partition of ¢
cells is defined, then

Aqo(t) ~ L[[AL D)+ (ABO)].

In the interval At we assume that the distribution density
of the action values f; satisfies a 1D diffusion equation of
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the form 9, f; = D,(i)axx fi; where x denotes either /; or I, and
D,(i) the corresponding diffusion coefficient in the interval At.
Thus, in the normal diffusion approximation the mean-square
displacements in each direction satisfy

(AF@®)~ 2DV At, (AI}())~2DP At,  (10)

where D,(i) = DD (t), L(t)) is a local diffusion coeffi-
cient when the trajectory y is restricted to the domain
(1 (1), L(1)) x (I (t + A1), L(r + Ar)), then

Aqo(1) q L a 2
N SASD. D= E(Df '+DP), A1)
and therefore from (9) it turns out that the diffusion coefficient
is related to the time variation of the entropy.
Following the above discussion, an entropy-like diffusion
coefficient in the interval (¢, + At) can be defined as

1 AS
Ds(y,1) == Z;CIO(I)E(I)' (12)

Let L = [T/ At] be the number of intervals where Dgs(y, t) is
computed, then a diffusion coefficient for y can be defined as

1 L
Ds(y) =7 ) Ds(y. 1) = (Ds(y. 1)),

(13)
k=1
or alternatively, Dg(y) := Dy(y, t.).
Finally an instability or diffusion time is given by
A2
Tinst = K—, 14
nst DS ( )

where A? denotes a given mean-square displacement, the
squared distance between the initial and boundary values of
the actions, and K a numerical factor of the order of 1. In-
deed, K should be included since in case of fully anisotropic
diffusion, i.e., when the diffusion proceeds only along one
direction, I, for instance, D, = D,(Z) /2 implying K = 2.

C. Dependence on the partition

This formulation depends on the partition on G. If d =
diam(G) is not known beforehand, take a given domain Gy C
G where dy = diam(Gy) < d is known. Introduce a partition
of g cells in Gy and redefine X as

Y= (I2max - 12min)(11max - Ilmin)a

where Iimax, limin € G \ Go denotes the maximum and mini-
mum values attained by the actions. This is the right procedure
when dealing with symplectic maps where the actions are, in
general, defined on a torus as was discussed in [12,13]. Notice,
however, that this renormalization of ¥ for each trajectory
leads to different sizes of the elements of the partition in action
units.

The selection of g depends on the total number of in-
tersecting points with the section S, N, and on its density
distribution that is determined by the dynamics as discussed
in [12].

For the entropy computation the restriction A = N;/q > 1
allows small values of g, however, we are interested in the
time variation of S where we assume that the nonempty el-
ements of the partition go(¢) grow with time. Thus for the

computation of Dg, g should be large enough such that the
time variation of the entropy is always positive in the case of
unstable chaotic motion, so gy(?) < ¢.

A suitable selection of g could be g = N, with the restric-
tion go(t) < Ny < g. Then the final value of the (normalized)
entropy satisfies

In N

PO |
S%ﬂ
Ing

Ing

<1

~ ’

- N Sq< N5

15)

In the case of a nearly uniform distribution p(f;, L) = po,
Dyg is invariant under a change of the partition. Indeed, if «
is defined through ¢ = m x m elements and & through § =
pm x rm elements with p, r positive rational numbers and
since the definition of Dg in (12) involves ¢y/g, this ratio is
the same for both partitions. On the other hand, the entropy
depends on the partition being their relation

§— n+sS

_In(pr)
1+7’ N

Ing

’

that for small 5 reduces to § &~ S + . If pr > 1, § > S while
S < S whenever pr < 1, but § & S for a wide range of values
of pr and large enough g¢.

In [12] several numerical experiments are shown regarding
the dependence of both S and Dy on the parameters of the
method considering a 4D symplectic map and a multidimen-
sional Hamiltonian system modeling a planar nonrestricted
three-body problem.

III. THE ARNOLD MODEL

Let us consider the Arnold model [16,17], introduced ad
hoc to report the Arnold diffusion. Here we briefly summarize
the discussion given in [14], where it is defined through the
Hamiltonian
H(, L, %, 0,56, 1) = %(112 +122)

+e(cos ¥ — D[1 + uB(,,1)],

B(1¥,t) =sind, + cost, I, € R,
D, 0t €S; eu<Ke<Kl. (16)
For ¢ # 0, u = 0, the Hamiltonian (16) reduces to
Ho(I1, I, ¥1;€) = Hi(I1, ¥1;6) + Hy (D)
=11} + e(cos ¥ — 1) + 115, (17)
and the system has two global integrals,
Hi(I;,91;6) = 1} + e(cos — 1), L =w. (18)

Here H, is a pendulum model for the resonance w; = 0 with
small oscillation frequency w} = &. Following Chirikov, we
refer to this resonance as the guiding resonance.

From (18) the energy level H; = h; = —2¢ corresponds to
the exact resonance or stable equilibrium point at (I}, ¥;) =
(0, r), while ~; = 0 leads to the unstable equilibrium point
at (I1, v) = (0,0) = (0, 27), and of course the same energy
level corresponds to the separatrix.

The guiding resonance w; = 0 has an amplitude ¢, half-
width (Al)" = 2./e, so changes of I; are bounded by |Al;| <
2,/¢ while I, remains constant.
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For ¢ # 0, u # 0 the full system (16) can be rewritten as

H(I, L, 01,00, t;56, 0) = Hy(I1, I, 15 €)+uV (01, 9, 85 8),

wV = eu(sin v, 4+ cost)(cos ¥ — 1),
(19)

where Hy is given by (17) and 9,(¢) = wyt + 193 . Therefore
the full Hamiltonian is a pendulum model for the guiding
resonance w; = 0 and a free rotator of constant frequency
ws, coupled by the perturbation puV (91, ¥, t; ¢) that leads to
further resonances.

Since V depends on ¥, ¥, and ¢, its main effect is to
modify the unperturbed separatrix of the guiding resonance
giving rise to the stochastic layer of finite width, i.e., motion

|
O(ue) : {an

O(e) : {w1 =0}

where O denotes the amplitude of the resonance. Notice that
all the resonances involved in ©V have the same half-width,
(A = /2ue K 24/¢, much smaller than the half-width of
the guiding resonance whenever 1 < €.

The full set of resonances is then a linear combination of
the three involved frequencies

mwy; +mwr +m3 =0, Vmy,my,mz € Z\ {0}, (21)
where w; is the pendulum frequency and w; is, at first order,
constant.

Figure 1 displays the final value of the MEGNO (Mean
Exponential Growth factor of Nearby Orbits) contour plot for
& =0.25, 1 = 0.010 on the section defined by ¥, =, ¥, =
0. White and light gray denote stable motion (periodic or
quasiperiodic), and dark colors indicate highly chaotic dy-
namics. Let us mention that the MEGNO is a fast dynamical
indicator that provides in an efficient way the maximum
Lyapunov characteristic number of an orbit (see, for in-
stance, [25-27] for a general description or [14] for a brief

la

FIG. 1. MEGNO contour plot revealing the actual resonance web
of the Arnold Hamiltonian (19) for ¢ = 0.25, u = 0.010 on the sec-
tionth =, ¥, =0.

=0,

across the layer (in /). On the other hand the dependence of
V on 9, causes changes not only in /; but also in /,, and then
motion along the stochastic layer would proceed. Because the
dynamics inside the layer is highly chaotic, the variation of I,
is also chaotic, giving rise then to a diffusion in I,. Therefore
I, could change without any bound, and an instability could
set up when considering large enough motion times. These are
the main arguments provided by Chirikov [17] to qualitatively
explain the Arnold diffusion, which also included a more
rigorous formulation in terms of the so-called transition chain.

As mentioned, in the Hamiltonian (19), w; = 0 is just one
of the six first-order resonances. Using simple trigonometric
relations in the expression of uV, the set of primary reso-
nances is

0)1:|:a)2=0 a)1:|:1=0}, (20)

(

explanation). The contour plot includes a grid of 1000 x 1000
initial values of (I;, I,) in the range || < 1.5, || < 2.15.

The figure illustrates the guiding resonance, w; = 0, whose
center appear at I} =0, its stochastic layer centered at
|I;| = 2/e = 1, all the primary resonances given in (20) of
half-width 2,/e;x = 0.1 as well as many other high-order
resonances of the form (21).

In all the numerical experiments presented in this work the
integrations were carried out with a Runge-Kutta 7/8th-order
integrator, the so-called DOPRIS routine [28,29], where the
local tolerance was set to 10713,

IV. ILLUSTRATIVE EXAMPLE

This section includes numerical experiments concerning
the entropy approach in order to show the temporal evolution
of both S(¢) and Dg(¢) as well as other relevant parameters
for a given orbit in the Arnold model. To this end we con-
sider ¢ = 0.25, u = 0.010, the same values of the parameters
adopted to produce Fig. 1, and take an ensemble of 7, random
initial values of the actions of size 10~ centered at the chaotic
layer of the guiding resonance, I;(0) = 2/¢ = 1, L(0) = w,,
while the angles are all fixed to #,(0) = m, 9,(0) = 0.

Figure 2 shows the diffusion along the chaotic layer of the
guiding resonance in the Arnold model for a small ensemble
of n, =400 centered at [;(0) = 1, w, = 0.01/3 represented
as a green point, on the section (or slice) | — 7| + || <
0.02 after a motion time 4 x 10°. Since only the intersec-
tions with this section are considered, an ensemble of initial
conditions is required in order to get large enough values of
intersecting points Nj.

The figure reveals that for |/;]| < 1 the density distribution
is nearly continuous, while for |I;] > 1, i.e., at large times,
the distribution reveals its discrete character. For the adopted
values of the parameter model and motion time, the diffusion
spreads along the homoclinic tangle of the guiding resonance
up to || = 1.5, and just a few intersecting points appear
on the chaotic layers of the resonances w; = w, and some
other high-order resonances. If instead a larger value of u is
considered, the diffusion is not confined to the layer of the
resonance w; = 0 but spreads over the nearby ones.
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Iy

Iy

FIG. 2. Aninitial ensemble indicated as a green point is followed
onto the MEGNO contour plot for € = 0.25, © = 0.010; white and
light gray denote stable motion, and black indicates strong chaotic
dynamics. The concomitant trajectories for the initial ensemble that
intersect the section |, — | + || < 0.02 are depicted in red.

We set as G the region where the diffusion takes place,
(h,h) e (—1.5,1.5) x (—2.4,2.4), which defines X, the
measure (area) of G. If the diffusion spreads beyond this
domain, the orbital points are discarded.

In G a partition of g = 500 x 500 elements is introduced,
and then the time evolution of the entropy is computed as
well as Dg(y,t) given in (12). For the determination of the
entropy variation, the interval At =4 x 10* is adopted, so
L = [T/At] = 100. In this numerical experiment two differ-
ent values of n, are taken, n, = 400, 800 in order to see any
dependence of this approach on Nj.

Figure 3 (left) displays the time evolution of the mean
value, A(t) = Ny(t)/qo(t), for both values of n,. After a tran-
sient time of about 5 x 10°, A(¢) increases almost linearly
with time rather slowly. The changes in A(#) are small, about
A)L ~ 5, 10 for n, = 400, 800 respectively over a time span
larger than 3 x 10°. Notice that A(t) does not attain quite
large values, 2 < A(¢) < 8 for n, = 400, while in the case of
n, = 800, 4 < A(t) < 15. This result suggests that in (13) the
average should be computed over 1 < kg < k < L.

The initial bump in X is due to a change in the diffusion
rate. At early times the speed of the diffusion is higher than
in the rest of the time span as Fig. 3 (middle) reveals, where
the evolution of I, starting at I,(0) = 0.01+/3 is drawn. At

t &~ 5 x 10%, || increases to 1 while it takes values below 1.8
for5 x 10° <t < 4 x 10°. The distribution of the I, variables
is presented in the right panel where we observe a nearly
normal distribution, and some departures are observed at both
tails revealing a stickiness effect.

This is an expected behavior since, as discussed in [14,17],
the diffusion along the layer could be described by a time-
dependent whisker-like map whenever the parameters are
small. Recall that the whisker map models the motion across
the stochastic layer of a nonlinear resonance (in the direction
of 1) of width ws; ~ p and where its central region of size
~wj, /4 around the unperturbed separatrix looks ergodic, while
the external one exhibits stability domains due to resonances
of the map as Fig. 3 (middle) shows for the larger values of
|Ib|. These stability islands are responsible of the stickiness
observed in Fig. 3 (right).

In this numerical example the initial ensemble is taken
around the unperturbed separatrix and 1>(0) = 0, so the diffu-
sion at small times is fast, close to free, but at larger times the
motion proceeds close to the borders of the layer where the
resonances lead to phase correlations that reduce or prevent
the free diffusion, and in this direction Chirikov introduced a
reduction factor, of the order of the relative size of the central
region of the chaotic layer (R &~ 1/4), in order to take into
account somehow this fact (see [14,17]).

Figure 4 (left) shows the results of S@), So(t) =
In go(¢)/ In g corresponding to the given initial ensemble and
both values of n,. Notice that in any case the entropy shows
a logarithmic trend and 1I8(t) — So(t)| ~ 0.035 for 1 > 1, ~
5 x 10°, consistent with the estimate (7).

For instance, in the case of n, = 400, the final value of the
entropy is So ~ 0.75 and N,(T) ~ 6.5 x 10, so from (15) we
observe that this choice of ¢ satisfies such a condition.

On the other hand, Fig. 4 (right) displays the evolution of
Dy(t) also for n, = 400800 revealing a weak dependence of
the entropy diffusion coefficient with Ny(¢), and both approach
an asymptotic value close to 1 x 1077, and for t > 10° the
change in D,(¢) is, at most, about a factor 4 over a time span
3 x 10°. At short times Dg takes larger values in the region
where the diffusion is fast, as expected. The irregularities in
Dy are due to the computation of AS/At sampled at At = 4 x
10* whose amplitude decreases with time. In this particular
example, since the diffusion is almost 1D, the value of D;(t)
displayed in the figure is taken as half of the one given in (12).

In order to get an independent rough estimate of the diffu-
sion rate, the ensemble variance over the n, = 400 values of

2
15

1k

n, =400 A5
2
np = 800

n, =400

500 n, = 800

400

300

N(lp)

200

100

1x108 2x10° ax10° 4x108 1x10°
t

4x10°® -1 0.5 0 0.5 1
|2

FIG. 3. Left: Evolution of the mean value A(t) = N,(t)/qo(t) for both values of n,. Middle: Evolution of I, for n,, = 800. Right: Distribution

of the I, values binned in 150 intervals.
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I, is computed at every ¢ as

I‘ll,

1
var(t) = — 3 [b(t) = hO)”.

P k=1

(22)

Also the variance over the section |, — | 4+ || < 0.02 is
calculated, defined as

nm

var,(t)) = ni 3 [E0@) - 0],

L=

(23)

where #; = [At and n; denotes the number of intersecting
points at times t; € (¢;—1, #;].

Figure 5 (left) shows the time evolution of the two vari-
ances revealing a similar trend; howeyver, it is not linear along
the whole time span. A least-square fit in the range [0, 4 X
109] of a power law var,(t) = Dt?leadsto b ~ 0.68, D ~ 2 x
10~ showing an anomalous diffusion process with a large
value of D, at least for the motion time considered. Certainly
correlations due to the presence of stability domains in the
external region of the stochastic layer lead to a subnormal

ens
0.6 ]
sec

05 e |
0.4 | e 1

03 o |

Var (l,)

02| 1

0.1 vy 4

2x108 3x108 4x10°8

t

0 1x10°

diffusion. In contrast, at short motion times both var,, varg
expose the nearly free diffusion already discussed, while at
t ~ 10° the change in the diffusion regime is observed. An
effective diffusion coefficient, in the sense of (14), to estimate
an instability timescale over the full time span would lead to
DYt~ 12 x 1077,

Therefore we proceed in a different way to estimate D. In
Fig. 5 (right) four linear fits to var, of the form var.(¢) =
2Dt + a are performed leading to D~ 1.4 x 1077 in the
range [0, 8 x 10°], D~ 8 x 10~%in (8 x 10°,2 x 10°], D ~
5.4 x 1073 in (2 x 10°, 3 x 10%], while in the interval (3 x
10%,4 x 10*], D ~ 4.5 x 1078, These values of D agree, in
order of magnitude, with those of Dg shown in Fig. 4 for
n, = 400.

Thus the anomalous diffusion observed in the whole time
span could be well approximated by a nearly normal diffusion
process at different time intervals. In terms of the dynamics of
the systems this is clear; as has been already discussed, during
some time interval (§¢;) the motion takes place in a region of
the phase space where correlations are negligible, and then it
proceeds almost freely. But in a subsequent time interval (81,)

0.6 | ,
05 f e 1
/.v”'y
04 ‘-'ﬁw‘*'i,«ww B
ol
#I’J
1x10° 2x108 3x108 4x10°8

t

FIG. 5. Evolution of var, and var, for e = 0.25, u = 0.010, n, = 400. Left: Fit of the form var,(t) = Dt? is included in blue with b ~ 0.68
and D ~ 107>, Right: Four different linear fits to var, are performed in the ranges [0, 8 x 10°] in black, (8 x 10°,2 x 10°] in sky blue,

(2 x 10°%, 3 x 10°] in magenta, and [3 x 10°, 4 x 10°] in green.
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FIG. 6. Left: Diffusion and instability time in blue and red, respectively, in logarithmic scale for ¢ = 0.25, 0.0005 < p < 0.08. Right:

Zoom for 0.0005 < u < 0.02.

the diffusion rate would be governed by the dynamical objects
present in this new domain that could, for instance, diminish
the diffusion rate.

Therefore, if we are interested in the mean diffusion rate
over the whole time interval, the average of Dg(¢) as given in
(13) should be considered, while if the long-range diffusion is
the relevant feature, its final value (or its average over the last
time intervals) should be adopted in the computation of Tiyg.

V. COMPUTATION OF THE DIFFUSION TIMESCALE

To determine the instability time we perform similar
numerical experiments as before with n, =400, [;(0) ~
2/¢, L(0) = w, = 0.014/3, G defined by (I;, 1) € (—1.5,
1.5) x (—2.4,2.4), ¢ =500 x 500, T =4 x 10°, and At =
4 x 10*. Finally, Ty, given by (14) is taken as the average
over the L values but discarding the first five ones in order to
reduce any noise in the computation of Dy introduced by the
relatively small value of X as Fig. 4 (right) shows.

In [14] a diffusion time along the stochastic layer of
the guiding resonance is defined as the required motion
time for a small ensemble around 7;(0), /,(0) on the sec-
tion ¥ = m, ¥ = 0 to reach L(Tp) = L(0) £ 5, where § ~
O(1). Therefore in (14) the mean-square displacement should
be taken as A ~ §.

We adopt § = 0.5 following [14], where the motivation
of setting this particular value is discussed in detail. Briefly
we are interested in the diffusion along the chaotic layer of
the guiding resonance, and, such as Fig. 1 illustrates, for
|| > 0.5 a resonance crossing occurs (between the guiding
and w, = £w; resonances). Thus the diffusion could proceed
over a different resonance set, and then the computed value of
the instability time would be largely affected by the dynamics
in the resonance junction.

In the above mentioned work it was shown that the relevant
parameter in the Arnold model is u, so we take only one
value of ¢, ¢ =0.25, and pu will be taken in such a way
that the resonance overlap is almost negligible, in the range
0.0005 < © < 0.080 with step 0.0015, below the theoretical
expected one for a first-order resonance overlap at this value

of €. Indeed, in [14] it was shown that the theoretical critical
value of (¢ = 0.25) for an overlap of the guiding resonance
with the resonance w; = %1 is about 0.1, but numerically it
turns out to be smaller.

Regarding the parameter K, as mentioned, it is introduced
in order to take into account the diffusion spread in the ac-
tion space. Accordingly to the above discussion it would be
expected that for small p the motion takes place essentially
in I, so we set K =2 for u < 0.010 while K =1 for & >
0.010 since the diffusion proceed in both directions; see, for
instance, Fig. 4 (right) in [14] for ¢ = 0.25 and p© = 0.025.

Figure 6 shows the results of T, for the given values of ¢
and pu, and, for comparison, the results given in [14] for the
diffusion time, 7p, obtained by direct numerical integration of
the equations of motion are included. For the smaller values
of u, Ip ~ 4 x 10°, similar to the total motion time, and thus
the diffusion is slow enough such that the motion along the
layer does not reach the prescribed bound (|| ~ 0.5). For
0.0007 < 1 <£0.010 the computed diffusion time (defined
as the average over the ensemble) could be overestimated
because some of the n, trajectories could not exceed || ~ 0.5
leading then to an increase of the ensemble average.

On the other hand, for u < 0.0035, T, reaches much
larger values than the considered motion time revealing that,
for this range of u values, the speed of the diffusion is quite
slow as expected, while for 0.0035 < u < 0.0107j, takes
values larger than 10°, close to those of Tp.

Meanwhile for u = 0.01, Tp decreases up to u ~ 0.06,
and for the largest values of this parameter it reaches a nearly
constant value about T =~ 4.5 x 10*. Notice that several fluc-
tuations appear, for instance, around p = 0.05, ATp ~ 2 x
10* while Tj, presents a rather smooth behavior over the
full range of w, but in any case for u > 0.005, the agree-
ment between both estimations of the diffusion time is quite
remarkable.

VI. DISCUSSION

The Shannon entropy approach has been shown to be
an efficient technique to display the local dynamics of a
multidimensional system as well as to provide an accurate
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estimate of the diffusion speed. Both its theoretical formu-
lation and its computation are quite simple. Numerically, it
requires a counting box scheme while integrating the equa-
tions of motion of the system for a given ensemble of initial
conditions. In fact, the computational effort is similar to the
one to estimate the diffusion coefficient through the evolution
of the action’s variances. Nevertheless, the entropy approach
provides much better results, since as Fig. 5 (left) reveals, the
diffusion is not normal, at least for moderate motion times,
so the estimation of the instability time through the variance
evolution leads to poor results.

The entropy-like diffusion coefficient is almost indepen-
dent of the transport process, since the assumption behind its
definition is a normal diffusion behavior in short time inter-
vals with different values of the local diffusion coefficient, as
is illustrated in Fig. 5 (right). Finally Dg could be taken as its
corresponding value in the last interval or that obtained as the
average over the full range.

The numerical results here presented reveal a good agree-
ment between the diffusion or instability time obtained in the
Arnold model in comparison with the one computed by direct
integration of the equations of motion. Moreover, for small
values of u the straight simulations reveal that 7p saturates
to the total motion time while Tj,y takes much larger values
providing the expected diffusion time.

This report introduces insights concerning the use of the
entropy-like approach to determine the speed of the diffusion

along the chaotic layer of a single resonance, an instability
process close to Arnold diffusion for small enough p.

In previous successful applications of this tool such as
in 4D symplectic maps or Hamiltonian systems that model
multiplanetary dynamics, the involved parameters were kept
fixed, only the location of the initial ensemble was changed
so the dynamical model remains unchanged. Here instead the
instability time is estimated for a wide range of values of u for
the same location of the initial ensemble. Then the dynamical
model drastically changes from the smaller to the larger values
of the perturbation parameter.

Summing up, the results here presented together with those
already mentioned allow us to conclude that this approach
would be very useful to derive the timescale of instabilities
in very different dynamical systems.
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