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Abstract: A detailed, comprehensive mathematical model
for bulk polymerization of styrene using multifunctional
initiators – both linear and cyclic – in a batch reactor was
developed. The model is based on a kinetic mechanism
that considers thermal initiation and chemical initiation
by sequential decomposition of labile groups, propaga-
tion, transfer to monomer, termination by combination
and re-initiation reactions due to undecomposed labile
groups. The model predicts the evolution of global reac-
tion variables (e.g, concentration of reagents, products,
radical species and labile groups) as well as the evolution
of the detailed complete polymer molecular weight dis-
tributions, with polymer species characterized by chain
length and number of undecomposed labile groups. The
mathematical model was adjusted and validated using
experimental data for various peroxide-type multifunc-
tional initiators: diethyl ketone triperoxide (DEKTP, cyclic
trifunctional), pinacolone diperoxide (PDP, cyclic bifunc-
tional) and 1,1-bis(tert-butylperoxy)cyclohexane (L331,
linear bifunctional). The model very adequately predicts
polymerization rates and complete molecular weight dis-
tributions. The model is used to theoretically evaluate the
influence of initiator structure and functionality as well
as reaction conditions.

Keywords: polystyrene, multifunctional initiators,
kinetics, mathematical model

1 Introduction

Polystyrene (PS) is a widely used thermoplastic, mainly
produced by a bulk process involving the free-radical poly-
merization of styrene (St) in the presence of a chemical
initiator (Scheirs and Priddy 2003).

A typical monofunctional initiator for a free-radical
polymerization process contains one labile group (e.g.
peroxide group), which generates radicals upon decom-
position, chemically initiating the polymerization reac-
tion. With this type of initiator, it has been proven
difficult to achieve an appropriate balance between resi-
dence times, polymerization rates, molecular weights
and polydispersities, while also maintaining high conver-
sions – the latter in order to maximize process productiv-
ity and minimize residual monomer concentration in the
product (Yoon and Choi 1992; Gonzalez, Meira, and Oliva
1996; Scheirs and Priddy 2003). In recent decades, the
use of multifunctional initiators (i.e. molecules contain-
ing more than one radical-generating labile group)
provided a solution to the former problem. This type of
initiator allows obtaining both high reaction rates and
molecular weights, while also enhancing final properties
of the product (Choi and Lei 1987; Kim and Choi 1989;
Villalobos, Hamielec, and Wood 1991; Estenoz et al. 1996;
Cavin et al. 2000). This improvement was attributed to
the existence of additional radical-generating reactions
given by the rupture of undecomposed labile groups,
which are disseminated in the growing and temporarily
dead polymer chains. These species can be involved in
further initiation, propagation, chain transfer and termi-
nation reactions during the course of polymerization,
leading to high average molecular weights. This behavior
is usually attributed to the sequential rupture of the
initiator molecule (Kim and Choi 1989). This and other
works have theoretically studied the synthesis of PS with
bifunctional initiators and developed mathematical mod-
els to predict the reacting species concentrations and the
molecular structure of the obtained polymer in the course
of the polymerization reaction. Kuchanov, Ivanova, and
Ivanchev (1976) studied different mono-, bi-, and trifunc-
tional peroxide-type initiators of similar structures at a
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constant peroxide concentration and found similar poly-
merization rates that were independent of the initiator
employed, provided the peroxide groups have a similar
thermal stability. In Ivanov, Kuchanov, and Ivanchev
(1977), a statistical model was proposed for polymeriza-
tion using multifunctional initiators. A few years later,
Choi and Lei (1987) and Kim and Choi (1989) developed
detailed kinetic models for the bulk styrene homopoly-
merization with symmetrical and asymmetrical diperox-
yester initiators. They showed that at high temperatures,
it is possible to obtain both high reaction rates and
molecular weights with relatively narrow molecular
weight distributions (MWDs). Villalobos, Hamielec, and
Wood (1991) theoretically and experimentally investi-
gated the polymerization of St with bifunctional initiators
2,5-di-methyl-2,5-bis(2-ethylhexanol peroxy) hexane
(Lupersol-256, L-256), 1,1-di(t-butyl peroxy) cyclohexane
(Lupersol-331-80B), and 1,4-bis(t-butyl peroxycarbo) cyclo-
hexane (D-162). Compared to the standard monofunctional
case, bifunctional initiators exhibited a reduction in poly-
merization time of up to 75% without substantial changes
in the final product properties. Both considerably high
reaction rates and molecular weights were observed.

The majority of experimental and modeling works
involved bifunctional initiators, specifically in the poly-
merization of St. Works involving experimental studies
and modeling of polymerization systems using initiators
with functionalities greater than two in free radical poly-
merization are less numerous (Cerna et al. 2002; Scorah,
Dhib, and Penlidis 2006; Galhardo, Magalhães Bonassi
Machado, and Ferrareso Lona 2012; Sheng et al. 2004).
Cerna et al. (2002) experimentally studied the bulk
polymerization of styrene using initiators with different
functionalities (monofunctional, bifunctional, and tri-
functional initiators). In Scorah, Dhib, and Penlidis
(2006), the bulk polymerization of St and methyl metha-
crylate in the presence of the tetrafunctional initiator
polyether poly(t-butyl peroxycarbonate) (JWEB50) was
experimentally and theoretically studied. The developed
model allowed the calculation of global variables such
as monomer conversion, average molecular weights, and
average polymer structure; and was validated with
experimental results. Works comparing monofunctional
with bifunctional initiators can also be found in the
literature (Gonzalez, Meira, and Oliva 1996; Yoon and
Choi 1992; Choi and Lei 1987; Kim and Choi 1989; Cavin
et al. 2000) as well as works employing mixtures of
mono- and bifunctional initiators (Gonzalez, Meira, and
Oliva 1996).

With respect to initiator structure, it was observed that
the use of cyclic multifunctional initiators (e.g..: triperoxide

cyclohexanone (CHTP), diethylketone triperoxide (DEKTP),
acetone triperoxide (ATP), cyclohexanone diperoxide
(CHDP) and pinacolone diperoxide (PDP)) in polymeriza-
tion reactions represents a promising alternative (Sheng
et al. 2004; Castañeda Facio 2007; Berkenwald et al. 2013;
Berkenwald et al. 2015). Sheng et al. (2004) experimentally
studied the use of the cyclic trifunctional initiator
3,6,9-triethyl-3,6,9-trimethyl-1,4,7-triperoxonane in the
bulk polymerization of St. The results also showed that it
is possible to produce polymers with higher molecular
weights and lower polydispersities at a higher rate. The
obtained PS had remaining “O-O” bonds in the molecular
chains. In Berkenwald et al. (2013), the use of diethyl
ketone triperoxide (DEKTP), a cyclic trifunctional peroxide
initiator, in the bulk polymerization of St was experimen-
tally and theoretically studied. A mathematical model was
developed to predict the evolution of the reacting species
concentration, monomer conversion, and detailed polymer
molecular structure. In this study, initiation by DEKTP at
120–130°C yielded polymers with high molecular weights,
depending on the DEKTP concentration at relatively short
polymerization times. The authors also studied the bulk
polymerization of styrene using DEKTP at higher tempera-
tures (150–200°C) (Berkenwald et al. 2015) Experimental
and theoretical results are consistent with a total rupture
of the initiator molecule at these higher temperatures,
resulting in lower average molecular weights. The working
temperature zone of technological interest for the use of a
multifunctional initiator is therefore that where initiator
decomposition is mostly sequential.

With respect to the theoretical determination of the
detailed molecular structure of PS obtained in the bulk
polymerization of St using multifunctional initiators, rela-
tively few works are available in the literature, due to
complexity of the polymerization system and the high
calculation times involved in detailed species distribu-
tions. When considering cyclic multifunctional initiators,
multi-radical species may be generated and the polymer
species will have undecomposed peroxide groups within
their chains. Their position inside the chain should be
estimated in order to evaluate the effect of the re-initia-
tion reactions on the molecular weight distribution.
Mathematical models based on moment equations can
adequately predict the obtained average molecular
weights, but fail to evaluate the full molecular weight
distribution (MWD) (Scorah, Dhib, and Penlidis 2006).
If the mathematical models were used for simulating
the complete industrial polymerization process, it is of
importance that the detailed polymer MWD be simulated
due to its effect on quality variables such as oligomer
content, mechanical properties and processing properties
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(Seavey et al. 2003). In addition, the mathematical mod-
els involving multifunctional initiators are limited to spe-
cific cases, in terms of initiator functionality and
structure (Gonzalez, Meira, and Oliva 1996; Yoon and
Choi 1992; Choi and Lei 1987; Kim and Choi 1989; Cavin
et al. 2000; Sheng et al. 2004; Scorah, Dhib, and Penlidis
2006; Berkenwald et al. 2013; Berkenwald et al. 2015).
These models cannot be readily applied to initiators with
other functionalities or structures, where more complex
kinetics may be involved.

This work is the first attempt to develop a compre-
hensive mathematical model for a bulk styrene polymer-
ization system initiated by multifunctional initiators. An
advantageous feature of this model is that it allows the
estimation of the evolution of the detailed MWD of each
polymer species, and full information about the molecu-
lar structure of the obtained product. Additionally, this
model is a comprehensive model, in the sense that it can
be used to simulate any mono- or multifunctional initia-
tor, either linear or cyclic. The model was adjusted and
validated using new experimental results for the bulk
polymerization of St using different peroxide initiators
in a batch reactor. The model is then used to theoretically
study the use of multifunctional initiators and the effect
of process conditions on polymerization rate and product
quality.

2 Experimental work

The experimental work consisted on the synthesis and
characterization of the organic peroxide PDP and isother-
mal batch bulk polymerizations of St using the multi-
functional initiators PDP and L331 at 0.01 mol/L. The
experimental data for bulk polymerization of styrene
using the trifunctional cyclic initiator DEKTP were taken
from our previous work (Berkenwald et al. 2013). The
selected polymerization temperatures are such that initia-
tor decomposition is mostly sequential (Cerna et al. 2002;
Casteñeda Facio 2007).

2.1 Reagents

Styrene (St, 99%) was provided by Sigma-Aldrich and
it was purified by vacuum distillation over sodium
before use. 1,1-Bis(tert-butylperoxy)cyclohexane (Luperox-
331M80) was supplied by Arkema and it was used as
received. Ammonium chloride (NH4Cl, ≥ 99.5%), 3-penta-
none ( ≥ 99%), 3,3-dimethyl-2-butanone (98%), sodium sul-
fate anhydrous (Na2SO4, ≥ 99%), petroleum ether (ACS

reagent), methanol (99.8%) and tetrahydrofuran (THF,
≥ 99%) were supplied by Sigma-Aldrich and they were
used without extra purification. Sulfuric acid (H2SO4,
98%) and hydrogen peroxide (H2O2, 50%) were purchased
from J. T. Baker and they were used as received.

2.2 Synthesis of PDP

Pinacolone diperoxide (PDP) was obtained according to
a method reported in the literature (Castañeda Facio
2007). 50 mmol of 3,3-dimethyl-2-butanone were dripped
into a stirred mixture of H2O2 (56 mmol) and H2SO4 (195
mmol) at –15 to –20°C. After 3 hours of reaction, the
mixture was extracted with petroleum ether (3 × 25 mL).
The organic layer was freed of H2O2 by washing with a
saturated solution of NH4Cl (3 × 10 mL) and with water
(3 × 10 mL). The organic layer was dried over Na2SO4 for
24 hours. The solution was filtered and the product
was isolated by solvent evaporation. The obtained
white solid was recrystallized twice from methanol
and its purity was confirmed by nuclear magnetic reso-
nance (NMR).

2.3 Polymerization reactions

A metal polymerization reactor was filled with 900 mL of
St, and initiator was added in order to reach 0.01 mol/L
for all initiators. The reaction mixture was de-gassed and
blanketed with nitrogen and the reactor was heated to the
selected temperature with a heating coil containing flow-
ing hot oil. The peroxide initiators employed and reaction
conditions are summarized in Table 1. Note that polymer-
izations using DEKTP were taken from Berkenwald et al.
(2013) The reaction temperature was monitored and con-
trolled using a 4842 PID controller and an air-cooling
system in order to keep the temperature at the desired
value. The stirring rate was 50 rpm. Samples were taken
along the reaction using a sampling valve located at the
bottom of the reaction vessel. The samples were then
dissolved in 10 times their volume of toluene under
agitation.

2.4 Analytical techniques

Cyclic peroxide initiator PDP was characterized by 1H
and 13C NMR using a JEOL Eclipse-300 MHz spectro-
meter. CDCl3 was used as solvent and analyses were
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performed at room temperature. The resulting NMR
spectra are presented in Figure 1.

Polymers were isolated from the samples by precipita-
tion in methanol and filtration. Conversion was determined
by gravimetric analysis from the weights of the samples
and the weight of the filtered, dry polymer.

Molecular weights of polymer samples were deter-
mined by size exclusion chromatography (SEC) at 40°C
using a Hewlett-Packard instrument (HPLC series 1100)
equipped with UV light and refractive index detectors. A
series of three PLGel columns at porosities of 103, 105,
and 106 Å was used. Calibration was carried out with PS

standards and THF (HPLC grade) was used as eluent at a
flow rate of 1 mL/min.

2.5 Experimental results

The results for conversion and averagemolecular weights of
the experiments of Table 1 are presented in Figure 2.
Experimental results for themolecular weights distributions
at the end of polymerization are presented in Figure 3.

The experimental results show that polymerizations
rates are higher for PDP than for DEKTP at equivalent

Figure 1: NMR Spectra for Synthetized PDP: A) 1H NMR B) 13C NMR.

Table 1: Multifunctional initiators and reaction conditions.

Initiator (. mol/L) Temperature (°C)

Name IUPAC Name Initiator type Chemical structure

Diethyl ketone triperoxide (DEKTP) ,,,,,-hexaethyl-
,,,,,-hexaoxacyclononane

Cyclic trifunctional O O

O

OO

O

Et

Et

Et

Et

Et Et





Pinacolone diperoxide (PDP) ,-ditertbutyl-,-dimethyl-
,,,-tetraoxacyclohexane

Cyclic bifunctional

O O

O O

CH3C(H3C)3

CH3 C(CH3)3 



Luperox-M (L) ,-Bis(tert-butylperoxy)cyclohexane Linear bifunctional O O

O O

t-Bu

t-Bu
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reaction temperature and initial initiator concentration.
Further, initiation by L331 provides a higher initial
polymerization rate than the one for PDP at the same
temperature of 110°C. As expected, increasing the
reaction temperature increases the initial polymeriza-
tion rate.

It is observed that PDP initiation provides a greater
initial Rp compared to DEKTP, indicating that the perox-
ide groups in PDP are less stable than those of DEKTP.
The stability of peroxide groups inside the initiator mole-
cules has been theoretically investigated using molecular

simulations, which have shown that several stable
conformers exist for DEKTP, while only two are stable
in the case of PDP (Delgado Rodríguez et al. 2014).
Similarly, the peroxide groups in L331 would be less
stable than those in PDP. As regards the molecular
weights, it can be seen that higher molecular weights
are obtained when using DEKTP with respect to PDP
and L331. This can be attributed to a higher stability –
and lower decomposition rate – of peroxide groups in
cyclic initiators, as well as the presence of di-radicals in
the reaction system.

A)

B)

C)

Figure 2: Conversion and Average Molecular Weights as functions of time for A) DEKTP, B) PDP and C) L331.
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3 Mathematical model

3.1 Polymerization model

Themathematical model is based on the kinetic mechanism
presented in Table 2, which includes initiation via a symme-
trical cyclic or linear multifunctional initiator, thermal
initiation, propagation, transfer to the monomer, combina-
tion termination and re-initiation. The following nomencla-
ture was used:

IðϕÞ Cyclic multifunctional initiator with ϕ
undecomposed peroxide groups.

�IðϕÞ Linear multifunctional initiator with ϕ
undecomposed peroxide groups.

�I�ðiÞ Initiator diradical with i undecomposed peroxide
groups.

I�ðiÞ Initiator monoradical with i undecomposed
peroxide groups.

�S1�ðiÞ Monomer diradical with i undecomposed peroxide
groups.

S1�ðiÞ Monomer monoradical with i undecomposed
peroxide groups.

Sn�ðiÞ PS monoradical of chain length n containing i
undecomposed peroxide groups.

�Sn�ðiÞ PS diradical of chain length n containing i
undecomposed peroxide groups.

Sn
ðiÞ Polymer with n repetitive units of St and i

undecomposed peroxide groups.

The following was considered: (i) at the temperatures
employed, the initiator decomposition was due exclusively
to sequential decomposition (Villalobos, Hamielec, and
Wood 1991; Cerna et al. 2002; Castañeda Facio 2007);
(ii) intra-molecular termination is negligible (Estenoz et al.
1996); (iii) disproportion termination is negligible (Duerksen
and Hamielec 2007); (iv) all peroxide groups present in the
initiator and in the accumulated polymer exhibited the same
thermal stability Estenoz et al. 1996); (v) because of the short
lifetime of radicals, the decomposition of undecomposed
peroxide groups does not occur in radical molecules
(Estenoz et al. 1996); (vi) propagation and transfer reactions
are unaffected by the chain length or conversion (Estenoz et
al. 1996); (vii) degradation reactions are negligible (Hui and
Hamielec 1972).

Figure 3: Experimental and theoretical MWDs for A) DEKTP,
T= 130 °C, B) PDP, T= 120 °C, C) L331, T= 116 °C.

Table 2: Adopted kinetic mechanism.

Initiation (ϕ= 1, 2, 3; i <ϕ)
Thermal initiation
3St �!ki0 2S1�ð0Þ
Chemical initiation
IðϕÞ �!ϕkd1 � I�ðϕ− 1Þ
�I
ðϕÞ �!ϕkd1 I�ðiÞ
�I�ðiÞ +St �!2ki1 � S1�ðiÞ
I�ðiÞ +St �!ki1 S1�ðiÞ
Propagation (n= 1, 2, 3, ...; i =0, 1, 2...)
Sn�ðiÞ +St �!

kp
Sn+ 1�ðiÞ

�Sn�ðiÞ +St �!
2kp � Sn+ 1�ðiÞ

Transfer (n= 1, 2, 3, ...; i =0, 1, 2...)
Sn�ðiÞ +St �!

kfM
Sn

ðiÞ +S1�ð0Þ
�Sn�ðiÞ +St �!

2kfM
Sn�ðiÞ +S1�ð0Þ

Re-initiation
(n, l=2, 3, ...; m= 1, 2, ..., n− 1; i = 1, 2, ...; j =0, 1, 2, ..., i − 1)
Sn

ðiÞ �!ikd2 Sn−m�ði − j − 1Þ +Sm�ðjÞ
Combination Termination (n,m= 1, 2, 3, ...; i, j =0, 1, 2...)
�Sn�ðiÞ + � Sm�ðjÞ �!4ktc � Sn+m�ði + jÞ
�Sn�ðiÞ +Sm�ðjÞ �!2ktc Sn+m�ði + jÞ
Sn�ðiÞ +Sm�ðjÞ �!ktc Sn+m

ði + jÞ
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Note the following:
(1) when two mono-radicals with i and j undecom-

posed peroxide groups terminate, the formed polymer
will contain i + j undecomposed peroxide groups; (2)
with a cyclic trifunctional initiator, di-radicals only have
an even number of peroxide groups, as they are generated
only by propagation of the initiator di-radical (with only
two peroxide groups) and by the combination termination
of other di-radicals, all of which have an even number of
peroxide groups; (3) re-initiation involves the decomposi-
tion of a peroxide group within a polymer chain with un-
decomposed peroxide groups, which generates two mono-
radicals capable of further growth. Because of the mole-
cular structure of the initiator molecules considered, only
linear di-radicals and mono-radicals and linear polymer
chains can be formed in the reaction system.

At temperatures of 110–130°C, peroxide groups in the
initiators considered in this work decompose sequen-
tially, and thus polymeric species containing undecom-
posed peroxide groups are generated. Said species can
further decompose during the course of polymerization,
adding to the complexity of the polymerization mechan-
ism. Both the radical and polymer chain length distribu-
tions are modified by the rupture of one of these peroxide
groups. Even though the values for the average molecular
weights could be obtained by a moments-based mathe-
matical model, a more detailed model is required in order
to simulate the evolution of the full MWD.

A first-order, bi-dimensional, non-linear polymeriza-
tion model was developed from the kinetic mechanism
detailed in Table 2. The model consists of a set of non-
linear differential equations, which are derived from the
mass balances for the reacting species (see Appendix),
including the living radical species, dead and temporarily
dead polymer species for all kinetic chain lengths and
number of undecomposed peroxide groups.

The mathematical model consists of three modules:
– The Basic Module (Appendix A), which allows the

prediction of global chemical species evolution
along the reaction (total mono-radicals and di-radi-
cals, total polymer).

– The Moments Module (Appendix B), consisting of
equations for the evolution of the 0th, 1st and 2nd
moments of the reacting species chain length distri-
butions. Said moments can be used to estimate the
evolution of average molecular weights during the
course of polymerization.

– The Distributions Module (Appendix C), which
simulates the evolution of all chemical species,
characterized by their chain length and number of
undecomposed peroxide groups. The equations

estimate the evolution of the complete MWD of
each radical and polymer species. In order to con-
sider the effect of re-initiation reactions in the
MWDs, polymer chains were assumed to have uni-
formly distributed peroxide groups. A random-
chain scission can be simulated with a uniformly
distributed random variable. The uniform peroxide
group distribution hypothesis is expected to be
valid for cyclic initiators and for linear initiators
with functionalities greater than two.

The proposed model considers an ideal cooling/heating
system, which allows the polymerization temperature to
be set at a specific value. However, the effect of tempera-
ture on reaction kinetics is considered through the use of
Arrhenius expressions for the kinetic parameters. The gel
effect was indirectly considered by appropriately redu-
cing the value of the termination kinetic coefficient with
increasing conversion (Hui and Hamielec 1972)

The Basic Module can be solved independently from
the other two, and for its resolution, eqs (1)–(4), (7), (8),
and (20)–(22) must be simultaneously solved. For predict-
ing polymer molecular structure, the Moments Module or
alternatively the Distributions Modules can be solved
using the results from the Basic Module, in order to
estimate the average molecular weights or the detailed
MWD of the polymer species, respectively.

The Basic and Moments modules are solved by standard
stiff differential equation numerical methods based on a
second-order modified Rosenbrock formula, programmed in
MATLAB v. 8.3. In the Distributions Module, a large number
of equations (>500,000) must be integrated. For this reason,
an explicit forward Euler method was used, with the time
intervals obtained from resolution of the basic module. A
typical simulation requires less than 1 s for the Basic
Module, 1 min for the Moments Module and about 5 min for
the distributionmodule with an Intel Core i5 based processor
at 2.40 GHz. These calculation times are considerably shorter
thanwhat is reportedwith similarmoments-basedmodels for
multifunctional initiators (Maafa, Soares, and Elkamel 2007).

3.2 Simulation results

The model was adjusted using the experimental data in
Figures 2 and 3. Model parameter adjustment was
sequential and consisted of two steps, using least-
squares optimization algorithms. Firstly, kd1, kdp, f1 and
f2 for each initiator were adjusted with the conversion
data. Since all peroxide groups are assumed to have the
thermal stability, kdp = kd1 and it was assumed that
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f1 = f2. Secondly, kfM was adjusted with the average
molecular weight data. The obtained values for the
decomposition constants are in accordance with what
has been reported for the decomposition rates of organic
peroxides (Cerna et al. 2002), and the values for the
transfer constants are within the expected range
reported in the literature (Meyer and Keurentjes 2005).
All other values for the kinetic parameters were taken
from the literature (Hui and Hamielec 1972). Moldel
parameters are presented in Table 3.

Model parameter adjustment yields kd1 (L331) < kd1
(PDP) < kd1 (DEKTP), their differences being of orders of
magnitude, which is in agreement with the experimental
results. The higher value for L331 is related to the higher
initial Rp, as discussed earlier. In addition, simulation
results indicate that, in the case of L331 at 116°C, the
initiator is totally consumed at around 100 min, which
is in agreement with the experimental results, as the
slope of the conversion curve decreases at around 100
min at 116°C. Once the initiator is fully consumed, the
system becomes almost exclusively thermally activated
and the Rp decreases.

As it can be observed in Figures 2 and 3, theoretical and
experimental results are in very good agreement. The differ-
ences in molecular weights are, in all cases, within the
experimental error range (below 10%). Note that the major
differences in molecular weight values occur for the linear
bifunctional initiator L331. The result is expected due to the
uniformperoxide group distribution hypothesis. As an addi-
tional verification, simulations were carried out modifying
the peroxide group distribution for the specific case of a

bifunctional linear initiator, for which all peroxide groups
are located at chain ends (see Appendix C). In this case, as
expected, a broader simulated molecular weight distribu-
tion is obtained, which is in better agreement with the
experimental values.

To confirm the consistency of the different modules,
the following verifications were carried out:
– It was verified that the results from the Basic,

Moments and Distributions Modules were equivalent.
Specifically, it was verified that average molecular
weights calculated with the Moments Module had
the same values as the MWD averages obtained
with the Distributions Modules, conversion calculated
with Distributions Module matched the one calcu-
lated with the Basic Module and that peroxide
group concentrations calculated by the Basic,
Moments and Distributions Modules are equivalent.

– It was verified that, when using the initiator L331 (linear
bifunctional), polymers had a maximum of two unde-
composed peroxide groups. This is because with a
bifunctional linear initiator, polymer species with
more than two peroxide groups are not generated in
the course of polymerization.

Other simulation results using the model are presented in
Figure 3, Figure 4 and Table 4.

Figure 4 shows the evolution of the total polymer
species concentrations as functions of conversion, char-
acterized by the number of (undecomposed) peroxide
groups, as defined by eq. (44). The simulated conditions
correspond to the conditions in Table 1.

Table 3: Kinetic parameters.

Kinetic parameter Units Arrhenius expression References

kd1, kdpðDEKTPÞ s− 1½ � 4.0e− 5440=T Adjusted in this work

kd1, kdpðPDPÞ s− 1½ � 7.0 � 1017e− 19761=T Adjusted in this work

kd1, kdpðL331Þ s− 1½ � 5.0 � 1020e− 21331=T Adjusted in this work

f1, f2ðDEKTPÞ 0.03T − 11.29 Adjusted in this work

f1, f2ðPDPÞ 0.0025T −0.708 Adjusted in this work

f1, f2ðL331Þ 0.0033T − 12.32 Adjusted in this work

ki0
L2

mol2s

� �
2.19 � 105e− 13810T Hui and Hamielec ()

ki1, kp
L

mol s

� �
1.051 � 107e− 3557=T Hui and Hamielec ()

kfM
L

mol s

� �
7.0 � 1010e− 10185=T Adjusted in this work

ktc
L

mol s

� �
1.686 � 109e− ð844=T Þ−2ðC1x +C2x2 + C3x3Þa Hui and Hamielec ()

Note: aC1 = 2.57−0.00505T ; C2 = 9.56−0.0176T ; C3 = − 3.03 + 0.00785T , with x monomer conversion.
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In Figure 4, it can be observed that species containing
different numbers of peroxide groups are generated in the
polymerization system. For these systems, the polymer with-
out peroxide groups is the most abundant polymer species.
These species is mainly generated by thermal initiation of
the monomer.

In the case of the trifunctional cyclic initiator DEKTP
and 130°C, the species with two peroxide groups is the
most abundant peroxide-containing species. This is
because said polymer species is generated mostly by
chemical initiation, and the propagation initiator di-
radical contains two peroxide groups. The polymer
with one peroxide group is generated at around 10%
conversion, since the polymer with two peroxide groups
must decompose in order to generate a growing chain
containing one peroxide group. An analogous reasoning
applies to polymers with a higher number of peroxide
groups. It should be noted that polymers with an even
number of peroxide groups are also generated by termi-
nation between two initiator di-radicals and further pro-
pagation of the generated di-radical (containing an even
number of peroxide groups), accounting for their higher
concentrations in the system. For the peroxide-contain-
ing species, the speed of generation exceeds that of
decomposition, and their concentration increases with
conversion.

In the case of the bifunctional cyclic initiator PDP at
120°C, initiator decomposition generates a growing di-
radical with one undecomposed peroxide group. As the
decomposition rate is higher than for the case of DEKTP,
and the contribution of thermal initiation is lower, a
larger number of peroxide containing species is gener-
ated. In the case of the species with a high number of
peroxide groups (three or four), the rate of decomposi-
tion can exceed the rate of generation, and the polymer
concentration can decrease with increasing conversion.
Before the system reaches full conversion, the polymer
with three peroxide groups is almost fully consumed
and the polymer with four peroxide groups is fully
consumed.

In the case of the linear bifunctional initiator L331 at
116°C, the decomposition rate is highest, and the contri-
bution of thermal initiation is lowest. The polymer con-
taining one peroxide group, generated by propagation of
the initiator radical, is in a larger proportion than the
polymer without peroxide groups at very early stages in
the polymerization. However, due to the decomposition
of the peroxide groups, its concentration eventually
decreases. The polymer with two peroxide groups is
fully consumed before the system reaches full conver-
sion. Due to the linear structure of the initiator molecule,

Figure 4: Evolution of the Polymeric Species for A) DEKTP, T=130 °C,
B) PDP, T=120 °C, C) L331, T=116 °C.

Table 4: Theoretical study of initiator functionality and structure in a
St polymerization process.

Functionality Structure �Rp, 100% × 104

(mol � L− 1 � s− 1)

�Mn × 10− 5

(g/mol)

�Mw × 10− 5

(g/mol)

 Cyclic . . .
 Linear . . .
 Cyclic . . .
 Linear . . .
 Cyclic . . .
 Linear . . .
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polymers with a higher number of peroxide groups are
not generated in this system.

In Figure 3, the MWDs of the most relevant molecular
species, characterized both by chain length and number
of peroxide groups, are presented. As expected, the poly-
mer without peroxide groups is the most abundant spe-
cies at the end of the polymerization for all initiators. As
previously stated, in the case of DEKTP the polymer with
two peroxide groups is the most abundant among these
peroxide-containing species. In the case of PDP, due to
the lower temperature and lower decomposition rate of
the peroxides, a greater number of polymer species con-
taining peroxide groups is present at the end of the
polymerization. The polymer with one peroxide group,
mainly generated from an initiator radical, is the most
abundant peroxide-containing polymer species. In the
case of L331, only a small fraction of polymer with one
peroxide group remains in the system at the end of poly-
merization, due to the very high decomposition rate of
the peroxide groups.

The model was also used to theoretically evaluate the
influence of initiator functionality and structure in different
polymerization processes. A series of simulations were car-
ried out, corresponding to theoretical experiments, varying
the initiator functionality and structure for given process
conditions. In all of the simulations, it was assumed that
the peroxide groups have a decomposition constant of kd1
= kdp = 4 × 10–6 s–1 and f1 = f2 = 0.5 at a temperature of
120°C. For the simulations, the functionality and structure
of the initiators were varied, while the initial peroxide
group concentration was set to 0.02 mol/L for all simulated
initiators, so that the results can be compared. Simulation
results are presented in Table 4.

As expected, all initiators provide equivalent rates of
polymerization, if the same initial peroxide group concen-
tration is used. The fact that the rate of initiation is inde-
pendent of initiator functionality when all peroxides have
the same thermal stability was already experimentally ver-
ified in the work of Kuchanov, Ivanova, and Ivanchev
(1976). It is also observed that higher average molecular
weights are obtained when using initiators with higher
functionalities, as the effect of re-initiation reactions on
molecular weights is increased. A cyclic initiator provides
higher average molecular weights than a linear one of the
same functionality. This is explained by the fact that di-
radicals can propagate by their two ends, generating longer
chain radicals. In addition, termination or transfer reactions
of di-radicals can form monoradicals, capable of further

propagation and growth. The effect on polymerization rate
of the di-radicals containing two active reacting sites is
small, since the concentration of monoradicals exceeds
that of di-radicals, due to thermal decomposition.

If a hypothetical family of initiators were to be
synthetized, for which all peroxide groups had the same
thermal stability, theoretical results show that:
– A cyclic initiator provides higher average molecular

weights compared with a corresponding linear one,
by about 30%. The structure of the initiator has little
effect on the rate of polymerization.

– At the same initiator concentration, an initiator of
higher functionality provides higher polymerization
rates and higher average molecular weights.

– At the same initial peroxide group concentration, an
initiator of higher functionality provides higher aver-
age molecular weights while maintaining a high
polymerization rate.

4 Conclusions

A comprehensive mathematical model was presented,
which simulates the evolution of all the chemical
species in the course of a bulk polymerization of styr-
ene using multifunctional initiators in a batch reactor.
The model was adjusted and validated using the
experimental data from batch reactions using initiators
DEKTP, PDP and L331. The proposed kinetic mechan-
ism considers the re-initiation reactions due to
undecomposed peroxide groups within the polymer
chains, and the derived model can be used to evaluate
the molecular structure of the obtained polymer.
Theoretical and experimental results indicate that
initiator structure and functionality are key variables
determining initiator performance. An initiator of a
high functionality and a cyclic structure provides poly-
mers of high molecular weights, while maintaining
high polymerization rates.

The model can be used to simulate an industrial
process with a polymerization initiator of a specific func-
tionality and structure and for plant optimization pur-
poses. The model can be extended to a continuous
process and adapted for initiator mixtures.

Funding: Consejo Nacional de Investigaciones Científicas
y Técnicas (Grant/Award Number: “PICT 2011-1254”).
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Appendix A: Basic module

Balances for the non-polymeric reagents
and products

Multifunctional Initiators ðϕ= 1, 2, 3Þ

d
dt

IðϕÞ
h i

V
� �

= −ϕkd1 IðϕÞ
h i

V (1)

d
dt

�IðϕÞ
h i

V
� �

= −ϕkd1 �IðϕÞ
h i

V (2)

Secondary Initiator Species ðϕ > i= 1, 2Þ

d
dt

I
ðiÞh i

V
� �

=− ikd1 I
ðiÞh i

V + 1− f1ð Þ
Xϕ
j= i+ 1

jkd1 IðjÞ
h i

+ I
ðjÞh i� �

V

(3)

Monomer

Assuming the “long chain approximation” (by which
propagation is the only monomer-consuming reaction):

d
dt

St½ �Vð Þ= −RpV = − kp St½ � R�½ �+ 2 �R�½ �ð ÞV (4)

where Rp is the global St polymerization rate, and

R�½ �=
X∞
i=0

X∞
n= 1

Sn�ðiÞ
h i

(5)

�R�½ �=
X∞
i=0

X∞
n= 1

�Sn�ðiÞ
h i

(6)

represent the total concentrations of mono- and diradi-
cals respectively.

Radical species ði =0, 1, ...n=2, 3, ...Þ

Consider the mass balances of all free radical appearing
in the global kinetics. Such balances provide:

d
dt

�I�ðiÞ
h i

V
� �

= f1ði+ 1Þkd1 Iði+ 1Þ
h i

V − 2ki1 St½ � �I�ðiÞ
h i

V (7)

d
dt

I�ðiÞ
h i

V
� �

=
Xϕ
j= i+ 1

pjðiÞf1jkd1 I
ðjÞh i

V − ki1 St½ � I�ðiÞ
h i

V

(8)

Where piðjÞ is the probability that the decomposition of
the initiator of functionality j generates a monoradical
with i undecomposed peroxide groups.

d
dt

�S1�ðiÞ
h i

V
� �

= 2ki1 �I�ðiÞ
h i

St½ �V − 2ðkp½St�+ kfM St½ �

+ ktc R�½ �+ 2 �R�½ �ð ÞÞ �S1�ðiÞ
h i

V
(9)

d
dt

�Sn�ðiÞ
h i

V
� �

= 2kp St½ � �Sn− 1�ðiÞ
h i

− �Sn�ðiÞ
h i� �

V

− 2 kfM St½ �+ ktc R�½ �+ 2 �R�½ �ð Þ� � �Sn�ðiÞ
h i

V

+ 2ktc
Xi
j= 0

Xn− 1
m= 1

�Sn−m�ði− jÞ
h i

�Sm�ðjÞ
h i

V

(10)

d
dt

S1�ðiÞ
h i

V
� �

=
n
ki1 I�ðiÞ
h i

St½ �+ δi0
�
2ki0 St½ �3

+ kfM St½ � R�½ �+ 2 �R�½ �ð Þ
�o

V

− kp St½ �+ kfM St½ �+ ktc R�½ �+2 �R�½ �ð Þ� �
S1�ðiÞ
h i

V

(11)

Where δi0 is the Kronecker Delta (δi0 = 1 if i = 0 and δi0 = 0
otherwise).

d
dt

Sn�ðiÞ
h i

V
� �

= kp Sn− 1�ðiÞ
h i

− Sn�ðiÞ
h i� �

+ 2kfM �Sn�ðiÞ
h i� �

St½ �V

−
�
kfM St½ �+ ktc

�
R�½ �+ 2 �R�½ �

��
Sn�ðiÞ
h i

V

+ 2ktc
Xi
j= 0

Xn− 1
m= 1

�Sn−m�ði− jÞ
h i

Sm�ðjÞ
h i

V

+ f2kdp
X∞
j= i+ 1

X∞
m= n+ 1

pmjðn, iÞj SðjÞm
h i� �

V

(12)

In eq. (12), pmjðn, iÞ is the probability that a scission of a
chain of dead polymer of length m and i peroxide groups
yields a growing monoradical of chain length n with i
peroxide groups.

Adding this probability over all is and ns, the follow-
ing can be proved:

X∞
i= 1

X∞
n= 1

X∞
j= i+ 1

X∞
m= n+ 1

pmjðn, iÞj SðjÞm
h i

=
X∞
i= 1

X∞
n= 1

2i SðiÞn
h i

= 2 PePS½ �

(13)

where PePS½ � is the concentration of peroxide groups
in the PS chains. Note that the scission of any PS
chain with undecomposed peroxide groups produces 2
monoradicals.
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From eqs (9) and (10), the total concentration of
diradicals may be obtained:

d
dt

�R�½ �Vð Þ= 2ki1
Xϕ− 1

j= 0

�I�ðjÞ
h i

St½ �V + 2ktc �R�½ �2V − 2
�
kfM St½ �

+ ktc R�½ �+ 2 �R�½ �ð ÞÞ �R�½ �V
(14)

From eqs (11) and (12) and considering eq. (13), the total
concentration of monoradicals may be obtained:

d
dt

R�½ �Vð Þ= ki1
Xϕ− 1

j=0

I�ðjÞ
h i

St½ �V + 4kfM �R�½ � St½ �V + 2ki St½ �3V

− ktc R�½ �+ 2 �R�½ �ð Þ R�½ �V + 2f2kdp PePS½ �V
(15)

The total radicals are calculated as R½ �+ 2 �R�½ �. Using
eqs (14) and (15),

d
dt

R�½ �+ 2 �R�½ �ð ÞVð Þ = ki1
Xϕ− 1

j= 0

4 �I�ðjÞ
h i

+ I�ðjÞ
h i� �

St½ �V + 2ki St½ �3V

+ 2f2kdp PePS½ �V − ktc R�½ �+ 2 �R�½ �ð Þ2V
(16)

Peroxide groups

The total concentration of peroxide groups is

Pe½ �=
Xϕ
j= 1

j IðjÞ
h i

+ I
ðjÞh i� �

+ PePS½ � (17)

with

PePS½ �= P∞
i=0

P∞
n= 1

i Sn
ðiÞ

h i
(18)

Peroxide groups are consumed only by decomposition
reactions. Therefore, it can be written

d
dt

Pe½ �Vð Þ= −
Xϕ
i= 1

jkd1 IðiÞ
h i

+ I
ðiÞh i� �

V − kdp PePS½ �V

(19)

Using this result and eq. (29), the molar concentration of
undecomposed peroxide groups accumulated in the poly-
mer can be calculated from the difference

d
dt

PePS½ �Vð Þ= d
dt

Pe½ �Vð Þ−
Xϕ
j= 1

j
d
dt

IðjÞ
h i

+ I
ðjÞh i� �

V
� �

(20)

Conversion and volume

Monomer conversion can be calculated from

x =
St½ �0V0 − St½ �V

St½ �0V0
(21)

where the superscript “0” indicates initial conditions.
The evolution of the reaction volume V is obtained

from

V =V0
St 1− εxð Þ (22)

with

ε=
V0
St −V

f
S

V0
St

(23)

Where V0
St is the initial St volume, ε is the St volume

contraction factor and Vf
S is the final volume at full

conversion.
Equations (1)–(4), (7), (8), and (20) to (22) are solved

simultaneously to find the evolution of species IðiÞ
h i

, I
ðiÞh i

,
St½ �, �I�ðiÞ� 	

, I�ðiÞ� 	
, R�½ �+ 2 �R�½ �ð Þ, PePS½ �, x and V.

Appendix B: Moments module

Distribution moments equations

Define the kthmoment of the distribution of diradicals (σðiÞ
k ),

monoradicals (λðiÞk ) and polymer (μðiÞk ) species, characterized
by their number of undecomposed peroxide groups i:

σðiÞ
k =

X∞
n= 1

nk �SðiÞn �
h i

(24)

λðiÞk =
X∞
n= 1

nk SðiÞn �
h i

(25)

μðiÞk =
X∞
n= 1

nk SðiÞn
h i

(26)

The evolution of the 0th, 1st and 2nd moments of the
distributions of diradicals, monoradicals and polymer
species are written:

d σðiÞ
0 V

� �
dt

= 2ki1 �I�ðiÞ
h i

St½ �V + 2ktc
Xi
j= 0

σði− jÞ
0 σðjÞ

0 V

− 2 kfM St½ �+ ktc
X∞
i=0

λðiÞ0 + 2σðiÞ
0

� � !
σðiÞ
0 V

(27)
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d σðiÞ
1 V

� �
dt

= 2ki1 �I�ðiÞ
h i

St½ �V + 2kp St½ �σðiÞ
0 V

+ 2ktc
Xi
j=0

σði− jÞ
0 σðjÞ

1 + σði− jÞ
1 σðjÞ

0

� �
V

− 2 kfM St½ �+ ktc
X∞
i=0

λðiÞ0 + 2σðiÞ
0

� � !
σðiÞ
1 V

(28)

d σðiÞ
2 V

� �
dt

= 2ki1 �I�ðiÞ
h i

St½ �V + 2kp St½ � 2σðiÞ
1 + σðiÞ

0

� �
V

+ 2ktc
Xi
j=0

σði− jÞ
0 σðjÞ

2 + 2σði− jÞ
1 σðjÞ

1 + σði− jÞ
2 σðjÞ

0

� �
V

− 2 kfM St½ �+ ktc
X∞
i=0

λðiÞ0 + 2σðiÞ
0

� � !
σðiÞ
2 V

(29)

d λðiÞ0 V
� �
dt

= ki1 I�ðiÞ
h i

St½ �V + 2kfM St½ �σðiÞ
0 V + 2ktc

Xi
j=0

σði− jÞ
0 λðjÞ0 V

+ 2kdp
X∞
j= i+ 1

μðjÞ0 V + kfM St½ �δi0
X∞
j=0

λðjÞ0 V

− kfM St½ �+ ktc
X∞
j=0

λðjÞ0 + 2σðjÞ
0

� � !
λðiÞ0 V

(30)

d λðiÞ1 V
� �
dt

= ki1 I�ðiÞ
h i

St½ �V + kp St½ �λðiÞ0 V + 2kfM St½ �σðiÞ
1 V

+ 2ktc
Xi
j=0

λði− jÞ0 σðjÞ
1 + λði− jÞ1 σðjÞ

0

� �
V

+ 2kdp
X∞
j= i+ 1

μðjÞ1 V + kfM St½ �δi0
X∞
j=0

λðjÞ0 + 2σðjÞ
0

� �
V

− kfM St½ �+ ktc
X∞
j=0

λðjÞ0 + 2σðjÞ
0

� � !
λðiÞ1 V

(31)

d λðiÞ2 V
� �
dt

= ki1 I�ðiÞ
h i

St½ �V + kp St½ � 2λðiÞ1 + λðiÞ0
� �

V + 2kfM St½ �σðiÞ
2 V

+ 2ktc
Xi
j=0

λði− jÞ0 σðjÞ
2 + 2λði− jÞ1 σðjÞ

1 + λði− jÞ2 σðjÞ
0

� �
V

+ 2kdp
X∞
j= i+ 1

μðjÞ2 V + kfM St½ �δi0
X∞
j=0

λðjÞ0 + 2σðjÞ
0

� �
V

− kfM St½ �+ ktc
X∞
i=0

λðjÞ0 + 2σðjÞ
0

� � !
λðiÞ2 V

(32)

d μðiÞ0 V
� �
dt

= kfM St½ �λðiÞ0 V +
1
2
ktc
Xi
j=0

λði− jÞ0 λðjÞ0 V − ikdpμ
ðiÞ
0 V

(33)

d μðiÞ1 V
� �
dt

= kfM St½ �λðiÞ1 V +
1
2
ktc
Xi
j=0

λði− jÞ0 λðjÞ1 + λði− jÞ1 λðjÞ0
� �

V

− ikdpμ
ðiÞ
1 V

(34)

d μðiÞ2 V
� �
dt

= kfM St½ �λðiÞ2 V +
1
2
ktc
Xi
j=0



λði− jÞ0 λðjÞ2

+ 2λði− jÞ1 λðjÞ1 + λði− jÞ2 λðjÞ0 ÞV − ikdpμ
ðiÞ
2 V

(35)

The average molecular weights and polydispersity can
then be calculated from

�Mn =

X∞
i=0

μðiÞ1

X∞
i=0

μðiÞ0

(36)

�Mw =

X∞
i=0

μðiÞ2

X∞
i=0

μðiÞ1

(37)

D=
�Mw

�Mn
(38)

Appendix C: Distributions module

Radical species ði =0, 1, ... n=2, 3, ...Þ

Consider eqs (10) and (12). Assuming pseudosteady-state,
all time derivatives may be set to zero and the following
recurrence formulas can be obtained:

�Sn�ðiÞ
h i

=

kp St½ � �Sn− 1�ðiÞ
h i

+ ktc
Xi
j= 0

Xn− 1
m= 1

�Sn−m�ði− jÞ
h i

�Sm�ðjÞ
h i

kp St½ �+ kfM St½ �+ ktc R�½ �+ 2 �R�½ �ð Þ
(39)

Sn�ðiÞ
h i

=
kp Sn− 1�ðiÞ
� 	

+ 2kfM �Sn�ðiÞ
� 	� �

St½ �
kp St½ � + kfM St½ � + ktc R�½ �+ 2 �R�½ �ð Þ

+

2ktc
Pi
j=0

Pn− 1
m= 1

�Sn−m�ði− jÞ
� 	

Sm�ðjÞ
� 	

+kdp
P∞

j= i+ 1

P∞
m= n+ 1

pmjðn, iÞj SðjÞm
h i

kp St½ � + kfM St½ � + ktc R�½ �+ 2 �R�½ �ð Þ
(40)
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Polystyrene species ði =0, 1, ... n=2, 3, ...Þ

The mass balances for the PS species provide

d
dt

Sn
ðiÞ

h i
V

� �
= kfM St½ � Sn�ðiÞ

h i
V +

ktc
2

Xi
j=0

Xn− 1
m= 1

Sn−m�ði− jÞ
h i

Sm�ðjÞ
h i

V − ikdp Sn
ðiÞ

h i
V

+ 1− f2ð Þkdp
X∞
j= i+ 1

X∞
m= n+ 1

pmjðn, iÞj SðjÞm
h i

V

(41)

In order to account for the generation of monoradicals
from random scission polymer chains by sequential
decomposition of peroxide groups within the chains, con-
sider a polymer chain with length n and i peroxide
groups, all of which have the same thermal stability.

Let m be a uniformly distributed random variable
whose value ranges 1 from 1 to n–1. The polymer chain
may form 2 monoradicals, one with length m, and the
other one with length n-m. These chains will have i–j and
j–1 undecomposed peroxide groups respectively. If the
peroxide groups are assumed to be uniformly distributed
within the polymer chains in the course of polymeriza-
tion, the following relation must hold:

j− 1
n−m

=
i− j
m

(42)

Therefore,

j=
iðn−mÞ+m

n

� �
(43)

where the brackets indicate the integer part of the
expression.

The scission has then generated two monoradicals,
one with length m and i-j peroxide groups, the other one
with length n-m and j–1 peroxide groups.

Note that this chain scission algorithm can be mod-
ified for specific cases. For example, in the case of a
linear bifunctional initiator, since all peroxide groups
are located at a chain end, m= 1 for every scission.

The Number Chain Length Distribution (NCLD) for
the PS species is

NðiÞ
PSðnÞ= Sn

ðiÞ
h i

V (44)

found by integrating eq. (41) with eqs (39) and (40) using
also eqs (9) and (11) to obtain expressions for
species �S1�ðiÞ

� 	
and S1�ðiÞ

� 	
.

The concentration of the total PS species character-
ized by the number of undecomposed peroxide groups
can be calculated with

PðiÞ
h i

=
X∞
n= 1

Sn
ðiÞ

h i
(45)

The NCLD for the total polymer, characterized by chain
length, can be calculated using

Pn =
X∞
i=0

Sn
ðiÞ

h i
V (46)

The total moles of PS are

NPS =
X∞
i=0

X∞
n= 1

NðiÞ
PSðnÞ (47)

To obtain the corresponding weight Chain Length
Distribution (WCLD), multiply the NCLD by sMStand
replace n by s to obtain

GðiÞ
PSðsÞ= sMSt Ss

ðiÞ
h i

V (48)

The mass of PS can then be calculated as

GPS =
X∞
i=0

X∞
s= 1

GðiÞ
PSðsÞ (49)

The average molecular weights and polydispersity
can then be calculated from

�Mn =
GPS

NPS
=

P∞
i=0

P∞
s= 1

GðiÞ
PSðsÞ

P∞
i=0

P∞
n= 1

Sn
ðiÞ

h i
V

(50)

�Mw =

P∞
i=0

P∞
s= 1

sGðiÞ
PSðsÞ

GPS
=

P∞
i=0

P∞
s= 1

sGðiÞ
PSðsÞ

P∞
i= 0

P∞
s = 1

GðiÞ
PSðsÞ

(51)

D=
�Mw
�Mn

(52)
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