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Abstract

We study conformal algebras from the point of view of conformal dual of classical Lie coalgebra struc-
tures. We define the notions of Lie conformal coalgebra and bialgebra. We obtain a conformal analog of
the CYBE, the Manin triples and Drinfeld’s double. With the definition of vertex duals, we obtain a natural
description of the Lie algebra associated to a conformal algebra as a convolution algebra, clarifying the
classical constructions in the theory of conformal algebras and vertex algebras.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The notion of conformal algebra was introduced by V. Kac as a formal language describing
the singular part of the operator product expansion in two-dimensional conformal field theory.
Classification problems, cohomology theory and representation theory have been developed (see
[2,3,6,8,9], and references therein).

In the present work, we study conformal algebras from the point of view of conformal dual
of classical Lie coalgebra structures. We introduce the notions of Lie conformal coalgebra and
bialgebra (see Section 2). In Section 3, we obtain a conformal analog of the CYBE, we study
coboundary Lie bialgebras, and a conformal version of Manin triples and Drinfeld’s double.
Usually, in the theory of conformal algebras the proofs of conformal version of classical results
need to be carefully translated, as in the present work.
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Two Lie algebras are usually associated to a Lie conformal algebra R, that is Lie(R) and the
annihilation algebra (see [8]). Their construction, at first sight, is not natural unless you look at
a similar notion from vertex algebra theory. In Section 4, using the language of coalgebras, we
will see them as convolution algebras of certain type, obtaining a more natural and conceptual
construction of them.

A generalization to the language of H-pseudoalgebras [1] will appear in [4]. The associative
version of this work is in [10].

2. Conformal bialgebra
2.1. Definitions
First we introduce the basic definitions and notations, see [3,6,8].
Definition 2.1. A Lie conformal algebra R is a C[d]-module endowed with a C-linear map,
R®R— CIA]®R, a®br[a)b]
called the A-bracket, and satisfying the following axioms (a, b, c € R),

Conformal sesquilinearity: [dab] = —Alayb], [a;0b] = (A + 9)[ayb],
Skew-symmetry: [ayb]l = —[b_j_pal,
Jacobi identity: [ar[bucll = [[arblatpc] + [bulascll.

As usual in the theory of conformal algebras, the RHS of skew-symmetry means that we have
to take [b,a], expand as a polynomial in p with coefficients in R and then evaluate © = —A — 9
with the corresponding action of 9 in the coefficients.

If we consider the expansion

)\’n
@bl =) —(awb),

)\' n

the coefficients of P

them.
A Lie conformal algebra is called finite if it has finite rank as C[d]-module. The notions of
homomorphism, ideal and subalgebras of a Lie conformal algebra are defined in the usual way.

are called the (n)-products, and the definition can be written in terms of

Definition 2.2. A module M over a Lie conformal algebra R is a C[d]-module endowed
with a C-linear map R @ M — C[A] ® M, a ® v — a,v, satisfying the following axioms
(a,beR),veM,

M1), @Ba)v=[0M,aMv=—-ra}lv,

(M2);, [a, b} v = [aAb]ﬁMv.

An R-module M is called finite if it is finitely generated over C[d]. Sometimes it will be
convenient to consider A-actions with values in the formal power series M[A].
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Definition 2.3. Given two C[d]-modules U and V, a conformal linear map from U to V is a
C-linear map a : U — C[A] ®c V, denoted by a; : U — V, such that [0, a)] = —Aa,, that is
aVa, — a0V = —ia,. The vector space of all such maps, denoted by Chom(U, V), is a C[9]-
module with

(0a)) := —Aay. (2.1)

We define the conformal dual of a C[0]-module U as U*“ = Chom(U, C), where C is viewed as
the trivial C[d]-module, that is

U* ={a:U — C[A] | C-linear and a;,(3b) = ray(b)}. (2.2)
We shall see that this is the right dual notion in the category of conformal algebras and mod-
ules.

Now, we define gc V := Chom(V, V) and, provided that V is a finite C[d]-module, gc V has

a canonical structure of a Lie conformal algebra defined by
[a,blpv = an(by—v) —b_s—y(au+i+av), a,begcV, veV. (2.3)

gc V is called the general Lie conformal algebra of V [6,8].
Remark 2.4. Observe that, by definition, a structure of a conformal module over a Lie conformal
algebra R in a finite C[0]-module V is the same as a homomorphism of R to the Lie conformal

algebra gc V.

If U and V are modules over a Lie conformal algebra R, then Chom(U, V) also has an R-
module structure defined by

(3 9) .1 = a3 (@p—st) = g (a} w). (2.4)
where a € R, ¢ € Chom(U, V) and u € U. Therefore, one particular case is the contragradient
conformal R-module U*¢ = Chom(U, C), also called the conformal module, where C is viewed
as the trivial R-module and C[d]-module.

We shall need the following proposition

Proposition 2.5. Let {e;};_, be a C[d]-basis of a Lie conformal algebra R and let {u j}l}l:l be
the C[d]-basis of a conformal R-module U. Then the R-action on U* is explicitly given by

ei ==Y D (h, —k—duj,
k

where ejuj =7 Dl{‘j (A, O)uyg and {ujf} is the dual C[9]-basis in U*¢.

We also define the tensor product U @ V of R-modules as the ordinary tensor product with
C[0]-module structure (u € U,v e V):

du®v)=0u@v+u® v
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and A-action defined by (r € R):
nu@U)=rnu@vt+u@rv.

Proposition 2.6. (See [3].) Let U and V be two R-modules. Suppose that U has finite rank as a
Cld]-module. Then U** ® V >~ Chom(U, V) as R-modules, with the identification ( f @ v); (u) =
fizav@v, feU* uelUandveV.

Example 2.7. The Virasoro conformal algebra is defined by:
Vir = C[d]/, [[xl]= (0 +2M)I.

Example 2.8. Let g be a Lie algebra. The current conformal algebra associated to g is defined
by:

Curg=C[0] ® g, layb]l =[a,b], a,beg.

It is known [6] that the conformal algebras Cur g, where g is a finite-dimensional simple Lie
algebra, and Vir exhaust all finite simple conformal algebras. The most important example of
infinite Lie conformal algebra is the following.

Example 2.9. For any positive integer n, we define (see (2.3)):
gc, == gcC[a]".
There is a natural isomorphism (see [3])
gc, >~ Mat,C[09, x]
and the A-bracket become:
[A(a, x)xB(0, x)] =A(—A,x+A+3)BA+09,x) —B(A+9,—A+x)A(—A,x)

for any A(9, x), B(d, x) € Mat,,Cl[9, x].
The natural A-action of gc, on C[9]" is

A, x)v(0) = A(—A, A+ 3 +a)v(A +3), v(d) € C[a]".

In general, given a module M over a Lie conformal algebra R and @ € C, we may construct
the a-twisted module M, by replacing d by d + « in the formulas for action of R on M.

The gc,-modules C[0]? and (C[0]"*)y, where o € C, exhaust all finite irreducible gc,,-
modules. This is a result of Kac, Radul and Wakimoto. Moreover, these authors completely
described all finite gc,-modules, which amounted to prove a complete reducibility result for
finite modules over the annihilation algebra (see [9]).

Natural conformal analogs to the conformal orthogonal and symplectic Lie algebras appeared
in [3], and a conjecture on the classification of all infinite conformal subalgebras of gc, that act
irreducible on C[9]" was stated.
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As a motivation for the definition of conformal coalgebra and bialgebra, we use the coho-
mology of conformal algebras [2], in order to get to the right notion of cocycle that will be the
compatibility condition between A-bracket and coproduct.

Looking at basic complex, a 1-cochain is a map

8:R— (R® R)[A]

such that §, (da) = —A$, (a) (see Section 3.1 for details). For example, given y € RQ R, §).(a) =
a,y 1is a 1-cochain. The condition dé = 0 becomes

a3 (8,(5)) — byu(8:.(@)) = 8344 (Iazb1).

But in the reduced complex (we have to take quotient by (A + du)C!, here M = R ® R, for
details see [2, p. 570], or Section 3.1 below), a 1-cochain is

5:R— (R®R)
such that §(da) = d8(a) (C[0]-homomorphism). This give us the following definition:

Definition 2.10. A conformal Lie coalgebra R is a C[d]-module endowed with a C[d]-homo-
morphism

§:R— A’R
such that
(I ®38)§ —t12(I ® )6 = (8 ® )3,
where 120 @b R c)=bR®a R c.
That is, the standard definition of coalgebra, plus a compatible C[d]-structure.

Definition 2.11. A conformal Lie bialgebra is a triple (R, [ , ], 8) such that (R, [  ]) is a confor-
mal algebra, (R, §) is a conformal coalgebra, and they satisfy the cocycle condition:

a, (8 (b)) — b_x_a((S(a)) = 5([akb]). (2.5)
2.2. Duality

Now, the natural question is if the “dual” of one structure produce the other, at least in finite
rank.

Proposition 2.12. Let @ : R* ® R* — Clu] ® (R ® R)*¢ given by

[P (f @], r®r) = fu(gr—pn (). (2.6)

Then we have:
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(@) @, (0f @8 =—nuPu(f®g) and P, (f ®3g) =0+ n)Pu(f ®g).
(b) @ is a homomorphism of C[d]-modules.

Proof. Straightforward computation. O
We shall use the standard notation:
§(r) = ZF(U ®rQ)- 2.7)
For any f, g € U* and u, v € U, we define:
(f ®purlu®v) = f(u)gr(v). (2.8)

Proposition 2.13. (a) Let (R, §) be a finite Lie conformal coalgebra, then R** = Chom(R, C) is
a Lie conformal algebra with the following bracket ( f, g € R*):

(Lfugd), () = Z FuraN&—pn(r@) = (f @ @) pua—un(8(r)), (2.9)
where 5(r) =) _ra) @r). .
(b) Let (R,[ 1 1) be a Lie conformal algebra free of finite rank, that is R = @;_, C[d]a’,

then R*.C = Chom(R,C) = @?ZI(C[B]ai, where {a;} is a dual C[0]-basis in the sense that
(aj)y(a’) = &;j, is a Lie conformal coalgebra with the following co-bracket:

5(f)= Z fu([dia’]) (@i ® aj)i=oo1, p=—isi-100- (2.10)

i,j

More precisely, if

[dia’]=>" P (n, 0)a",
k

where P]éj are some polynomials in A and 9, then the co-bracket is

Sa =Y 0J(0®1,1®da ®aj,
ij

where Q;;j (x,y)= P,fj (x,—x —y).

Proof. (a) We are basically using the map of Proposition 2.12, that replace the classical inclusion
R*® R* — (R ® R)*, that is

®:R“QR* - Clul® (R® R)*, (2.11)
with

[2.(f ®)],r ®r) = fu(r)grp ().
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Conformal sesquilinearity follows by (2.1), Proposition 2.12 and the definition of the bracket
in (2.9). Skew-symmetry follows by (2.1) and the skew-symmetry of the coproduct:

(81 () =D frlra)gu-1.0r@) == gua.(ra)) fr.(r2))
=—[8tuflu(r) =—[g-r—a flu().

It remains to prove Jacobi. Let f, g, h € R*“, then

([leguhl] = [[frglituh] = [gul fih1]),(r)
=D ((f®lguhl), ,_; — (/g1 ®h), i — (@®LAHA), ) ®r@)
= Z(f ® 8 ® M uw—i—u(ra) ® r@)m ® re) @ — w1 ® ra) @) @ r@)
— (r@)m) ®ra) ® (re) @)

and the last term is co-Jacobi identity.
(b) It is clear that both expressions for § are equivalent since, using (2.10), we have

Sar) =Y (au([aia’]) (@ ® aj)li=om1, u=—s@1-180
i,J
= (@u (Z P, a)a’)(ai ® a;) =301, u=—oo1-100
i,j [

= Z P O ) (ai @ aj)h=isl, p=—ie1—129

ij
=Y 0/(6®1.1® a4 ®a;.
i,j

The skew-symmetry of R is equivalent to P,ij (A,0) = —ij i(—k — 0, 0), that translate to
0/ (x,y) =—07] (v, x), that s, 8(f) € A%R. Let us check co-Jacobi identity. We have

(I ®d)d(ar) — t12(I ® 8)8(ax)

=) 0/0®181,18901+181®43)
i,j,l,r

X Qljr(l RIRLIRI®I)(a; ®a; ®a,) — 112 (the same term).

On the other hand,

GeDSa) =Y 0/00101+18001,19180)
i,j,l,r

xQ/(@®1®1,193® D ®a ®a)).
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Writing these identities in terms of P,’, it is easy to see that it is equivalent to conformal Jacobi
identity, finishing the proof. O

Remark 2.14. (a) Proposition 2.13 hold if we replace Lie conformal algebras by associative
conformal algebras. The details of analogous results and definitions will appear in [10].

(b) The appearance of the relation Q(x,y) = P(x, —x — y) in Proposition 2.13 shows that
there is a natural interpretation in the language of Lie pseudo-algebras (cf. Eq. (1.5) in [1]).
A detail study will appear in [4].

2.3. Examples

Example 2.15. Let R = C[d]L and §(p(3)L) = p(0®)(AL ® L — L ® L) with 3® := 9 ® 1 +
1 ® 9, then it is a conformal coalgebra, and (R*¢, §*¢) is isomorphic to Vir as conformal algebras.
But it is not a bialgebra structure on Vir since

Ly6(L)—L_, _398(L)=568[L,L].

Proposition 2.16. If R is a conformal Lie coalgebra free of rank 1, then R >~ C[9]L with § =0
or§(L)y=c(OLQL—L®OJL), c € C. Therefore, there is no non-trivial conformal Lie bialgebra
of rank 1.

Proof. Since any non-trivial conformal Lie algebra of rank 1 is isomorphic to Vir (see
[6, p. 386]), the result follows. O

Example 2.17. Let (g, [,], 8) be a Lie bialgebra. Now Cur(g) has a natural conformal Lie bial-
gebra structure defined by

3(p(@a)=pO@®1+1®0)s(a)
but not all the bialgebra structures on Cur(g) are of this form, as it is shown in the next example.

Example 2.18. Fix p(X) € C[A] and let R, = C[0]a & C[0]b be a rank 2 solvable Lie conformal
algebra with A-brackets given by (extend it by skew-symmetry and sesquilinearity)

[a,al =0=[b,b], [axD] = p(A)b.

It is possible to see that R, >~ R, with p,q € C[A] if and only if p(A) = cq(A), with 0 # c € C.
We do not plan to give an exhaustive classification of conformal Lie bialgebra structures on R,
instead, we shall study bialgebra structures on R, whose underlying coalgebra structure comes
from the dual of a solvable Lie conformal algebra R,, g € C[A]. That is, fix g € C[A], then by
applying Proposition 2.13 to R, we obtain a Lie conformal coalgebra structure on R, by taking
8 : Rp — /\2Rp given by

8q(a) =0, 34(b) =q(d)a N b.
A simple computation shows that §, is a bialgebra structure on R, if and only if p(x)g(x)

is an odd polynomial (i.e. —p(x)g(x) = p(—x)g(—x)). Observe that distinct g satisfying this
condition produce non-isomorphic bialgebra structures in R,.
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In the special case of p(A) =1, we have that R, >~ Cur(77) where T, is the 2-dimensional
Lie algebra considered in Examples 2.2 and 3.2 in [7]. In this case every odd polynomial g
produce a non-isomorphic bialgebra structure in Cur(7>), obtaining bialgebra structures that
do not come from bialgebra structures in 7>, as in the previous example. Moreover, in order
to see how different is the situation from the classical case, observe that if g(x) = x, then
8y (1) = (dr)k(t)lkz_ag,z = tkr|x=—a®2 forall r € R, where r = %(ax ®x —x ® dx) (cf. (3.2)
below), showing that there are coboundary structures § = dr (see next section for the defini-
tion) in Cur(7>) with §(a) = 0 and such structures are not present in the Lie algebra 7, (see
Example 3.2 in [7]).

Example 2.19. Let gc; = CJ0, x] as in Example 2.9. By direct computations, it is non-trivial to
see that

3(x")=x(0®1—1Q I r=——@oi+10d)
gives a conformal Lie bialgebra structure on gc;. It can be explicitly written as follows
“~(n
ny __ n—i i+l o ayi] n—i
S(x)—2;<i)[x ® (—9) (=) @x".
1=
This is an example of coboundary conformal Lie bialgebra defined in the following section.

Remark 2.20. The examples presented here shows that this theory is richer than the classical
Lie bialgebra theory. We are far from classification results in this context. Observe that it is not
known if a conformal version of Whitehead’s lemma holds for Cur(g), with g simple.

3. Coboundary conformal Lie bialgebras

In this section we study a very important class of conformal Lie algebras, for which the coal-
gebra structure comes from a 1-coboundary of the algebra.

3.1. Cohomology of conformal algebras
For completeness, we shall present the definition given in [2].

Definition 3.1. An n-cochain (n € Zy) of a conformal Lie algebra R with coefficients in an
R-module M is a C-linear map

VR®H_>M[)\'1”)“HL al®"'®an'_>)/k1 ..... An(al,---,an),
satisfying the following conditions:

(D v @, .. 0ai, .o an) = —Aiyay,o, @1 o an),
(2) y is skew-symmetric with respect to simultaneous permutations of g;’s and A;’s.
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As usual, we let R®0 = C, so that a 0-cochain is an element of M. Sometimes, when the
A-action on the module M takes values in formal power series, we should also consider formal
power series instead of polynomials in the definition of cochains.

The differential d of an n-cochain y is defined as follows:

@y)ry,ipsr @1y ooy A1)
n+1
i+1 . ~

= Z(_l) ai)\l‘ V)L17.,.7)Li,.,.,)hn+1 (al RN 2 P al’l—|—])

i=1
n+1
—1)itJ ~  ~ o 3 7

+ Z ( 1) y)\‘i-i-)\‘j’)\l’“,,)\‘i,“.,)&j ..... kn+1([al)\ia]]’a1’""al""’ajy"-yan—Fl)’

i,j=l;i<j
where y is extended linearly over the polynomials in A;. In particular, if y € M is a 0-cochain,

then (dy);(a) = ayy.
The cochains of a conformal Lie algebra R with coefficients in a module M form a complex,
which is called the basic complex and will be denoted by

C*(R, M) = @ C"(R, M).

I’ZEZ+

In order to define the right cohomology of conformal Lie algebras, we need to define a C[d]-
module structure on C*(R, M) by letting

n
(CRDDIIT kn(ala---,an):(3M+Z)\i)ykl ,,,,, @, ... an), (3.1

i=1

where d); denotes the action of 0 on M.
It is easy to see that dd = dd. Now define the reduced complex by

C*(R.M)=C*(R.M)/dC*(R, M) = P C"(R. M).

YLEZ+

Then, the cohomology H® (R, M) of a conformal Lie algebra R with coefficients in M is the
cohomology of the reduced complex. The basic cohomology corresponds to the basic complex.

Remark 3.2. Note that the cocycle condition for the cocommutator § : R — A2 R in the definition
of a conformal Lie algebra is indeed the condition that § be a 1-cocycle of R with coefficients in
AZR in the reduced complex.

3.2. Definitions and conformal CYBE

Among the 1-cocycles of R with values in A?R are the 1-coboundaries § that comes from the
differential of an element r € A2R, that is

8(a) = (drn(@)l,__,e2 =arrl, __,e2, (3.2)
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for all @ € R and with 9%° := 9 ® 1+ 1® 9. In this case we shall use the following abbreviated
notation:

§=dr:=(dr)_,e. (3.3)

The main difference with the classical Lie algebra case is the appearance of A that should be

evaluated in —d. Sometimes we will simply use 9 instead of 3®". As in the Lie algebra case, it
will be convenient to consider the more general situation with r € R ® R.

Definition 3.3. A coboundary conformal Lie bialgebra is a triple (R, [ ; 1,r), withr € R ® R,
such that (R, [ ; ],dr) is a conformal Lie bialgebra. In this case, the element r € R ® R is said
to be a coboundary structure.

Letr e RQ R, withr =) . a; ® b;. Now define

[r.r] = Z([aiuaj] ®bi @bjlu=10001
i,j

—a; ®laj, bil®bjlu=10109 —ai ®a; ® [bjﬂbi”u:l@a@l)- (3.4)
Now, we can state one of the main results of this article.

Theorem 3.4. Let R be a conformal Lie algebra and let r € R @ R. The map

5(a) = (dr)k(a)|k=—a®2 = a;\r|)\=_8®2,

is the cocommutator of a conformal Lie bialgebra structure on R if and only if the following
conditions are satisfied:

(a) the symmetric part of r is R-invariant, that is:
21
ax(r +r )|A:—8®2 =0

where ' =3 b; @ a;, ifr =Y a; ®b;.
®) afr.r]l,_ e =0 whered® =9@101+10301+1®1®0.

Remark 3.5. (1) This result have been recently generalized in [4] in the context of H-
pseudoalgebras, introduced in [1]. The analogous to the CYBE becomes more symmetric in
the language of H-pseudoalgebras, and it is a generalization of the classical case that is obtained
with H =C.

(2) Condition (b) in previous theorem means that we have to take [r, 7] with the evaluation
of wu included, that is an element of R ® R ® R, and then apply the A-action of a, take the
expansion in powers of A followed by the corresponding evaluation of A.

In order to prove the theorem, we shall need the following result
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Lemma 3.6. Let R be a conformal Lie algebra and let r =) ;a; @ b; € R ® R. If we take
8(a) = (dr)x(@)|=—yp® = arrly=—ye, then

@ DEW) =Y ([railuaj]®b; ®b; +a; & [[xxailub;] ® by
i

+[aiajl®b;  [xabi]l +a; ®la; b1 ® [Xxbi])h:_a@s, = (3%’ ®1)’

where in this case (cf. Remark 3.5(2)) the right-hand side is understood in the following way:
take the A and p-brackets, expand the four terms as a polynomial in ) and p with coefficients in
R ® R ® R, and then make the corresponding evaluation of A and 1.

Proof. We have

BRD(E@X))=06®1) (Z([xwi] ® bi +a; @ [x,.b;]) |A=_3®2)

i

_1\k
=(6® 1)(2 > ( ) @®1+10® ) ((xawa) @bi +a; ® (x<k>b,~>)).

i k=0

Now, using that (§ ® 1)(8®2 (a® b)) = e’ (6 ® 1(a ® b)), we obtain

¢ ® D)) ZZ k, a® ) (8 (xwan) ® bi +8(a) ® (xgbi))
i k=0

1
—ZZ( ) 3®3 [(x(k)a,)ﬂaj] ®b & b; +a;® [(x(k)ai)ubj] & b;
i,j k=0

+[ai a1 ®bj ® (x(ybi) +aj @ lai,bj1® (x)bi)) ‘M=—(a®2®1)

— Z([[Xkai]ﬂaj] ®bj @b +a; ®[[xrailubj] ®bi
i,j

+[ai,a;1®b0; @ [x3bil+a; ®lai,bjl® [xkbi])|k:_3®3 p=— (322 @ 1)’

completing the proof. O

Proof of Theorem 3.4. We shall translate the proof given in [5] for the classical case. Many
details and cancellations are not obvious in the conformal case.

The proof that condition (a) is equivalent to the skew-symmetry of § is straightforward. So,
we need to prove that (b) (in the presence of (a)) is equivalent to co-Jacobi identity. In fact we
shall see that

D @ DSE) +xifr 7]l __ e =0,
c.p.

where ) . means that we also have to add the two similar terms obtained by the cyclic permu-
tation of the factorsin R@ R ® R.
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Using the previous lemma and taking care of the interpretation of the evaluation of A and p,
and the corresponding cyclic permutation, we have

> @@ 1(3()
c.p.

= Z([[xkai]ﬂaj] ®bj ® b; +a; ® [[Xkai]ubj] ® b;
i,J

+[aiajl®bj @ [xabil +a; ®lai, b;]® [xxbi])hz_(«,@{ = (0% 1)

+ Z(bj ® bi ® [[xnailuaj] + [[xrailb;] ® bi ® a;
i,J

+b; @ b ® laia;] +[ai, bl ® b1 @ aj) |, _ st (g1essssie)

+ Z(b,- ® [[x;\ai]uaj] ®bj+bQa; ® [[ani]ubj]
i,J

+ [xbi] ® lai a1 @b + [xbi] ®a; @ [ambj])‘ (3.5)

A=—0%, u=—(103%%)"

We shall assign a number to the twelve terms in (3.5), for example the term (3) is [a; ,a;] ® b; ®
[x,b;] with the corresponding evaluation in A and .

On the other hand, taking care of the order of the evaluation of x and A, and using skew-
symmetry of the A-bracket (see Remark 3.5(2) and (3.4)), we have

x[r, rﬂlx:—a®3

= Z[xx([a,'“aj] ®bi @bjlu=10i01)
i,j

—x(a; ® la;,bil®b; lu=1g103) — Xi(ai ® a; @ [bjubi]|u=1®3®1)] \A:_3®3

- Z([xk[amaj]] ®bi @bjlu=10001 + [ai,a;]1 @ [x.bi] @ b= (B101+10100)
i,j
+ [aia;1 Q@ bi @ [xabjllp=10801 + [X2ai] ® [bi 4aj] Q@ bjl=—(10001+12183)
+a; @ [xu[biya;]] @ bjlu=——(0isi+1s100) + @i Q [biya;]1 @ [xibjll =101
+ [xnail®a; @ [bibjllu=—(1001+18189) + @i ® [x1a;]1® [bi,bjllu=sp181

+a ®a; Q [xk[biubj]]‘ (3.6)

M:_(1®a®1+1®1®a))|x=—a®3'

We shall assign a number with a tilde to the nine terms at the RHS of (3.6), for example the term
(§) is [a; 4a;] ® b; ® [x,b;] with the corresponding evaluation in A and w. Observe that in both
Egs. (3.5) and (3.6), the expansions and evaluations are understood as in Lemma 3.6. Now, the
study of the sum of both equations is divided in several steps.

First, observe that (3) + (§) = 0. Indeed, using skew-symmetry, we get for A = —9®’ (with a
summation over repeated indices understood)
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Q) =lai,aj1®b; @ [x:.bi]lu=—(30101+1201)

=—[a;j_ 32110l @ b; ® [x1bi1l =—(Be121+10i01)

=—la;,ail®b; ® [x1bi]lu=19001 = —-(3).
Similarly, we have (4) + (6) = 0.

Interchanging the indices i and j and using Jacobi identity, we have (A = —8®3)
D+ =[ajlua] @b ®@bjl 2o, +[1ilai,a]] @ bi @ b)lu=10901
= [[xnailpa; ] @ bi @ bjlu=—(o101+1210)- (3.7

Now, using the invariance property

> x(ai ®bi +bi ®ai)|,__e2 =0 (3.8)

1

of part (a) of this theorem, and (3.7), we obtain for A = @’

© + (D) + (D) = ([[xailub;] © bi @ aj + [[xaiua; ] @ bi @ b))] o101 18180
= (_aj ®bi ® [[xkai]u«bj] —bj®b; ® [[xkai]uaj])|M=—(a®1®1+1®1®a)
= (A) + (B),
observe that we could apply the invariance in the previous equation because we had u evaluated
in the right way. This is a detail that we have to take care in the conformal case! It is easy to see
that (B) + (5) =0, hence it remains to cancel (A).
Now, if we denote ad x; the conformal adjoint, that is ad x; (y) := [x;, y], then using skew-
symmetry we get
(1) + @
=[x.bi1® [aia;1 @ bj + [x.a;]1 ® [bia;1 ® bjl/\=—3®3,u=—l®8®2
=—[xabil®laj —p—100e10:1 @ bj — [x2a:]1 ® @) —p-10010i @ Djl, _ 4e3 |, gae?
=-[(I®adaj —u1e3) (001 ® ai + X201 ®bi)|,__ 42 | ®bjl,__ 0002 (3.9)
where the last term has to be understood in the following way: first take the A-brackets, expand
in A-powers and evaluate A (which is different from the A in the second term), then take 1 ® ad,
expand in pu-powers and finally evaluate . Now, since A is the right one in (3.9), we can use the
invariance property (3.8), obtaining
1) + @
=[(0®adaj —,—199)(ai ® [xabil+ bi ® [x3.a:i])|,__,e2 ] @ b; = 1998?
=a; ® [aj —u-10001[x2bi]] @ bj + bi @ [aj—pu—189s1[x14i]] @ b; = 98% ue125%?
=(C)+ (D).

=a; ® [aju[xkbi]] ®bj+b ® [aju[ani]] ®bj|k:—8®3, L= 10189 :
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and it is obvious that (D) + (9) = 0, hence it remains (C).
Similarly, we have

(12)+ (N =—(1®1®adbj _y—1e180) ([x:bi] ® aj ® a;
+ [x2ai1 ® aj ® bilr=——(92121+18189)) }M=_1®a®2
=(1Q®1Qadbj _,_11e)(ai ® aj ® [x1bi]
+biQ®a;® [Xkai]|k:—(8®1®1+1®1®3))}M=—1®3®2
= (E) + (F)

=a;iQa;j® [bju[xkb,-]] +bi®a;® [bjl/«[x)‘ai]]|k=—3®3, L=12981

and it is obvious that (F) + (10) = 0, hence it remains (E). In a similar way, it is easy to see that

@)+ (2) = =b; ® [xibil ® laipaj]l —aj @ bl @ lainbjll,_ a3 heieitieien

=(G)+ (H)

and we have (G) + (7) =0, hence it remains (H).

By a simple computation and taking care of the different values of A and w, it is easy to
see that (2) + (g) + (C) = 0 by Jacobi identity. Now, we can write, using skew-symmetry and
invariance property,

8) + (A) + (H)
=a; ® ([x:.a;1® [bi —p-10100b/]
—-b;® [[x)\aj]ubi] — [x20;1® [ajubi])‘xz_a@, u=—0®101+1311d)
=a; @ (1®adb;,)([x.a;1Q@b; +b; ® [xra;]+ [x:.b}] ®aj|k=_a®2)‘;¢=a®1®l
=—a; ® (1®adb;,)(a; ® [xxbj]|k=_3®2)}u=a®1®1
(3.10)

=—a; ® aj ® [biu[xkbj]]‘k=_a®3, n=ox1x1"

Finally, a simple computation shows that (5) + (E) + (3.10) = 0 by Jacobi identity, and it is
easy to check that we have canceled all the terms, finishing the proof. O

Definition 3.7. A quasitriangular conformal Lie bialgebra is a coboundary Lie bialgebra
(R,[ » 1,r) with r € R ® R such that [r,r] = 0 mod (8®3) and r is R-invariant: x;(r +
rzl)lk:_a@,z =0.

Observe that instead of [r, r]| = 0, we put [r, 7] = 0 mod (8%"), and this condition automati-
cally implies a, [r, ]|, _ .3 = 0 by sesquilinearity.
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3.3. Conformal Manin triples

Let us recall some basic notions defined in [3]. Let V be a C[d]-module. A conformal bilinear
formon V is a C-bilinear map (, ), : V x V — C[A] such that

(0v, w)), = —A(v, w)), = —(v,0w), forallv,weV.

The conformal bilinear form is symmetric if (v, w), = (w,v)_, forall v,w € V.
The conformal bilinear form in a conformal Lie algebra R is called invariant if

(lanbl, c), =a, [bk_ac])u = —(a, [c_kb]>u (3.11)

forall a, b, c € R.
Given a conformal bilinear form on a C[d]-module V, we have a homomorphism of C[d]-
modules, L : V — V* v > L,, given as usual by

(Lyw=(v,w)p, veV. (3.12)

Let V be a free finite rank C[d]-module and fix 8 = {ey,...,eny} a C[d]-basis of V. Then
the matrix of (, ), with respect to B is defined as P; j(A) = (e;, e;),. Hence, identifying V with
C[3]V, we have

(v(3), w(@)), =v" (=D PR)w(R). (3.13)

Observe that P'(—x) = P(x) if the conformal bilinear form is symmetric. We also have that
ImL = P(—09)V*¢, where L is defined in 3.12. Indeed, given v(d) € V, consider g, € V*¢ de-
fined by g, (w(9)) = v’ (—=A)w(A), then by 3.13

(Ly@)aw(d) =v' (=) PMw) = g (P@)w(d)) = (P(=d)g), (w(®)),

where in the last equality we are identifying V*¢ with C[3]" in the natural way, that is f € V*¢
corresponds to (f_se1, ..., f—gen) € C[a]V.

Now, suppose that a conformal bilinear form satisfies that (v, w), = 0 for all w € V, implies
v = 0. Then L gives an isomorphism between V and P(—d)V*¢, with det P # 0, and in this
case the bilinear form was called non-degenerate in [3]. But in this work, a conformal bilinear
form is called non-degenerate if L gives an isomorphism between V and V*¢. Therefore, if the
conformal bilinear form is non-degenerate, then det P is a non-zero scalar.

Definition 3.8. A (finite rank) conformal Manin triple is a triple of finite rank Lie conformal
algebras (R, Ry, Rp), where R is equipped with a non-degenerate invariant symmetric bilinear
form (, ); such that

1. Ry, Ry are Lie conformal subalgebras of R and R = Ry @ R; as C[d]-module.
2. Ro and R; are isotropic with respect to (, ), thatis (R;, R;), =0fori =0, 1.

Theorem 3.9. Let L be a Lie conformal algebra free of finite rank. Then there is a one-to-one
correspondence between Lie conformal bialgebra structures on L and conformal Manin triples
(R, Ry, Ry) such that Ry = L.
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Proof. Given a Lie conformal bialgebra L, we construct a Manin triple in the following way: we
set Ry = L, Ry = L*¢ with the Lie conformal algebra structure given by the dual of the coalgebra
structure in L, R = L @ L*“, and take the non-degenerate symmetric conformal bilinear form
given by

(a+ f,b+g) = fr(b) +g_:(a).

Now, observe that the invariance of the bilinear form uniquely determines the bracket on L @ L*,
namely: let {¢;}?_, be a C[d]-basis of Ry and let {e]}?_, be the dual basis in Ry >~ R}“. Suppose
that

lei rej]1 =Y AL D)es.  [efe] =Y B (1, 0)e}. (3.14)
; ;
Then, using invariance, we get
(lef rei]sex), = lef's lej u—aend)y
=D (e} A = 0. 0)es),
;
= Al — 1, 2) = (A% (=0 — A, Mef, ek)M
and
([ej ref ] ex), =lej [ef usei]),
= Y e Bt - 8.0)€3),
;
=B (u— 1. 1) =B (=1 — 8, Ver, &),
Hence, using skew-symmetry, we have
[ sej] =D (Al(=0 — A, h)ef — BF (L, —1 — d)ex)

k
=Y (A5 (=0 = 1. Def — CF O, Dex), (3.15)
k

where C (A, d) = B(A, —A — 0). By Proposition 2.5, the bracket can be rewritten as follows:

[fix] =ad*(f)r(x) —ad* (x)—n—s(f),

where ad* denotes the coadjoint actions of L on L* and L* on L. It remains to show that this is
indeed a Lie conformal algebra bracket (i.e. it satisfies the Jacobi identity, because sesquilinearity
is clear).

We must show that (cf. Definition 2.1)

0= [e; N Mel]] — [[e; Aek]HMel] — [ek M[e; Ael]]
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together with a similar relation involving two ¢*’s and one e. Expanding it, by using (3.15), we
get

0= A(u.x+ (Al (—1 =3, Mef — CI' (1, d)e;)

t,i

—ZA (1, W (AL (A — 1 — 3, A+ pef — C'(h+ i, )ey)
~ ZA?,(A + 1, NCL (s =2 = ey
+2A (—h— =9, 2) (A}, (i, = — Def — Cf (= — 3, 9)ey)

+ZA2,-(u,a)c;”'(x,u+a)et. (3.16)

The coefficients of e; in (3.16) gives a relation equivalent to the Jacobi identity of L, and it is
easy to see (after renaming some variables) that the coefficients of e; in (3.16) gives a relation
equivalent to (3.21) which is exactly the 1-cocycle condition of the cobracket in L (see below).
In a similar way, the other Jacobi identity in L & L* is equivalent to (3.21) and the Jacobi identity
of L*.

Conversely, let (R, Ry, Rp) be a conformal Manin triple. The non-degenerate form (, ) in-
duces a non-degenerate pairing Ry ® Ry — C[A] that produce an isomorphism R} ~ Ry as
C[d]-modules, and hence a Lie algebra structure on R{“. Denote by § the Lie coalgebra structure
induced on R; by Proposition 2.13. We have to show that (Ry, [ ; ], 8) is a Lie conformal bial-
gebra and hence Ry is its dual Lie conformal bialgebra. Therefore, we have to check the cocycle
condition

a(8(b)) — b_s—3(8(a)) = 8([arb]). (3.17)
In order to do 1t let {e;}7_, be a C[0]-basis of Ry and let {e}'}]_, be the dual basis in Ryg >~ R}“.

Let A? 5 and BS be as in (3.14). By definition (see Proposmon 2.13),

Se)=) CHlO®1.1®@d)e ®e,
k,l

where le‘l (x,y)= B{‘l (x, —x — y). Then, we have
S(lex rer)) =) Ajy(h. 0@ 1+ 1®3)s(e;)
i

=Y AL I®1+1®CMOR1.1®d)e, Re,. (3.18)
i,p.q

On the other hand, we get
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ek 20 (ep) =€kx(ZC1pq(3 ®1,1®0d)e, ®eq>
p.q

=Y [N +0®1, 10 0)A},(h, 0@ e @ e
P+q.i

+C/1OR1,A+1®0)A}, (0, 18 e, Q] (3.19)

and

e —p—ped(ek)
=e _5_ 99 (Z CHE®1,10d)e,® eq)
pP.q

=Y [Cl(-2—183. 1@ NA|,(-2—0®1-180,0® )e; ®e,
p.qi

+CMO®1,—1—0Q 1)A;'q(—x—a® 1-1®0,1Qdep, Qe (3.20)

By taking the coefficients of ¢, ® e, in (3.18), (3.19) and (3.20), the cocycle condition (3.17)
become

Y ALGLIRTI+I®NCHIB®1,190)

1

=3[ +001, 1@ )AL G. a0 1)

1
+CMO®1LA+1®NALG,100)]
[ -188,10DAN(-1-0®1 - 183,00 1)
i

_,_c]fi(a@1,_A_a®1)Al"i(—A—8®1—1®8,1®8)], (3.21)

which is equivalent (after renaming the variables: 0 ® 1 =X, A = u, 1 ® 0 = 9) to the coefficients
of ¢, in (3.16), that is, the Jacobi identity on R = R} & Ry =~ R @ R, finishing the proof. O

3.4. Conformal Drinfeld’s double

The correspondence between conformal bialgebras and conformal Manin triples gives us a
Lie conformal algebra structure on R @ R*¢ if R is a conformal bialgebra. In fact, a more general
result is true.

Theorem 3.10. Let R be a finite rank Lie conformal bialgebra and let (R ® R*“, R, R*°) be the
associated conformal Manin triple. Then there is a canonical conformal Lie bialgebra structure
on R ® R* such that the inclusions

R<> R® R* <> (R*)™
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into the two summands are homomorphisms of Lie conformal bialgebras, that is Srgr+~ = g —
O R*c.
Moreover, R @ R*C is a quasitriangular Lie conformal bialgebra.

The Lie conformal bialgebra R & R*¢ is called the Drinfeld double of R and is denoted
by DR.

Proof. Let {e;}?_, be a C[0]-basis of R and let {e]}?_, be the dual basis in R*“. Suppose that

leirejl =) AL, Des,  [ef,e5]=D B (1. d)e}.
s S

Letr =737 ,ei®e’ € RQ® R* C DR ® DR be the canonical element corresponding to Z €
Chom(R, R) >~ R ® R*¢ (see Proposition 2.6), where Z(a(d)) = a(\ + 3). Now, let us see that
SRaR*c :=8r — dr= =dr. Using (3.15), we have

(@dr)ie))im—ie =) (lejrel®@ef +e @ [ejsef])],__yo

=Y (A5 0@ De®@ef — Ay (b, =2 — 1@ d)e; ® €]
ik

+BH (=2 —1®0, Me; ®ex)|,__ye

:ZB;k(a®1,—a®1—1®a)e,- ® ex = Sr(e;).
i,k

Similarly, by using Proposition 2.13 with (3.15), and then skew-symmetry, we get

(dr)i(€f)],—_ye = Z[e? ei] ®ef +ei ® e} e ]

1

=> (Al (-2 -3 1L Vef ®ef — B/ (L, 2 — 0@ Dex ®ef
ik

+B]' 0, 18 9)e; @ ¢f)|,__pe

==Y A, (081, -0 1—1®d)e} ®ef = —dgwle;).
ik

It remains to see that r gives us a quasitriangular structure (recall Definition 3.7). Using (3.4),
we have

[r.r] = Z([eiuej] ®e ® eﬂp,:l@a@l —e® [ejue;'k] ® eﬂuzl@l@@
i,J
—e®e;® [ejue;k“ﬂ:l@a@l)

=) (A4,(1®1®0,1®01®1)(e; ®¢f @)

i,],8
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+A§S(1®1®8,—1®1®8—1®3®1)(€i®€:®e§)
—B¥(-1®001-191®0,1®01®0)(e; ® e @)
B (19101,101®0)(c; ®¢; ®c)).

Now, the last two terms cancels out by skew-symmetry (after interchanging the summation in-
dices j and s). Then, it is easy to see that [r, 7] = 0 mod (8®3), by using in the second term that
A%a®1®aﬁ4®1®a—1®a®1ﬁag41®1®&a®1®nnmdw@y

Finally, by similar computations, it is possible to verify that

e,'k(r-l—rﬂ)h:_a@z =€iA(Z€j ®e}f+e;f®ej)
J

=0,

A=—9®2

finishing the proof. O
4. Lie (R) and the annihilation algebra

Two Lie algebras are usually associated to a Lie conformal algebra R, that is Lie(R) and the
annihilation algebra (see [8, p. 42] for details). Their construction, at first sight, is not natural
unless you look at a similar notion from vertex algebra theory. In this section, using the language
of coalgebras, we will see them as convolution algebras of certain type, obtaining a more natural
and conceptual construction of them. Another way to understand the construction of these Lie
algebras in a natural way is to view them in the setting of Lie pseudo-algebras. In fact, our
Theorem 4.1 (see below) is reminiscent of Eq. (7.2) from [1].

In order to recall the usual construction of Lie(R) and the annihilation algebra we need the
following general result: If R is a Lie conformal algebra, then d R is a two-sided ideal of R with
respect to the (0)-product, and R/9R is a Lie algebra with this product. In particular, we will
apply it to the affinization of R, that is we shall consider the conformal algebra

R[t.t7' ]=R®C[r.17"],

with 9 = @ ®1+1® 9, and the (n)th product on R[t,t~ 1] defined by (a,b € R, f, g€
Clt,t™11, neZy)
m .
@® Hb®g) =Y ( .)(a<n+j)b) @ (37 1)g)-
JELy J
Now, define

Lie(R) = R[t,t7']/3R[t, 7]

with the bracket induced by the (0)-product in R[z, 7~ '], more precisely, if we denote by a, =
a ® t" the image of ¢ ® t" in Lie(R), then the bracket is given by

[am, bn] = Z (?)(a(j)b)m—i—n—j- “4.1)

j=20
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Another useful formula for the (0)-product in R(z, 1~ 17 is the following (see [8, p. 42])
[a® f,b®gl=1lasbl® f()gt)|i=- (4.2)
It is clear from the bracket formula (4.1) that
Lie(R)_ :=C-spanof {a, |a € R, n € Z}

is a subalgebra of Lie(R), which is called the annihilation algebra of R and it plays an important
role in the theory of conformal modules.

Now, in order to give a more conceptual understanding of these Lie algebras, we define the
vertex dual of a C[0]-module V as follows

V* =Homc (V. Clt,t 7)) ={f = fi:V = C[t,t7']]| f3a) = 8(f ()}
where the C[d]-module structure of C[z, 7~ 1] is given by d = 9;. Similarly, we take
V*¥ =Homgy)(V,Clt]) = {f:V — Clt] | f(0a) =0, (f(a))}.

Now, we can give an interpretation of Lie(R) and the annihilation algebra as convolution
algebras.

Theorem 4.1. Let R be a free finite Lie conformal algebra, let (R*¢, §) be the corresponding Lie
conformal coalgebra and denote by m the usual product in C[t,t~]. Then there is an isomor-
phism of Lie algebras

Lie(R) ~ (R*)™ =Homgyy (R*, C[t,t7'])
with the bracket in the space of homomorphisms given by
[f,gl=mo(f®g)od.
In particular, (Lie(R))_ >~ (R*¢)*V+,
Remark 4.2. Obviously, if we replace in this section C[z, 7~'] by any commutative associative
algebra A with a derivation, we can obtain the Lie algebra Lie4 (R) defined in Remark 2.7(d)
in [8] as a convolution algebra as well.
Proof. Let ¢ : Lie(R) — (R*)*Y = Homc(y(R*¢, C[¢,t~']) defined by
a® f > (b} — b, (a) f)
witha € R, f € C[r,t7 1], b} € R*. As usual, bfat (a) f; means that we expand bia, (a) in 0;-
powers and then we apply it to f;.

First, we have to see that F; :=¢(a ® f) € (R*)*":

Fi(8b%) = (3b%) _, ()" = 8, (b, ()t") = 8, (F (b"))-
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We also have that ¢ is well defined since

90a® f+a®3d f)(b})=b", (3a) f; + by, (a)d; f; =0.

It is easy to see that ¢ is a bijection. Finally we have to check that it is a homomorphism of Lie
algebras. Let {e;}!_, be a C[0]-basis of R and let {e]}?_, be the dual basis in R*. Suppose, that

[ei rej]= ZPW’ d)es,
S

then we have

=Y 05081, 1®de ®e¢;,

where Q(x, y) = P(x, —x — y). Now, using (4.2), we obtain (we shall simply write a ® f for its
quotient class in Lie(R))

o(lei ® f.e; ®gl)(ef) = (lei 5,e,1® f(O)E)i=)(e})
= (eZ)_(8t+at,) (Z P[lj(atv 8)€l)f(t)g(t/)|[/=[
Z @ =0 — 0 () _ g, 10,y @) f D)=y

= Q,‘j(at, 3 f() gy =
On the other hand, we have
[0(ei ® ). 0(e; @ @)](ef) =m((elei @ ) ® p(e; @ 2))3(ex))

m( e @ f)Rele;®g) (ZQ (3®1,1®8)ei‘®e;‘>>

m @1, 1®d)p @ f)(ef) @l ®g)(e ))

= m(Qj.‘j(a, ®1,1®3)f(t) ®g))
= 043, 0) f ()]

finishing the proof. O
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