arXiv:1207.1151v1l [math.RT] 5 Jul 2012

Quasifinite Representations of Classical Lie
subalgebras of W, ,,

José 1. Garcia and José 1. Liberati

27 June 2012

Abstract

We show that there are exactly two anti-involution o+ of the algebra of
differential operators on the circle that are a multiple of p(¢J;) preserving
the principal gradation (p € C[z] non-constant). We classify the irre-
ducible quasifinite highest weight representations of the central extension
13;,‘[ of the Lie subalgebra fixed by —o+. The most important cases are the
subalgebras 13;‘[ of W, that are obtained when p(z) = x. In these cases
we realize the irreducible quasifinite highest weight modules in terms of
highest weight representation of the central extension of the Lie algebra
of infinite matrices with finitely many non-zero diagonals over the algebra
Clu]/(u™") and its classical Lie subalgebras of C' and D types.

1 Introduction

The universal central extension D of the Lie algebra of differential operators on
the circle (described first in [KP]) is usually denoted by physicists as Wi4oo,
and it is one of the W- infinity algebras that naturally arise in various physical
theories, such as conformal field theory, the theory of quantum Hall effect, etc.

The difficulty in understanding the representation theory of a Lie algebra
of this kind is that although it admits a Z-gradation (and thus the associated
triangular decomposition), each of the graded subspaces is still infinite dimen-
sional, and therefore the study of highest weight modules with the finiteness
requirement on the dimensions of their graded subspaces (which we will refer to
as quasifiniteness condition) become a non-trivial problem.

The study of quasifinite highest weight modules of D was initiated by Kac
and Radul [KRI]. They were able to give a characterization of its irreducible
quasifinite highest weight representations and these modules were constructed in

terms of modules of the Lie algebra gA[E::] which is the central extension of the Lie
algebra g[([;’f] of infinite matrices with finitely many non-zero diagonals taking
values in the truncated polynomial algebra R,, = C[u]/(u™*1). On the basis of

this analysis, further studies were made within the framework of vertex algebra
theory for the D algebra [FKRW, [KR2], and for its matrix version [BKLY].
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In [KL] a general approach to the theory of quasifinite highest weight modules
over Z-graded Lie algebras was developed, which makes the basic ideas of [KR1]
much clearer, and these general results will be applied here. In [AFMOQO] and
[KL], they develop the theory of quasifinite highest weight representations of
the subalgebras ﬁp of D, where lsp (p € CJ[z]) is the central extension of the
Lie algebra Dp(t0;) of differential operators on the circle that are a multiple of
p(t0;). The most important of these subalgebras is Woo = D, that is obtained
by taking p(x) = . Classical Lie subalgebras of D appear by the study of anti-
involutions on D. The orthogonal subalgebras of D were studied in [KWY]. The
symplectic subalgebra of D was considered in [B] in relation to number theory,
and the representation theory was developed in [BLJ.

The idea of the present work is to extend some results from [KWY] to the
family of subalgebras 5,,. More precisely, in section 2 we show that there are
exactly two, up to conjugation, anti-involutions o1 of Dy preserving the princi-
pal gradation. In section 3, we classify the irreducible quas1ﬁn1te highest weight
representations of the central extension D;t of the Lie subalgebra of D fixed
by —o+. In particular, if p = 1, from our results we recover several theorems
obtained in [KWY]. The other most important cases are the subalgebras DE
of W, that are obtained by taking p(x) = x. For these cases, in section 4 we

study the interplay between ﬁmi and some subalgebras of 5[([1: ], and in section 5,
we realize the irreducible quasifinite highest weight representations in terms of

highest weight modules of the Lie algebra g/;\[[m] and its classical Lie subalgebras
of C' and D types. Observe that the symplectic subalgebra of D considered in
[B] and [BI] is a particular case of our general results, it corresponds to Dy .

2 Anti-Involution of Dj Preserving its Principal
Gradation

Let D® be the associative algebra of regular differential operators on the
circle, i.e. the operators on C[t,t~!] of the form

E =er(t)0F +ex1(1)0F ™1 + -+ eo(t), where e;(t) € C[t, t71],

the elements
J=—tol (lezy, ke,
form its basis, where 0; denotes %. Another basis of D% is
L =—t"D' (1eZ,, kecZ),

where D = t0;. Let D denote the Lie algebra obtained from D® by taking the
usual bracket, i.e.

[t"f(D), t°g(D)] = t""*(f(D + 5)g(D) = f(D)g(D + 1)),



where f, g € C[z] and s, ¢t € Z. Given p € Clz], consider the following family
of subalgebras of D%,
Dy :=D"p(D)

and denote by D,, the associated Lie algebra (cf. [KLJ).
Letting wt t* f(D) = k defines the principal Z-gradation of D* and Dy:

Dy = @(Dg)j, where (Dy); = {t/ f(D)p(D) : f € C[a]}.

An anti-involution o of Dy is an involutive anti-automorphism of Dy, i.e.
o : Dy — D¢ with 0® = Id, o(bX +Y) = bo(X) + o(Y) and o(XY) =
a(Y)o(X), where X,Y € Dy, be C.

The main result of this section is the following theorem with the classification
of all anti-involutions of D that preserve the principal Z-gradation.

Theorem 2.1. Let p € Clz] be a non-zero polynomial. There exist an anti-
involution in Dy that preserve the principal Z-gradation if and only if exist
c € C such that p(z) = ep(—x + ¢), where ¢ = (—1)4e9(P),
If deg(p) > 1, then c is unique and there exist only two anti-involutions given
by
o1 (t* f(D)p(D)) = e(£t)* f(=D — k + ¢)p(D). (2.1)

If deg(p) = 0, then c is a free parameter, and there are only two families of
anti-involutions given by [21]).

Remark 2.2. When deg(p) = 0, we recover the classification obtained in Propo-
sition 2.1 [KWY].

In the last part of this section we present the proof of Theorem 2.1] through-
out several lemmas.

Let o : D — Dy be an anti-involution that preserve the principal gradation,
then o induce a map oy : D* — D? as follows

o(t* f(D)p(D)) = oo(t* f(D))p(D). (2.2)

It’s clear that og preserves the principal gradation and furthermore, the char-
acterization of o is equivalent to the characterization of og.

Lemma 2.3. Let f, g € C[D] and k, m € Z. Then

(a) oo is C-linear;

(b) 0% = Id;

(c) ao(t**™ f(D +m)p(D +m)g(D)) = oo(t™ g(D))p(D)oo(t* f(D));
(d) oo(f(D)g(D)p(D)) = a0(f(D))oo(g(D))p(D) -



Proof. Using that o is an anti-involution, (@) and (B follows immediately. For
f, g € C[D], k, m € Z we have

o(t* f(D)p(D)t™g(D)p(D)) = oo (t™g(D))p(D)oo(t* f(D))p(D) (2.3)
and
o(t" f(D)p(D)t™g(D)p(D)) = oo(t*™ f(D + m)p(D + m)g(D))p(D) (2.4)

obtaining (@). Observe that (d)) follows from (@) since (D”)¢ is an abelian sub-
algebra of D® and o¢ preserve the gradation, finishing the proof. O

We shall need the following notation: oq(t*) = t*¢,, with g4 in C[D].
Lemma 2.4. (a) For all k € Z, we have ¢, = £1.
(b) There exist ¢ € C such that for all k € Z and f € C[D], we have

oo(t*f(D)) = ext* f(—=D — k + ¢).

Proof. Using Lemma 23 (d) with f = g = 1 we have
o0(p(D)) = e5p(D) (2.5)

then by Lemma 23 (b)) and ZF), p(D) = oo(e3p(D)) and using again Lemma
23 () with f =1 and g = &3, we obtain

p(D) = 5000(53)19(1))- (2.6)

Then from (2Z.8]), 1 = egog(e3) therefore g¢ is a constant. Moreover by Lemma
2.3 @) and (), we have 1 = 02(1) = £3, obtaining

go = £1. (2.7)
Now we shall prove that
oo(t' DY) =ty (egoo(D) — 1) for all l € Z, and i € Z, (2.8)

by using induction in ¢. The case ¢ = 0 follows by notation. Now, using Lemma
23l (@) with t*f(D) = (D — 1), t™g(D) = t'D?, we have

oo(t' D 'p(D +1)) = oo(t'D)p(D)oo(D — 1)
= tlei(e000(D) = 1)'p(D)(00(D) —eol)  (2.9)

on the other hand, using again Lemma 23l(@) with t*f(D) = 1, t™g(D) =
t! D1, we obtain

oo(t' DT p(D +1)) = oo (t' D H)p(D)eo. (2.10)



Comparing (Z9) with (2I0), and using (2.7, we obtain (Z2.8]).

Note that, given f € C[z] and using the linearity of o together with (2:]]),
we have

oo(t* f(D)) = tFer f(e0o0(D) — k). (2.11)

Since oy preserves the Z-gradation, we can assume that oo(D) = g(D) for
some g € C[z]. Then by Lemma Z3l(0) and @II)), we have D = o3(D) =
e09(c0g9(D)). Using 27, it follow that deg(g)? = 1 and therefore deg(g) = 1.
Then oo(D) = aD + b for some a, b € C with a # 0. Finally,

D = 02(D) = ao(aD +b) = a®>D + (a + £o)b,

obtaining
00(D) = aD + b with a = +1, (a+¢£9)b=0. (2.12)

Using Lemma 23 (b)) and (ZI)), for all k € Z,
th = 62 (t*) = a0(t*ex) = tex(D)er(c000(D) — k), (2.13)

then deg(e) = 0 and furthermore 7 = 1, finishing the proof of (@).
Observe that, using 211, (Z12) and Lemma [24] (@) we have

oo(t* (D)) = ext* f(cpaD — k +¢) where ¢ = epb.
Hence, in order to finish the proof of (B, it remains to see that ega = —1. But
t"D = o2(t*D)
= oo(ext®(e0aD — k 4 £ob))
= t*D+ (spa+ 1)k
for all k£ in Z, therefore ega + 1 = 0. O

Proof Theorem[21l. Let o : D, — Dj be an anti-involution that preserve the
principal Z-gradation. From ([2.2) and Lemma 2.4 (b))

a(t* f(D)p(D)) = ext" f (=D — k + ¢)p(D) (2.14)

for some c € C.
Moreover from (2.3) and Lemma 24l @) we obtain oo (p(D)) = p(D). Then
by Lemma 2.4l (b)), we have that p must satisfy

p(D) = eop(—D + ¢) for some ¢ € C. (2.15)

If n = deg(p) > 0, by considering the coefficients of D™ and D"~! in both
2¢y,—
sides of (2IH), we have g = (—1)" and ¢ = ¢

n

St o cixt, so ¢ is totally determined by the coefficients of p.
If deg(p) = 0, using (ZI58) we get €9 = 1 and ¢ is a free parameter.

L respectively, where p(z) =




On the other hand,

o(t*p(D)t™p(D)) = o (t™p(D))o(t*p(D)) (2.16)
with
o(t* p(D)t"p(D)) = o(t* ™ p(D + m)p(D))
= ehmt™"p(=D — k + ¢)p(D)
= orpmttT™p(D + k)p(D), (2.17)
and
o(t"p(D))o(t*p(D)) = emext™p(D)t"p(D)
= emept™™™p(D + k)p(D). (2.18)

From (ZTI7) and (ZI8) we have that (2I6) holds if and only if
Ek+tm = E0ELEm, (2.19)

and this is true for all k, m € Z. Then, if we take £k = 1 and m = —1 from
T19) and Lemma [Z4] @), we have that e; = e_; and by induction

ex = o(e0er)” for all k € Z. (2.20)

Since g is totally determined, we could have only two anti-involutions depending
on the choice of £;. Using (2.I4) and (2.:20), we have the following cases:

-if e; = eg, then o(t* f(D)p(D)) = eot* f(—D — k + ¢)p(D);
- if &1 = —ep, then o(t* f(D)p(D)) = eo(—t)* f(=D — k + ¢)p(D).

Reciprocally, it is straightforward to check that if p satisfies (2.I5) then the
two previous cases are anti-involutions, finishing the proof. O

3 Quasifinite Highest-Weight Modules over 13;'[

Let p € Clz] with n = deg(p) that satisfies Theorem 211 i.e. p(x) =
(=1)"p(—z + ¢) for some ¢ € C. We denote by ’Dg[, the Lie subalgebra of D,
consisting of its minus o-fixed points i.e.,

D;t ={deD,:0+(d) =—d}.

It inherits a Z-gradation from D, since o+ preserves the principal Z-gradation
of Dy, then D = @, (D5)x where

(Dy)x = {t"F(D)p(D) : f € Clz] and o4 (t* f(D)p(D)) = ~t*f(D)p(D)}.

Let us denote by C[xz](® (resp. C[z]™) the set of all even (resp. odd)
polynomials in Clz]. Also, we let k = 0 if k is an odd integer and k = 1 if k
even. The following lemma gives a complete description of (Djf)y.



c—k
2

Lemma 3.1. (a) (D) = {tkf <D - >p(D) L fe C[w]m)} ;

) 0= {er (D= 55 ) o) s e i

Proof. Let t* f(D)p(D) € (D, )k then, by Theorem 2]

(=1)"™MFF (=D — k + c)p(D) = o (t" f(D)p(D)) = ~t* f(D)p(D)

c—k
k 2 )
and for £ = w — " we have g(=z) = f(~w -k +¢c) = (=1)"F*1f(w) =

2
c—k

if and only if (—1)"***+1 f(2) = f(—x — k + ¢). We define g(w) = f(w +

(—1)n+k+1f(3; + )= (—1)"+k+1g(x), therefore g(w) € C[w](n_Jrk) and
c—k
2

Remark 3.2. [KIVY]

gl — ) = f(=) finishing (B). The proof of (@) is similar. O

We have the following 2-cocycle on D, where f(z), g(z) € C|x]

f(m)g(m+r) ifr=—s>0,
U(t"f(D),t°g(D)) = { —r<m<—1
0 ifr+s#0orr=s5=0.

Denote by D the central extension of D by a one-dimensional center CC, corre-
sponding to the 2-cocycle ¥, i.e. D =D + CC' with the following commutation
relation

[t"f(D),t°g(D)] = t""*(f(D + s)g(D) — f(D)g(D + 1)) + ¥(t" f(D),t°g(D))C.

Denote by ﬁ;t the central extension of D;t by CC corresponding to the restric-
tion of the 2-cocycle W. R
Letting wt t* f(D)p(D) = k, wt C = 0 defines the principal gradation of ’D?f

23;'[ = @(5;[)]“ where (ﬁ;t)k = (D )k + 60,k CC. (3.1)
kEZ,

In order to apply the general results on quasifinite representations of Z-
graded Lie algebras developed in sect 2 in [KL], we need to study the parabolic
subalgebras of D;t. Let us recall some general definition and results from [KLJ.

Let g = @,z 9;, be a Z-graded Lie algebra over C, and take g+ = @, 9;-
A Z-graded subalgebra p of g is called parabolic if,

p= @pj, where p; = g; for j > 0 and p; # 0 for some j < 0.
jez



We assume the following properties of g:
(P1) go is commutative,
(P2)ifaeg_ (k>0)and [a,g1] =0, then a = 0.

Given a € g_; that is nonzero, we define p® = @jez p¢, where p§ = g; for all j >
0 and

p(il = Z[[[au 90]790]7 ]7 pik—l = [pilupik]'
It was proved in [KL] that p® is the minimal parabolic subalgebra containing a.

Definition 3.3. (a) A parabolic subalgebra p is called nondegenerate if p_; has
finite codimension in g_; for all j € IN.
(b) An element a € g_1 is called nondegenerate if p* is nonodegenerate.

We will also require the following condition on g:

(P3) If p is a nondegenerate parabolic subalgebra of g, then there exists a
nondegenerate element a € p_;.

A g-modulo V' is called Z-graded it V. = ;5 V; and g;V; C Viy;. A
Z-graded g-module is called quasifinite if dimV; < oo for all j.
Given X € gj, a highest-weight module is a Z-graded g-module V (g, A) gen-

erated by a highest-weight vector vy € V(g, A)o which satisfies
hvy = A(h)vy for h € g and grvy = 0.

A nonzero vector v € V (g, \) is called singular if gyv = 0.
The Verma module over g is defined as usual:

M(g,A) =U(8)Ru(gy @ a.)Crs

where C) is the one-dimensional (go € g+)-module given by h — A(h) if h €
go, g+ — 0, and the action of g is induced by the left multiplication in U(g).
Here and further U(g) stands for the universal enveloping algebra of the Lie
algebra g. Any highest weight module V (g, \) is a quotient module of M (g, \).
The irreducible module L(g, ) is the quotient of M (g, A) by the maximal proper
graded submodule.

Consider a parabolic subalgebra p = EBJEZ p; of g and let A € g be such
that A |g) qp.p)= 0. Then the (go @ g+ )-module Cy extends to a p-module by
letting p; act as 0 for j < 0, and we may construct the highest weight module

M(pv g, A) = u(g)®u(p)c)\

called the generalized Verma module. Clearly all these highest weight modules
are graded. The following result givens the characterization of all irreducible
quasifinite highest weight modules.



Theorem 3.4. [KL] Let g = Dz 9; be a Z-graded Lie algebra over C that
satisfies conditions (P1), (P2) and (P3). The following conditions on \ € g§
are equivalent:

(a) M(g,\) contains a singular vector a.vy in M (g, \)_1, where a is nondegen-
erate.

(b) There exist a nonodegenerate element a € g_1, such that A([g1,a]) = 0.
(c) L(g, ) is quasi-finite.

(d) There exist a nondegenerate element a € g_1, such that L(g, \) is the irre-
ducible quotient of the generalized Verma module M (g, p®, ).

Proof. See [K1J. O

Now we will prove that ﬁ;t satisfies the properties (P1), (P2), (P3) and
therefore we can apply Theorem B4l It is obvious that ﬁ;ﬁ satisfies (P1). In

order to prove that 13;‘: satisfies (P2) and (P3), we shall need the following
results.

Lemma 3.5. Lets f, g, h € Clz] be such that deg(fg) > 0 and
[t*F(D), t'g(D)] = t**'n(D) + ¥ (¢* f(D), t'9(D))C, (3.2)
then deg(h) = deg(f) + deg(g) — 1 if and only if deg(f)l # deg(g)k.
Proof. We suppose, f(D) = D' and g(D) = DI with i + j # 0, then from B2
h(D) = (D +1)'D? — (D + k)’ D",

it is clear that deg(h) < i+ j — 1, moreover the coefficient of D=1 is (il — jk)
therefore, for this case the Lemma is true. Now, lets f(z) = > . fiz" and
g(z) = Y74 gj2’ be polynomials such that n +m # 0, then

[t*F(D),t'g(D)] =Y fig;[t" D", # D] := )" fig; t**'hi (D),

with deg(h; ;) < i+ j — 1. Therefore we only have to study t**'h,, ., (D)
[tk D™, #' D™], finally the proof follows from previous paragraph.

ol

Lemma 3.6. Letp = P,y pj be a Z-graded subalgebra ofﬁ;t with po = (ﬁ;t)o.
(a) If p; # 0, then it has finite codimension in (ﬁ;t)j

(b) If p_1 # 0, then p_; has finite codimension in (ﬁ;t)_j for all j € IN.



Proof. In order to prove (@), it is enough to find a family {t/ gx(D)p(D)}x>1 C p;
with deg(gr) = mo + 2k for some fixed mg € Z (see Lemma [3T]).
We suppose j # 0. Let ¢/ f(D)p(D) € p; be nonzero. By hypothesis and

Lemma BT, (D — g)%*ﬁp(D) € po for all k > 1, then

¢/ f(D)p(D), (D = 5)**7p(D)] := t/gu(D)p(D) € b,

and by Lemma B35 we obtain deg(gx) = deg(f) +7 + n — 1 + 2k, finishing (a).

Now, in order to prove (D) we only need to see that p_; # 0 for all j > 1. By
induction, we suppose p_; # 0 with j > 1. Then from the above paragraph, for
all k > 1 there exists t 7 g (D)p(D) € p_; with deg(gr) = mo + 2k (mg € Z
fixed) and by hypothesis there exists t =1 f(D)p(D) € p_ that is nonzero. Hence,
we can take ko € IN such that (n + deg(f))j # (n + mo + 2ko), then by Lemma
B3 we have that [t71 f(D)p(D),t 7 gi, (D)p(D)] € p_;—_1 is nonzero. O

Corollary 3.7. (a) 23;[ satisfies (P2).

(b) Any parabolic subalgebra of ﬁ;t is nondegenerate.
(¢) Any nonzero element of (ﬁ;t),l is nondegenerate.
(d) 5; satisfies (P3).

Proof. Let t~*f(D)p(D) € ﬁ;t be nonzero (with k& > 0), then if we take
tg(D)p(D) € 23;'[ with no constant g, we obtain from Lemma [3.5] that

[t F(D)p(D), tg(D)p(D)] # 0,
therefore, ﬁ;t satisfies (P2).

Now, let p be a parabolic subalgebra of ﬁ;t, by definition there exists j € IN
such that p_; # 0 then by (P2), p_; # 0, and the proof of (D)) follows from
Lemma [3.6] (b)). Finally, (@) follows from (b)), and (d)) follows from (@). O

Let L(ﬁ;t, A) be an irreducible quasifinite highest weight module over 23;'[
By Theorem [3.4] there exists some monic polynomial b(z — <)p(z) such that
(t_lAb(D — E)p(D))vx = 0 (with b(z) a polynomial odd or even depending
on fo as described in Lemma [BJ]). We shall call such monic polynomial of
minimal degree, uniquely determined by the highest-weight A, the characteristic
polynomial of L(D;t, A).

Let us denote by ZS?) (resp. Zsrl)) the set all even (resp. odd) non-negative
integers. R

A functional X € (DF)j is described by its labels A = =A((D — §)'p(D)),
where [ € ZT), n = deg(p) and the central charge A\(C) = ¢o. We can consider
the generating series

7t
A)\(,T) = Z_ ﬁAl' (3.3)



Recall that a quasipolynomial is a linear combination of functions of the form
q(z)e**, where ¢ € C[z] and o € €. Also we have a well-known characteriza-
tion: a formal power series is a quasipolynomial (resp. even quasipolynomial)
if and only if it satisfies a non-trivial linear differential equation with constant
coefficients f(9) = 0, where f(x) is an polynomial (resp. even polynomial).

The following theorem characterizes the irreducible quasifinite highest weight
modules over fo.

Theorem 3.8. A ﬁ;t -module L(ﬁ;t, A) is quasifinite if and only if

Ax(x) =p (% + g) (72 :fﬁﬁ?a) , (3.4)

where ¢y (x) is an even quasipolynomial such that ¢»(0) = 0.
Proof. Recall that p satisfies
p(z) = (=1)"p(=z +¢) (3.5)

where n = deg(p). We shall use the following identities, for f, g € Clz] and
a€C:

f< %) = f(ta)es, (3.6)
£e(D-9) f(p) = f(i%+g)e:tz(D£)7 (3.7)
i ()l = 1(5 7)o (35)
Using ([335) and (3.7),
Ax(z) = _%A((eww—%u( 1) (P=8)) (D))
_ —%)\(p (%+5> (cx0-9) — w<D-z>)> (3.9)

1\10\7&/7 take F)\ ({E) a solution Of
( )_ ) ( ) (31 )
Ax x P d + l)\ xX). .10

It follows from Theorem [3.4] that L(ﬁ;t, A) is quasifinite if and only if there
exists t~'b(D — < )p(D) € (ﬁff)_l such that

c—1 c+1

0= A(HD - =5

)?+op(D),t™ (D ~ )p(D)]) (3.11)

11



for all k € Z and by Lemma B and @), b € C[z]®) where ¢ is given by

5= n, in tl.le case ﬁ;,Ai (3.12)
n—1, in the case D, .
Taking generatriz serie, (811) is equivalent to
1 . . ]
0 = AP ()P =) 10D — L))
1 1 c e
= A (0D = S0 = D) (apen o)

an_ 1 2(D—%5Y) | 1\6 —a(D—5L)

b(D )p(D + 1)p(D)(e 7+ (=1)% =)

c+1

+b(

Then using the identities (3.3), B:6), 1), B.8), B9) and BI0)

1 d d c¢c—1 _. ,d c
0 = 5)\(17(@)]9(@4_7)6 2P+

d d ¢—1 ., d ¢ —e(D—s
(=1 b= Ip(= -+ )R p(— o+ 5+ e PR

dr 2
d d C+1 x d & z(D—%)
da:+ 2 )er(dx 2)e ’

)ew(D—%)

—) (2 sinh(2)T' (@) + cosh((c_; 1)35)%) .

It follows that L(ﬁ;t, \) is quasifinite if and only if there exists b € C[z]® (see
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(BI12)) such that

d d c+1 d c—1 . €T c+1
0= b(d_x)p(d_x + T)p(d_x +— ) (2 s1nh(§)F>\(x) + cosh((

)z)co

(3.13)
Therefore, if L(DE, \) is quasifinite, then 2sinh(% ) (x) 4 cosh((< > D)y is
a quasipolynomial. But, using (39) and (3I0), we get that I'x(z) is an odd
function. Hence,

o (x) = 2sinh(

is an even quasipolynomial such that ¢,(0) = 0, and using (3.10Q)), we have

Ax(z) =p (dﬂi + > <2iAT(f()§)) : (3.15)

Conversely, if (3.13) holds for some even quasipolynomial ¢y with ¢, (0) = 0,

then F(z) = ¢x(x) + cosh((:1)z)co is an even quasipolynomial and it satisfies

q(<L)F(z) = 0 for some g € C[z]°. In particular, we have

)T (2) (3.14)

o8

d c+1 d c—1 d
P(d—z + T)p(d_x + T)Q(d—I)F(fﬂ) =0,

and therefore L(ﬁ;t, A) is quasifinite, finishing the proof. O

The even quasipolynomial ¢ () + cosh((< )z)co, where ¢y (x) is from (B4)
and ¢ is the central charge, can be written in the form

NE )+cosh(

x)cg = qu ) cosh(ej x) + er )sinh(e; @), (3.16)

where g;(x) (resp. 7rj(z)) are non-zero even (resp. odd) polynomials and e
(resp. e; ) are distinct complex numbers. Note that _; ¢;(0) = co.

The expression (3.16) is unique up to a sign of ¢;” or a simultaneous change
of signs of e; and r;(x). We call e; (resp. e; ) the even type (resp. odd type)

exponents of L(ﬁ;t,)\) with multiplicities g;(z) (resp. r;(x)). We denote by
eT the set of even type exponents ej with multiplicity ¢;() and by e~ the
set of odd type exponents e; with multiplicity r;(z). Then the pair (e*,e™)

determines L(ﬁ;t, A) uniquely, and we shall also denote it as L(ﬁ;t; et e™).

Corollary 3.9. Let L(ls;[, A) be an irreducible quasifinite highest weight module
over ﬁ;t, bz — <L)p(z) be its characteristic polynomial with b(z) € Clz]’

(see B.I2)), Ta(x) be a solution of BI0) and let F(x) = 2sinh(§)'x(x) +
cosh((&H)z)co. Then

d d c+1 d c—1

13




1s the minimal order homogeneous linear differential equation with constant co-
efficients of the form

d d c+1 d c—1 . s
f(%>p(%+7>p<£+ 5 >’wlthf€®[$],

satisfied by F(x). Moreover, the exponents appearing in BI8) are all roots of
the polynomial b(z)p(z + <L )p(z + ).

4 Interplay between 2/5;9 '+ and é\[E:], ng], d([)@] and

cl

Denote by Ry, the quotient algebra C[u]/(u™*!) and by 1 the identity element
of Ry,. We let g[[m} the Lie algebra of all matrices (a;;)i jez with finitely many

o0
nonzero diagonals with entries in Ry,. Also denote by E;; the infinite matrix

with 1 at (4, j) place and 0 elsewhere. Letting wt E;; = j—1 defines the principal
Z.-gradation of g[([;’f]. There is a natural automorphism v of g[([;?} given by

V(Ei ;) = Eit,j41. (4.1)

Consider the following two-cocycle on g[([;?} with values in Ryy;

C(A, B) = tr([J, A B), (4.2)

where J = > . Ejj, and denote by gA[E:]

central extension. The Z-gradation of this Lie algebra extends from g[([;?] by
letting wt Ry, = 0.

Given X € (gA[E:])S, we let

= g[{jg] ® Ry, the corresponding

¢ = Aud),
A= AW Ey), “3)
ahEJ) — a)\z(J) —a Agi_)l + 51'.,0 Cj-

where i € Z and j = 0,...,m. The superscript a corresponds to the type A
Lie algebra gA[LT]. Let L(é\[([:;I ],)\) be the irreducible highest weight é\[([;:]—module
with highest weight A\. The “/\EJ ) are called the labels and ¢; are the central
charges of L(E[OO ).

Consider the vector space Ry [t,t!] and take its basis v; = t* (i € Z) over
Ru. Let us consider the following C-bilinear forms on this space:

C(uv;, u"vj) (—U)n(_l)idiﬁlﬂ'v

um
D(u™v;,u"v;) = u™(—u)"0;1—;.

[m]
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Denote by E[Q} Iand EE:] the Lie subalgebras of g[gg} which preserves the bilinear

forms C and D respectively. We have;

dml = {Ae gl A (u) = (1) A i(—u)}
ELT] = {Aegll A ;) =—Arj1i(—u)}
Denote by cL’Q] = EL’Z}] @R, and dL’Q] = E([::} ® R,, the central extension of EL’Q}

and E[m}
subalgebras inherits from gA[LT] the principal Z-gradation.

Let g stand for ¢ or d'2). Given \ € (9)5, denote by L(g, A) the irreducible
highest weight module over g with highest weight . We let

respectively, given by the restriction of the two-cocycle (@2]). This

o0

¢ = M),
9,\§j) = MNWE; — (—u)FE1_i1),
th(j) _ g>‘z('j) _s >‘z('i-)l’ (4.4)
gh(()j) - 9)\9) +¢; (j even),
where i € Z, j = 0,...,m and the superscript g represents ¢ or d depending on

whether g is cL’Q ] or dL’ZJ }. The 9 )\Ej ) are called the labels and c; are the central

charges of L(g, \).
We define

Ly = {Ae gl A () = —(F)H A (~u) it i >0 vV i=j=0;
Aiyj(u) = (:Fl)HjA,jﬁ,i(—u) if Z] < 0, Afiﬁ()(u) = (:Fl)l’U,AOJ(—’U,),
Aiyo(u) = —(:Fl)iqu,,i(—u) for i € IN},

subalgebras of gl Denote by E[in I = Z[f ]GBRm the central extension of Z[f ],
given by the restriction of the two-cocycle ([@2)). This subalgebras inherits from

[m]

E[OO the principal Z-gradation.
Given \ € (E[f])g, we let

Cj = )\(’LL]),
N = NWIE; — (—u) E_; ), (4.5)
R = 2\ _E5D 150

where ¢ € Z and 7 = 0,...,m. The superscript £ corresponds to the Lie
algebras ﬁ[f I Let L(L[f }, A) be the irreducible highest weight é\[g]—module
with highest weight A\. The i)\l(-j ) are called the labels and ¢; are the central
charges of L(E[in], A).

Let O denote the algebra of all holomorphic function on C with the topology
of uniform convergence on compact sets and O (resp. O©)) the set of odd

15



(resp. even) holomorphic function. We consider the vector space D© spanned
by the differential operators (of infinite order) of the form ¢* f(D), where f € O.
The bracket in D naturally extends to D©. Similarly, we define a completion
DY~ (resp. DY +) of Dy (resp. D) consisting of all differential operators of
the form t* f(D + %)D where f € O®) (resp. f e OO),

Then the two- cocycle U on D (resp. DI) extends to a two-cocycle on DY
(resp. DY *). We denote the corresponding central extension by DO = PPaCC
(resp. DO+ = DO *aCC).

Given s € C, we will consider a family of homomorphism of Lie algebras
plmh = D% - g™ defined by;

soL”]’i(t’“f<D+§)D) = K%f(—ﬁ§+s+u)<—j+s+u)Ej-k,j
i (i O
i ]+k/2+“ g+ )

JEZ i
f@ j+ Es)

1751

(= + ) +wu'Ej_y,

Il
=]

JEZ i
(4.6)

[m], +

where f(*) denotes the ith derivative. Note that ¢y is the restriction to

DY-* of the homomorphism (3.2.1) in Ref. [KRI].

Remark 4.1. The principal Z-gradations on DS+ and g[gg] are compatible

under the homomorphisms <p[5m]’ +

Let
Is[iy;c]’_ = {fGO(E):f( (—j+k/2+s)=0forall j€Z, 0<i<m},
Is[%7+ = {fEO(O)if(i( j+k/2+s)=0forall j €7Z, 0<i<m},
and let
g = @D+ k/2) f eIl
kez
Jt = DU D+ k/2) fe Il
kEZ

Proposition 4.2. Given s € (C — Z/2) and m € Zy we have the following
exact sequence of Lie algebras:

0 — Jmh =+ DOi—>g[[ J 0.

+ _ S[1n],i [m], £

Proof. 1t is clear that kercp[sm]’ . We only need to prove that (g is
surjective. We recall the following well known fact: for every discrete sequence
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of points in C and a non-negative integer m there exists a(x) € O having the

prescribed values of its first m derivatives at these points.

Case wLﬁL* (resp. df”**): since s & Z/2 the sequence {—j + k/2+ s}jez

and {j — k/2 — s} ez are disjoint. We fix 0 < i < m and jo, k € Z, then there
exists a(z) € O such that

Cif ks even, aD (—j + k/2+ 5) = aD(j — k/2 — 8) = 6i.ig0j.jo /2,
Cif kis odd, @ (—j + k/2 4 8) = 26,400, jos @D (G —k/2 —8) = 6i.i00}.jos
(resp. aD(—j +k/2+s) =aD(j —k/2— ) = 6;.iy05 o /2), and let

(resp. g(x) = io!(a(z) + a(—x))). Then

Pl (5 g(D + k/2)D) = (u+ (s = jo))u™ Ejy—, o

[m], £

and since {(u+ (s—jo))u'}™, is basis of Ry, then ™'~ is surjective, finishing
the proof. O
Proposition 4.3. For s = %, we have the following exact sequence of Lie
algebras:
0—JmM 5o 5. o,
2
N I
where g, 1= Coo’ and g_ :=d, .

Proof. The homomorphism cp[m] : DO — g[[j:] defined by

1
2

Al HDID) = 3 sk St g = D) Ej kg
mor@Ol_ 5 )
= ZZ#(S—J)JFU)UZEJ‘#W
JEZ i=0 :

is surjective and the anti-involution oy is transferred through this homomor-

phism to an anti-involution wy in g[{jg], that satisfies

1 " 1
ws (04 5= DFWE ) = GO (=0t § = DB
with f € C[z], from which it is easy to see that

wi(f (W) Ei ) = (£1)" (—u+ % —i)(~u+ % — ) (W B (A7)

Then, the Lie algebra of —o-fixed points in DY (namely D9°*), maps surjec-
tively to the Lie algebra of —w-fixed points in g[{jg].
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([;1]

Now, we define the automorphism 7" : glJ" — g[([;?} by

j—1
T(ulEm) H (u — (k + l)) ’U,lEi)j ifi< 7,

, 2
k=1
T(ulEi,i) = ’U,lEi)i,
i—1 1\ !
TW'E; ;) = ]}I<u—(k+§)> u'E;j ifi> g
=J

On the other hand, let pi(f(u)E;;) = (F1)" f(—u)E1_j1—; be the anti-
involution in g™ that define g, then using (@) we have that

Trxl i), @@imh @@, = W=l gim), @@irh, @iy, (48)

Then, since gl™ is generated by (gil™)_; @(gl™)o P(g!™); and using ER),
we obtain that p+ = T 'w4T. As before, the Lie algebra of —w-fixed points in

[m]

gl maps surjectively through of T~ to the Lie algebra of —p-fixed points in

[m)] [m]

gl namely g,.. So T~! ™ maps surjectively D9-* in g, and since T~ ! is an
2

automorphism it is clear that kerT ! go[lm]’i = J[lm]’ i, finishing the proof. [
2 2

Proposition 4.4. For s = 0, we have the following exact sequence of Lie
algebras:

0— g poE LT o,

Proof. We consider the following morphisms of Lie algebras: gpgm] as in (£0)
and T : g™ — g™l defined by

j—1

T(’U,IEZ')]‘) = H(u - k) ’U,lEi)j ifi < j,
Kz

u'E; i,

i—1

TW'E;) = [[u—k "WE; ifi>j,

k=i
k0

T(’U}Ei)i)

note that T'(u'E; ;) = u! T(E; ;). Then, Tol™ : DO+ - Z[f] is surjective and

since T' is an automorphism, it is clear that kerTgpgn] = J(Em}’i, finishing the

proof. O

Remark 4.5. (a) For s =0 and s = %, by an abuse the notation we will denote

[m]

again o™= the surjective homomorphism of the Propositions 3 4

(b) For s € Z (respectively s € Z + 3) the image of DS+ under the homomor-
phism <p[5m]’i is Vggagm]’i(Dg)*i) (respectively Vgga[lm]’i(l)f’i)), where v was

2
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defined in [EI) and 5 = s (respectively s = s — %) Therefore, we will only
consider s = 0, % throughout the article.
(c) Observe that Proposition is the corrected version of Proposition 5.3 in
/BLJ.

Now we want to extend the homomorphism go[sm]’i to a homomorphism
between the central extensions of the corresponding Lie algebras. Define

(s—1/2)x _1)ip—(s—1/2)x
e +(—1)% T )
ni(x, s) = (2 ) T (i €Zy, s€C).

The functions 7;(z, s) satisfy:
ni(z,—s) = (—1)i77i($7 s+1), (4.9)
no(z,s+1/2) = cosh(sz).

Proposition 4.6. The homomorphism cp[sm]’i lifts to a Lie algebra homomor-

slmls £

phism ps of the corresponding central extensions as follows:
Sa[sm]’ﬂ(ﬁzi)j = ‘Pgm]’ﬂ(pf)j (for j #0),
~ . 1 = 771(5575_34‘1)_771(%3—]) i
()£ (sinh(zD)) = = ‘E;
Ps (Sln (:E )) 2 Z Z smh(:v/Q) U Ly,

i=0 jEZ

1 ni(x, s) e 1 cosh(z/2)
Z sinh(z/2) 0t3 2 sinh(x )CO’ (4.10)

Pt (o) = 1

Proof. Note that (D)o = (D; )o and therefore cﬁ[sm]’+|(5;) = gﬁ[sm] |(735)0
See Proposition 5.2 in [BLJ]. O

Let m = (m1,...,my) € ZY¥ and 5 = (s1,...,s5) € CV be such that
s; € Z implies s;, =0, s; € Z + % implies s; = % and s; # £s; mod Z for i # j,
combining the Propositions 4.2 3] [£.4] and we obtain the following result.

Proposition 4.7. Given ™ ands as above, we have the following exact sequence
of Lie algebras:

S
0— () JimdE - DO+ s g 0,
i=1
where go[m] = EBl 0 go[;:“] and g[f] = 691 0 g[fl] with
~[mi]

g[oo ) Zf Si 7é 07 %7
g[jh] = ngi]u Zf S; = 7
‘CTZ]’ Zf S = 07
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and ]
9[;%, ZfSZ#O, %a
il — [m] : _
g- " = dw ’ Zf Si = %7

£l if s =o0.

5 Realization of Quasifinite Height Modules of
~NO,+
Dx
Let gl™ stand for EIEZ] or cL’S] or dL’g] or ﬁ[;n]. The proof of the following
proposition is standard.

Proposition 5.1. The g™ -module L(g!"™, \) is quasifinite if and only if all but
finitely many of the *h,(:) are zero, where x represent a or ¢ or d or + depending
g[m] 18 gA[LT] or cL’Q] or d[fg] or E[f].

Let m = (my,...,my) € ZY and 5 = (s1,...,sy) € CV be such that
s; € Z implies s; =0, s; € Z + % implies s; = % and s; # +s; mod Z for i # j,
take a quasifinite \; € (g[fi])g foreachi=1,..., N and let L(g[ini], Ai) be the

corresponding irreducible g[fi]-module. Let A= (A1,...,An). Then the tensor
product

N
LX) = @ Liaf"! x). (5.1)
i=1
is a irreducible g[f]—module, with g[f] = EBfil g[im] as in Proposition .7 The

module L(gl™,X) can be regarded as a ﬁf-module via the homomorphism
gﬁ[gm]’i, and will be denoted by L[gm] (\). We shall need the following proposition.

Its proof is analogous to that of Proposition 4.3 [KRI].

Proposition 5.2. Let V a quasifinite ﬁf-module. Then the action of ﬁ;ﬁ on
V naturally extends to the action of (DS*) on V for any k # 0.

Theorem 5.3. Let V' a quasifinite g[f] -module, which is regarded as a 5;‘5-

module via the homomorphism gﬁ[gm]’i. Then any ﬁf—submodule of V is also

a g[iﬁ] -submodule. In particular, the ﬁ;t -modules L[gﬁ] () are irreducible if 5 =
(51,...,5N) € CN is such that s; € Z implies s; =0, s; € Z—i—% implies s; =

and s; # £s; mod Z for i # j.

—

27

Proof. Let U be a ﬁf—submodule of V, then U is a quasifinite ﬁf-module as
well, hence by Proposition[5.2]it can be extended to (DS*) for any k # 0. By
Proposition €7, the map @[gm}’ =, (ﬁfi)k — (g[f])k is surjective for any k # 0.

Therefore U is invariant with respect to all graded subspaces (g[f ])k (k #0) of
(] (7]

g, . Using that g5~ coincides with its derived algebra, we finish the proof. O
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Given an irreducible highest weight ﬁmi—module L(ﬁmi, A), using Theorem
B8, we have that it is quasifinite if and only if

) = (%) (5.2)

where ¢ (x) is an even quasipolynomial such that ¢, (0) = 0.

On the other hand, observe that a functional A € (DF); is also characterized
by I't = —=A(D'*1), where | € Z%, and the central charge A\(C) = co, cf. B3).
Consider the new generating series:

xl—i-l
Ta(z)= > mrl = —A(sinh(zD)), (5.3)
€79, )

observe que I'y (z) satisfies (B.I0]), then using (314) we obtain

NED)

(@) = 2 sinh (ﬁ) '

We will show that in fact all the quasifinite ﬁf—module can be realized as

some L[gm] (g[f ], A), and this is done by the study of exponents and multiplicities
using the computation of the generating series I'y, s A(2) of the highest weight

DO+ module rtm (g4 m], A).

Proposition 5.4. For s € (C — Z/2), consider the embedding @[Sm] : ﬁ;t —

g[[m] Then the g[([::] -module L(E[E::],)\) regarded as a 232: -module via @[Sm] is
isomorphic to L(DE;e™ e™) where e

+
j € Zi and multiplicities

o -
, e~ consist of exponents (s —j — %) with

ahg_z) zt ahgl) ¢
g - and g - ,
7! 7!
0<i<m, 0<i<m,
i even i odd

respectively.

Proof. By Proposition [i.1] and Theorem [(£.3] the ’ﬁf-module L(gA[([Z]7 A) is an

irreducible quasifinite highest weight module. Using (@I0), the central charge

¢ = ¢p. Using the explicit expression of the homomorphism gp[m] ZS;E — é\[([::]

given in Proposition [6]), and the formulas (2.3]), (ZI0) and (£3) we have that

Losa(e) = —)x(@[sm](sinh(xD)))
- = Z ni(z,s —Jj) 4 ap, () 1 cosh(z/2)

———=0o.

smh ‘sinh(z/2) 7 2sinh(z/2)

Now the proposition follows from the definition of exponents and their multi-
plicities. o
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[m], +

ml _ c([)@], g[inl = d"™ and the embedding P4
2

Proposition 5.5. Consider g,
’ﬁi — g[f]. Then the g[m]—module L(g[f],)\) regarded as a ’ﬁf—module via

g’ﬁ[lm]’ 18 isomorphic to L(Dz set e”) wheree™, e consist of exponents j € 7.y
and multiplicities
gp () i gp, () i
j j
>, —— ad ) —i—
o<i<m, o<i<m,
1 even i odd

respectively, where ghg-i) =0 for i odd and g represents ¢ or d depending of g[f].

Proof. We will only need to compute I'y, s A(z). The rest of the statement is

clear, cf. the proof of Proposition (.4l Recall Remark (a) and consider
the explicit computation of the homomorphism cﬁ[lm]’i : DF — g[in ] given in

2
Proposition &6l Using (5.3)), (£9), ([EI0) and [@4]) we have that

Fisa(®) = =A@ (sinh(zD))
1 — (z,5+1/2),
2 Z Zo sinh(z/2) ]
1 i(z,1/2 i 1 cosh
+§ Ziéh(x??i gh((J 2 smh(( = ;CO’
0<i<m
1 eve
which proves the proposition. o

Proposition 5.6. Consider the embedding g’p\gm]’i : ﬁ;t — ﬁ[f]. Then the

E[f] -module L(E[J[n],)\) regarded as a ﬁf—module G @gn]’i 15 isomorphic to

L(DE;et, e where e, e~ consist of exponents —j — L with j € Zy and

multiplicities

:th;l)xz ihgz)zl
E - and E -
7! 7!
0<i<m, 0<i<m,
i even i odd

respectively.

Proof. Recall Remark (a) and consider the explicit computation of the ho-
momorphism gp[m] * ﬁ;t — ﬁ[f I obtained in Proposition Using (5.3)),

@9), (£10) and (Im) we have that

Fm,s,)\(I) = A( siml: i(Slnh(Il)) )
1 «— +, () 1cosh(z/2)
= = pl) _ Z S0P/ )
2 ZZ smh x/2 7 2sinh(z/2) 0
which proves the proposition. o
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Take an irreducible quasifinite highest weight ﬁmi—module L(ﬁf,)\) with
central charge ¢y and
La(e) = —22)

~ 2sinh(z/2)’

where ¢ (x) an even quasipolynomial with ¢, (0) = 0. We will write

éa(x) + cosh(x/2)co = Y Z as,i ni(z, s), (5.4)

seC i=1

where a;; € C and as; # 0 for only finitely many s € C. Since, by definition
of n;, we have that n;(z,—s) = (—1)'ni(x,s + 1), to avoid ambiguities in the
expression of ¢ (z) above, we will choose the parameter s following these rules:
when s € Z we require s < 0; when s € Z + %, we ask s < %, when s ¢ Z./2,
we require that Ims > 0 if Ims # 0 or s — [s] < % if s € R, where Ims
is the imaginary part of s, and [s] denotes the biggest integer smaller than s
respectively.

Decompose the set {s € Clas; # 0 for some i} into a disjoint union of
equivalence classes under the equivalence relation s ~ s’ if and only if s =
15" (modZ). Pick a representative s in an equivalence class S such that s =0
if the equivalence class is in Z and s = % if the equivalence class is in Z + % Let
S ={s, s—k1, s—ka,...} be such an equivalence class and take m = mazscs ms.

Put kg = 0. It is easy to see that if s =0 or %, then k; € IN.

We associate to S the g[f]—module Lgn] (g[f], As) in the following way: if
s¢7Z/2, let “h,(fr) = Qsyk,; Withi=0,...,ms and r =0,1,2,.... We associate
to S the g/j\[z]-modules L[Sm] (3[([;:]

o= h, A = 3 = G0 ).

ky kr2j

,As) with central charges and labels

If s = 3, let 9h{) = a1,y ; withi = 0,...,my and r = 0,1,2,.... We

[m] [m][m]

associate to S the g4 "-module Lg (g4 ', Ag) with central charges and labels

€ = Zghé? (i even), ¢; =0 (i odd), 9A§i> — Z ghg},
b ke>j

[m] (] lm]

where g™ = ', g ]

= d[fg] and g represents c¢ or d depending of g[in,

Jj e ]N,i:(),...,m%. Similarly if s = 0, ihgfg = ag, i, with ¢ =0,...,mp and

r=20,1,2,.... We associate to S the E[ﬁ]-module Lgn] (E[f},)\s) with central
charges and labels

C; = Zihgj, i)\51) = Z (ihl(i) — 6]%70 Ci).
ky kr2j
Denote by {s1, s2,...,8n5} a set of representative of equivalence classes in the

set {s € Clas,; # 0 for some i}. By Theorem [5.3] the ﬁf—module Lt (g™ X)

5
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is irreducible for 5 = (s1,...,sy) such that s; € Z implies s; =0, s; € Z + %
implies s; = £ and s; # +s; (modZ) for i # j. Then we have

FE,E,X(:E) = Zrmi,si)\i (x), e= ch)'

i
Using Theorem [(.3] and Proposition [(.4] and (.6 we have proved the
following result.

Theorem 5.7. Let V be an irreducible quasifinite highest weight ﬁf—module
with highest weight A, central charge ¢y and

__ d@)
') = TGy

with ¢x(x) an even quasipolynomial such that ¢»(0) = 0, which is written in

the form (B4). Then V is isomorphic to the tensor product of the modules
Lgn] (g™, Xg) with distinct equivalence classes S.

Remark 5.8. A different choice of the representative s ¢ 7Z./2 has the effect

of shifting QIEZ] via the automorphism v' for some i. It is easy to see that
any irreducible quasifinite highest weight module L(DS"*,\) can by obtained as
above as a unique way up to the shift v.
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