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We prove that the Lie superalgebra of regular differential operators on the superspace CMIN[t,+71]
has an essentially unique non-trivial central extension.

1. Introduction

The W infinity algebras naturally arise in various physical systems, such as two-dimensional
quantum gravity and the quantum Hall effects (see the review [1, 2] and references there
in). The most fundamental one is the Wi,, which is the central extension of the Lie algebra
of regular differential operators on the circle [1-5], and it contains the W, algebra as

a subalgebra. Various extensions where constructed: super extension (W;ll) [6, 7], u(M)

matrix version of W1+00(W11\foo [8], and the most general super matrix generalization Wf\flf
presented in [1, 2, 9]. It seems difficult to decide where and when the first definition
of a (version of) super-W algebra appeared, but a book by Guieu and Roger [10] has a
good historical and bibliographic base, including the pioneering papers of Radul where the
superanalogues of the Bott-Virasoro cocycles were introduced (see [11]). The original Wi,
corresponds to M = 1, N = 0. The general study of representation theory of W infinity
algebras started in the remarkable work [4] by Kac and Radul and continued in several works
(some of them are [6, 12-14]). Matrix generalizations are deeply related to the main examples
of infinite rank conformal algebras (see [15-17]).

The super matrix generalization Wf\fli\[ is defined as a specific central extension of the
Lie superalgebra of regular differential operators on the superspace CMIN[¢,t7!]. Only in the
special case of Wi, (i.e.,, M =1, N = 0) was it proved that the 2-cocycle defining this central
extension is unique up to coboundary [18]. The main goal of the present work is to extend
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this result to the super matrix generalization Wll\fli\[ Similar studies of central extensions for
g-analogs and other versions can be found in [19, 20].

2. Basic Definitions and Main Result

Let L and L be two Lie superalgebras over C. The Lie superalgebra L is said to be a one-
dimensional central extension of L if L is the direct sum of L and CC as vector spaces and the
Lie superbracket in L is given by

[a,b]" = [a,b] +¥(a,b)C, [a,C] =0, (2.1)

forall a,b € L, where [+, ] is the Lie bracketin Land ¥ : Lx L — Cisa 2-cocycle on L, that is,
a bilinear C-valued form satisfying the following conditions for all homogeneous elements
a,b,ceL:

1) ¥(a,b) =-(-1)""w,a),
(2.2)
(2) ¥([a,bl,c) =¥(a,[bc]) - (-, [a,c]),

where |a| denote the parity of a. A central extension is trivial if L is the direct sum of a
subalgebra M and CC as Lie algebras, where M is isomorphic to L. A 2-cocycle correspond-
ing to a trivial central extension is called a 2-coboundary, and it is given by an f € L* as
follows:

ag(a,b) = f([a,b]), (2.3)

for a,b € L. It is easy to check that ay is a 2-cocycle. We say that the 2-cocycles ¥, ¢ are
equivalent if ¢ — ¥ is a 2-coboundary. The second cohomology group of L with coefficients
in C is the set of equivalent classes of 2-cocycles, and it will be denoted by H?(L,C). If dim
H?(L,C) = 1, we say that L has an essentially unique nontrivial one-dimensional central
extension.

Now, we will introduce the Lie superalgebra that will be considered in this work. Let
us denote by Mat(M | N) the associative superalgebra of linear transformations on the
complex (M | N)-dimensional superspace CMN. Namely, we consider the set of all (M +

N) x (M + N) matrices of the form
A At
A= , (2.4)
A- Al

where A%, A", A, Al are M x M, M x N, N x M, N x N matrices, respectively, with complex
entries. The Z,-gradation is defined by declaring that matrices of the form (2.4) with A* =
A~ =0 are even, and those with A° = A! = 0 are odd. We denote by |A| the degree of A with
respect to this Z,-gradation. The supertrace is defined by

Str(A) = tr<A0> - tr(A1>, (2.5)

and it satisfies Str(AB) = (—1)|A”B|Str(BA).
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Let 9, be the associative algebra of regular differential operators on the circle, that is,
the operators on C[t,t] of the form

E = ep(H)0F + exq ()01 +--- + eo(t), where e;(t) € (C[t, t-l]. (2.6)

The elements

Ji=-t"*©@)' (eZ, ke (2.7)

form its basis, where 0; denotes d/dt. Another basis of D, is

Ll =-t*D' (leZ, ke, (2.8)

where D = t0;. It is easy to see that

Ji = —t*[D];. 2.9)
Here and further we use the notation

[x];=x(x-1)...(x-1+1). (2.10)

Denote by S%é\;”N the associative superalgebra of (M + N) x (M + N) (super)matrices
with entries in 9,,. The Z,-gradation is the one inherited by the corresponding Z,-gradation
in Mat(M | N). By taking the usual superbracket we make 39MN into a Lie superalgebra,
which is denoted by S®MIN. A set of generators is given by {t*f(D)A : s € Z, f € C[x],
A eMat(M | N)}.

Let le\fg = $9MIN ¢ CC be the central extension of SN by a one-dimensional

vector space with a specified generator C, whose commutation relation for homogeneous ele-
ments is given by

[t f(D)A,t°g(D)B] = t™** f(D + s)g(D) AB — (-1)/4IBl{*s £ (D) ¢ (D + r)BA
+W(t' f(D)A,t°g(D)B)C,

(2.11)

where the 2-cocycle ¥ is given by

W(t f(D)A, °g(D)B) = <;1f (7)a(+ r)>5tr(AB) fr=-s20, (2.12)

0, if r +s#0.

Now, we are in condition to state our main result.

Theorem 2.1. One has the following: dim H*(S®MIN,C) = 1.
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3. Proof of Theorem 2.1

We will need the explicit expression of the bracket of basis elements of type (2.9) in S®MN:

[¢"[D),Eij, " [D]Eys] = t’"*"([D + n],[D]6j Eis — (1) EilE=l[D],[D + m]k(‘iisErj).
(3.1)

In particular, we have
[FlDEii,tm[D]ini = (I+m)t" ' [D],Ei,

[fH [D],Ei;, DEii] = (1+ 1)t [D],Ey, (-2

[Eii, t"[D),E;j] = t"[D],Eij, i#].
Let B be a 2-cocycle on SDMN. We consider the linear functional in SV defined by

fﬂ(tm_l [D]lEii> = ﬁﬂ(t_lDEii, tm[D]lE,'i>, 175 -m,

fp (t_l_l [D]lEii> = %ﬂ(t_l_l [D],Ei, DEii>f (3.3)

fy(t"[DVEy) = (s " IDVE), %]
Then p; = p — ay, is a 2-cocycle on SOMIN that is equivalent to f, and using (3.3), we obtain
ﬂl <i’71DE,'1', " [D]lEii> =0, 175 -m,

p1(F ' [D)Ei, DE;;) =0, (3.4)

p1(Eii, t"[D],Eij) =0, i#j.

In order to complete the proof we need to show that ¥ = ap; for some a € C. By
observing the supertrace that appears in the expression of ¥ in (2.12), we immediately obtain
that for any f, g € Dy

W(fE;j,gEx) =0 ifi#kor j#s. (3.5)

In Lemmas 3.1 and 3.2, we will show that f3; also satisfies (3.5).
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Lemma 3.1. Forany f, g € Das, p1(fEii, §Esj) =0ifi#jori#s.
Proof. Case j = iand s #i.
Using that E;; is even, i #s, and (2.2), we obtain that
P1(fEi, gEsi) = Pr(fEi, [Ess, 8Esi]) = =P ([Ess gEsil, fEii)
= —P1(Ess, [§Esi, fEii]) + Pr(8Esi, [Ess, fEii])

=—Pi(Ess, (g0 f)Esi) =0, (using i#s and (3.4)),
where g o f is the product in D,.

Case j#iand s =1i.

In this case we have

P1(fEii, 8Eij) = p1(fEii, [8Eij, Ejj]) = —P1([8Eij, Ejj], fEi)

= -p1(gEij, [Ejj, fEi]) + P1(Ejj, [§Eij, fEa])  (by (2.2))

=pi1(Ejj, (f o g)Eij) =0 (using i#j and (3.6)).

Case j#iand s #1i.

(3.6)

(3.7)

By taking the usual bracket, we make the associative algebra 9, into a Lie algebra which is

denoted by ®. Observe that

® =52
It is easy to show that [®, D] = D; therefore, for any f € D, we have
f= Z[fl/hl], fi,h €.
1

Thus, if j #i and s #i, using (2.2),

p1(fEi, gEsj) = pr <Z [fiE, hlEii]/gEsj>

1

= El:ﬁl (fiEii, [mEii, §Esj]) ~ ;ﬂl(hlEii/ [fiEii, §Esj]) = 0.

The proof is finished.

(3.8)

(3.9)

(3.10)
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Lemma 3.2. Forany f,g € Dasand i# j,s#k, p1(fEij, §Esk) = 0 wheni#k or j#s.

Proof. If i #j and k #i, we have

P1(fEij, 8Esk) = P ([Eii, fEij], §Esk)
= p1(Eii, [fEij, §Esk]) — Pr(fEij, [Eii, §Esk])
= 6;sp1(Eii, (f © §)Eix) — 6isp1(fEij, $Eik)
= —6isp1(fEij, gEi) (using(34)).

(3.11)

Hence we have p1(fE;j, §Esk) = 0.
Finally, using skew-symmetry and the previous case, if i #j, s#k, and s #j, we have
that ﬂ1 (fEijl gEsk) =0. O

Now, it remains to consider the expression p1(fE;;, gE;i). In order to do it, consider

again the Lie algebra @ = 39" (see (3.8)) and denote by g the 2-cocycle ¥ defined in (2.12)
with M =1and N =0.
In fact, from the expression of ¥, we have

¥(fA,gB) = po(f,g)Str(AB). (3.12)
Lemma 3.3. There exist a; € C such that for all f, g € D

P1(fEi, gEii) = aipa (£, ) (3.13)

Moreover, the constants a; satisfy a; = (~=1)/F 'a]- foralli#j.

Proof. Lety; : @ x D — C be the bilinear map defined by (i=1,..., M + N)
Yi(f. &) = P1(fEii, SEii)- (3.14)

Since E;; is even, we have that y; is a 2-cocycle in 9D.
The following statement was proved in [18] (see Proof of Theorem 2.1 in page 74 and
(3.2) and (3.3) in this work): if a 2-cocycle B in @ satisfies (I € Z,, m € Z)

By (t’” (D], t‘lD)
(101, D) =0

0,
(3.15)

Then p; = ape for some a € C. Now, using (3.4), we have that y; satisfies (3.15); thus, we get
Yi = aie for some a; € C, proving the first part of this lemma.
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In order to prove the second part, consider i # j. Then

ﬂl <tEii, t_lEii> = ﬁ1 (t <Eii - (—1)‘Eii||Eji|Ejj>, t_lEii> (by Lemma 31)

= o [Ey 5] £ Ex)

(3.16)
= p1(Esj, [tEji t B ) = (-)/F 1By (¢, [yt Es])
= 1 (Eyj, Eji) + (<1)FilFilp, (1, 171 Ey).
Similarly,
Br(tEj;, 7' Ejy) = B (tEjy, 7 (Ejy = (<1)™I51E;) ) (by Lemma 3.1)
=ﬁ1<t ijr [E]”t El]])
= 1 ([tEj;, Eil £ Eg ) + i (Eji [tEjj, £ Ey]) (3.17)
:ﬂ1<tE1w ) ,31(15;1/151;)
= B (1B ' Ey) + (<1) 5By (E Ey).

Therefore, 1 (tE;i, t 'E;;) = (—1)|E"f”Ef“|ﬁ1(tEjj,t‘lE]-]-), which means that, a; = (—1)|E"f|a]- for all
i# j, finishing the proof. O

Lemma 3.4. f(Eij, gEji) = p1(QEij, Eji) for i#jand g € Dy

Proof. Sincei#j,

P1(Eij, 8Eji) = Pr (Eij, [Eji, §Ei])
= i ([Eij, Eji], gEi) + (-1)Fl% gy (Ej, [Ey, gEi])
= p1(Eii, gEir) = (-1)915 By (B, gEii) — (~1)"150 gy (Eji, gEyp) - (318)
= aipa(1,8) + p1 (gEij, Ejr), (by Lemmas 3.3 and 3.1)

= p1(gEij, Eji) (by definition of ¢g)
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Lemma 3.5. f(fE;j, gEji) = p1(fEii, Eii) for i#jand any f, g € Das.

Proof. Observe that

pr(fEi, gEi) = pr([fEij, Eji], gEi)  (by Lemma 3.1)
= p1(fEy, [Eji, gEu]) - (-1)"5 B, (Eji, [fEij, gEi])
= b1 (fEij, gE;i) + (1)1, (Eji, (g0 f)Ey)
= p1(fEij, 8Eji) - pr((8 © f) Eij, Eji)-

(3.19)

Similarly,

p1(fEi, gEi) = (-D)IFVEi16, (fEj;, gEjj) - (by Lemma 3.3)
= (-1)""5By (FE;, [$Eji Ey])  (by Lemma 3.1)
= (- ([fEj;, gEj], Eyp) + (-1)5l%6y (G, [FEj;, Eyf]) - (3:20)
= (1) By ((f 0 &) Eji, Eij) + pr (fEij, 8Eji)
=—p1((f o 8)Eij, Eji) + p1 (fEij, gEji) (by Lemma 3.4).

Hence, from (3.19) and (3.20), we obtain
Pi([f. 8]Eij. Eji) = 0. (3.21)

Since [®,®] = D, we have p(DE;j, E;;) = 0. Therefore, (3.19) becomes the statement of this
lemma. O

Proof of Theorem 2.1. From the previous lemmas, one can easily see that f; = a;¥, by observ-
ing that the relation between the a}s in Lemma 3.3 is essentially the supertrace term in expres-
sion (2.12) of ¥. O
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