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Abstract: We discuss some asymptotic formulas for the spectral data of perturbed Stark operators associated with the

differential expression
d2
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1 INTRODUCTION

This paper is concerned with the spectral analysis of self-adjoint operators associated with a differential

expression of the form

d2
dz2
where ¢ is a real-valued function that lies in L' (R ).

By standard theory (see e.g. [7, Ch. 6]), 7 is in the limit-circle case at 0 and in the limit-point case at oco.
Hence (the closure of) the minimal operator H, é defined by 7, is symmetric and has deficiency indices (1, 1).
The self-adjoint extensions of H, ; are defined by imposing the usual boundary condition at z = 0. Namely,
given b € RU {o0},

p € L2 (Ry): ¢, ¢ € ACine([0,00)), Tgp € L*(R4),
D(Hyp) =

Tq=—75 tz+q(x), wel0,00),

, Hypp = g0 (1)
¢'(0) — bp(0) = 0if b € R, (0) = 0if b = 0o } ! !

Moreover, H,p has only simple, discrete spectrum, with a finite number of negative eigenvalues (if any)
because it is semi-bounded from below. Let v(q, z, x) be the unique (up to a constant multiple) square-
integrable solution to the eigenvalue problem 7,0 = zp, 2 € C. According to the Borg—Marchenko
uniqueness theorem [3], H, j is uniquely determined by the spectral data consisting of the set of eigenvalues

wl(q,z>$)—b¢(q72’;$)> bER,

e D)l = AR wlg b ) =0}, wlgb,2) = {wq,z,x), b= oo

along with the set of (logarithmic) norming constants'

os (g )
o (- <(Q7An<(§>):8>> e

'The norming constants are given by (minus) the residues of the Weyl function m(z) —which in this case is a meromorphic
Herglotz function— at the eigenvalues. That is,

- lLI;ICI) iem(‘]? b7 )"n(q7 b) + ’L€) = Hgb(qa b7 An(q)’ )”2 )

{rn(q, b)};ozl’ Kn(q,b) = (2)

ern(@b)
where ¢(q,b, z,x) is the solution to 7,0 = z¢ that obeys either ¢(q,b,2,0) = 1 and ¢'(q,b,2,0) = bif b € R or else

#(g, 00, z,0) = 0. The expression (2) follows after applying the identity 8, (1)’ — 1'1)) = —1)°. The notation ¢’ := 8, and
¢ := O, is used throughout this work.
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A main task of the (inverse) spectral analysis of this kind of operators is to obtain a precise, i.e. sharp,
characterization of the spectral data. This usually can be accomplished when ¢ lies in certain subspaces that
are themselves Hilbert spaces (for instance, see [1, 5]). For the problem in hand we consider real-valued
perturbations ¢ that belong to the Hilbert space

A= {ge A, NAC, ) ¢ € A}, lald, == lal% + |||

2
Ar?
where

Ay = L]%(R% (14 )" dx), ||Q||AT = ||Q|‘L2(R+,(1+x)rdx) )

and r > 1 is arbitrary but fixed. It is easy to verify that A, C L*(R,) (as long as 7 > 1). The following
characterization of the spectral data for the Dirichlet problem is shown in [6]; here A,,(q) := A\, (g, 00) and

kn(q) := kn(g, 00):

Theorem 1 Foreveryn € N, A\, : A, — R and k,, : A, — R are real analytic maps.2 Moreover, in terms

of

3)

(n) nB3log?n ifre (1,2),
wr(n) ==
n~1/3 ifr € [2,00),

one has the following asymptotics:>

 Ai%(x ap)q(x)dz _
An(@) = —an + o2 ((—(;)1/3(1( M, O(n 3w} (n))
and % A Al J
/in(C_I) _ —27Tf0 l(x + an) 1 (:L' =+ an)‘](w) £ + O(wf(n)),

(—an)1/?
uniformly on bounded subsets of ..
In this paper we discuss some preliminary steps toward generalizing Theorem 1 to the problem with

mixed (including Neumann) boundary condition corresponding to b € R. We will make use of the (minimal)
assumption ¢ € L'(R ) exclusively.

2 THE UNPERTURBED PROBLEM

The eigenvalue problem 79 = z¢ has the square-integrable solution
Yoz, 2) = VmAi(z — 2),

where Ai denotes the Airy function of the first kind;* a summary of their relevant properties can be found in
[4, Ch. 9]. Thus, the set of eigenvalues and norming constants of Hy, := Hj; can be written as

Ai(=An(b)) )}m
An(b) Ai(=An (b)) +b AT’ (=An (D))

{/\n(b) ER: Al (=M (b)) —bAi(= A (b)) = 0, Kn(b) = log (

n=1

?Let B be a Hilbert space over K, and let U C B be open. A map f : U — K is (Fréchet) differentiable at ¢ € 1 if there exists a
linear functional d, f : B — K such that

lig @+ ) = fa) = dof(v)|

=0.
w0 [0l 5

The map f is continuously differentiable on U if it is differentiable at every point in U and the resulting map df : U — L(B,K) is
continuous. If B is a complex Hilbert space, then f is analytic on an open subset U of B if it is continuously differentiable there.
Finally, let B be the complexification of a real Hilbert space B and let U C B be open. Then f : U — R is real analytic on U if for
every ¢ € U there exists V, C B open and an analytic map h, : V4 — C such that f(v) = hy(v) forallv € U NV, (assumed
non-empty).

3In this paper an order relation of the form

implicitly assume n € N and (of course) n — oo.
*The factor /7 does not play any role in this work but we keep it to facilitate comparison with [6].
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Proposition 1 Given b € R, one has

b b?
An(b) = —al, — o +0n Y3 and k,(b) = —log(—d,) + o +0(n~%3),

n n

where a), denotes the n-th zero of the derivative of the function Ai (see [4, Ch. 9]).

Proof. The first assertion can be shown by using the method of successive resubstitutions like in [2]. A
computation yields

from which the second assertion follows. O

3  MAIN RESULTS (IN A RELATIVE SENSE)
Let us define

Ve
w(q,z).—/o \/md.

Clearly w(q, z) is well defined if we only assume ¢ € L*(R,, (1 + z)~'/2dz), although in such a case we
cannot control its behavior when z — oo. Some decaying property is warranted if ¢ belongs to L*(R ); this
is shown next.

Lemma 1 Assume q € L'(Ry). Then w(q,z) — 0as z — oo.

Proof. Given € > 0, choose x, > 0 and s > x such that

/OO| (@)|dz < & and 1 ¢
g(z)|dxr < = an .
T 2 Vs — Tx 2 HCIH1

Suppose |Im(z)| > 4. Then |z — z| > p for any = > 0. Hence,

1 1 €
< <
Vitlr—z 7 Ve o 2llglly

for all z € R,, which in turn implies w(g, z) < e. A similar reasoning applies when |Im(z)| < p. and
Re(z) < — . Finally, suppose that [Im(z)| < p. and Re(z) > .. Since w(q, z) < w(q, Re(z)), it suffices
to consider z = 1 € R with p > .. Then,

ar)]dx—i—/ lg(z)| dz < e.

1 T
w(g, p) < / lq(
\/ 1+ |$* - M*| 0

Thus, we have shown that w(q, z) < € whenever |[Re(2)| + [Im(2)| > fu. O
Let us define the contours
T’”:z{zé@ﬂﬂz(m—%)w}, S"n::{zE(C: ’C—(n—%)ﬂzg}, m,n €N, m>2.
Clearly F,, encloses exactly one zero of Ai’(—z), namely —a/,, for sufficiently large values of n.

Lemma 2 There exists mg,ng € N such that, for every m > mqg and n > ny, the following statement holds
true:

o(2)ga(—2) < 16v/7 |AT'(~2)]

whenever z € F™ or z € F,.
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Proof. This inequality follows from argument like in the proof of Lemma A.2 of [6]. (]
Proposition 2 Suppose (q,b) € L*(R,) x R. Then the eigenvalues and norming constants of H,  satisfy
An(g,0) = —dly +O(n™V3) and k(g b) = —log(—al,) + o(1).

Proof. Let us abbreviate

w(z) =w(q,b,2), wz)=wlq,z), vo(z)=10(z0), P(z)=1v(g,20), etcetera.
Resorting to Lemma 3.1 of [6], we obtain
bl __
(0(2))?

and ga(w) := exp(—2 Rew?/?). According to Lemma 1, there exists ny € N

(=) = 9h(2)] < [/(2) — (=) + bl [9(2)] < CeCe) [w(z) n ] o(2)9a(~2),

where o(w) := 1+ \w]1/4
such that

0] 1
<,
(0(2))? — 32C

whenever |z| > (37(ny — %))2/3. Then, by Lemma 2, there exists ny > n; such that

|w(z) = ¥o(2)] < |v6(2)| @)
for all z € 2. Moreover, by increasing ny if necessary, we can assume that 3”2 encloses the (finitely many)
negative zeros of w(z). Finally, increasing no one more time if necessary, we can ensure that (4) holds true
for z on every contour F,, whenever n. > na. Now, Rouché’s theorem implies that w(z) has as many zeros as
Y (z) within 2 and exactly one zero A, = \,,(¢, b) nearby —a/, within each &F,, with n > ng. That is, for
sufficiently large n,

@) <2 and w(z) +

202 - 2 ()| <

whence the asymptotics for the eigenvalues follows. Finally, a computation like in the proof of Proposition 1
yields

fin(q;b) = —log An(g, b) + O(w(g; An(g, b)),
which in turn implies the asymptotics for the norming constants. U

Clearly these asymptotic expansions are rather coarse. They cannot be improved because we have
insufficient control on the decay of the function w(q, 2) if we just assume ¢ € L*(R). However, sharper
results akin to Theorem 1 are expected if ¢ € A,.; this will be the subject of a subsequent paper.

ACKNOWLEDGMENTS

This research is based upon work supported by Universidad Nacional del Sur (Argentina) under grant PGI
24/L117.

REFERENCES

[1] D. CHELKAK, AND E. KOROTYAEV, The inverse problem for perturbed harmonic oscillator on the half-line with a Dirichlet
boundary condition, Ann. Henri Poincaré 8 (2007), pp. 1115-1150.

[2] B. R. FABIJONAS, AND F. W. J. OLVER, On the reversion of an asymptotic expansion and the zeros of the Airy functions,
SIAM Review 41 (1999), pp. 762-773.

[3] F. GESZTESY, AND B. SIMON, Uniqueness theorems in inverse spectral theory for one-dimensional Schrodinger operators,
Trans. Amer. Math. Soc. 348 (1996), pp. 349-373.

[4] FE. W.J. OLVER, D. W. LOZIER, R. F. BOISVERT, AND C. W. CLARK, NIST Handbook of Mathematical Functions, U.S.
Department of Commerce National Institute of Standards and Technology, Washington D.C., 2010.

[5] J. POSCHEL, AND E. TRUBOWITZ, Inverse Spectral Theory (Pure and Applied Mathematics vol. 130), Academic Press, Boston,
1987.

[6] J. H. TOLOZA, AND A. URIBE, The Dirichlet problem for perturbed Stark operators in the half-line, Anal. Math. Phys. 13
(2023), 8 (40pp).

[7]1 J. WEIDMANN, Spectral Theory of Ordinary Differential Operators, Lecture Notes in Mathematics 1258, Springer, Berlin,
1987.

113



