VARIATION OPERATORS FOR SEMIGROUPS AND RIESZ TRANSFORMS
ON BMO IN THE SCHRODINGER SETTING
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ABsTrRACT. In this paper we prove that the variation operators of the the heat semigroup
and the truncations of Riesz transforms associated to the Schrodinger operator are bounded
on a suitable BMO type space.

1. INTRODUCTION

We consider the Schrédinger operator .Z defined by £ = —A+V on R™, n > 3. Here V is a
nonnegative and not identically zero function satisfying, for some ¢ > n/2, the following reverse
Hoélder inequality:

(RH,) There exists C' > 0 such that, for every ball B C R",

qu < C— /
|B|/ |B]

We write V. € RH, when V verifies the property (RH,;). Note that if V' is a nonnegative
polynomial, then V' € RH, for every 1 < g < oo. Also, if V,,(z) = |z|%, = € R", V,, belongs to
RH, provided that ag > —n. Hence, V,, € RH,, /> when o > -2, and V,, € RH,, if a > —1.

Harmonic analysis operators derived from Schrédinger differential operators (Riesz trans-
forms, maximal operators associated with heat and Poisson semigroups for .Z, Littlewood-Paley
g-functions, fractional integrals,...) have been extensively studied in the last years. The papers of
Zhong [36] and Shen [29] can be considered as starting points. In [29] and [36] Riesz transforms
in the Schrodinger setting were studied on LP-spaces. The behavior on LP of other operators
related to . have been investigated in [5], [19], [25], [26] and [32], among others.

Dziubanski and Zienkiewicz introduced appropriate Hardy spaces associated with . (see [14],
[15], and [16]). A function f € L'(R") is said to be in Hi? (R") if and only if W7 (f) € L*(R"),
where

W (f) = sup [WZ ().
t>0
and W< = {W;Z}1~0 denotes the heat semigroup generated by —.&.

The dual space of Hi? (R") was investigated in [I3]. This dual space, denoted by BM O (R™),
was characterized as the natural space of bounded mean oscillation functions in this setting. More
precisely, a function f € L{ (R™) is said to be in BMO“(R") provided that there exists C' > 0
such that the following two properties are satisfied:

(i) For every x € R™ and r > 0,

1
B o [f(y) = fBemldy < C,
’ x,r

where, as usual, fp(y,,) = m fB(I’T) f(y)dy, and |B(x,r)| denotes the Lebesgue measure of

the ball B(z,r); and
(ii) For every € R™ and r > v(z),

1
|B(£U T)' B(z,r)
Here, for any x, the critical radius v(z) is defined by

v(z) = sup {’I‘ >0:r2 " /B( )V(y)dy < 1}.

|f(y)ldy < C.
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Since V is not identically zero and V' € RH, with ¢ > n/2, it follows that 0 < v(z) < co. The
norm || f|| gavro« ey of f € BMO#(R™) is defined by

£l Brmo @ny = inf{C > 0: (i) and (ii) hold}.

In [13] the behavior of certain maximal operators, Littlewood-Paley ¢ functions and frac-
tional integrals on BMO¥ (R") were studied. Also, the BM O (R")-boundedness of the Riesz
transforms has been analyzed in [4], [12] and [35].

Suppose that {T}};0 is a family of operators defined for functions in LP(R™), 1 < p < co. If
p > 2, the p-variation operator associated with {T}}s~0, V,,(T}), is defined by

HEE@ = s (ST, (0@ - T (@)

{t}senl0 253

where the supremum is taken over all the real decreasing sequences {¢;};en that converge to
zero. The operator V,(T}) is related to the convergence of T3, as t — 07, and it estimates the
fluctuations near the origin of the family {7} }+~o.
We consider the linear space E, that consists of all those real functions F' defined on (0, 00)
such that )
00 »
1Fls, = sw [ STIFG) - F)l | <o,
{tienl0 \ 51
where the supremum is taken over all the decreasing real sequence {t; };";1 that converge to zero.

(Ep, || |,) is a seminorm on E,. The variation operator V,(T;) can be rewritten in the following
way
Vo(T) () (@) = T (f) (@) &,

The variation operator V, was introduced in the ergodic context by Bourgain [6] (see also
Jones et al. [21I]). In the last years many authors have investigated the variation operator
associated to semigroups of operators and singular integrals ([7], [8], [10], [11], [18], [20], [23] and
[24]). Recently, Oberlin, Seeger, Tao, Thiele and Wright [27] have analyzed the variation norm
related to Carleson Theorem.

In a previous paper (see [2]) the authors studied the LP-boundedness properties of the vari-
ation operators for the heat semigroup {W;? };~¢ and the family of truncated Riesz transforms
{Rf’e}oo, £ =1,---,n,in the Schréodinger context. Here our aim is to study the behavior of
the variation operators V,(W;?) and Vp(Rf’E) acting on functions in BMO¥ (R"). Previously,
we shall analyze the variation operators V,(W;) and V,(Rj;) over the classical BMO(R™), where
{Wi}is0 and {Rj}es0, £ =1,2,--- ,n, stand for the classical heat semigroup and the truncated
Riesz transforms, respectively. As usual, by BMO(R"™) we denote the well known space of
bounded mean oscillation functions in R™. We believe that these results in the classical setting
are of independent interest.

This paper is organized as follows. In Section 2 we state our results and we also describe
a quite general procedure that allows us to prove properties concerning the operators in the
Schrodinger setting by using the corresponding results for the classical (Euclidean) context. The
proofs of the theorems are presented in Sections 3 (classical setting) and 4 (Schrodinger context).

Comment: no se si es muy cierto esto de que describimos el procedimiento gen-
eral..

Throughout this paper we denote by C a positive constant that may change from one line to
another.

2. MAIN RESULTS

In this section we present the main results of the paper, stated as Theorems , ,
and 2.8 below.

As it is well known the heat semigroup {W;};>o generated by —A is defined, for every f €
LP(R™), 1 < p < oo, by

Wi(f)(z) = (47775)_"/2/ e~ T4 f(y)dy, @ € R™

n
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The LP-boundedness properties of the variation operator V,(W;), p > 2, were studied in [22]
Theorem 3.3] and [I1, Theorem 1.1]. We provide here the precise statement.

Theorem 2.1. (|22, Theorem 3.3| and |11, Theorem 1.1]) If p > 2, the variation operator V,(W5)
is bounded from LP(R™) into itself, for every 1 < p < oo, and from L'(R™) into L1:>°(R").

In [II] it was shown that the variation operator V,(W) is not bounded on L>*(R™). In
fact, in [I1, Section 5|, the authors give an example of a function f € L*°(R™)) such that
Vo(We)(f)(z) = 00, ae. x € R, for every p > 2. As it is well known L>(R") is a subset of the
space BMO(R"™) of bounded mean oscillation functions. In the next result we take care of the
behavior of V,(W;) on BMO(R™).

Theorem 2.2. Let p > 2. Then, if f € BMO(R") and V,(W,)f(z) < oo, a.e. z € R”,
V,(Wy)f € BMOR™) and ||V,(Wy) fllBrro@ny < CllfllBro@ny-

For every £ = 1,--- ,n, the Riesz transform R,(f) of f € LP(R™), 1 < p < o0, is given by

. Ty —Ye
Re(f)(z) = lim Cn/ ———f(y)dy, a.e. x € R",
le—y|>e [T —y["H!
where ¢, = I'((n + 1)/2)/m("+1/2,
Regarding the variation operator for Ry, ¢ = 1,... n, their LP-boundedness was investigated
in [7] and [8]. We reproduce here their precise statement.

Theorem 2.3. ([7, Theorem 1.2] and [8, Theorem A and Corollary 1.4]). Let £ =1,...,n. If
p > 2, the variation operator V,(R3) is bounded from LP(R™) into itself, for every 1 < p < oo,
and from L'(R™) into LY (R").

By using transference methods Gillespie and Torrea ([I8, Theorem B]) obtained dimension
free LP(R™, |z|*dz) norm inequalities, for every 1 < p < oo and —1 < a < p — 1, for variation
operators of the Riesz transform Ry, £ = 1,...,n. Using the idea developed in the proof of [18]
Lemma 1.4], we are able to analyze the behavior of the operators V,(Rj) on the space BMO(R™).

First notice that for £ = 1,--- ,n, f € BMO(R"™) and € > 0, the integral fley\>€ ) i dy

may be non-convergent. Indeed, for instance, the function f(x) = mx(om)(m), x € R, be-

longs to L>*(R) € BMO(R) but the limit limy_,o f5<|x7y‘<N i(_y; dy does not exist, for any
z € R and € > 0. However, it is clear that, for every 0 < € < 7, fe<\zfy|<n I‘wf—(g)ll” dy < oo for

any « € R™. Therefore, in this situation, the operators V,(R7) can be defined on BMO(R™) in
the obvious way, that is, by replacing R,’ (f)(z) — R,”"" (f)(x) by f6j+1<|m7y‘<€j f(y)%dy,
¢=1,--- ,nandj € N. Let us mention that in [I0, Theorem B] it was proved that for f € L>°(R)
and p > 2 then either V,(H®)(f)(z) = o0, a.e. z € R, or V,(H®)(f)(x) < 00, a.e. € R, where
H denotes the Riesz transform on R, that is, the Hilbert transform. Moreover, as it can be seen
in [10} Section 1], if f(x) = sgn(x), x € R, then V,(H®)(f)(z) = oo, a.e. z € R.

In the next result we establish the behavior of the variation operator V,(Rj) for functions in
BMO(R™).

Theorem 2.4. Let { = 1,...,n and p > 2. Then, if f € BMO(R") and V,(R7)(f)(z) < oo,
a.e. x € R, V,(Rp)(f) € BMO(R") and ||V, (R7) flsromn) < CllfllBrmom)-

We turn now to the Schrédinger operator setting. Let us denote by {W;Z};~¢ the heat
semigroup associated with .Z. For every t > 0, they can be written in integral form

Wi (@)= | WZ(zy)f(y)dy, [e LR
R’IL
Even though we do not have an explicit formula for the kernels W;Z (x, %), many properties are
known and can be encountered, for instance, in [13].

LP-boundedness properties of the variation operator V,(W;?) were studied in [2]. We repro-
duce here the exact result.

Theorem 2.5. (|2, Theorem 1.1]). Let V € RH, where ¢ > n/2 and let p > 2. Then, the
variation operator V,(W;%) is bounded from LP(R") into itself, for every 1 < p < oo, and from
LY(R™) into L1°°(R™).

Our next result shows the behavior of the variation operator V,(W;Z) on BMO¥ (R™).
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Theorem 2.6. Let V € RH, where ¢ > n/2 and let p > 2. Then, the variation operator
V,(WiZ) is bounded from BMOZ (R™) into itself.

Let £ =1,--- ,n. The Riesz transform Rf’p is defined by
0
RY(f) =

—— 7 2f, feCRRMY,
G LT feOR®Y
where C°(R"™) denotes the space of smooth functions with compact support in R™. Here, the
negative square root .Z /2 of % is defined in terms of the heat semigroup by

27)e) = / T W () ) 2,

Fractional powers of the Schrodinger operator £ have been studied in [3].
In [2, Proposition 1.1] it was proved that R can be extended to LP(R)") as the principal
value operator

(1) RZ (f)(z) = lim RZ (z,y)f(y)dy, a.e. zeR",
e=0" Jjg—y|>e
where Lo
RZZ)(LZJ) = —77/(—2.7')71/2F($,y,7')d7, T,y € an z 7é Y,
27T 6(E( R

Comment: No habria que explicar que es esta funcion I'(z,y,7) 7

provided that

(i) 1<p<oo,and V € RH,;

(i) 1<p<p0,wherei:%f%,andVGRHq,n/2§q<n.

Moreover, R is bounded from LP(R™) into itself when 1 < p < oo and from L!(R™) into
LY%°(R™), provided that V € RH,,. Also, R is bounded from LP(R") into itself when 1 < p <
po and V € RH,, with n/2 < ¢ < n (|29, Theorem 0.5 and 0.8]).

The formal adjoint operator .@f of Rf) defined by

Z{ (f)(x) = lim R{ (y,2)f(y)dy, a.e. z€R",
e—07F lz—y|>e
is bounded from LP(R™) into itself when pj < p < co and V' € RH,, with n/2 < ¢ < n, where
as usual p{ denotes the exponent conjugated to py. In the case that V € RH,, it is bounded for
1 < p < oo and it also maps L!(R") into L1:°°(R™).
By defining the truncated Riesz transforms Rf’i € > 0, in the natural way, the LP-boundedness
properties for the variation operator V,(R; ) were established in [2].

Theorem 2.7. (|2 Theorem 1.2]. Let £ = 1,--- ,n. Assume that p > 2. Then, the variation
operator Vp(Rf’g) is bounded

(i) from LP(R™) into itself, 1 < p < oo, and from L'(R"™) into LY'°°(R"), provided that
V € RH,.

(ii) from LP(R™) into itself, when 1 < p < po, where p%) =1_1 4ndV € RH;, n/2<q<n.

1
q
If f€ BMOZ(R") and £ = 1,--- ,n, the limit in exists for a.e. z € R™ (see [2]). Thus,
the Riesz transforms R are defined by in BMO“ (R"™). As it was remarked earlier, the
situation is quite different in the classical case.
In the next result we describe the behavior on BMO< (R™) of the variation operators associ-
ated with the Riesz transforms Rf and their adjoints.

Theorem 2.8. Let p>2 andlet{ =1, --- ,n. If V € RH, where ¢ > n, then the variation op-
erator V,,(Rf’a) is bounded from BMO¥ (R™) into itself. Also, the variation operator Vp(%’f’a)
is bounded from BMO% (R™) into itself, provided that V € RH, where ¢ > n/2.

Note that there is a remarkable difference between the results in the classical and in the
Schrédinger settings. In the latter, the operators are defined in the whole BAM O (R™), while in
the classical case it is necessary to impose an additional "finiteness hypothesis". This fact was
observed by the first time in [13].
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In order to analyze operators in the Schrédinger context on BMO¥ (R™) we shall use some
ideas developed in [I3] and we will again exploit that the Schrédinger operator . = —A + V|
where V € RH,, with ¢ > n/2, is actually a nice perturbation of the Laplacian operator —A.

Throughout the proof of the results that we have just stated, the following properties will
play an important role.

According to 13| Proposition 2.14] it is possible to choose a sequence {4}, C R", such
that if Qr = B(xk,v(zk)), k € N, the following properties hold:

(i) UpZ,Qr = R™;

(ii) For every m € N there exist C, 5 > 0 such that, for every k € N,

card {l e N:2"Q;N2"Q) # @} < C2™P,

Also, from [I3} p. 346, after Lemma 9|, for any operator H and f € BMO‘Z(R”), Hf €
BMO“ (R™) provided that there exists a positive constant C' such that, for every k € N,

(ir) ﬁ Jo, H(f)(@)|dz < C||f|lsmo# @n)» and

(i) Hf € BMO(Qy) and |[H f|[Bmoq:) < ClIfllsmo mny- Here BMO(Qj) denotes the
usual BMO-space over Q7.

Moreover, we have that

IH fllsroz @y < M| fllzro= @nys

where the constant M > 0 depends only on the constant C.

Note that if the property (ix) above holds for every k € N, then |H(f)(x)| < oo for almost
every « € R™. This fact is quite different from what happens in the classical Euclidean case (see
Theorem 2.2 and Theorem 2.4 [I]).

3. PROOF OF THEOREMS AND 2.4

In this section we show our results about the behavior of the variation operator for the classical
heat semigroup and Riesz transforms on BMO(R™).

3.1. Proof of Theorem Let p > 2. Assume that f € BMO(R"™) and V,(W})(f)(z) < oo,
a.e. © € R". Let B = B(xq,79), with g € R™ and ry > 0. We write

= —f)xp+(f = fB)X(B*) +fB=fi+ fot f5.

Note that this type of decomposition allows us to see that W (] f|) < co. According to Theorem
we have

@) / VW) () @) < © / @) — Fol?de < CIBII B o

s

In particular this means that V,(W;)(f1)(z) < oo, a.e. x € R"™. Moreover, since {W;};>¢ is
Markovian, V,(W;)(fs) = 0. Then, using the hypothesis, we may choose x1 € B(zo,79) such
that V,(W;)(f2)(z1) < oo.

If E, denotes the space introduced in Section 1, we can write

3) |T£|/B|Vp(Wt)(f)(m)—Vp(Wt)(fZ)(xlﬂdx
= 1 [ W@, = W)@l s, | de
< %/B||Wt(f)(.%')—Wt(fZ)(xl)HEp dx
- |Tl?| /B W (f1)(@) + Wilf2) (@) = Welf2) (@), do
Sﬁ/}g”Wt(fl)(x)HEpdﬁﬁ/}g||W,f(f2)(:c)—Wt(fz)(a:l)llEpdgc.

Therefore, according to we get

1

1 1 2
@ g /B ||Wt<fl><m>||E,,dsc<(|B| /B IVp(Wt)(fl)(fv)zdw> < Cllf lsaron)-
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Also, Minkowski inequality and [I1l p. 91] lead to
1
B/, [We(f2) (@) = We(f2) (1) g, da

dx
Eﬁ

. Wi(z,y) f2(y)dy — . Wi(z1,y) f2(y)dy

|B| / /n Wi(z,y) = Wiz1,9) g, | f2(y)|dydz

1
|B|/ / (ly — zo| — |zo — |)n+1‘f(y)—f3|dyd;1:

1
— feldydx
|B| /Bk 1/2k7,0<y wo| <2+ +1rg (ly — zo| — |70 — |)n+1|f(y) IBldy
1 1
=C L 5 g — fpldy < C ",
) 22 T [, oopepny, )~ ol < Cll ot

In the last inequality we have used the well known property (see |34, VIII, Proposition 3.2])

|2mB| / — fBldy < Cm||f|Brmo®n), m € N.

>From , and . we conclude that

L/ VeWi)(f)(2) = Vo(We)(fo) (1) do < Cll fll Broen)-
1Bl /5
Thus, we have proved that V,(W,;)(f) € BMO(R"™).

Remark 3.1. After a careful reading of the proof of Theorem we can deduce the following
result that will be useful in the proof of Theorem[2.6,

Proposition 3.1. Let p > 2 and & be a set of decreasing real sequences converging to zero.
Assume that

o0

1/p
Vor(W)(@) = sup (D [We, (£(@) = We o (H@))F) 7 < 00, ae. w€Q,
{tj}jen€d j=1
where @ is a ball in R™. Suppose that f € BMO(R™) and B is a ball contained in Q. If we

define fo = (f — fB)X(B*)e and choose x1 € B such that V, o(W;)(f2)(z1) < oo, then there is a
constant C' > 0 independent of o/ such that for any ball B

‘B|/ Wi (f)(@) = Wi(fo) (@) B, . de < Ol fllBaron)

where, for a function h: (0,00) — C, ||h]|g, , means

> 1/p
I, = sup (2 In(t) = Alta)l?)
j=1

tj}jen€

3.2. Proof of Theorem [2.4] Let p > 2. Assume that f € BMO(R") and that V,(R§)(f)(z) <
00, a.e. € R™. To see that V,(R7)(f) € BMO(R™) we extend to R™ the technique developed
in the proof of [18, Lemma 1.4].

Let B = B(zg,r9) be a ball in R™. As above, we decompose f setting f = f1 + f2 + f3, where
fi=(f = fB)xB~, f2 = (f = fB)X(B*)c and f3 = fp. According to Theorem we have

() [ W@ <0 [ 1#) - falds < CUBII o,
Then, V,(R7)(f1)(z) < o0, a.e. © € R™. Moreover, V,(R7)(f3) = 0. Then, we can choose z; € B
such that V,(R5)(f2)(z1) < oo.
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If E, denotes the space defined in Section 1, by @ we can write
1
51 L VB @) = ViR (f2) ) do
uﬂfiRe Dy — IR o)), do
|B| / I1Re (f — Ry (f2)(x1)||E, dx
1
< ﬁ/B ||R2(f1)($)||Epdl'+ﬁ /B RS (f2)(2)—Ri (fo) (1), d

< ClfllBmo@n + ﬁ/B 1R; (f2)(x) — Ry (f2)(21)l g, du
Denoting Ry(z) = CnTofiFTs 2 = (21, -+ ,2n) € R™\ {0}, we have that
(8) 1R; (f2)(x) — Ry(f2) (1)l g, < Ai(x) + Az(2), =€ B,

where, for every x € B,

Ay(z) = H/I N (Be(z —y) = Re(1 —y)) fo(y)dy

E,

and

z) = H/ (Xte<to—y} (W) = Xgepor 3 () Belz1 = ) fo(y)
RTL

By using Minkowski inequality and well known properties of the function Ry(z) we get

M) < [ IRile =)= Relor = )170) — Falxcomye()dy

3 | $1|
= ¢ / d
B k:ZQ 2kro<|zo—y|<2kt+1rg |l‘ y|”+1|f( ) fB| Yy
= Cill/ £(y) — foldy
B k=1 2k (216740)1c ok+1B
®) < Clflsmo, =€ B.

In order to analyze A, we split, for every j € N, the integral there in four terms as follows.
Let {€;}72, be a real decreasing sequence that converges to zero. It follows that

(10) /]R IX{e; i1 <lo—yl<e;}Y) = Xies1<lar—yl<e;} @)] [Re(z1 — p)|| f2(y)|dy

<C </R X{ej 11 <lz—y|<ess1+ro} U)X {ej 11 <|o—yl<e;} (Y) o | f2(y)|dy

||x

+/R X{e; <|e1—yl<e;+r0} U)X {e 1 <|z—yl<e,;} (Y )| | f2(y)|dy

yl”
1
+ o X{5j+1<‘$17y‘<5j+1+7'0}(y)x{€j+1<‘$17y‘<€j}(y)ﬁLfé (y)ldy

d
y‘nm( )| y>
= C(AL ()4 A ()443 (1)1 AD 4 (x)), zeBandjeN.

+/]R X{Ej<|7;—y\<8j+r0}(y)X{5j+1<|l‘1—y|<5j}( )|

Observe that if x € B, then Agym(z) =0, when m = 1,3 and j € N and r9 > €j41. Also, if
z € B, thenAQm( ) =0, when m = 2 4andj€Nandr025j.

Let j € N. Since 3|z —y| > |21 —y| > 3|z — y|, y ¢ B** and x € B, Holder inequality leads
to
1 B

. 1
1,0 =0 ([ NMepnctonsicen W —lldn) oy, 2 e B,
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Aé,2(x) <C </” X{max{ajJrl,%6j}<|z—y\<sj}(y)

Al 4(z) < C (/Rn X{ejs1<|ei—yl<e;} (Y)

and

1 s = 1
) dy) o7, zeB.

‘x_y|ns

s

1

1
=7
|z — y[me Vjy1s TE B,

Ifz(y)‘“dy)

=

) 1 s &
A§,4(x) <C (/]R" X{max{eﬁl,gej}<\zlfy\<aj}(y)m\fz(y)| dy) vy, TE B.

Herel < s <ooand s’ = 5, and v; = (¢;+79)"—¢7, j € N. Note that v; < C'max{ro,e;}" 7o,

s—17

j €N, for a certain C > 0.

We define the set &/ = {j € N:ry <e;}. We have that

Comment: tal vez la notacion no sea buena ya que se uso para otra cosa en la

Proposicion 3.1

A%,l(x)

A
Q

IN

1/s’

s 1/s
1 |f2(y)]
S(n=1)/s’ (/Rn X{es1<lo—yl<e;}(¥) |z — y[nts1 dy

2()l° >/

1/s’
C”o ° (/Rn X{ej+1<\x—y|<ej}(y)mdy

for every z € B and j+ 1 € &/. In a similar way we can see that

[f2()I°

) , 1/s
A} o(x) < Ory/® (/R X{6j+1<|z—y<6j}(y)|x_y|n+s—ldy) , TE€Bandjed,

A%,S(x) < Cr(l)/s (/]R X{8j+1<\$1—y\<€j}(y)|

and

. 1 8/
Aal) < O ([ rctormaian 0

Hence, we get

[f2(y)°

1/s
|7L+€—1dy> 5 xGBand]ﬁ-lGﬂ,
rr -y :

| f2(y)|*

1/s
1dy> , x€BandjeE .
xy —y|nteT

- 1/p 1/p
Z |A%1($) + A%72($)|p < C Z |Aé,1($)|p + Z |A%,2(x)‘p
j=1 jt+leo jeEA
p/ e
[f2(y)]* ® s
< C (Z (/ X{ej1<le—yl<e;} (Y) e _2 e dy 7’8/
jen \JR" )
TR R Y
= ¢ (/w |z — Z/|"+S_1dy o
oo 1/s
< o[ [ 1) = Faldy s
A ok — /B
k=1 (2Fro)" |zo—y|<2k+1rg 2k(s=1)
(11) < Clifllsmo®ry, =€ B.
In a similar way we get
~ 1/p
(12) Z |AS 5(x) + AL 4 ()] < Clfllsmo®n), =€ B.
j=1

From , and we infer that

(13)

As(z) < Ol fllmo@®ny, = € B.
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Altogether , , @D and imply that
1
(14) IBI/B Vo (R (f)(z) = Vo (R7)(f2)(z1)ldz < C||f||BMmOERN)-

Thus, we have proved that V,(R7)(f) € BMO(R™).

By proceeding as in the above proof we can establish the following result that will be useful
in the sequel.

Proposition 3.2. Leta >0 and £ =1,2,...,n. We define, for every e >0 and f € L} (R"),
Te — Yo
RN = [ iy
€

<|lz—yl<a |x -

Then, if p > 2 V,(R; ,)(f) € BMO(R"), provided that f € BMO(R").

Note that V, (R ,)(f)(z) < 00, a.e. z € R", forevery f € BMO(R") and £ =1,--- ,n. Indeed,
let f € BMO(R") and i = £,--- ,n. Suppose that m € N. Since V,(R7 ,)(f) < V,(R7)(f) and
f € L3 _(R"), according to Theorem we have that

loc
| VB D@ < [ V(e @
B(0,m) B(0,m)

< / V(RS (FXB(0m ) (@)t
B(0,m)
1/2
< V([ (B o) @) d)
B(0,m)
B 1/2

v /B . F@)P) <o

Comment: La primera desigualdad me parece igualdad. En las dos ultimas me
parece que en lugar de +/m va m"/2,

Hence, V,(R; ,)(f)(z) < 00, a.e. x € B(0,m).

4. PROOF OF THEOREMS AND 2.8

In this section we establish the boundedness in BMO% (R™) of the variation operators for the
heat semigroup and Riesz transforms in the Schrédinger setting.

4.1. Proof of Theorem Let p > 0. Assume that f € BMOZ (R™). Our goal is to show
that V,,(W;?)(f) satisfies the properties (i1) and (iix), for every k € N.
Fix k € N. We first prove (ix), that is, there exists C' > 0, independent of k& € N, such that

|Qlk|/Q V(W) (f)(w)ldz < C.

We decompose W;Z (f) as follows
Wi (@) = HiZ(N)(@) + LE (@), = €R™ and >0,
where
HiZy(f)(2) = W7 (1) (@)X {1523 (t), = €R™ and t >0,
and
LiZ(£)(@) = WZ () (@)X 0<t<y (@2} (), © €R™ and ¢ > 0.
Comment: Aqui arriba me parece mas claro decir que esta descomposicion se hace

para x € Q. Me suena raro hacerla para cualquier x € R". Lo mismo diria para la
pagina 15. En caso de hacerlo asi en la desigualdad que sigue aqui abajo (it is clear
that...)habria que poner la variable x y agregar para x € Q.

It is clear that

(15) V,(WiZ)(f) < Vo(HIE) () + Vo(LE) ().
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Let {t;};en be a decreasing sequence that converges to zero. Suppose that ji € N is such

that ¢;,,, < y(zk)? <tj,. We can write
> 1/p
(X 1HE, (@) - HE, . (D@)°)
=1
Jr—1
< Z Wi ~WZ, (M@ + W (f) ()]
jk71 tj 6
< Y / SWE (D @)it] + W (7))
j=1 Jtit1
o 0
< [ ] |gwEeo|iwit s s W (1)
y(zk)? JR™ t>y(zk)?
= (@) +Qr(f)(z), z€R"
Hence
(16) Vo(HZ)(F) < Qui(f) + Qo k()
According to [13, Theorem 6], we get
1
(17) A1 [ [Q2k(f)(@)|de < sup [Wi” (f)(z)|da < C|| fll paro= @)
1Qkl Jo, |Qk| Qp t>0
By using [13], (2.11)], since v(z ) 'y(a:k) when z € @, we obtain
2 t -1
) < o—cla—ul?/t
e < [ e ()
<cof 1 (14— )_1(/ +§:/ w1+ lx_y‘)_l_ndydt
T Sz 12 V(@k)? o—yl<VE o VE2m <Ja—y|</Ezm+ Vit
o 1 N 1
< C 14 7/ fy)|dydt, = € Qy.
()2 tl+n/2 ( fy(zk)2) n;) om(l+n) \ﬂ—y|<2m\/2| ( >|

Moreover, by [I3} Lemma 2|, it follows

oo

1 /
STz |f(y)ldy
mZ::o amUAmEns2 Jio_y<am i

1 1
: Z W /|ac— |<2m+/t |f(y)‘dy * Z W /:c— |<2m/t ‘f(y”dy
meN, 27 Vi (2) v meN, 2m/i> () v
1 () 1
= C||f||BMoZ(Rn)( Z om (1 + log & 3m \/) + EE:N 271)

meN, 27 /t<~(x)

NG

< C||f||BMoff(Rn)(1 + log m), t>(zr)? and x € Q.

Then,

= t -1 \/i dt
1 1+ log —— )= .
C/ )2 ( T 7(5Ck)2> ( + log 7(m)> r I £l o= @)

du
C/ (1+log(u ( )HfHBMOi”(R")

C'||f||131\40=—é’(w), T € Q.

Ok (f)(2)

IN

IN

IN

Hence, we obtain

(18) L[ (@) < Cllfl a0z g

1Qkl Ja,
By combining , and we get

(19) L v #Z) () @) < Clf| a0 @)
Qx| Jo,
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Here C' > 0 does not depend on k.
We now decompose f as follows
I'=rxq; +fX(Q;)c = f1+ fo,

where Q) = 2Q.
It is clear that

(20) Vo L) (f) < Vo(LiZ) (f1) + Vo(LiZ) (fa)-
By proceeding as above we get
P p . 1/p
VUE)U@ < o sw (3 W)@ - WEL () @))

Widienl0  jen, 4 <y(an)?

+ s [WE(A)@))

0<t<y(zx)?
< CV,(WZ)(f) (@) + WE(fi)(x)), = €R™
Since W% and V,(W;?) are bounded operators from L?(R") into itself (see Theorem it

follows that
1 oz 2, \/?
o L vimEe < (g [ g wie)

(i o T )'2"9”)1/2'

Then, from [I3, Corollary 3|, we deduce that

(21) L v @) () @)z < Cllfllpaoz @)
Qx| Jo,

On the other hand, we can write

vwagyme < [ L.

(22) = Qi(f)(@) + Ur(f)(z), zeR™
According to [13, (2.7)], for certain C, ¢ > 0, we get

v(wk)? 0 o
I
0 @p)e
v(zk)? b
</ / Wi )| gl
|z—y|>v(zk)
0/ I/ e emeeal /tdd
< tdy
lz—y|>v(zk) tn/2Ht

y(zy)? 1 " (n+1)/2
co [y sl ()
0 tn/2+1 2_: 2y (ap)<|o—y| <21y (z1) |z —y[?

v(@k)® q i 1 ‘ ( )|
S S i
0 Vit = (27 (xy)) |o—y| <291y (zy)

o0 1 .
e 7/ F)ldy < Cllfllpaio s @ € Q.
Z 27 (2 " S|k —y| <2035 (ar) SHOEES

Then, by ,

IN

0
=W (2, y)||[f(y)ldydt +  sup  [W;Z(f2)(2)]
0<t<y(zx)?

1
vall Q3.1(f)(@)dx < C|fllgmo# @n)-
Qx| Jo,
Moreover, since | f| € BMO# (R"), [13, Theorem 6] implies that

1 1
0l o, Qi (f)(@)da < N /Qk W (| f)(2)dz < C||fllppo @n)-
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Hence, we conclude that

1
o /o V,(LZ) (f2)(@)dz < C|If|lpyo n)-

By combining and we deduce

(24)

1
(25) 12 1o Vo(LiZ) () (@)da < O fllpyo® re)-
k
Finally, (15, (19) and (25) imply that
1
@ o Vp(Wtf)(f)(x)dx < C||f|‘BMo$(Rn)-
k

Note that C' > 0 does not depend on k.

Thus property (ix) is completely proved.

Now, we are going to prove assertion (iiy). Assume that B = B(xg,79) C Qj, with zp € R”
and rg > 0. Our purpose is to check that

1
(26) B /B WV, (W2)(f) (@) — epldz < Cllfllpro= @),

for a certain constant cp, and with C' > 0 independent of £ and B. To this end we decompose
W;Z as follows

(27) Wi () = HiZ(f) + (LG = Lie (D)) + Lia(f), >0,
where H ,‘i and Lft are defined as above, and

Lt (f) = Wi f)X{o<t<y(an)?} (), t>0.

Suppose that cp = ||hp|| g, for some function h. Then, we can write
V(W) ()(@) —enl = [IWZ(f)(« )||E = lh5ls,]
< W& (f)(@) - ()IIE
< HZ (D (@) + (L () = Lie()(@) + Lt () (@) = hp )] &,
< HG D @)E, + IILk,t(f)(fE) = Lt (N @), + 1 Lo () (@) = hp @)l g,

Therefore will be proved if we are able to show the following three inequalities:
(A1) \B| fB ||Hii (N@)]g,dx < CHfHBMof(Rn);
(f)

(A2) 1} [ ILE(D) (@) = Lio(£)(@)l|,dz < Ol fllpao# ny; and

(A3) 157 J5 1L (£)(@) — A5, dz < Ol llpmo e,
for a certain function hp : (0,00) — C, and a constant C' > 0 independent of k and B.
According to we have

Vo(HZ)(f) < Qui(f) + Qo n(f)-

By proceeding as above we get

(28) 0.6 (F)(@)] < Cllfllpmo® mn): © € Q-
Moreover, by [13 (5.4)],
(29) €Q02,1(f)(2)] < CllfllBMo* &), © € Q-

Then, from and (29), (A1) holds.
To establish (A2) we firstly observe that

v(wk)?
M- L) < [0 [ G0 ) - Wit | ldu

+ sup |W{g(f)($) — Wi (f) ()]
0<t<ry(zy)?

= Qr(f)(@) +Qer(f)(z), z€R™

By [13] (5.5)] we get
(30) Qs.1(f)(2) < CllfllBm0O# (mr): T € Q-
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The perturbation formula ([I3, (5.25)]) allows us to write

aat (Wt( y) — Wtf(x’y)) / Vi(z )Wt/Q(‘r 2)Wi2(2,y)dz

t/2
+ / / V(= Wt Z (x,2)W,(z,y)dzds
0 n

¢
+ / / V() WZ (2, 2)=— 0 Ws(z,y)dzds
t/2 n 88
3

= ZKj(m,y,t), z,y € R" and t > 0.
j=1

According to [13, (2.3) and (2.8)], we get

n _lz—zP|z—y|?
| K1 (z,y,t)] < Ct V(z)e 0 dz
Rﬂ,

z—y|?
< ot e R | v 2e
RTL

< Crx) 0t 1H0—m)/2— ma , T,y €ER™ and 0 <t < y(xp)>

|z —

Here and in the sequel § represents a positive constant.
Moreover, by using [I3} (2.7) and (2.8)], since t/2 < t —s < t when 0 < s < t/2, it follows

that
t/2 ENEEELI L
Koot < €[ [ V) e T e s
t/2 1 _le=z2 1 |z—yl?
é CA . V(Z)me t me 1
1 -2 Y2 1 e
< Citl—&-n/Qe ? /0 - V(Z)isnme

1 omyi? (12 g71H0/2
< Cie—Cf/ ds
ti+n/2 o (Y)°

Jz—y?
< A(y) oI 2eme BT gy e R and 0 <t < y(a)?.
By proceeding in a similar way we obtain

lz—y|?
t

|Ks(x,y,t)] < Cy(y) 0t 10—/ 2g—e , T,y €ER™ and 0 <t < y(wp)>

Hence, since y(x) ~ v(y) ~ v(x) provided that |z — y| < y(zx) and x € Q}, we conclude that

lz—y|?
t

0 P
|5 (Wi @)= Waa.y) )| < Cy(y) 007 0/2em525 0 € Qp a—y| < 1(wn) and 0 < ¢ < y()™

Therefore for some constants C,c > 0 we get

y(zg)? t5/2—1 6—c|x—y\2/t
%N < 0 T [l
v(@k)? 45/2-1 O ,—c2?
< |f (y)ldydt
/0 ¥(zx)° =0 tn/2 /wy|<21\/z
| e et / F@)ldydt, @€ Q
< - y)|dydt, =€ Q5.
0 ’Y(xk)é 7=0 (QJ\/%)TL |lz—y|<29/t k
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Moreover, by [I3| Lemma 3.14], since v(z) ~ v(zx), = € QF,

> 2jn€7c22j

Ty L

2jnefc22j

T [f(y)ldy+
JEN, 20 Vi< (x) (27VE)" /Iwy<2j\/z Z

JEN, 20 Vt>~(x)
. 2 T _ o
< Ol fllemo# &n) Z 2im e (1 + log ;(\/)%) + Z 2im e 2
JEN, 20 Vt<y(x) JEN, 23 /t>~(x)

2jnefc22j

W/|my<2iﬁ|f(y)dy

1) \° .
< Cllfllsmo# @n (IY(\[:)) ,r € Qrand 0 < t < A(zp)?,

where € € (0,9).
With this estimate we have that
$0/2-1-¢/2

(xx)?
(31) Qs 1 (f)(z) < C||f||BMoff(R”>/0 (xR

Putting together and , we infer (A2).

Comment: Se podria hacer notar que de hecho para A1 y A2 se probo algo mas
fuerte, esto es, que la norma infinito del integrando estaba acotada por el miembro
derecho ya que despues para la riesz adjunta lo necesitamos, ver pag. 17 de esta
version

dt < C||fllsmoz @ny: = € Q.

Next we notice that by it follows that

V(L) (f) < Vo(Wi) () + Vo (HiZ) (f) + Vo Ly = Lio) (f)-
By proceeding as in the proof of (i) we get

[ vy < .

k
Then, V,(WZ)(f )( ) < 00, a.e. T € Q5.
From 1 an we deduce VP(L;'f75 — L) (f)(z) < o0, ace. € Q. Also, by and
l) (cht) f)( )<oo, a.e. T € Q.
¢

s

Hence, V,(Li+)(f)(z) < 00, a.e. x € Qf. We consider the following decomposition of f

= —fB)xp+(f = fB)X(B*) + fB=fi + fot+ f3,
where B* = 2B.
Note that

VL)@ < o sup (i_oj (@) - W (@)
)

{tj}jen, t; <v(xk)

+ sup  [Wi(f1)()]
0<t<y(w)?

< CV,W)(f1)() + We(f1) ().
Then, since W, and V,(W;) are bounded operators from L?(R") into itself (see Theorem,
we obtain
1/2
L vt < (@i [ 1@ - foPar)
< C(BIQN)?II £ Broz @ny < oo

Hence V,(Ly,:)(f1)(z) < 00, ae. z € Q.
Also, since [, Wi(z,y)dy =1, z € R" and ¢ > 0, we get

Vo(Lk,e)(f3) = |fB] <00, z€R"™.

Therefore, we deduce that V,(Lg ¢)(f2)(x) < 00, a.e. z € Q.
Choosing z1 € B such that V,(Ly ) (f2)(21) < oo, we define hp(t) = Li+(f2)(21), t € (0,00).
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Suppose that {t;},en is a real decreasing sequence that converges to zero and let j; € N be
such that t;, < y(zg)? and tj,_1 > y(zx)?. We can write

(Z ’Lk t; — Ly, 2t (f2)(zl) (Lk)tj+1 (f) (x) o Lk’tﬂ'“ (fQ)(Zl)) ‘p> v
- Z [We, (£)(2) = Wa, () (1) — Wy (1)) = W, () )| [, (1)) = W, () e)|)
< o(( Z W, (@) = Wi, (o) (20) = (W (1)) = W () )| )
+ o oswp [W(f)(@) - Wilfz)(21)],
0<t<p(wy)?
and then
1 Zka () @)1, IIhBHE
< sup \Wt () = Wi, (f2)(21) = (Wh,,, (f) () — Wtj+1<f2><21>>!p)l/p

{t;}jenl0,0<t; <'Y(Ik)2

+ sup  |Wi(f)(x )—Wt(fQ)(Zl)"
0<t<p(zk)?

By taking into account Proposition we obtain

Comment: tal vez convendria decir cual es la clase de sucesiones a las que se
aplica la proposicion.

1 00 P\ 1/p
= sup (X @) =Wy (f)(1) = W, (D@) = Wayy, (f2)(21)] ) e
|B| B {tj}jeNlo,0<th’y(xk)2 j=1
(32) < ClfllBmo= @n)-
Also, according to [13, Pages 348 and 349 it follows that
1
(33) sup  [Wi(f)(x) = Wi(f2)(z1)|de < Cllf| Baro= n)-

|B| B 0<t<p(zy)?

From and we deduce (A3).
Note that the constant C' > 0 does not depend on k and B in all the occurrences.
Thus the proof of (iiy) is finished.

4.2. Proof of Theorem Let p > 2. We may assume without loss of generality that
V € RH, with ¢ > n. In fact, from ([17]), reverse Holder classes are open, i.e., if g € RH, it is
also true that g € RH,, . for some € > 0.

In order to prove that the variation operator V, (R‘Z °) is bounded from BMO<(R") into
itself, we consider, for each k € N, the local operators defined as

RZ,(f)(x) = PV / R (2,9) () dy,
|lz—y|<y(zK)
and
Rey(f)(a) = PV / Ro(e — y)f(y)dy.
|z—y|<y(zk)

Note that |y — 1| < 3y(zx) when & € Q% and |z — y| < y(z1). Then, if f € BMOZ (R™),
Rep(f)(2) = lim Ro(z =) f (Y)xsqi(y)dy, ae. z€Qy,
e<|z—y|<y(zk)

that is, this limit exists for almost all z € Qf when f € BMO¥ (R"). Also, Rﬁ(f)(x) is defined
for almost every = € Q; when f € BMO¥ (R™) (see [2, Proposition 1.1]).
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Let f € BMOZ(R"). We are going to analyze the properties (i) and (i) when H =
V,(R7*°). Let k € N. We can write
VA(BE) = (VB = Va(B) (1)

V,(R;
(Vo (RZ() = V(B 1)) + Vo(RE ()
Fip+ Fop + V(R p)(f)-

_|_

For z € @}, we have

2, 2,
[Fie(z)] < Vp(R, E_Re,ka)(f)(x)
- o\ /P
- sw (3] RE (o) )y - | RE (,9)f(y)dy
{esdienl0 \ ;59 |Vejr<la—yl<e; ej+1<|z—y|<e;, |[z—y[<v(zk)
- o\ 1/p
_ L
= sup / Ry (z,y) f(y)dy
{eidienl0 \ 57 |Vejr<lz—yl<ej|lz—y|2y(zk)
<

/ RZ (2,911 (4)|dy,
lz—y|>v(zk)

Then, according to 4, Lemma 3, (a)], since v(zx) > M~y(x), z € Q}, for a certain 0 < M < 1
that does not depend on k € N, it follows that

1 1
|[Fie(z)] < C |f(y)|dy
|lz—y|>M~(x) |"E - y‘n 1+ |1‘ - y|/7(x) l

<oy o
JZ_:‘) M2i~y(z)<|z—y|<M2i+1y(z) [T = Y|* 1+ & —y|/v(z)

< C / y)|dy < Cl|f 2m@ny; T E Qr.
ZQJ CRe BN s ‘

Also, by using [4, Lemma 3, (b)], we obtain

|Fon(@)| < V(RS — Ri,)(f)(2)

1
- o\ /P

(R (2,y) — Rz — y)) f(y)dy

= sup
{es}ienl0 \ 55

/€j+1<|l’y<5j, lz—y|<y(zr)

</ IR (@.9) = Re(w = )l|F0)ldy
|z —y|<vy(zx)
1 (|a- y|>2”/q
< C < \f)ldy, =€ Q.
le—y|<y(zx) [ =y \ Y(2) k

Then, using Hélder inequality and that vy(z) ~ y(xy) for z € QF, we arrive to

1/r 1/r’
1 ,
Fa@] < of [ e e I dy
le—y|<~(zx) V(zk) le—yl<(zx)

1/r
1 /
C / f)|" dy <C||f ny, T € Q.
(ka)n |w_ym(mk)l (v)] 1 llemo# meny K

Here, 1 <r <n/(n—2+n/q).

Since, for i = 1,2, F; € L>=(Qy) and ||F; kl|r~q:) < Cllfllsmo# @®n), where C' does not
depend on k € N, in order to see that the properties (iy) and (iig) hold for H = Vp(Rf’s) it is
sufficient to establish those properties for H = V,,(R5 ).
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Fix again k € N. Then

1
o\ 1/°

Vo(Ri (@) = sup [ Re(z —y)f(y)dy

{eidienlo \ ;5 /€j+1<$y|<€j»|ﬂ?y<7(zk)

oo
sup Z

{eidsenlo \ ;3 ~/€j+1<$—y|<€j7|w—y<7(wk)
< Vu(Rp)(fxqp)(x), =€ Q.
Hence, according to Theorem (i), we have

o\ /P

Re(x —y) f(y)xq;- (v)dy

1/2
. [Vp(RE ) (f)(2)|dz < (1 |Vp(RZk)(fXQ;*)($)|2d$)
Qx| Jq, Qkl Jo,
) 1/2
(34) < C <|Qk| o |f($)|2d$> < Ol fllBmo# ®n)-

Let now zy € R™ and ry > 0 such that B = B(zo,79) C QF. Then, by using Proposition
we can see

57 L VA BE(@) = ValRE () 1)l < Cllfllpyios

where fo = (f — f5)X(B+)- and z1 € B is such that V,(Rj ;)(f2)(21) < oo. Hence, V, (R ,)(f) €
BMO(Q5%) and

(35) HVP(Rzk)(f)HBMO(QZ) < CHfHBMOg(R")'

Note that the constants C' > 0 appearing in and do not depend on k € N. Thus the
proof of the desired result is finished.
Assume now that V € RH, with n/2 < ¢. In fact it is sufficient to consider n/2 < ¢ < n. We

have to show that the variation operator for the adjoint Riesz transform, Vp(%f’s), is bounded
from BM O (R™) into itself. Looking at the proof above, we notice that the properties on %;°
needed to make the above proof work are, on one side, its boundedness on L?(R"), which is true
by (|29, Theorem 0.5 and 0.8]), and, on the other side that the operators defined by

Tyr(f) (@) = / R (4,2) | (4)dy,

|z—y|>~(zk)
and

Tu(ie) = [ R (3,) — Re(y — 2|1 (9)\dy,
lz—y|<v(zk)
map BMO# (R") into L>°(Q%), and that for i = 1,2,

ik (Dlle=@p) < ClifllByo® @),

where C' > 0 does not depend on k € N.
Let ke Nand f € BMO"%(R"). According to [29, p. 538], we have that

1 1
Tis(f)@)] < C(/x_yww TR T Wl

1 ()] V(2)
————dzd
i /|(> o =y (1 + [z — 1/ (@) /|| ey y)

= CTix(f)(@)+Ti2k(f)(x), z€Q

where v > 0 will be chosen later large enough.
As it was shown earlier, we have

(36) 111k (Pllz=@p) = ClifllBmo= @n):
provided that a > 1.
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On the other hand, since v(z) ~ y(zx) when = € Q}, we can write

T 2,1 (f) ()]

where % =

1/q
1
T <C n ; V(z)|%d , T € Q7.
T1,2,1(f) ()] ||f||BMoi”(R )sza (2( xk))”*lfn/qo </w—z|<21+2'y(7;k) (2)] Z> T € Qy

1

> 1
- ;0 209 (20 (zy) )"

IN

j=0

(L

1

CZW

[f(y)l

By, 2 |2 =

1/46
1 ( [ f(y>|%dy>
|z—y| <291y ()

V(2) 90 1/q0
/ %dz dy , T € Q5
|z—z| <202y (zy) |z =y

/ij(wk)<|w—y§2”1v(xk)

By using the properties of V' and 7 ([4, Lemma 1]) we obtain, for a certain u > 0,

1/q
</| <casng >'V<z>lqd2> < C@A @) P @), T e Q.
T—z| <202y (zy,

By choosing a > 0 large enough, it follows that

(37)

o0

1

N

TiasN@| < Cllfllswos @ Y- grarmrmr o7

7=0
< Cllfllsmo# @ny, = € Q.

We conclude from and that

[Tk (Ollz= @) < Cllfllemo# ®n)

where C' > 0 does not depend on k € N.

According to [29, (5.9

Tok(N)(2)] <

(38)

+

Also, we can write

T2,2,1(f) ()]

<

IN

)] we get

1 |z — y|)2n/q
¢ d
</w—y|<~/(zk) |z —y|" ( ~(x) |F(y)ldy

L / V(2)
|z —y[n—1t T =dz|f(y)|dy
/|:1; yl<y(z |x_?/|n ly—z|< 2ol |z — y|n1

C(Tz,l,k(f)( )+ Took(f)(2), =€ Q.

As in the proof in the first part of this theorem we have that

CZ/

j()

[T2,1,6(H)llz=@z) < ClifllBMO# (7

1/ ) /
v(zg)<|z—y|<2=Iy(zx) (279 y(xg))m |z—z|<2=i+1y(zs,) ly

1/q5
]. !’
CE B B vvrs / |f(y)| P dy
(279 y(ag))" ! ( lp—y|<2-Ty(w)

% 1/q0
X / / Lgldz dy
" |z—z|<2=iF1y(zy) ‘y - Z|

o0

C

j=

1
(

1 1/q
; 7 V(z)dz
0 (2_J’Y(mk))nilin/qo </x—z<2]'+17(ack) >

((2j7 TE))"

1/Q0
/ | |f<y>|%dy> . reqQp
D™ Jja—yl<2-ix(ar)

V(2)
y[»t

V(z)

_ Z|"_1

dzdy

g " n Then, the LP-boundedness properties of the classical fractional integrals
([31]) lead us to
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where L+ =1
w0 q

Since V € RH, and y(z) ~ y(xy), when = € Qj, we have (|4, Lemma 1])
1/q
/ V(2)%dz < Cy(zp)VI172, zeqQ;.
B(z,277 1 y(wk))

1

Moreover, an argument like the one used to show [I3| Lemma 2| allows us to get

1 1/46
—_— % < Cj 2 (jn)-
TG oy MO ) < CTlf o
Then,
Do (@) < CZ T n/qo_lv(xk>”/Q*2\|f||BMoz<w>
(39) < C|\f||BMo¥(Rn), T € Q.
Note that ——1—7—2<0

By combmmg and (| we conclude that

IITz,k( N=@p < CllfllBmo rn),

where C' > 0 does not depend on k£ € N.
Thus the proof is finished.
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