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O Let £=C(fi,....fu), where f; belongs to the Orlicz space Ly[0,1], and let w =
(wr, ..., wy) be an m-tuple of m positive weights. If & C Ly[0, 1] is the class of nondecreasing
Sfunctions, we denote by My (£, D) the set of best simultaneous monotone approximants to £,
that is, all the elements g € % minimizing Z]m=1 /01 ¢(|]§ — ghw;, where ¢ is a convex
Sfunction, ¢(t) >0 for t >0, and $(0) = 0. In this work, we show an explicit formula to
calculate the maximum and minimum elements in My (£,2). In addition, we study the
continuity of the best simultaneous monotone approximants.
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1. INTRODUCTION

Let /My be the set of all real extended p-measurable functions on
[0,1], where u is the Lebesgue measure, and let ¢ : [0,00) — [0,00) be
a differentiable and convex function, ¢(0) =0, ¢(¢) > 0 for ¢ > 0. For
f e My, let

1
() i= [ Breaduc.
0
We will deal with the Orlicz space
Zsl0,1] := {f € My : Yy(Af) < oo for some 4 > 0}.
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Under the Luxemburg norm, Z,4[0,1] =: &, is a Banach space. It is easy
to see that if ¢(¢) =, 1 < p < 0o, we obtain the Lebesgue space L, and
P
LAGES T
We assume that ¢ satisfies the As-condition, that is, there exists K > 0
such that ¢(2t) < K¢(t) for all ¢ > 0. So,

Ly =1{f € My : Vy(Af) <oo forall 2> 0}.

We refer to [7, 13] for a detailed treatment of this subject.

Throughout this paper, fi€ £y, j=1,2,...,m, and we write f=
(fis-..,fu). Given & C £y, we consider the problem of finding g € ¥ such
that

Zl%w ~Qw = an V() — hyw; = E, (1)
= =

where w; are positive real numbers. We denote by /. (f, %) the set of
elements g € ¥ satisfying (1), where w = (w,,...,w,). Each element of
Myw (£, D) is called a best (simultaneous) approximant to £ from <.

When % is the convex cone of nondecreasing functions in £y and
f is a single function (m = 1), it is known that /. (f, %) # @ and there
exist min My (f, %) and max M4, (f, %) in M4, (£, ), that is, there exist
elements in /Ml (f, ) that satisfy

min My (f, %) < g < max My (f, )

almost everywhere on [0,1] for all g e My, (f,%) ([8], Theorems 4
and 14). These results of existence can be obtained for m > 1 with
analogous proofs. Thus, when m > 1, in Section 4 of this paper we give a
characterization of best simultaneous approximants to f from %, as well
as an explicit formula to calculate min /My, (f, %) and max ./, (f, ). In
Section 5 we discuss the continuity of a g in My, (f, ) when each f is
approximately continuous, j = 1,2,...,m.

Best monotone approximation to a single function has been studied
extensively in the literature [2—4, 18, 19, 21]. In [11] and [20], there
are explicit formulas to compute the best monotone approximant to a
single function defined on an interval when a p-norm is used. The Zy-
approximation case was considered in [9].

The problem of best simultaneous monotone approximation to two
functions with ¢(t) =, 1 < p < 00, it was an early subject of study. In
[14], the author gives an algorithm to calculate the best approximant in
the discrete case and p > 1, and they study the continuity of the best
approximant. Similar results can be seen in [16], and in [17] results of
characterization are proved in L;-approximation from convex sets.
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Simultaneous monotone approximation to two functions when the
measure of deviation of f; and f to an element % is max{||fi— %[, £ —
kll,}, 1 < p < oo, can be seen in [5, 6, 15].

For f,g, h € £4, we write

N(g)={x€[0,1]: g(x) #0} and Z(g)={x<[0,1]: g(x) =0},

and, throughout this article, we will denote the one-sided Gateaux
derivative of W, at f in the direction of A by

Wy (f + sh) — W, (f)

S

+ — 1
7o(f k) = lim

— f & (fDsgn(Phd+ ¢ [ 1l @)
N

()

where ¢'(0) is the right derivative of ¢ at 0. Observe that, for 2 > 0, (2)
can be written

1
Vi h) = / ¢/ (1 SZR() b (3)
0
where sgn = sgn + y0), x4 being the characteristic function of the set A.

2. SIMULTANEOUS APPROXIMATION FROM CONVEX SETS

The following theorem is an immediate consequence of (2) and a
modified version of Theorem 1.6 in [12] for convex functionals.

Theorem 1. Let T be a convex set in £y. Then g € My (£, R) if only if
Y uif—g.g—Ww=0 forallhe (4)
j=1

The next corollary generalizes Lemma 3.2 in [17].

Corollary 2. Let F be a convex set in L. Assume h € H and g € Myy (£, F).
Then h € My (£, ) if only lfz;":] y;(ﬁ —h,h—g)w; = 0.

Proof. Let r:[0,1] — [0,00) be the convex function defined by

r(t) = Wy — h+ t(h— g)w;.

j=1
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Then +'(0) < r(1) — r(0), that is,

Y o= hh—gw < Y Wy (f— gw — Y Wy(f — Wwy. ()

J=1 J=1 j=1

On the other hand, if g € My (£, %), we get
PIR VARSI AVESRITE
j=1 j=1

So, (5) implies

Y b= hh—gw <0. (6)

J=1

If h € Myy (£, F), by (6) and Theorem 1 we have Z]m=1 y;(}? —h,h—g)w;=0.
Reciprocally, if -7, 9 (fj — h, h — g)w; = 0, from (5) and the fact that
g € Myy(£,T), we get

oW — w = Y Wyl — .
=1 =1

In consequence, h € My (£, 7). O

We now turn our attention to the uniqueness of the simultaneous
approximation from a convex set. This means that if g, h are in My, (£, %),
then g = A a.e. on [0, 1].

Theorem 3. Let 7 be a convex set in Ly. If ¢ is a strictly convex function and
g, h arein My (£, 7), then g = h a.e. on [0,1].

Proof. Assume that there exist g, & € My, (f, ) with u{g # h} > 0. Since
¢ is a strictly convex function we have

h 1 1 .
‘I’d)(]}—T)wj<E‘If¢(]§—g)ug+§‘P¢(jj—h)zl)j, j=L2,...,m.
So,

m +h 1 m 1 m
Z%(ﬁ - gT)wj < QZ%(J? —gw + 52%(]? — hw; = E,
j=1 j=1 j=1

which yields a contradiction because %’Lh S/ O
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3. SIMULTANEOUS APPROXIMATION BY CONSTANT
FUNCTIONS

Let fi € Z4, j = 1,2,..., m. Throughout this section, A C [0, 1] stands
for any measurable set with u(A) > 0. Let ‘€4 := {cya : ¢ € R}, and we write

fA = (leA’ o ’ﬁﬂXA)‘
Since W, is a convex functional, the function E:R — [0,00)

defined by

E(e) =Y V(i — Oxn)w

j=1

is convex. Moreover, lim,_, 1o, E(¢) = +00. So, /My (fa,€4), the set of best
constant approximants to f on A, is a nonempty compact interval. We call

m(f,A) =min My, (fa, €4) and m(f, A) = max My (fa, €4).

Lemma 4. A constant ¢ is in My (£a, €4) if and only if

S i —ew =0 and Y yi(c—fz)w = 0. (7)

j=1 j=1

Proof. Take # = €, in Theorem 1; now, since —sgn(f; — ¢) = sgn(c — f),
the lemma follows immediately from that theorem and (2). O

Lemmab. Letg, heZy.

(a) If g < h ae on A, then y;(g,1a) <74k, 1a);
(b) If g < h a.e. on A, then ”/qf(g,XA) = —yqf(—h, 14).

Proof. (a) We have
V;;(ga XA)

1
= [ # U mdn
0
1 1 1
:f ¢/(|g|)XAn{g>0}dﬂ_/ ¢/(|g|)XAm{g<0}m{h>0}d,u_f ¢/(|g|)XAm{h<o} du
0 0 0
1 1 1
Sf ¢,(|h|)){m{g>0}dﬂ+/ ¢/(|hI)XAﬂ{g<0]ﬁ{h>0}d,u_/ d)/(lhl)XAﬂ{iKO} du
0 0 0

1
= / @' (IhD)sgn(h) ya dpe = 75 (h, 1a).
0
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(b) There holds
1 1
Vg(g,xA)=f ¢’(|gl)Xm{g>0}du—/ ¢ (1gD) xang<oydpt
0 0

1 1
S/ ¢/(|h|)){m{h>o}dﬂ_/ ¢/(|h|)XAﬁ{h§0}d,u: —ﬁ(—h,m)-
0 0
]

The next Corollary follows immediately from Lemma 5.

(.:oroll.ary 6.. For g € %y, the application that assigns y;(g — u, xa) to u € R
is nonincreasing.

As a consequence of Lemma 5, we have the following theorem of
characterization.

Theorem 7. We have the following relations:

(a) m(f,A) = min{c e R: 3 " 1/¢ ﬁ,yA)w, > 0}; and
(b) m(f,A) = max{c € R : Z] 1y¢ ¢ xa)w; = 0},

In addition, if ¢ is a strictly convex function, then m(f, A) = m(f, A).

Proof. (a) From Lemma 4, > 7 y;(m(f,A) — f, xa)w; > 0. Suppose
that there exists u € R, u < m(f, A) such that

> viu— fg)w; = 0. (8)

j=1

By Lemma 5 (a) and Lemma 4,

S v — ) w = Y i (f — m(E, A), ) w; = 0. 9)
j=1

j=1

Then, Lemma 4, (8) and (9) imply u € M4, (fo, €4), a contradiction. We
can prove (b) in a similar way. Finally, if ¢ is a strictly convex function, the
equality m(f, A) = m(f, A) follows from Theorem 3. (Il

4. SIMULTANEOUS APPROXIMATION BY
NONDECREASING FUNCTIONS

Henceforth, ¥ is the convex cone of nondecreasing functions in Z,.
In this section, we give a characterization of best approximants to f from
Y. Moreover, we show an explicit formula to calculate the maximum and
minimum elements in /My, (£, ).
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Definition 8. For x € (0,1), we define

]_‘(x) = ibnfsupm(f, (a,b)) and 7(x) = sup;nfm (f,(a,b)).

x a<x a<x 4

Lemma 9. The functions f and f are nondecreasing.
Proof. Let x,y € (0,1) such that x < y. Then

infsupm (f, (a, b)) <infsupm (£, (a, b)) < infsup m (£, (a, b)) .

b=x 4o X a<y =Y a<y

Therefore, ]_‘(x) < ]:(y). The proof that f(x) 5]_‘())) is analogous. O

That f and f are in %4 is a consequence of Theorems 16 and 18,
respectively. B

4.1. Characterization of Best Simultaneous Monotone
Approximants

The following is a characterization theorem. Similar results can be seen
in [1, 10].

Theorem 10. The following statements are equivalent:

(@) g € Myw(f,D);
(b) For every u € R we have

(b1) 327175 (8 = fis Kig=wintar)w; = 0, for0 < a <1; and
(b2) Z]m:1 V:/:(j? - g, X{g>u}ﬁ((),b))u}j > 0; fOTO <b < 1

Proof. (a) = (b). Take a g € My, (f,2), and let u € R. We prove (bl).
The proof of (b2) is similar. Let 0 < a < 1. If u({g < u} N (a,1)) =0, then
(b1) is obvious. Suppose u({g < u} N (a,1)) > 0. S0, Y{g<ujn(a1) = A(aby) A-€.
on [0, 1], where

b, = sup{g < u}. (10)

Assume b, = 1, and let h € & be given by 4 = g on [0,a] and h =g + 1 on
(a,1]. From (4) with this function & we get (bl).
Suppose now b, < 1. We consider the following three cases:

e ¢ is continuous at 4,, and g(x) = g(b,) for some x > b,. Let {x,},en C
(a, b,) be such that x, 1 b,. Since g is continuous at b,,

g(by) = u. (11)
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Therefore, y, := g(b,) — g(x,) > 0. Consider the function 4, € % given by

h, =g on [0,a]V (b,,1], h,=g+y,on (a,x,], and
by, = g(b,) on (%, b,].

Applying (4) with & = h,, we deduce that

Xn n

m m b
" / _ (bu)_
0<3 7 (g—f,)c(a,m)wﬂFZ/ ¥ (lg — f0sgg — )5 an
j=1 j=1

Since 0 < % <1 on (x,, b,), by passing to the limit as n — 0o, we get
(b1).

e ¢ is continuous at b,, and g(x) > g(b,) for all x > b,.
Let {x,},en C (by,1) be such that x, | b,. Then y, := g(x,) — g(b,) > 0.
Consider the function %, € ¥ given by

h,=gon [0,a]VU(x,,1], h,=g+9y,0n (ab,], and
hn = g(xn) on (bu: xn]
Applying (4) with & = h,, we have

m m Xn ) L (xn) _
0= 75 (g = tan) w+ 2 [ ¢'Ug = fhsgnig - HE——= ; Sy dp.
=1 j=1

by n

Since 0 < g(x;% <1 on (b, x,), by passing to the limit as n — oo, we
get (bl).
e g(by) —g(b,) = 26.

Taking in (4) the function & € & given by 2 = g on [0, a] U (,,1] and h =
g+ 0 on (a,b,], we obtain (bl).

b) = (a) Let ueR, he %, and b=sup{h < u}. If p({h <u <
p

g}) >0 then 0 < b <1 and Y4<u<g} = X{g=ujno.py a.€. on [0,1]. Therefore,

by (b2),

j=1

If u({h < u < g}) = 0, then (12) is obvious. Since wu is arbitrary, integrating
on u in the inequality (12) we have

m o) 1
Z/ (/0 d)/(w — gDSgN(f; — &) A (h<u<g) W) d,u) du > 0.
j=1 o
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Applying Fubini’s theorem, we get

é/ol <¢/('ﬁ - ehsga(f - gy

[ee]

X{h<u<g} du) d,LL > O,

o0

that is,
Xm:ﬁ (f — & 2e=ny (g — h) w; = 0. (13)
j=1

The inequality
i 5 U = & tin-g1(g = W) w; = 0 (14)
j=1

follows from (bl) in a similar way. Now, according to (13) and (14),
we have

> (h—gg—h)w =0, (15)
=1
Since h € 9 is arbitrary, (a) follows from (15) and Theorem 1. O

Corollary 1. If g € My (£, D), then for every u € R we have

(a) Z]m:l yg(g — fi Mg=wn(a)w; = 0, for0 < a <1; and
(b) ijzl ’y:br(]]r 4 X{gZu}ﬂ(O,b))u}j = O; fOTO <b =< 1.

Proof. For every u € IR and € > 0, Theorem 10 implies

m

ZV; (g —f-,x{gwﬁ}mw,l)) wj >0, for0<a<1, and

j=1

> 95 (F = g Hig-u-anom) wp = 0, for 0 < b =<1.
j=1

As lime_ o+ Y{g<ute) = X{g=wy aNd limMe_ o+ Y{g>u—e} = X{g=u}» POth (a) and (b)
hold. O

Remark 12. Under the same hypothesis of Corollary 11, observe that if
u({g = u}) > 0, then this Corollary and Lemma 4 show that u is a best
constant approximant to f on {g = u}.
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Theorem 13. Ifg € My (£, D), then [ < g < [ a.e. on [0, 1].

Proof. Let x € (0,1) be a continuity point of g. Let 4 > 0 and u = g(x) +
/. For 0 < a < b,, where b, is defined in (10), we have x < b, and y(.;,) =
Xig<uin(a1) a.€. on [0, 1]. By Theorem 10, we get

Z’yjf)r (g _ﬁ’ X((l,bu)) w; > 0. (16)
=1

Since g — f; < g(x) + A —f; on (a,b,) forall j=1,2,...,m, Lemma 5 (a)
implies

ZV:E (g(x) + A —ﬁ, X(a,bu)) w; = Z ﬁ (g —ﬁ, X(a,bu)) wj. (17)
j=1

j=1
From (16), (17), and Theorem 7 (a) we have
m(f, (a,b,)) < g(x)+ 4, 0=a<b,.
So, sup,_ m(f, (a,b,)) < g(x) + 4. Consequently, as b, > x,

j_’(x) = ;nfsupm(f, (a,b)) < g(x)+ A

As / is arbitrary, we obtain f(x) < g(x). A similar argument shows that

f(x) > g(x). Since g is continuous a.e. on [0, 1], the proof is complete. [

Corollary 14. If ¢ is a strictly convex function, then f =]_‘ a.e. on [0,1], and
g=/f ae on[0,1] for any g in My (f, D).

Proof. Let x € (a,b) with 0 <a < b < 1. Since ¢ is a strictly convex
function, it follows that

infm (£, (a, ¢)) < m(f, (a,0)) = m(£, (a, b)),

where the equality is due to Theorem 7. Then [(x)=
sup,_ inf...m (f, (a,c)) <sup,_ m(f, (a,b)) and, consequently,

f(x) < ibnfsupm(f, (a, b)) = f(x).

a<x -

So, Theorem 13 completes the proof. a
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4.2. Maximum and Minimum of Best Simultaneous Monotone
Approximants

We now prove that max My, (f, %) =]_‘ a.e. on [0,1] and min /ly,,
(£, %) =f a.e. on [0,1]. For u € IR, observe that the function x —

Z;"zl y; (}? —u, X(x,l)) wj is continuous on [0, 1]. Let
Q, = max { quf (f — w, xxny) w; = x € [0, 1]} and
=1

Y :min{x e[0,1]: Z)};(}?— u,x(x,l))wj = Qu}

j=1
Lemma 15. letucR.If0<x <y, <y<], then

(a) Z]”L:l vs (f __uaX(yu,y))wj = 0 and ijzl Vo f = W Aiwp)wy < 05
(b) f(x) =u = f(y).

Proof. (a) Let0 < x <y, <y < 1. By definition of y, and Q,,
- +(f__u )w.<Qu: Y +(f-—u" )w and
Vo U s L) Wi = Yo U > X)) Wi
j=1 j=1

m m
Zy;r (J? - u X(x,l)) IU] < Qﬂ = Zy:br (}j - U X(}‘ual)) u}J
j=1 =1

So, (3) and the additivity of the integral imply (a).

(b) Let 0<v<y,<z<1 If b>z then Theorem 7 (b) and
the first inequality in (a) (with y=0) imply m(f,(y,,0)) > u. Thus,
inf,., m(f, (y,, b)) > u. As y, < z, we obtain

f(z) =sup inf7(f, (a,0)) = u.

a<z

On the other hand, if a < v then inf,., m(f, (a, b)) <m(f, (a,y,)) < u,
where the first inequality follows from the hypothesis v < y,, and the
second inequality is due to Theorem 7 (b), Corollary 6 and the second
inequality in (a) (with x = a). Then

f(v) = supinfm(f, (a,0)) = u.
a<v V7Y O

Theorem 16. We havef = max M (£, D) a.e. on [0,1].
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Proof. Let g = max Myw(£,2). By Theorem 13, g 5]7 a.e. on [0,1].
Suppose that there exists z € (0,1) such that g(%) < u < f(%), where z

is a point of continuity of g and f. Clearly z < b,, where b, is defined in
(10). In addition, y, < z; otherwise Lemma 15 (b) implies 7(20) < u.

Let R(g)=¢ ([yu, bu]). Since g is a nondecreasing function on (y,, b,],
for ¢ € R(g) the set

L(c) == {z € (3, b1 : g(2) = c}

is either a singleton, or an interval with endpoints ¢ < ¢. We observe that
the second case can occur for at most countable many values of ¢, say
{c¢a}ner, I € N. Let

¢= o (Ulem) )
nel

and let f : (y,, b,] — R be the continuous function defined by

i

B(x) := Zﬁ (f = w 2ium) W = Z/ &' (I — ubsgn(f; — w)ywjdp. (18)
=1 j=t o

We next prove that
p(x) =0 forall x € C. (19)

Let z € C; we consider two cases.

° z#£ ¢,
Clearly, {g < g(2)} N (y4, 1) = (yu, 2], because g(y) > g(z) for y > z. Since
g < uon (y,z), from Lemma 15 (a), Lemma 5 (b) and Corollary 11 (a)

we have

75 (& = fis Koum) w;
1

0=<p(2) = Zﬁ (f = w Aiym) w0y < —
j=1 =

J

== Z ﬁ (g —J» X{gs.z(z)}ﬂ(yu,l)) w; < 0.

j=1
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AS Jig<a)nGu) = Lowo a-€. on [0,1], and g < u on (y,,z), Lemma 15
(a), Lemma 5 (b) and Theorem 10 imply

Oiﬁ(z)=2ﬁ(ﬁ— ’/C()uZ) <_ZV¢ g~ f’/((JuZ))
j=1

j=1
_ZV¢ g - f’X{g«n}moun) =<0.

Therefore, (19) holds.
On the other hand, f has a derivative  at almost every point x €
(Yu, by). Indeed, from (18),

B => "¢ — ubsgn(f — ww ae. on (y,b,).
j=1

Let D be the set of points x € C such that x is a density point of C and it
satisfies the above equation. Since u(D) = u(C), by (19) we get f/ =0 a.e.
on C. Further, g < u on C; thus

Zm — Q) w f(u —g)fdu=0. (20)

If (yua bu) \ C # Qj, then

D78 (= w (= @ xounnc) ZZM( u,(u—g)x(,,.n,,,.n)>z%
J=1

nel j=1

= E =i (=t )

nel j=1

=2 (=) (B@) = fla) =

nel

where the last equality is due to (19). Therefore, by (20) we get
m N _
D (= s (u = )Ly w; = 0. (21)
j=1

Now we consider the function & € ¥ given by

h=gon|0,y,]U(b,1] and &= wuon (y,,b,]
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It follows from (21) and Corollary 2 that & € My, (f, %), which contradicts
the definition of g. So, ]_’(zo) = g(%) at every continuity point z of g and
/. Since almost every point in (0, 1) is a continuity point of both g and /s
we conclude that g = f a.e. on [0, 1]. O

Analogously to the previous case, for u € IR, let

M, = max { Zy:; (u —f,X<o,x)) w; : x € [0, 1]} and
=1

X, = max{x €[0,1]: Zy;f (w—f 200) W = Mu}

j=1

With similar proofs to those of Lemma 15 and Theorem 16 we obtain the
following two results, respectively.

Lemma 17 LetucR.If0<x <x, <y <1 then

(a) Z]m:l ’y;;(u _j?’ X(xsxu))wj Z O and ijzl '});;(u _j?’ X(xus)'))u)j < 0;
(b) f(%) = u = [y,

Theorem 18. We have]_’ = min My (£, D) a.e. on [0,1].

5. CONTINUITY OF BEST SIMULTANEOUS MONOTONE
APPROXIMANTS

In this section, we study the continuity of best simultaneous monotone
approximants to f. Note that ¢ is a continuous function, since ¢ is convex
and differentiable.

A function f € [, is said to be approximately continuous at x, € (0, 1)
if, for each € > 0, x, is a point of density of {|f — f(x)| < €} =t Ac(f, x0).

Lemma19. Letge Y, feZy, x%e(0,1), w>0 and

X0

1
Le(8, f,w) = 5/

X0—

Taco @ (1g — fDsg0(g — Hliwdu, 0 <6 < x.
)

Assume that [ is approximately continuous at x.

(a) If 0 <e<|g(xg) — [f(x)], then

L (f,w) :=limsup L.(J, f, w)

510

< ¢'(Ig(xy) — f(x0) + €Dsgn(g(x,) — f (%)) w;
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(b) If f(x) = g(xy) and € > 0, then T(f, w) < ¢/ ()w.

Consequently,

Le(f, w) < ¢'(|g(x7) — [ (%) + €))5gn(g(xy) — [ (x0))w  for all € small enough.
Proof. (a) Assume 0 < € < |g(x;) — f(x)|. Then

1 ([x — 0, %] N Ac(f, %))
0

x¢' (1g(x) — f(x0) + €]) sgn(g(x;) — f (%) w,

Lo, f,w) <

for all sufficiently small 6 > 0. Since lim;, w

to the limit as 0 | 0 we get (a).

= 1, by passing

(b) Suppose now g(x,) = f(x) and let € > 0. Since

- u([xo — 0, %] N Ac(f, %0))

|Le (0, f, w)] 5

¢'(max{le + f(x) — g(x% — 9)], €D w,
by passing to the limit as 0 | 0 we have (b). 0
With a similar proof to that of Lemma 19, we get the next lemma.

Lemma 20. letge Y, feZy, %€ (0,1), w>0 and

x)+0

Ne(0, [, w) := Lacn @ (If — ghsgn(f — gwdu, 6> 0.

SR

X0

Assume that [ is approximately continuous at xo.

(a) If0 < € < |g(x)) — [(x0)|, then
Ne(f, w) = limsup N9, f, w)
510
< ¢'(If (%) — g(x5) + €Dsgn(f (x0) — gl ) w;
(b) If f(x0) = g(x;) and € > 0, then N(f,w) < ¢'(€)w.

Consequently,

Ne(f,w) < '(Ig(x) — [ (%) + €))5gn(g(x)) — [ (x0))w

for all € small enough.
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Theorem 21. Let g € Myy(£,D). Assume that ¢ is a strictly convex function.
If f; is approximately continuous at xy € (0, 1) for each j, and either ¢ is bounded,
or f; is essentially bounded on a neighborhood of xy for every j, then

(a) g is continuous at xy; and
(b) If g is not constant on a neighborhood of x,, then g(x,) satisfies

m m

> b(f(0) = g)Dw = min Y d(lfi(x) = cDwy.  (22)
1

j=1 j=

Proof. (a) 1If g is constant on a neighborhood of x), then g is
continuous at x,. Otherwise, let € > 0, and for each j=1,2,...,m let
Aje = Ac(fj, %) and A]{E = (0,1) \ Aj.. We consider the case g(x) > g(x)
for x > xp; the case where g(x) < g(x)) for x < x, is proved in a similar
way. For each 0 < 0 < x), from Corollary 11 (a) we have

0< Z“/(Jpr (g _];, X{gﬁg(m)}ﬂ(m—&l)) w;
j=1

m xO
=3[ e~ posmace— pu du (23)
j=1 X0—

Since g is bounded on [x) — J, %], by hypothesis there exists a constant
M > 0 such that

m X0 m
Z/ Tar &' (1g = fiDwy du < MYl — 3, %10 AL,
j=1 Y00

j=1

for all sufficiently small 6. As f; is approximately continuous at x, for each

w(lxo—0,x0]1NAS )

j, we deduce that limg 5 L= =0forj=1,2,...,m. Thus

040 X0

' nq , .
lim supz 5/ XA]{Eﬁb (lg — fiDsgn(g — fHw; du = 0. (24)
j=1 -0

According to (23) and (24), and applying the additivity of the integral,
we get

m o ) m 1 X0 ) L
S L(fw) = lim sup > 5/ a9 (1g — fiDsgn(g — fw; dpu = 0.
j=1 440 j=1 x0—0
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From Lemma 19,
Zcb (Ig(xy) = fi(x0) + €S () — f(%0))w; = 0
for all € small enough. Therefore,
Zm: @' (1g(xy ) — fi(xo)Dsgn(g () — fi(x0))w; = 0. (25)
=

On the other hand, (b2) in Theorem 10 implies

m

x)+0
0= 95 (i — & Kie=eonnom o) Zf (I — ghsgn(f; — @w; dp.

Jj=1

In the same manner as before, and using Lemma 20, we can see that
Zd)/(lfj(xo) — g(xHDsgn(fi(x) — g(x))w; = 0. (26)
j=1

Suppose now g(x,) < g(x). Due to (26) the set of 1ndexes h=1{:

fi(x) = g(x;)} cannot be empty. Analogously, by ( =1{j: filx) <
g(xy)} # 9. Applying again (26) and (25), we deduce that

Z O (1fi(x0) — g(x)Dsgn(fi(x0) — g(x ) w;

Jjeh

> Y (f(x0) — g(xHDSER(g(x7) — fi(x0))w;
Jek2

> Y (%) — g(x)DSER( (%) — (%)) wy
JeR

> 3¢ (1fi(x0) — g )DSER( (%) — g(x5))w;
Jjeh

> ' (%) — g DSERf () — g(x))w,
Jjeh

a contradiction. We are using (26) in the first inequality, and (25) in
the third inequality. The strict inequalities follow from the fact that ¢ is
strictly convex. Hence, g(x; ) = g(x;) and g is continuous at xp. The same
reasoning applies to the case g(x) < g(x) for x < x.
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(b) According to (a), (25), and (26), we have

> ¢ (lg(x) — f(x%)))5gN(g(x) — fi(x))w; = 0 and

j=1

D (1% — g(x)DSEN(fi(x0) — g(%0))w; = 0,

j=1

and these two inequalities are precisely the characterization of the
minimum g(xy) in the discrete problem of (22). 0

Remark 22. Under the same hypothesis of Theorem 21, m = 2 and w, =

wy = 1, we conclude that if g is not constant on a neighborhood of x,, then
g(x{)) — [ito)+/o (%)
T S

The following example shows that if ¢ is not a strictly convex function,
then both (a) and (b) in Theorem 21 are not true.

Example 23. Let ¢(¢) =t and wy =wy, =1. Take fi =0 and =1 on
[0,1]. Then for all ¢ € [0, %], the function

¢ Ho<x<

1—c¢ if%<x§

g(x) =

p—t RO |—

is an element of /., (f,%). Moreover, for ¢ € [0, %), g, 1s not constant on

_ n(3)e()

any neighborhood of %, and gc(%) =c¢< % = 5

In [9], best monotone Z,-approximation to a single function f is
considered. In Theorem 3 the authors prove, without assuming that ¢ is
strictly convex, that if f is approximately continuous at every pointin (0, 1),
then uniqueness holds. The above example also shows that this result is
not true in simultaneous approximation.

6. FINAL REMARK

Let 1 <p<oo and 1< ¢ <o0. For a convex set # C L,, and f; €
L,[0,1]\ # for j =1,2,...,m, consider the problem of finding a g in &
satisfying

ol — ST
_X;Ilf] gl} igjg;nf] hllj-
J= J=



Downloaded by [190.193.8.233] at 02:27 19 January 2013

34 E E. Levis and M. Marano

A straightforward computation shows that every solution g,, of this
problem is characterized by

m 1
Z/O Ui = g.gl"'sgn(f — g.)(gpy — Ww;di = 0 for every h € 7,
j=1

where w; = ||]§—g,,,,,||;’,7p, j=12,...,m. From Theorems 1 and 3 we
deduce that g, , € & is the solution of (1) taking ¢(¢) = ¢ and the weights
w; given above. Thus, whenever 7 is the set of nondecreasing functions
in L,, Corollary 14 shows that g, , = [ a.e. on [0,1], where f is given in
Definition 8.
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