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Abstract

The classical limit of non-integrable quantum systems is studied. We define non-integrable quantum systems as
those, which have, as their classical limit, a non-integrable classical system. This quantum systems will be the candidates
to be the models of quantum chaos. In order to obtain this limit, the self-induced decoherence approach and the corre-
sponding classical limit are generalized from integrable to non-integrable systems. In this approach, the lost of infor-
mation, usually conceived as the result of a coarse-graining or the trace of an environment, is produced by a particular
choice of the algebra of observables and the systematic use of mean values, that project the unitary evolution onto an
effective non-unitary one. By means of our method, we can obtain the classical limit of the quantum state of a non-inte-
grable system, which turns out to be a set of unstable, potentially chaotic classical trajectories contained in the Wigner
transformation of the quantum state.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

The problem of the classical limit of quantum mechanics has a long history. In the beginning, on the basis of the
analogy with special relativity where the limit ¢ — oo leads to classical behavior, it was thought that the classical limit
was just the limit # — 0. But it was soon realized that this was only one element of the problem, namely, macroscopicity,
and that other elements must be taken into account: e.g., quantum mechanics has a probabilistic non-Boolean structure
while classical mechanics has a non-probabilistic and Boolean one. Thus, necessarily two new elements must come into

play:

e Decoherence, that transforms the non-Boolean structure into a Boolean one, and
o Localization (actualization or the choice of a trajectory) that, with macroscopicity—which circumvents the uncer-
tainty principle—, turns the probabilistic structure into a non-probabilistic one.
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In general, decoherence in quantum systems is defined as a process that leads to the diagonalization of a density
matrix. In a first period, decoherence was explained as the result of the destructive interference of the off-diagonal ele-
ments of the density matrix (see [1,2]); however, this line of research was abandoned due to technical difficulties derived
from the formalism used to describe the process. As a consequence, decoherence begun to be conceived as produced by
the interaction between a system and its environment. This approach gave rise to the einselection program, based on the
works of Zeh [3-5] and later developed by Zurek and coworkers [6—12]. Although many relevant results have been ob-
tained by means of einselection, this approach still involves certain unsolved problems, as those related with the expla-
nation of the emergence of classicality in closed quantum systems, the criterion for introducing the ‘cut’ between the
system and its environment, and the definition of the preferred (‘pointer’) basis where the system behaves classically
(see [13]). As the result of these and other difficulties, a number of alternative accounts of decoherence have been pro-
posed (see [14-20)).

On the basis of the formalism introduced in papers [21-25], in a series of papers [13,26-35] we have returned to the
initial idea of the destructive interference of the off-diagonal terms of the density matrix, but now by means of a dif-
ferent formalism: the formalism introduced by van Hove [36-39]. We have called this new approach ‘self-induced deco-
herence’ [13] because, from this viewpoint, decoherence is not produced by the interaction between a system and its
environment, but it results from the own dynamics of the whole quantum system governed by a Hamiltonian with
continuous spectrum. In this approach, the difficulties derived from the einselection program are absent: self-induced
decoherence can be used in closed systems as the universe [30], the definition of a convenient subalgebra plays the role of
the coarse-graining induced by the environment, avoiding the ‘cut’ problem [13], and the pointer basis is perfectly
defined [13,34].

Self-induced decoherence is capable of addressing relevant problems from a general perspective, e.g., the problem of
supplying a good definition of the classical limit in all cases. We will apply this main idea to the non-integrable case, and
present the computations in all detail in Section 3.2, by using our previous results on quantum systems with continuous
spectrum contained in papers [22-24,27-29]. With this strategy we have already obtained, in paper [26], the classical
limit for integrable systems. We have also presented this result in more rigorous mathematical basis in [33] and
explained the physical foundations of the method in papers [13,34]. The mathematical basis of the theory is explained
in papers [21,32]. Decoherence characteristic times were obtained in [35]. But, of course, the big challenge to prove the
consistency and generality of the method is to find its version for non-integrable systems, obtaining potentially chaotic
classical trajectories as a final result, which could explain models as those of Ref. [16].

In the case of integrable systems, the classical limit was obtained by a combination of the van Hove formalism and
the Weyl-Wigner—Moyal isomorphism in a globally defined pointer basis. But in the non-integrable case, such a global
basis does not exist. Nevertheless, the just quoted isomorphism is what allows us to relax the global condition and to
generalize the formalism: quantum mechanics is formulated in a phase space that is covered with charts where local
pointer bases can be defined. The set of all these local pointer bases will yield decomposition of Eq. (3.18), which is
the essential tool of this paper.

The formalism of the theory is presented in a self-comprehensive way, with a mathematics as simple as possible and
in the simplest possible case; this seems enough for the physical purposes of this paper. In Section 2, a brief review of the
Weyl-Wigner—-Moyal mapping is developed, and in Section 3, the theory of decoherence in non-integrable systems is
explained. In Section 4, the classical limit of quantum non-integrable system is obtained. In Section 5, the localization
phenomena is briefly discussed. In the conclusion (Section 6), we list the possible future applications of the theory and
explain why our formalism could be considered as a minimal formalism for quantum chaos. Finally, in Appendix A we
give an example of a non-integrable system.

2. Weyl-Wigner-Moyal mapping

Let M = M ry+) = R*¥D be the phase space of our classical system. The functions over this phase space will be
called f{¢), where ¢ symbolizes the coordinates over .#

0 = (¢ @ Pl AT) A= 1,20 2N ), (2.1)

As it is known (see [40,41]), we can map Ei the algebra of regular operators O of our quantum system, on .«Z,, the
algebra of L, functions over .#, via the Wigner symbol

symb: of — A, symbO = O(¢). (2.2)
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Precisely: let us consider that .# has a symplectic form

0 Iyt a 0  —Iyp
P (—1N+1 0 )7 o= (1N+l 0 ) @3)
Then,
b =16) = [ & Vpexp (wromt ) Te(70)7). 24
where f € o, f(¢) € o,, and
T()) = exp (% l/ﬂwabasb). (2.5)

On </, we can define the star product (i.e., the classical operator related with the multiplication on o and, therefore,
defining the corresponding operation on .«7,) as

symb(f§) = symb f x symbg = (f * g)()- (2.6)
It can be proved [40, Eq. (2.59)] that
ih < = ih < =
(2@ = 1@ exp (=5 0,00, )e() = eld)exp ('3 8,070, ) 1(6). @)
We also define the Moyal bracket as the symbol corresponding to the commutator in o
1 1. 1 . i a2
{figtw == (fxg—gxf)=symb( =[f,8] | == f(¢)sin | —5 3, 0", |g(¢h). (2.8)
i i i 2
In the limit % — 0, the star product becomes the ordinary product, and the Moyal bracket becomes the Poisson bracket!
(f *8)(d) = 1 (d)g($) +0(h), (2.9)
(/8 = {f 8}, +007). (2.10)
By means of Eq. (2.7) it can be proved that, if / commutes with g, Eq. (2.9) changes to
(f * 2)(@) = £($)g($) + O(). (2.11)

Finally, if we want that the mapping symb be one-to-one, we must define a unique inverse of symb, namely, the usual
quantization rule ¢ — ¢, p — p endowed with a unique ordering prescription, e.g., the symmetrical or Weyl ordering
prescription that maps

symb™(qp) = 3(ap + pq)- (2.12)
Then, we have
symb™" sl g — A, symb: o — oA, (2.13)

The one-to-one mapping so defined is the Weyl—Wigner—Moyal symbol. With symb~" we can ‘deform’ the classical sys-
tem and obtain a quantum mechanical system. With symb we go from usual quantum mechanics to a quantum mechan-
ics ‘alla classica’, formulated over a phase space .#. The relation between the two structures, given by Eq. (2.13) (and
Eq. (4.9) below), is an isomorphism that we will call Weyl-Wigner—Moyal isomorphism, the only one we will use in this
paper. .

Since o/ is a space of operators on a Hilbert space #’, so it is its dual o/ ; then, as it is known, the symbol for any
p € of is defined as®

p(¢) = Symbi) = (Znh)_(N+l)Symb(foroperators)ﬁ? (214)

' From Eq. (2.7) it is clear that the 0(h) and 0(h%) of Egs. (2.9) and (2.10) are continuous functions in the limit h = 0. This fact will be
important in Section 5.

2 In the case of states, we must add a new factor (2rh) " ¥*1 to definition (2.4) in order to preserve the usual normalization of p(¢).
However, p(¢) is not non-negatively defined. With decoherence and h — 0 we will obtain a non-negatively defined p(¢), and .«7; — .o,
the classical boolean algebra of | operators over ..
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where the symb for operators is defined by Egs. (2.4) and (2.5). From this definition, we have (see [40], Eq. (2.13))
(510) = (mbjlsm 0) = [ 49** p($)0(). (2.15)
Let us remark that the last equation is the cornerstone of our theory of the classical limit. In fact, as we will see, it

will remain the same when we go from regular to singular objects. Once this statement is understood, the translation from
the quantum language to the classical one will be easy.

3. Decoherence in non-integrable systems
3.1. Local CSCO
(a) We will begin with demonstrating an important theorem: when our quantum system is endowed with a CSCO of

N+ 1 observables containing H that defines a basis in terms of which the state of the system can be expressed, the
underlying classical system is integrable. In fact, let a classical system be defined in a phase space .# = R*¥*V that

can be deformed ‘alla Weyl’. If our quantum system is endowed with a (N + 1)-CSCO {fl O, .., 5N}, the Moyal
brackets of these quantities are
1 ~ =~
(01(6),04(9)}, =51 (5;101.011) =0, 6.
where 1,J,...=0,1,...,N and H= 50. Then, when 7z — 0, from Eq. (2.10) we know that
{0:(0),0,(d)},, = 0. (3.2)

Thus, as H(¢p) = Og(¢), the set {Of )} is a complete set of N + 1 constants of the motion in involution, globally defined
over all .# and, therefore, the system is integrable.

As a consequence, non-integrable classical systems, in their quantum version, cannot have a CSCO of N + 1 observ-
ables globally defined containing H. But, according to the self-induced approach, the pointer basis is precisely the
eigenbasis of a global (N + 1)-CSCO containing H (in such a way that the vectors of the pointer basis turn out to
be stationary states, see [26]). Therefore, pointer bases cannot be globally defined in non-integrable systems. These sys-
tems can be adequately quantized, but it is impossible (at least globally) to define a complete stationary eigenbasis of
(N + 1)-CSCO and, a fortiori, a pointer (N + 1)-CSCO or pointer basis where the system would decohere according to
the self-induced approach.” This is the main problem with non-integrable quantum systems.

(b) We will now prove that N + 1 constants of the motion in involution always exist locally.* Let us consider a non-
integrable quantum system (i.e., with no global (N + 1)-CSCO), but let us suppose that, as usual, H(¢) = symb[fl is
given and it is globally defined over .# (this means that any non-global CSCO has at least one global observable:
FI). Now we can try to find N constants of the motion {Of¢)} (I=1,2,...,N) satisfying

N OH 601 oH 601
H(¢),0 =2 o, 00, g 0p, )
{H(¢) 1(¢)}pb ; op,; 0q; 0q; Op,; N

This is a system of N partial differential equations which, with adequate boundary conditions, has a unique solution in a
maximal domain of integration 9, around any point ¢; € ./ (provided that the functions involved satisfy reasonable—
e.g., Lipschitzian—mathematical conditions and that certain determinant 4, defined in [42, p. 72], be 4 # 0 in this
domain).

But we would like to obtain a set of constants of the motion in involution. Then, let us suppose that the initial con-
ditions for Eq. (3.3) are given in a 2N + 1 dimensional hypersurface containing ¢;, that we will call @;\[ . Integrating (3.3)
we will obtain N constants of the motion Of¢). Moreover, we can easily show that, if these solutions are in involution
in @zf , they will remain in involution in the domain Z,, = @’(Z’“ of 2(N + 1) dimensions. In fact, according to the Jacobi
property of the Poisson brackets we have

{H($),{01(), 05(D)} iy +{01(¢),{0s(d), H(P)} s}y + {01 (), {H (), Os(D)}} 1y = 0. (3:4)

3 Observe that, if the CSCO has <N + 1 operators, we have not good quantum numbers enough to label the eigenvectors.
4 This fact can be considered as almost evident, but since it is not demonstrated in usual textbooks, we will give a complete
demonstration below.
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Then, since O¢) and O,(¢) are constants of the motion in Z,,, the {Of¢),0,$)} b Will also be so. As a consequence,
if we could define NV constants of the motion in involution such that

{0:1(¢),0,(¢)},, =0 (35)

at each point ¢ € @g’ (where @f;f( is the just defined domain of 2N + 1 dimensions around ¢;), by using these functions
as initial conditions we can obtain a complete set of constants of the motion in involution in the domain Z,, = @Z’“ of
dimension 2(N + 1), as promised.

Now the problem is reduced to prove the existence of the O ¢), O ¢) satisfying Eq. (3.5) in 92)’ . Again, the existence
of such a set can be easily proved by using the same strategy as above, but now recursively. We can begin with an arbi-
trary function Oy(¢) defined in a domain Q@S}V of N + 1 dimensions. Then, we consider another O,(¢) (defined ina N + 2
dimension domain 9; containing ;@Z() as the Hamiltonian of Eq. (3.3) and obtain by integration a function O(¢), de-
fined in the domain @L of N + 2 dimensions, such that in this domain { Ox(¢), O1(¢)}, = 0. Finally, we iterate the pro-
cedure up to find the set of functions in involution in the @ﬁ;}’i of dimensions 2N + 1, which can be taken as initial
conditions of Eq. (3.3). In this way, the proof is completed.’

(c) Now, in order to go from classical to quantum, we can also extend these local O/(¢), defined in Z,; = @Zﬁl of
dimensions 2(N + 1), to all .# by defining Of¢) = 0 for ¢ € .4 \ Z,,. In this case, there will be a jump in the frontier of
24,, and the definition will be only continuous a.e. (almost everywhere). Or, on physical grounds, we can take the pre-
caution of joining these zero functions with functions O/(¢) inside %, in an smooth way (e.g., by using C" functions
with an adequate r, as we explain in detail below).

Therefore, we have proved the existence of local complete systems of constants of the motion in involution { Of¢)} =
{H(9), O1(¢),...,On(¢)} that we can extend to all .#, at least a.e., by adding null functions in .# \ a@gn“ as explained.
Since they belong to &, we will call them {H(¢), Oy.1($), ..., Opn(P)}. Each system {H(¢), Op.1(¢), ..., Opn(¢)} can
be considered as a local (approximate) (N + 1)-CSCO in &, = 92”“ in the sense that, even if it is not an exact CSCO, we
can compute their Weyl transformations obtaining

{Hy, 041, Oy}

and their Wigner transformations are a complete set of constants of the motion in involution in &, . In fact, from Eq.
(2.10) we see that

{04.1($),04,5($) 1,y = 0(H) 08 [O41, 0] = O(), (3.6)

namely, they only commute approximately.
Let us now consider in more detail the joining zone where we have used C'-functions that do not satisfy the required

differential Egs. (3.3)—(3.5), in such a way that the higher order terms % 9, w™ 3, of Eq. (2.8) produce unwanted con-
tributions of the order of 7/ PQ, where P and Q are of the order of magnitude of the jumps in the momentum and con-
figuration variables in the joining zone. Since PQ =¢? is an action measuring the joining zone (where ¢ is the
characteristic mean width of the joining zone, precisely &2V = I/, the volume of the joining zones & ), the unwanted
terms are of the order of //¢%, that is, they are another contribution 0(’:—;), or simply 0(%#2), to add to (3.6). Anyhow,
these terms will vanish when we make the limit # — 0 in Section 4.

(d) Let us observe that natural global coordinates ¢ = (¢, p,) of phase space .# can be (locally) substituted, by using
a (local) canonical transformation, with (local) coordinates (0y,, Oy,), With i=0,1,...,N and H = O, where the
04,1(¢) are the coordinates canonically conjugated to the O,,(¢) defined in point (b) in each 2. The (04,1, Oy,r) is
clearly a chart of .# in the domain 9(}51.7 Since the system is endowed with adequate smooth properties (let us say
C"), another similarly constructed chart (04, Oy ;) in the domain &, is smoothly connected with the previous one
at any ¢ € Z4,N 2, (see demonstration in Section 5). Then, the set of all these charts is a C'-atlas in .. This will
be the atlas we will primarily concerned with.

5 An example of this phenomenon is the Sinai billiard discussed in Appendix A. Other examples are classical scattering systems: in
fact, they have an ‘in’ CSCO and an ‘out’ CSCO, which are different since the values of the constants of the motion are not the same in
these CSCOs. More complex examples are the so-called pseudointegrable systems [43, p. 98; 44; 45]; tori become spheres with ‘handles’
that cannot be covered with a single chart. A further example is Robnik’s billiard [46].

® The term O(h) tends to zero only counterfactually, since h is a constant. The term tends to zero factually when the dimension is
explicit, i.e., when we write it as 0(h/S), where S is the characteristic action: we can neglect 0(h/S) when S > h. This means that O(hz/s4)
tends to zero if the action S of the system is large enough, S > h, and, therefore, we choose an ¢ such that h < &> < S (we shall come
back to this argument in footnote 8).

7 This is not a generic chart, but a very peculiar one, since coordinates Oy,1 are constants of the motion satisfying Eqgs. (3.3) and (3.5).
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(e) We can also define a (ad hoc) positive partition of the identity (see [47, Section 3.4)) in the following sense. Let us
define

=1(¢) =) _By(¢), (37
where By, (¢p) are ‘bump’ smooth functions such that
=1 if ¢ €Dy,

=0  ifpgDy UF,,

where Dy, is a domain and F, is the frontier zone around Dy, (all the F, belong to the joining zone %) defined in such a
way that Dy UF, C 94, and the intersection zones of the D's vanish: Dy, N Dy, = (. Let us stress that the By, (¢) in the
frontier zones satisfy Eq. (3.7). Now, for any A(¢) we can define a

Ay, (¢) = A(P)By,(¢)
and for any A(¢) we have

= A4($) D" By (#) = D" 44 (9)
With the mapping symb~! we find

4= symb™" A(¢) = ZAsymb71A¢l((f)) = ZZW (3.9)

where 24,1 = symb ™' 4,,(¢) can be considered as a localizationof 4 in D,,. Moreover, since we have a local (N + 1)-
CSCO in each Dy, UF, C @¢,, we can decompose

ZAM,, <“> (3.10)

where the {| ]} )} are the corresponding eigenvectors of A¢ If the A¢ also commute with H, the set {A¢ } can be con-
sidered as a local (N +1)-CSCO of Dy, C 2,

Now we can prove that symb|j)f;’1) (]|¢ has the same support Dy, U Fy than symbzw In fact, from Eq. (3.10) we have
Ag i)y = Ailivy))or A livg Uliy) = A ivg) Ul
Then,
symb A g, symb| /)50 (7150 = Ay, symb)0 (7], (3.11)

But symbA¢ and all its derivatives vanish for ¢ & D, UF,. Therefore, if 4,4, # 0, this also must happen for
symb| j> (1| , and the support of this function is contained in Dy, U F,. If 4,5, = 0, we can repeat the argument with
the operator A¢, + ocIA3(/,‘, with Erb, # 0, and take the limit o — 0, and we will find the same result.

From Eqgs. (3.9) and (3.10) we have

A= Al (3.12)
ij
all over .. Moreover, from Eq. (3.10) we also have
symbzd,l = ZAM symb|j>f;)(j|21)
J
and, as we have just proved,

symbljyg (1) (¢) if ¢ € Dy,

smbum)mi;)(qs):{o o UE
i bt

Then, since for i # k, Dy, N Dy, = 0 (but Fy NFy # 0), we have



ARTICLE IN PRESS

M. Castagnino, O. Lombardi | Chaos, Solitons and Fractals xxx (2005) xxx—xxx 7
J(A) ) o\ (4 A o\ (4 p A
[GOT = PN = (NPT G
s\ (A J1(A4 o (A (4 S\ (A J1(A o (4 (A4
= [ bl sl G146 = [ smbl) G smbli Gl dg
M F
= 0(Z*), (3.13)

where 7 is the frontier or joining zone and ¢ is the characteristic width of the joining zone. Therefore, for i # k and
¢ — 0, we obtain

(j (df)|j/>i;1) -0 (3.14)

This means that, in the limit ¢ — 0, decomposition (3.12) is an orthogonormal decomposition in the | j}i,fj).

3.2. Decoherence in the energy

(a) We will now introduce decoherence according to the self-induced approach. Let us define, in each Dy, a local
(N + 1)-CSCO where, as in Eq. (3.12) now applied for the (N + 1)-CSCO {H O¢ 1}, the observables can be expressed as

:/ wZ|w m), (w,m|, do, 5(/)‘_1:/ ZO,,%|w,m)¢i<w,m\d,[dw7 (3.15)
0 m

where the energy spectrum is contmuous precisely 0 < w < oo, and myy, = {miy,, ..., myy, }, myy, € N (the spectra of the
0¢ ; are discrete for s1mp11c1ty) Therefore

H\w,m>¢ = wlw,m), O¢_,\w7m>¢ = Oy, l0,m) (3.16)
where the |, m), are the eigenvectors of the observables 0(/, (such that symb 04) = 04,(¢) #0onlyin Dy NFy,)and m
is a shorthand for mg; = {my,1,...,myx}. The set {|w,m), } is orthonormal in w and in m, in the usual eigenvalue indi-
ces and in i, as proved in Eq. (3.14):

(w,m|, |, m > = 0(w — &) 0. (3.17)

(b) Now we can define our relevant algebra of observables. This choice will play the role of coarse-graining in our
approach. A generic observable reads, in the orthonormal basis just defined,

Z/ / doda) O(@, @) ; |0, m) , (f |, (3.18)

imm

8 Precisely: let us call ¥, the volume of phase space: V_, ~ SV +1. Moreover,

L= / symbl) (7| symb )0 (19D dXOD sy o SV

Let us also define

L= / symbl )DL symblj) P (1D dgRHD s, = 2OV,

In order to prove Eq. (3.13), it is necessary that I, < I , in such a way that I, could be neglected. But I, ~ ¥, and I, ~ S¥*!; then,
& < S.Therefore, ¢ must be (see footnote 6):

1. Such that the ratio 4 be negligible to eliminate the unwanted terms ’Zﬂ 9, w®™ d, in the joining zone.

2. As small as &% < S to satisfy Eq. (3.13).Since h < S, we can satisfy both conditions with an adequate ¢, namely, such that:

h< e <8

° Hamiltonians with continuous spectra are considered in papers [23,24]. We use this kind of spectra since they are the usual ones in

the macroscopic limit h — 0 (see [43, Eq. (3.1.24), p. 67)). Strictly, we should call |o, m) (i O/

them |w,m), for simplicity.

the vectors |, m),, , but we will just call
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where O(w, o) ¢,m 18 @ generic kernel or distribution in o, '.'% But we have to restrict this set of observables since it is
too large for our purposes; furthermore, it is not easy to work with generic kernels or distributions. However, we cannot
make the algebra too small either. In fact, let us suppose that, in order to make computation easier, we postulate that
the O(w, ') be just regular functions. Then, the states read

G;mm’

o= Z / / dodo' p(w w)¢mm,|a) m) (o' m'|,

imm'

where the p(w, '), ., in the dual space are also regular functions. Then,

Gimm

5 o = Z / / dodo’ p(w w) ”H",)’a(w» w/)d)lmm/

imm'

and, since the product p(w, @), ./ O(w @') 4 e 18 @ regular function (i.e., Ly in v = » — '), as a result of the Riemann—
Lebesgue theorem the mean value <O) o( Would vanish for # — oo: we would obtain destructive interference not only for
the off-diagonal terms, but for all of them. This is obviously an unacceptable result. On the contrary, if p(w, o) - and
O(w, ') 4 .,y Were generic kernels, we could not use the Riemann-Lebesgue theorem, and there would be no destructive
interference. This means that O(w, o) ¢,mm CANNOL be s0 regular nor so non-regular: we must choose something in be-
tween. In order to avoid these unacceptable results, the simplest choice is the van Hove choice; so, as in paper [26], we
will take:
O(w, )

= 0(®) 4, 0(0 — &) + O(0, ') (3.19)

P;mm’ $imm'

where the O(w, ), are ordinary functions of the real variables w and ' (these functions must have some mathe-
matical properties in order to develop the theory; these properties are listed in paper [24]; moreover, this choice is the-
oretically explained in papers [21,26,36,38,39]). The addition of the term é(w — w’) is necessary in order that the
members of the (N +1)-CSCO of Eq. (3.15) be contained in the space of observables. So our operator belongs to
an algebra .o (defined by Eq. (3.19) and the properties just required for the O(w, o') ¢,mn)> and reads

0= Z/ dwO(w),, |, m), (w,m'|, +Z/ / dodo' O(0, ), . |0,m), (' m'|, . (3.20)

imm’ imm

The first term in the r.h/.s\. will be called (A)s, the singular component, and the second term will be called 51@, the regular
component,'! and [ITI , Qs] = 0. The observables are the self-adjoint Oj\ = O operators. We will say that these observ-
ables belong to a space ¢ (which is contained in the operator algebra «/); {|w,m,m’), . |w, ' ,m,m’), } is a basis of this
space, where

|, m,m'), [, m), (w,m'], o0 ,mm'), =|w,m), (o, m'],. (3.21)

(c) The quantum states p are measured by the observables just defined, leading to the mean values of these observ-
ables; in the usual notation: (5) = Tr(p! 0) We can conceive that mean values as the more primitive objects of the
quantum theory (see [48]). These mean values, generalized as in paper [24] and symbolized as (p| 0) can be considered
as the result of the action of the linear functionals p on the observables of the vector space 0. Then, D e Fcl , where
7’ is a convenient (i.e., satisfying Eqs. (3.24) and (3.25)) convex set contained in O, the space of linear functlonals over
0. The basis of 0’ (that is, the co-basis of ( in each Dy,) is {(w,m,m'|, , (w,';m,m'| }, and it is defined in terms of its
functionals by the equations

(u)7 m, m’|¢l |n7 n, n’)¢j = 6((1) — 7])5,,1,,5,,1/,1'5,:/7

Co oo . (3.22)
(w7 w,m,m |gb, ‘7’7 n,n,n )(pi = 6((’0 - '1)5(60 —-n )5nm6m’n’6ij7

and all other (-|-) are zero. The orthogonality in ij,. .. is a consequence of Egs. (3.17) and (3.21). Let us observe that
(o, a)’,m,m’|¢’i\w,m)¢’ (w/,m/|¢l but (w,m,m’|¢’ # |o, m)¢’<w,m/\¢l.12 Then, a generic quantum state reads

10 As explained at the end of the last subsection, the index i in projector |, m), & (o, m'|, corresponds to the fact that the
decomposition is done in the , and, therefore, the index is repeated in |w,m), and in (o', m’[, .

" The component Os is called singular because it contains a hidden distribution é(w — w'). In fact it can be obtained from the regular
part by making O(w, @)y = O(®) 4 00 — 0").

2 Af (@, m,m |, = |, m), (w,m'|,, it is easy to show that a divergence appears.
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Z/ dop(w ¢mm,wmm|¢+2/ dw/ dwpwwd,mm,(ww mym'|, . (3.23)

imm’

As before, the first term in the r.h.s. of Eq. (3.23) will be called pg, the singular component, and the second term will be
called pg, the regular component. Functions p(w, w/)(ﬁ’mm, are regular (see [24] for details). We also require that p' = p,
ie.,

p((/l), w/)d),mm’ = p(wl7 w)rﬁ,m’m (324)
and that p(w) ,mm D€ real and non-negative, satisfying the total probability condition
(o1 =3 [ dop(), =1, (3.25)

where 7 = Jo doy,, o, m), (w,m|, is the 1dent1ty operator in O represented in each D, . Eq. (3.25) is the extension to
state functionals of the usual condition Trp' =1, when p is a densny operator. Thus, from now on, Trp= (p|I ). For
these reasons, p belongs to the just defined convex set % ¢ 0. The time evolution of the quantum state p reads

p(1) / dop(w )(bmm,(w m,m'|, +Z/ dw/ do' p(w, w)d,mm,e o= (e, @y mym g, (3.26)

imm' imm’

As we have already said, at the statistical quantum level we essentially measure mean values of observables in quan-
tum states

(0),) = ((1)|0)
- Z / d(,{)p ¢,mm ¢,)nm’ +Z / dw/ dw p , CO qﬁmm llU o t/hO(w w)qﬁ ;mnt’ (327)

imm' imm’'

If we take into account that O(w,w’) and p(w, ') smm are regular (as regular as needed to use the Riemann-Lebesgue
theorem, i.e., O(w, o')p(w, '), ., € Li(w — o'), see [24]), we can take the limit 7 — oo and use the Riemann-Lebesgue
theorem. As the result, we see that the fluctuating-regular part vanishes and we arrive to the weak (quantum and clas-
sical) limits

W lim (1) = ps = . Z/ 40 (0, ot (01,11, (3.28)

Since only the singular diagonal terms remain, we have obtained decoherence in the energy variable w. Precisely, any
quantum state weakly tends to a linear combination of the energy diagonal states (cw, m,m'| 4, (the energy “off-diagonal’
states (w, @', m, m’| 4, are not present in p,). This is the case when we observe and measure the system evolution with any
possible obsez vable of space 0. Therefore, from the observational point of view, we have decoherence of the energy levels
in spite of the fact that, from the strong limit point of view, the off-diagonal terms never vanish: they just oscillate since
we cannot directly use the Riemann-Lebesgue theorem in the operator Eq. (3.26).

3.2.1. Important remarks

(1) It might be supposed that this kind of decoherence takes place without a coarse-graining. It is no so: the choice of
the algebra sz/ among all possible algebras (see under Eq. (3.19)) and the systematic use of mean values
(0) o = (Pt )|0) (Eq. (3.27)), restrict the available information and produce the effect of a coarse-grainin& In fact,
we can define the projector IT = |O)(p|, with |O) € ./ and (py|O) = 1, that projects (p(¢)| as (p(¢)[I = (O);,(Pol,
and translates everything in projectors language: then we obtain, from Eq. (3.28), lim,_..(p(¢)|IT = (p,|II. This projec-
tion will obviously break the unitarity of the primitive evolution. In this way we could develop a formalism closer to the
usual one (see a detailed explanation in [13,34]).

(i1) Theoretically, decoherence takes place at t — co. But, in practice, decoherence appears at a decoherence time, as
we have defined in [49]: the decoherence time can be easily computed from the poles of the resolvent or the initial con-
ditions in the complex extension of the H spectrum. Trivial H (e.g., free particle H ) and trivial initial conditions (e.g.,
zero temperature ones) do not have poles and the decoherence time is infinite. This means that, to reach equilibrium in a
finite characteristic time, H must be non-trivial (e. g., the sum of a free Hamiltonian plus an interaction Hamiltonian)
and/or the initial conditions must be non-trivial (e.g., T # 0). For details, see [35], where decoherence times are esti-
mated of the order of 1073"-10~* for macroscopic bodies at room temperature.
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3.3. Decoherence in the remaining variables

Having obtained decoherence in the energy levels, we must consider decoherence in the other dynamical variables
Oy, of the set of local CSCOs we are using. We will call these variables ‘momentum variables’. Since the expression
of p,, given in Eq. (3.28), only involves the time independent components of p(¢), it is impossible that a further deco-
herence process eliminates the off-diagonal terms in the remaining N dynamical momentum variables. Therefore, the
only alternative is to find the basis where these off-diagonal components p(w),,,, vanish at any time.

Let us consider the following unitary change of basis:

o, p),, = ZU ®),,,0, m) (3.29)

=U(w), . We

where p and m are shorthand notations for p = {py,...,py} and m = {my,...,my}, and [U(w)" o

choose the new basis {|w,p), } such that it verifies the generalized orthogonahty condition
(@, ply |0, Py, = (0 = )3y

Since mdn = p(w), , it is possible to choose U(w) in such a way that the off-diagonal parts of p(w), ,, vanish, ie.,
P(®) g = P, (@) 0 - (3.30)

This means that there is a final local pointer basis in Dy, for the observables, given by {|w,p,p'), ,|»,o',p,p), } and

defined as in Eq. (3.21) but now with the p. The corresponding final pointer basis for the states,

{(w,p, V| . (w,0',p, Py, }, diagonalizes the time independent part of p(¢) and, therefore, diagonalizes the final state p, .
Now, we have diagonalized the p(w),,,, in m and m’, obtaining

oo

thim p(t) = ps = p, = / d(upq> (3.31)
Here we are using a local pointer (N + 1)-CSCO {H7 }A’d)[l, e, 1A’¢,N} at each Dy, where the ﬁdnl are
Por=3 [ do X ru@opp), (3.32)
i p

where |w,p,p), = |o,p), (,p|, or simply {|w,p), } is the local pointer basis in Dy ; so, we can write Eq. (3.20) in this

new basis (see Eq. (4.2) below).'*> Now all the operators and matrices involved are diagonal, and decoherence is com-
plete. We can define all the observables O of Eq. (3.20) in this new local pointer basis.

Since in the limit 7 — 0 we usually have P with continuous spectra, instead of the last equations we would have the
natural analogues of Eq. (3.31) (see [31,33] for details)

Wlimp) = =p. =3 [“do [ 4o, @00, (3:33)
e pED

In the next section we will consider the classical limit and, then, we will only use continuous spectra”; then, we will re-

write some equations in the new basis for the sake of completeness.

4. The classical statistical limit
4.1. Quantum and classical operators

(a) From now on, we will consider a system from the point of view of the local pointer complete set of (N + 1)-com-
muting observables {H, Py,1, ..., Py}, defined by Egs. (3.15) and (3.32). As above, to simplify the notation we will just

13 The complexity of these formulae demonstrates why it was so difficult to define the pointer basis in a general case. As we can see,
the pointer basis depends on H and the 1n1t1a1 conditions, but obviously there are some particular cases where it only depends on H.
4 If we use the Heisenberg picture, the 4 would become diagonal in the H eigenbasis. So, heuristically

lim (p,|[4(¢), B]) = lim Tr(p.4(t)B — p.BA(t)) = Tr(p,A.B — p,BA.) = Tr(p.A.B — 4.p.B) =0,

=00 t—00
where 4, is the diagonal weak limit of 4 and, therefore, commutes ‘with the diagonal p,. As a consequence, the evolution is weakly
asymptotically abelian [47, Definition 4.11] since, in the limit # — oo, ./ can be considered commutative. Therefore, a quantum system
with continuous spectrum is weakly asymptotically abelian.
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call {ﬁ, 13¢,} the set {f], IAJM, e 13¢(N}. Thus, we will consider the orthonormal eigenbasis {|®, p),, } of {ITI, 134,,}, and
write the Hamiltonian and P as

-y [ @ / ooy @0l o, Po= [ a0 [ plo), (.0, do. (1)
i PEDy, PEDy 0

Furthermore, we will consider the algebra </ of the operators (3.20), which now reads

0= Z/ dp" / Oy, (o, p)|o, p), (@, pl, dw—}—Z/ / dp” dp’N/
i PEDy, ¢ PEDy, /€Dy,
< [ 0uw. b o) 0., derd. (42)

As before, the first term in the r.h.s. will be called 05, the singular component, and the second term w111 be called OR, the
regular component. Also as before, functions Oy, (w, &', p, p') are regular (see [24] for details) [H Os] =0, Os € Zs,
where ¥ is the singular space, Or € Z, where %y is the Eegular space, and &/ = JS &) J z- The observables are
the self-adjoint operators of .o, and they belong to a space 0. .

(b) Let us now consider the Wigner transformation of these objects. The operators of ¢, are regular; so, their trans-
formation is obtained as explamed in Section 2. Then, we have to consider only the singular space 7 s, the space of the
operators that commute with A . This is not a regular space of operators on a Hilbert space # as P, since it contains a
hidden 6(w — o) (see Eq. (3.19)), but the mapping symb given by Eq. (2.4) can also be well defined for the observables
in Zs. In fact, from Eq. (4.2) we know that

0= [ 4" [T o@plows), (., do “3)
i PEDy,

If we consider, as usual, first O,, as a polynomial, and then O,, as a function of a certain space where the polynomials
are dense,'® by using Eq. (4.1) we can conclude that

= Z Oy, (H,Py) = Z Osy,. (4.4)

where, for the last equality, we have used Eq. (3.9); so 55@ is related with Dy, . But, when H, 1A’¢( commute, we can use
Eq. (2.11); then, by means of the same procedure as before and Eq. (2.7)) we have
symb Og = Z Oy, (H(), Py, ($)) + 0(1*) = Z symb Osy,, (4.5)
where H(®), Py, (¢) can be computed as usudlly (see [31] for details). In this way, we have succeeded in computing all the
symb of the observables of P up to 0(7°), which are just the Oy, (H(¢),P(¢)), and we have defined the mapping
symb: L5 — Ls,,  symbOs = Os(§) = > O, (H(), Py, ($)) + 0(7). (4.6)

Moreover, since decompositions Dy, or Z,, are arbitrary (because they depend on the initial conditions of Section 3.1),
from Egs. (4.4) and (4.5) we obtain (up to 0(%2))

Osg, = Oy, (H, Py),  Osy, () = symb Osg, = Oy, (H(¢), Py () (4.7)
Let us observe that, if O, (w,p) = d(w — «')3(p — p'), we have (also up to 0(*))
symblo', p')y (', p'ly, = 6(H (¢) — )6(Py, (¢) — p) (4.8)

an equation that we will use below.
Summing up, from Egs. (2.2) and (4.6) we have defined a classical space ./, = ¥ ® ¥s and a mapping

symb: o/ — A, symbO = O(¢), (4.9)

where Egs. (2.9) and (2.10) are also valid. Then, we can repeat what we have said below Eq. (2.10), but now for the
algebra .o/ defined as in this section, with its regular and singular parts.

If now we take the limit # — 0, we obtain ./, — .o/, where o/ is the usual algebra of observables on phase space.
Then, in this limit we have a correspondence o — . However, even if this limit is well defined and can be considered

15 These polynomials have several variables, but there is no problem since all these variables commute.
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as the classical limit of the algebra of operators, it is only the limit of the equations of the system, since these are a con-
sequence of the algebra. Therefore, this is just a ‘formal’ limit. The limit # — 0 will be completely studied when we deal
with the state space.

For the sake of simplicity, from now on we will systematically eliminate all the 0(4%) from the equations and call the
o, just /. This is a rigorous simplification. In fact, when % = 0, we can make the 0(7) = 0 everywhere since, from Eq.
(2.7), when i =0 we have exp0 =1 in that equation; in other words, the lim;_.o is continuous.

4.2. Quantum and classical states

(a) Let us remember that |w,p), = |w,p,p), = |o,p), {(w,p|, and |0, ',p,p'), = |o,p), (', P'], asin Eq. (3.21).
{lo,p,p),,} is the basis of Zs and {|w, w/,p,pl) 4118 the basis of . Then, Eq. (4.2) reads

0-%"0

:Z/ dp" / Oy, (w,p)|w,p),, dw+ / dedp’N/
i peDy, pEDy, Jp'EDy, 0
X / Oy, (0,0, p,p)|ow, &, p,p') 4 dwda. (4.10)
0

Since the states are functionals over the space o = @s ® @R, let us consider the dual space .;7 = /(j; ® @; We will
call {(w,pl,} the local bases of :5;; and {(w, ', p,p'|,} the local bases of :S/;/R Let us remember that
(,0,p,P'|y, = o, p), (@', P, but (w,p|, #|o,p), (o,pl|,. Moreover, as in Eq. (3.22),

(@, ply, 0, p)y; = 00 — )3" (p = )0y,

(w,0,p,s], |, a/,p/.s/)d) = (0w — )d(c — )" (p—p)d" (s — )3y, (4.11)

(@,0,]4l0, P, S)¢ = (w,0,p;5y |0, ), =0.

Then, a generic functional of yl reads

/ dp" / P4 (@,p,)(@,pl, do + > / dedp’”/
pEDy, pEDy; Jp'EDy, 0

></0 Py, (@, a),p,p)(w,w',p,p’|¢,dwdw’. (4.12)

Like functions Oy, (o, o', p, p'), functions p, (o, @', p, p') are regular and have all the mathematical properties necessary
to make the formalism successful (see [24]) Moreover, the p must be self-adjoint, and their diagonal p,, (o, p) must rep-
resent probabilities; thus, >, Joip pg,(0,p)dw =1 (as in Eq. (3.25)) and, most important,

Py (0.p) > 0. (4.13)

The p with such properties belong to a convex set /77 the set of states. Also, as in Eq. (3.27),

(pl0) = / / P4, (0,,) 04, (@, p)dordp" + 4+ / /
PEDy, peDy, JpeDy, JO
X / Py, (@, 0, p,p') Oy (0,0, p,p') doda’ dp" dp™. (4.14)
0

(b) Since @R and @; are spaces of operators on a Hilbert space #, the symbol for any p, € /37; is defined as in Eq.
(2.14).'® From this definition, Eq. (2.15) can be proved for the regular parts with the usual demonstration in the bib-
liography (see [40, Eq. (2.13))):

(PrlOr) = (symb polsymbOg) =" [ dp®™V p, 1(4)Opr (). (4.15)

i /Dy,

Then, in @R and @; all the equations are the usual ones (i.e., those of papers [40,41]).

16 we repeat that, in the case of states, we must add a new factor (2rh)~™*D to definition (2.4) in order to maintain the usual
normalization of p(¢).
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Let us now consider the singular dual space @; the case not treated in the bibliography. In this space we will define
symb pg as the function on .# that satisfies an equation similar to Egs. (2.15) or (4.15) for any Os € %5, namely,

(ps|Os)=(symb ps|symbOs),

precisely,
S [ [ putwp)0n@pdod =30 [ a0 5000050, (4.16)
pEDy; JO i Dy,
where the unknown density function pg(¢) = symb pg can be decomposed as
smbps = ps(@) = 3 pys(6) (4.17)

in each Dy,. Thus, since we know p,;(w, p, ), Og, (@, p), and Oy s($), we can compute py ($) to obtain ps(¢p) = symb ps.
Now, pg, being time invariant, must be a function of the constants of the motion; therefore (as in Section 4.1) its Weyl-
transformed pg(¢) must be endowed with the same property, but now in the classical case. Since the {H(¢), Py, (¢)} are
locally a complete set of constants of the motion in involution, we must have

P4, (@) = F(H(¢), Py, (¢))- (4.18)

We will find the function F. The system has a local pointer CSCO of N + 1 operators and the dimension of its phase
space is 2(N + 1), i.e., it is locally an integrable system 7 Then, we can define locally at Dy, the action angle variables

@,0',...,0", J0 J' .. ¢) WhereJ J . J would be JustH Pm,.. , Py, (multiplied by adequate constants
in such a way that the 9 varlables belong to an 1nterva1 0< 92) < 2 in the integrable case). We will call “J just the
‘H, P, . Thus, we can make the canonical transformation ¢“ — 03 ,61 . ON JH,Py.,...,P4y, and we obtain
N+l
AN+ = qgiN+D) D — d@fb’f )dePZ,7 (4.19)

since the Jacobian of a canonical transformation is one.
In order to compute the r.h.s. of Eq. (4.16), we must know how to integrate functions f(H(¢),Py, (¢)) =
F(H(¢),Py,($))O0y,s(¢) (see Eqs. (4.7) and (4.16)), which are just functions of the constants of motion, precisely,

A d¢2(N+l)f(HaP¢,):A defj,}?/+l)dePI</\>/,f(H7P¢‘):‘/D¢ dePi/\;]ICé,(H7P¢,)f(H7P¢,)7 (420)
4 b i

where we have integrated the angular variables 93) , 91 .. 0N and obtained the configuration volume Cy,(H, Py,) of the

portion of the hypersurface defined by (H = constant P4, = constant) and contained in Dy, . So, from Egs. (4.16) and

(4.20) we have that

/ / pd)[(o),p,)O(pi(w,p)dwde = /dePiZ, Cd)i(H7P¢f)p¢iS(H7P¢I)O¢[S(H7P¢,‘)7 (421)
PEDy,

for all Oy, (H,Py,) = Osq,(H, P¢ ) (see Eq. (4.7)). The last equation defines pg4 (H, P) = p¢ (H,P) for ¢ € 2y, JBbut
not for ¢ € .4 \ 9,,; then, as in the case of Ogy, (¢), we will consider that pg, (¢) = 0 for d) € M \ 94 and that they are

17 We have discussed this fact in detail at the beginning of Section 3. The constants J are global or isolating in the case of an integrable
system, but not in the non-integrable case. Nevertheless, they are locally defined. Moreover, we will only consider the cases where
action-angle variables can be locally defined.

'8 In the integrable case, where there is just one p(H,P), it would be pg,(H, P) = =5 (H',P ) p(H, P) and the results of paper [26] would be
reobtained. In fact, by integrating over a torus in the 0, we have (21)" + p(H,P) =3",Cy,(H,P)py (H,P).An example to fix the ideas:
let us consider the harmonic oscillator and the plane ¢, p in radial coordinates 6, H. Let us define two D¢;: Dy with 0 < 6 < O(H) and
D, with ©(H) < 0 <2n, where @(H) is an arbitrary function. Then,

p(d) = pi (D)1 (D) + p2(D)12(¢h).
If p(¢) = p(H), by integrating over the 0 we obtain

"2

-6(H)
27’~‘/J(1'1):/0 ﬂl(H)11(¢)d9+/ p2(H)12(¢)d0 = p\ (H)O(H) + (2n — O(H))p,(H) = p(H)C1() + p2(H)C2(9),

o(H)

namely, the equation (2n)"*' p(H,P) = 3°,C,, (H ,P)py,(H, P) for this particular case.
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defined all over .# (this causes no problem because in the last equation Ogg, (¢) is multiplied by pg, (¢), and Osg,(¢) has
this property). In this way, we can arrive from Eq. (4.17) to our final result

bs(0) = 0.(0) = 3 Gy o H(9). P ) (422

Now, from Eq. (4.13) we obtain that
ps(d) = p.(¢) = 0. (4.23)

This means that the Wigner transformation of the singular part can be considered a density function since it is non-neg-
atively defined (of course, this is not the case for the regular part).'®
Always working in the domain %, and making p, (@, p) = é(o — )" (p — p'), we also have®

1

symb(o',p', (D), = mé(lf((i’) - )3 (P(¢) - ). (4.24)
(c) From Egs. (3.33) and (4.24) we obtain
1 N
p@) =000 =3 [ o [ pu00) gy o06) ~ 000 (P(9) ) o (425)

The continuity of the function p*(d)), when it goes from one Dy, to another Dy, (i # j), will be proved in Section 5.
Therefore, we have obtained a decomposition of p.(¢) = ps(¢) in classical hypersurfaces (H = o, Py, (¢) = py, ), con-
taining classical trajectories, summed with different positive weight coefficients p,, (w,p)/Cy,(H,Py,), and represented
in different ways in each domain Dy , but still with the same interpretation as in the integrable case.

(d) Since now we know how to deal with the singular part, we have defined the mapping of the quantum space of
states / on the ‘classical space of states .«

symb : 7 o (4.26)

In the limit 7 — 0, Egs. (2.9) and (2.10) are always valid; then, it might be supposed that we have arrived to the classical
limit for the states. But this is not so because, in general, even for 7 — 0 the obtained p(¢) does not satisfy the condition

p(9) > 0. (4.27)

This is due to the fact that the regular part is still present and this part does not satisfy the last condition (on the con-
trary, from Eq. (4.23) we can see that the singular part satisfies the last inequality). As a consequence, p(¢) is not a
density function and, therefore, the mapping (4.26) is not a mapping of quantum mechanics on classical statistical
mechanics. This mapping does not give us the classical world, but a deformed classical world where ‘density functions’
can be negative. In other words, when 7 — 0 the isomorphism (4.26) is a mapping of quantum mechanics on a certain
quantum mechanics ‘alla classica’, namely, formulated in phase space .#. This clearly shows that z — 0 is not the clas-
sical limit.2! In order to obtain this limit, we have to introduce decoherence, as previously studied, both at the quantum
and the classical level.

19 We can verify the normalization:

; HP ;
[ rswras 0 =Y [ooyamaryan =Y, [amary 2GEL [ans =57 [ anary puton.py) 1.

20 In the chaotic, homogeneous, ergodic case, we have a (N + 1)-CSCO with just H and, classically, just H as a constant of motion. In
this case (see [50, p. 247)),

ps(qs):pm:/0“5@4)%5(1{(@%) OH(9) — E)

[dqdps(H(¢) —E)

21 It might be thought that, since the evolution factor is ¢’ ol , the limit 7 — oo is equivalent to h — 0 and, therefore, by means of the
Riemann-Lebesgue theorem the limit h — 0 eliminates the off diagonal terms making p(¢) > 0. But we must recall that h — 0 is a
counterfactual limit: h never tends to zero because it is a constant (see footnote 6). The factual, physical limit is h/S — 0 (S > h), where
now S = (w — w')t, so § — oo either if 1 — oo or (w — ') can be consider very large (eight energy limit).
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4.3. Time evolution and decoherence

As we have seen, the only thing that prevents us from having a good isomorphism (4.26) is that the regular parts do
not satisfy condition (4.27). But the Wigner transform of Eq. (3.33) is

W lim ) = ps(@) = 0.6 =Y [ “do [ ap"m@), (@),
i PEDy,;

Then for 1 — oo, the regular part vanishes and only the singular part remains, which does satisfy this condition. As a
consequence, after decoherence and % — 0 (that is, the elimination of all the 0(%%) that we have omitted), we finally ob-
tain the classical statistical limit since the classical densities obtained obey all the laws of classical statistical mechanics.
In fact, as we will see in the next section in detail, Eq. (4.25) shows that these distributions are the result of classical
pointlike-states moving in phase space and following classical trajectories. The usual classical limit is obtained by
choosing one of these trajectories; we will explain this procedure in the next section.

5. The classical limit

From what we have learnt above, we can explain with more detail the three steps involved in the classical limit, pre-
sented in the introduction and shown in the following diagram:

Quantum Mechanics—(decoherence) — Boolean Quantum Mechanics—(symb and 7 — 0)
— Classical Statistical Mechanics—(choice of a trajectory)

— Classical Mechanics

Let us comment these three steps:

(i) Quantum Mechanics—(decoherence) — Boolean Quantum Mechanics. Decoherence transforms non-Boolean
quantum mechanics into Boolean quantum mechanics®* since it eliminates the off-diagonal terms, as we have
shown in Eq. (3.33).

(il) Boolean Quantum Mechanics—(symb and h — 0) — Classical Statistical Mechanics. The Wigner transformation
symb and the limit 7 — 0 are defined with no problems in the singular part remaining after decoherence. They
map Boolean quantum mechanics onto classical statistical mechanics: this is what we have essentially shown
above. Our demonstration culminates in Section 4.3, where we have proved that the transformed quantum Bool-
ean states are really positively defined densities. From Eq. (4.25) we also know that these densities are the sums of
densities strongly peaked on the classical hypersurfaces defined by the constants of the motion H(¢)= w,
Py4,(¢) = p,,- In the next step we will see that such classical hypersurfaces contain classical trajectories averaged
by the coefficients p,, (o, p).

(i) Classical Statistical Mechanics—(choice of a trajectory) — Classical Mechanics (Localization or Actualization).
After step (i), we are still in classical statistical mechanics but not in proper classical mechanics. To perform
the last step we have to pass from classical densities to classical trajectories (i.e., to consider the localization
effect®®). For this purpose, let us observe that, after the two first steps, the formalism of Boolean quantum
mechanics is isomorphic with the formalism of statistical classical mechanics: .

e For the observables: After symb and h — 0, we obtain the correspondence symb : .o/ ~ o/ (see Section 4.1),
namely,

Ay, (H, Py,) ~ Ay, (H(), Py,($)).

e For the states: After decoherence, symb and i — 0, again symb : T~ (see Section 4.2), namely,
pd),v(i_}vﬁd’,) ~ pd),(H(d))’Pd’,(d))) = Oa

and the states p*(ﬁ,ﬁ) and p.(H(¢), P(¢)) are time invariant (see Egs. (3.33) and (4.25)).

22 Namely, quantum mechanics in the local CSCO {ITI , 13} using only diagonal states.
23 See [43, Chapter 4], for a different view.
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Moreover, since AAAB > 4([4, B]) |, in the limit # — O there are no uncertainty relations and the algebras o and .o/
can be considered commutative (remember that, according to the uncertainty principle, # — 0 has the same effect that
[4, B]=0). In other words, in the limit # — 0 all the picture is classical in such a way that the trajectories, contained in
the hypersurfaces H(p) =, Py (d)=p,, could be interpreted as real classical trajectories. However, the
S(H(¢) — )" (Py, (¢) — Py,) still represent states strongly peaked around these hypersurfaces. Therefore, if we want
to obtain an equation clearly showing the classical trajectories, we have to introduce the initial conditions of each
trajectory.

Let us consider a classical trajectory in phase space .# = .#»y.1), expressed in the classical coordinates
(t,04,,H,Py,), where 7 is the coordinate canonically conjugated to H and the 0, are the coordinates canonically con-
jugated to the P,,. The constants of the motion in involution are {H, Py, }; but, for conciseness and generality, let us
consider that the constants of the motion in involution are {II,} with conjugated coordinates {4, }, and that
H = H(Il). From the von Neumann-Liouville equation in the Heisenberg representation,

d4
ih—=1[4,H
1 dt |: ) }7
we obtain
d4(¢)
T = {A7H}mb = {AVH}pb + O(hz)'
Then, the Hamiltonian equations in the limit # — 0 read*
dd4,, ©oH dm, OH
i _ Q,(I,) = constant,  —%—_ L 0 >
a ~am, ~ %) = constan e od, (1)
The classical trajectories are
Ay, (1) = AE/S) + Q. (Iy, )t I, = HEE) = constant, (5.2)

where the A;S) and H(ﬁ are integration constants. A distribution strongly peaked on this trajectory reads
5[A¢,(f) — 4y - 9¢;(H¢,)f]5(n¢f - H$>)7
and a general classical distribution evolving according to the motion (5.2) reads®

C 0 0 0 0 0 0
pelted) = 30 [ o (401188 o 0) = 45 = @ 115 )e] (1, — 11 ) @+t 1) (5.3)
i Pi

where pf/f) (Aifl), Hf,)) is a generic classical coefficient (undefined up to now). If we want that this density (evolving
according to a Frobenius—Perron evolution, see [51]) be an equilibrium density, we have to eliminate the variable ¢.
For this purpose, it is sufficient to choose the initial distribution pfpc_) (A(d?) ,Hfj?)) as just a function of Y, namely,

pf}f) (HE;)), which is still free to represent different p{¢). Then, we obtain

peld) =32 [ olumatim, - e ), (5.4)
i i
since, for any fixed ¢, we have

3 / 6(4s, (1) = A5 = 24 (11,)0) V145 = 1.
i /Dy,
Going back to our primitive variables, Eq. (5.3) reads
pe(d) = /pif)(w,p)5(H(¢) — 0)0(Py, = py,)0(2(¢) — 10 — @1)5(0y,(¢) — 00

— py,t)dwd"p, drodby, (5.5)

24 These equations correspond to the system of differential equation (3.1) of [51].
2 If the evolution S’ of [51] were the (5.2), the corresponding density would be f{z,x) = P'f(x) (see [51, Eq. (3.2)]) where P’ would
represent a Frobenius—Perron evolution. Moreover, it is easy to show that p(¢, ¢) satisfies the Liouville equation.
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while Eq. (5.4) reads
pe() =3 / Py, (@, p)O(H () = @)3(Py, = p, ) dod"p, . (5.6)
Then, from Eq. (4.25) and making the undefined coefficient pflf) (w,p) = C”/T(iiupp/ i>, we have
p.(¢) = pc(9). (53.7)

The function pA¢) can be interpreted as the equilibrium density of a Frobenius—Perron evolution of particle-like states
(7,04,,H,Pg,), as if these states would move in phase space .# = .41y according to the classical motions (5.2).

Moreover, each term of the sum ), of Eq. (5.5) is valid in the chart % (Dy, C Z4,). In a different chart
D4;(Dy, C Dy;), the equation is also valid and, then, at ¢ € Zy, N Z,, we have

/ Cm&(H(qS) — @)3(Py, = py,)3(x($) = 10 = 01)3(04,($) = 040 = py,1) dod" p,, droddyo

- / %5(1{((/)) — 0)3(Py, — g )O(E() — T — )30, (§) — 040 — py 1) dod"p,, droddyg.  (5.8)

Here it is worth emphasizing that the trajectories H = m, Py (§) = p,, , ©(}) = 19 + wt, 04, (¢) = 04,0 + py t in chart T,
are continuously connected with those H =, Py (¢) = Py,» W(P) =10+ i, 0p,(¢) = 00 + Pyt in chart 7, , because
these charts are not generic but constructed using the solution of Egs. (3.3) or (5.1). Since Dy, C &, and Dy, C Z,
the same holds for the trajectories going from Dy, to Dy, . Thus, the continuous connection follows from the fact that
one and only one solution of the trajectory equation passes for each point of .# (and, therefore, for each ¢ € 7y N Z, ).

Summing up, we have obtained a decomposition of p.(¢) = ps(¢) in classical trajectories H = w, Py, (¢) = p,, , 1($) =
o+ wt, O () = 040 + py,t, summed with different weight coefficients pg,(@,p)/Cy,(H, Py,) and represented in differ-
ent ways in each domain Z,,, but still with the same interpretation as in the integrable case. Moreover, as announced in
Section 3.1(c), we see that chart &, is continuously connected with chart Dy, for any Z,,, Dy, Therefore, we have
finally obtained the classical limit to the extent that we have described each one of the classical trajectories. But, since
from the very beginning our system was a non-integrable one, we have obtained the classical limit of a non-integrable
system, where the tori are broken and the trajectories are potentially chaotic trajectories.

Finally, we must remark that:

e Each one of the described processes, decoherence, route to macroscopicity, i.e., 7 — 0 (e.g., the macroscopicity
obtained when the two rays of an Stern-Gerlach experiment gradually separate), and eventually localization (e.g.,
by a localizing potential, see [26, Appendix A]), has its own characteristic time; in particular, the decoherence time
is computed in [35].

e We have explained the classical limit as if each process (decoherence, macroscopicity, and localization) took place
one after the other, only for didactical reasons. But this is an oversimplified picture of the phenomenon. In fact, this
may be not the case if the different processes overlap. Considering that they have different characteristic times, there
are different possibilities according to the order in which the processes finish.

6. Conclusions
We want to conclude the paper proposing some suggestions for future research.

(i) We have essentially presented a minimal formalism for quantum chaos, to the extent that our quantum formalism
satisfies a minimal requirement for such a theory: by definition, a quantum chaotic system has, at least, a classical
non-integrable system as its classical limit. In fact, this is a necessary but not a sufficient condition that any pro-
posed theory of quantum chaos must fulfil (see, e.g., [52]). Our next task is to address the question of whether the
set of phenomena known under the name of ‘quantum chaos’ [43,47,50,53] can be explained by means of our the-
oretical structure.

(i) Quantum contexts are clearly related with (N + 1)-CSCOs. We have seen that generic (N + 1)-CSCOs are local.
This might have a relation with well known physical questions, as the EPR problem and the Kochen—Speker and
Bell theorems (see [48]), where paradoxes arise when we try to describe the quantum system with just one CSCO.
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Fig. 2. A Sinai billiard with potential barriers.

(iii) In some sense, the equations of quantum physics have a local character [54-56]; we have found that this is also the
case of the CSCOs: it might be useful to explore this analogy.
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Appendix A. Sinai billiard

Let us consider the Sinai billiard of Fig. 1 [43]. It is clear that, when the ball is confined to the interior of the billiard,
the trajectories are defined by two independent constants of the motion, H and P, (or H and P,, or P, and P,), which
constitute a complete set of local (i.e., in the interior Dy of the billiard) constants of the motion in involution. When the
ball strikes the boundaries, it is symmetrically reflected, i.e., the incident angle is equal to the reflected angle, and the
value of some of the constants of the motion changes: for the two horizontal boundaries, H and P, still constitute a
complete set of local constants of the motion in involution, but P, changes its sign; for the vertical boundary, H
and P, still constitute a complete set of local constants of the motion in involution, but P, changes its sign.

Without modifying the physical characterization of the example, we can replace the rigid walls with infinitely high
potential barriers of width d, namely, the potentials ¥(x),V(y) and V(r) of Fig. 2, connected in a smooth way with the
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interior Dy (e.g., V(x) behaves as V(0) =0, V'(0) =0, V(—d) — o0). Due to the symmetry of the potentials (translation
symmetry for V(x) and V(y), rotation symmetry for V(r)), the reflections are still symmetric, i.e., the ball climbs the
potential walls and then falls down with symmetrical motion. Calling D; and D5 the domains in the potential of the
x walls, D, that of the y wall, and D, that of the curved wall, we see that x is a cyclic variable in D; and D3, y is a cyclic
variable in D,, and 6 is a cyclic angular variable in D,4. Therefore, we have the following local constants of the motion in
each domain:

Dy: H P, (orP))
D : H P,
D,: H P,
Dy: H P,
Dy,: H Py

In summary, we have found five domains, each one with two local constants of the motion in involution. If d — 0, we go
from Fig. 2 to Fig. 1.
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