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0. Introduction

Let K be a commutative ring with 1, and let A and C be unitary K-algebras. Recall that a twisted
tensor product of A with C is an algebra structure defined on A®xC, with unit 1 ® 1, such that
the canonical maps iy : A - AQxC and ic: C — A®kC are algebra maps satisfying a ® ¢ =
ia(a)ic(c). This structure, which was introduced independently in [11] and [13], have been study
by many people with different motivations (see for instance [2-4, 7, 9, 11, 12, 13] and [14])). It is
well known that there is a canonical bijection between the twisted tensor products of A with C
and the so called twisting maps y: C®xA — A®kC, of C with A. So, each twisting map y :
CoxA — ARkC is associated with a twisted tensor product of A with C over K, which will be
denoted by A®,C, and the problem of constructing all the twisted tensor products of A with C is
equivalent to the problem of finding all the twisting maps of C with A. This problem, even in the
simplest cases, turn out to be very hard. To our knowledge, the first paper in which this problem
was attacked in a systematic way was [6], in which C. Cibils solve the case C := K x K when K is
a field (hypothesis that we maintain throughout this work). In [8] the case C := K" was analyzed
and some partial classification result were achieved. In [1] we introduced the concept of standard
twisting map of K™ with K" and the more general concept of quasi-standard twisting map of K™
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with K". Moreover, in [1, Remark 10.5 and Corollary 10.15] we give a method for constructing
the quasi-standard twisting maps, which we apply in order to obtain all the quasi-standard twist-
ing maps of K* with K°. But there exist twisting maps of K> with K° that are not quasi-standard,
and in this paper we complete the construction of all the twisting maps of K> with K>, describ-
ing them.

The paper is organized as follows: In Section 1 first we make a quick review of the notion of
twisting map of an algebra C with an algebra A and its relation with the notion of twisted tensor
product, with emphasis in the case A = K" and C = K™, and then we establish two results that
we need in our quest of the twisting maps of K> with K°. In Section 2 we describe the twisting
maps of K> with K* and of K> with K®. In the first case this result was obtained in [10], while in
the second case a classification in terms of quivers is given in [6], but to carry out our task of
finding all the twisted tensor products of K> with K>, we need a direct description. Finally, in
Section 3 we compute the twisting maps of K> with K> that are not quasi-standard.

1. Preliminaries

Let K be a field. From now on we assume implicitly that all the maps whose domain and
codomain are K-vector spaces are K-linear maps, that all the algebras are associative and unitary
algebras over K, and that all the algebra homomorphisms are unital. We set K* := K \ {0}. The
tensor product over K is denoted by ®, without any subscript. Given a matrix X, we let XT
denote the transpose matrix of X. Moreover, we denote with a juxtaposition the multiplication of
two matrices and with a bullet the multiplication in K°. So,

(al,az,aa) : (bl,bz,b3) = (albl,azbz,%bs)-

Note that an element a = (a;, 4, as3) is invertible respect to this multiplication map if and only
if w,(a) := ajaza; # 0. In this case we let a* denote the inverse (a;',a;',a5") of a. Finally, for
the sake of simplicity we write 1 = 15 := 1.

1.1. Twisting maps

Let A and C be two K-algebras and let s, 14, tic and 5 be the multiplication and unit maps of
A and C, respectively. A twisted tensor product of A with C is an algebra B with underlying vector
space A ® C, such that the canonical maps iy :A - A®C and ic: C— A®C are algebra
homomorphisms and po (is ® ic) = idagc, where u denotes the multiplication map of B. It is
well known that given a twisted tensor product of A with C, the map

7:CRA—-A®C,
defined by y := po (ic ® is), satisfies:

Ne®A) =A®ig,
Cony) =n®C,
e ®A) = (A pc)o (1®C)o (C® y),
)

xo(
xo(
xo(
20(CO ) =(a®C)o(A®y)o (x®A).

L e

A map that fulfills these conditions is called a twisting map of C with A. Conversely, if
1:CRA—-A®C

is a twisting map, then A ® C becomes a twisted tensor product, denoted A®,C, via
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ty, = (s @ pe) o (A® x @ C).

Furthermore, these constructions are inverse one to each other.

1.2. Twisting tensor products of K" with K™

Let y: K" ® K" — K" ® K™ be a map and let {ei,...,e,} and {fi,....f,} be the canonical bases
of K™ and K", respectively. There exist unique scalars /lg-l such that

x(ei ®f;) = Eﬂl] Qe for all e; and f;. (1.1)

For all i,/ € N}, and j, k € N}, we let A,(i,I) € M,(K) and B,(j, k) € M,,(K) denote the matrices
defined by

A (iD= /lkl — B,(j.k),. (1.2)
Moreover we set
A, = (A, l))i,leN;; and By = (B,(j. k))j,keN;'

In [1, Proposition 3.3, Corollary 3.6, Remark 3.7 and Proposition 3.11] we find necessary and suf-
ficient conditions for y to be a twisting map.
Let

Y:COA—-AR®C and y:CA —-AxC

be twisting maps. A morphism Fg, : y — ' is a pair (g, h) of algebra homomorphisms g : C — C'
and h: A — A’ such that the equality y' o (¢ ® h) = (h® g) o x holds. In [1, Proposition 3.15] we
show that two twisting maps y, ) : K" ® K" — K" ® K™ are isomorphic if and only if there
exists ¢ € S, and ¢ € S, such that

Ay (i), = Ay(0o(i).o(l)). k. (or, equivalently, B, (j.k); = By, (c(j).c(k))ypo0)-

If two twisting maps of K™ with K" are isomorphic, then we also say that they are equivalent.
Let x be a twisting map of K" with k™. Recall from [1, Definition 3.12] that the A,-rank
matrix I', € M, (K) and the B,-rank matrix I', € M,(K) are the matrices

i o Yim i o Vin
L= : - and T,:=| : -~ |,

Ym0 Vmm Pm ;;)nn

where ;= rk(A,(i,])) and 7 := rk(B,(j,k)).
In this paper we will make extensive use of the previous results and other results of [1] in
order to obtain all the twisting maps of K> with K>. We also will need the following propositions:

Proposition 1.1. If rk(A,(i,i)) = 1 for some i € N, then there exists j € N, such that j; # 0 for
all k. Moreover, if such j is unique, then A,(i.i), = 0, for all s,t € N;,. A similar statement holds
for B,(j,j) and T,

Proof. Since Tr(A,(i,i)) = rk(A,(i,i)) = 1, there exists j such that A,(i.i);; 7 0. Consequently, by
[1, Remark 5.13],

By(j.k);; = Ay(ii); = A, (ii); # 0 forall k.

This implies that 7 # 0 for all k. If j is unique, then for each I # j there exists k such that y; =
0, and so, again by [1, Remark 5.13], we have
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A, (ii),; = A, (i), = By(Lk),; =0 for all h.

The argument for B,(j,j) and I', is the same. O

Proposition 1.2. Let y : K™ ® K> — K®> ® K™ be a twisting map and let i}, i, and i3 be three dif-
ferent elements of N, such that A, (i, i1) # 0 # A, (i3, 1y).

1. If the i;-th column of A, is not quasi-standard and A, (iy, i) is

1 0 0 01 0 0 0 1
1 0 0], 01 0 or 0 0 1],
1 0 0 0 1 0 0 0 1

then A,(iz,i3) # 0 # A, (i3, i) and neither the ir»-th nor the is-th column of A, are quasi-stand-
ard columns.
1 0
1. If the i;-th column of A, is not quasi-standard and A, (i1, i) = 1 0 ), then
. . .. 0,.0. .
Ay iz 1)y, = Ay iz 12), = Ay(i2.13) 55 Ay (i3 i)y = 1A 2(i3.12) 5, = Ay(i3,13)),
and there exist z € K* and a € K \ {0,1} such that

0
0

0 0 0
R —a—z a z
Aylizir) = a_l_a(l—a) a(l—a) L4
z z
and
0 0 0
N at+z—1 l1—a -z
Ay t) = | 117 a(1 - a)
—— a
z z

Proof. Assume we are in the hypothesis of item (2). Without loss of generality we can assume
that iy = 1,i, = 2 and i3 = 3. By [1, Corollary 3.13], we have > " 7y, = 3. Hence A,(i,1) =0
for i>3 and Tr(A,(i,1)) = y; = 1 for i < 3. Moreover, by items (1) and (3) of [1, Corollary 3.6]
we know that

A, (1,1)A (i, 1) =0 foralli > 1 and that A (L, 1)+A,(2,1)+A,(3,1)=ids.

Hence there exists a € K such that

0 0 0 0 0 0
A2, )= a x and A,(3,1)=|x 1—a =
x x 1—a * * a

Moreover, by [1, Proposition 8.17(b)] we know that a ¢ {0,1}. Let z:= A,(2,1),;. Since the
sum of the entries of each row of A,(2,1) and A,(3,1) is zero,

0 0 0 0 0 0
A2,l)=|—-a-z a z and A,(3,1)=|a+z—-1 1—-a —z
* * 1—a * * a

Furthermore, since lower triangular idempotent matrices have 0 or 1 in each diagonal entry,
necessarily z # 0. Now it is clear that, since rk(4,(2,1)) =rk(4,(3,1)) = 1, both matrices have
the desired form. But then the first row of B,(2,2) is (0,a,1 — 4,0, ...,0), the first row of B,(1,2)
s (1, —(a+2),(a+2) —1,0,...,0) and the first row of B,(3,2) is (0,2, —z,0,...,0). An easy
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computation using these facts, that B,(1,2) + B,(2,2) + B,(3,2) = id, since [1, Remark 3.7], and
that by [1, Proposition 3.3(2)] the columns of B,(2,2) are orthogonal to the first rows of B,(1,2)
and B,(3,2), shows that

0 a 1—a O 0
0 a 1—a O 0
0 a 1—a O 0

B,(2.2) = K * * x|’
* % * * *

which finishes the proof of item (2) via (1.2). Moreover
Ay(23);, =B,(22), =a and A;(3.2),, =B,(22); =1—a.

Item (1) follows immediately from this fact and [1, Proposition 3.15]. O

2. Twisting maps of K? with K? and of K> with K?

To achieve our objective of constructing the twisting maps of K> with K> we need first to describe
in detail the twisting maps of K> with K> and the twisting map of K> with K>.

2.1. Twisting maps of K? with K?

We first give a classification of all twisting maps y of K> with K in a direct way. This classifica-
tion was already obtained in [10]. In the next computation we confirm that (up to isomorphism),
there are four different twisted tensor products of K> with K*. By [1, Corollary 3.13 and
Proposition 3.15] we can assume that the A,-rank matrix is one of the following:

2 0 2 1 11
n=(35) n=(3 1) «n=(1 1)

2.1.1. First case

If the A,-rank matrix is I';, then A, (1,1) =A,(2,2) =id. Consequently y is the flip
and K?®,K?* = K*,

2.1.2. Second case

If the A,-rank matrix is I';, then y is a standard twisting map (use [1, Proposition 5.10 and
Remark 8.15], and one verifies readily that y is equivalent via identical permutations in rows and
columns to the standard twisting map ;' with

Ay(L,1) =id, Ay(2,1)=0, A,(z,z):(} g) and AX,(1,2):<_01 2)

or, which the same, to the standard twisting map with quiver
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o(1,1) e(1,2)

o(2,1) 0(2,2)

Here the bullets represent the vertices of " Q and the white circle in the coordinate (2) indicates
that the arrow a5, starts at the 2-th row and ends at the 2-th column. By [1, Remark 10.2] the
Jacobson radical of K?®,K? has dimension 1.

In the sequel we will simply represent the quivers of this twisting map and of its equivalent
twisting maps as

° ° . o o . o .

/. N / .

where there is a bullet in the position (j, i) if (j, i) is a vertex (thus j € J;(i)), and there is a
white circle in the position (j, [) if the quiver has an arrow o; that starts at the j-th row and
ends at the [-th column (it is unique). The quivers associated with standard twisting maps of
K> with K* and of K> with K* will be represented by diagrams constructed following the same
instructions.

2.1.3. Third case

If the A,-rank matrix is I's, then by [1, Corollary 3.6(3) and Remark 4.1] there exist a,a’ € K
such that

a 1l—a a

1—d d-1 a 1—d
AZ(1’2)2< —a a >’ Al(z’z):(a' 1—a’>'

a
1—a

AX(1,1)<“ la)’ Ax(2’1)<l_aa al))

Thus, by (1.2) we have B,(1,1) = (
and Remark 4.1], and so

Ax(l,l)—<a 1_a>, Al(z,1)—<1_‘a“ “;1),
Ax(1,2)=<af1 1__aa>, Ax(z,z):(tz Z)

Now a direct computation using (1.2) shows that B,(i,j) = A,(i,j) for i,j € {1,2}, which enable
us to check easily that the conditions of [1, Proposition 3.3] are satisfied. Hence we have a family
of twisting maps parameterized by a € K. Applying [1, Proposition 3.15] we see that the twisting
maps corresponding to a and 1 — a are isomorphic. Moreover, using again the same proposition,
we check that these are the only isomorphisms between these twisting maps. If a € {0,1}, then
the twisting map is standard and the quiver is one of

o] [ [ o]
AN
[ ] (o] (o] [ ]
By [1, Remark 10.2] the Jacobson radical of K*®,K? is a two dimensional k-vector space. On the

other hand, by [1, Proposition 3.16 and Remark 3.17] we know that for a ¢ {0,1}, the morphism
p1 : K*®,K?* — M,(K), given by

1—
rg a). Therefore @' =1 — a by [1, Proposition 6.1
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Table 1. Standard twisting maps of K> with K.
# S Tr quiver
1. 6 ot

—
~

r, # equiv.
1

w o

N =
A O O T D T
~

o w

S
S
AN
© N

6. 4 KA

o

o w o w
_ N N —

- N - N
N = N =

o

’ 3 AN

/N 7N N N N N N
— OO ONOONOONOONOONOON
—_ —_, 00 =" == =200 = =0==0NOONO
St e 0O, 00 OO N OO0 s ONO O
e O~
/N 7N N TN TN N N
- N - N

- N

pfi®1) = F and p,(1®¢) = A, (i, 1),

is an algebra isomorphism.

2.2, Twisting maps of K> with K?

Now we use the results of [1] to classify all the twisting maps
1KoK - KoK,

distinguishing those that are almost standard, those that are quasi-standard and those that are
not quasi-standard (by [1, Remark 3.2 and Propositions 7.9 and 8.20], this immediately gives a
similar classification for the twisting maps of K> with K°). By [1, Corollary 3.13 and Proposition
3.15] we can assume that the .4, -rank matrix is one of the following:

200 2.0 0 2 1 1 2 1 0
r=(o 2 o0, Ib=|0o 2 1), Is’=(0 1 0], Tu=[0 1 1],
0 0 2 0 0 1 0 0 1 0 0 1
2.0 0 1 00 1 0 1
I's=(0 1 1], Te=|0 1 1), Ib=(11 o0
01 1 1 1 1 0 1 1

By [1, Proposition 5.10], except perhaps in the cases I's and I's, the matrices A,(l,) are 0, 1-
matrices, which, by [1, Remark 8.15], implies that y is a standard twisting map. In Table 1 we list
all the possible standard twisting maps y whose A,-rank matrix is one of I'y — I'; (for this we
use the method given in [1, Remark 10.5]):

Here } Tr:=}_, Tr(A,(i,i)) = >_; Tr(B,(j,j)) and # equiv. indicates how many equivalent
standard twisting maps there are (we say that two standard twisting maps K™ with K" are equiva-
lent if they are isomorphic).

If I, =I's, then x is a direct sum of the flip of K with K and a twisting map y’ of K> with K?

such that I,y = < L1

11 >, and the twisted tensor product algebra is isomorphic to K? x A, where A
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is the twisted tensor product K*®,K?. So either it is standard (recovering the case #5 in the list), or
it corresponds to a value of a & {0, 1} in the third case of Subsection 2.1. Consequently

AALI)(é ?), AAZJ)(g g), AA3J)(8 g),

0 0 a l—a l—a a-1
a2= (5 o) ae=(4 170 asa=('00 )

A T (|

and we obtain an algebra isomorphic to K* x M,(K).
If I'y =I's, then by [1, Proposition 5.10 and Remark 8.15] the first column of A, is standard

column, so that either
1 0 0 O
Ay (L1) = <1 0) and A,(3,1) = <_1 1)

M@U:(gi)am M@n:(égw.

By [1, Proposition 3.15] we can assume, and we do it, that A,(1,1) = gl 0). Moreover, by [1,
Remark 3.14] the matrices A,(i,j) for i,j € {2,3} define a twisting map " df K> with K>, such
1 1
that FX/ = (1 1),
third case of Subsection 2.1. But [1, Theorem 8.21] shows that

{2} = F(A,(3,1)) € Fo(A,3).

or

which is either standard, or corresponds to a value of a not in {0, 1} in the

Consequently A,(3,3),, = 1 and the twisting map is standard, corresponding to the sixth case on
the list.

If I'y =I';, then the twisting map is necessarily standard (because the columns of I'; have
reduced rank 1), but no standard twisting map y yields I', = I';, and so there is no twisting map
in this case.

3. Twisting maps of K° with K3
Our next aim is to determine up to isomorphisms all twisting maps
1KoK - KoK

that are not quasi-standard. By [1, Proposition 3.15], for this we can and we will assume that the
values of the diagonal of I', are non increasing. So in the rest of this subsection y denotes an
arbitrary twisting map satisfying this restriction and we look for conditions in order that y be not
quasi-standard. We organize our search according to the values of ) Tr := >, Tr(4,(i,)).

3.1. Tr=9,8 or 7

Theorem 3.1. If Y Tr > 7 and y is not standard, then the diagonal of T’ is (2, 3) and y is a not
quasi-standard twisting map with A, given by
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1 00 0 0 0 0 0 0
AL1):=(0 1 0], AL1l):=]0 0 0], ABL:=(0 0 0],

0 0 1 0 0 0 0 00

0 0 0 1 0 0 0 0 0
A(L2):=(0 0 0], A22):=|0 a b|, AGB2):=(0 b -b],

0 00 0 a b 0 —a a

0 0 0 0 0 0 1 00
A1,3):=(0 0 0], A23):=|0 a —-al, AB3):=|0 b a],

0 0 0 0 —b b 0 b a

where a € K\ {0,1} and b := 1 — a. Independently of a, we have K*®,K> ~ K> x M,(K).

Proof. Under the hypothesis the diagonal of I', may be (1-3) or (2, 3). By [1, Proposition 8.22],
in the first three cases necessarily y is a standard twisting map. In the last case I'; is equivalent
via identical permutations in rows and columns to one of the following matrices:

31 1 310 300
0o 2 0], 0 2 1 or 0 2 1
0 0 2 0 0 2 01 2

By [1, Proposition 5.10] in the two first cases the diagonal matrices are 0, 1-matrices, and so by
[1, Remark 8.15] the obtained twisting maps are standard. In the last one y is a direct sum of the
flip of K with K* and a twisting map y' : K2 ® K> — K> ® K?. Moreover, the analysis made in
Subsection 2.2 shows that if ' is not quasi-standard, then the matrices A, (i,j) are as in the state-
ment. Since, moreover K’®,K?* is isomorphic to the direct product K* X M,(K), we conclude
that K*®,K* ~ K> x M,(K). O

3.2. Tr=6

Theorem 3.2. Up to isomorphisms, the unique family of not quasi-standard twisting maps of K
with K> such that 3" Tr = 6 is obtained taking

0 1 1 -1 0 0 0 O
ALl :=[0 1 0|, 42D:=]|0 0 0], 4,31 (o 0 o,

0 0 1 0 0 0 0 O

0 0 0 1 0 0 0 0 0
A1,2)=10 0 0, A@22:=|0a b]|, 43B2:=|0 b -b],

0 00 0 a b 0 —a a

0 0 O 0 0 0 1 0 0
A(1,3):=|0 0 0], A(23)=|0 a —al], AB3):=|0 b al,

0 0 O 0 —b b 0 b a

where a € K\ {0,1} and b:=1 —a.

Proof. Since ) Tr = 6, the diagonal of I, is either (2) or (1-3). We treat each case separately:
Diag(I" ) = (2,2,2) By [1, Proposition 3.15] we can assume that I, it is one of the following
matrices:
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211 210 2 00 2 01
1 2 0], 1 2 1], 1 21 or 1 20
0 0 2 0 0 2 01 2 01 2

Moreover, by [1, Proposition 5.10 and Remark 8.15] each twisting map whose rank matrix is the
last one is standard, and, again by [1, Proposition 3.15], each twisting map whose rank matrix is
the first or the second one is isomorphic to one twisting map whose rank matrix is the third one.
So we only must consider the case

2
r,=|1
0

— N O

0
1
2

Since, by [1, Proposition 5.10 and Remark 8.15] the first column of 4, is standard, the hypoth-
esis of [1, Theorem 8.21] are satisfied. By this theorem we know that y is twisting map if and
only if the matrices A,(2,2),4,(3,2),A,(3,3) and A,(2,3) define a twisting map of K> with K
and F(A,(2,1)) C Fy(A,,2) (in fact, we also need that F(A,(i,1)) C Fy(A,,i) for i € {1,3}, but
for i=3 this is trivial and for i=1 this follows from [1, Remark 8.3]). Since we are looking for
non quasi-standard twisting maps, by the discussion in Subsection 2.2 we may assume that
A,(2,2),A,(2,3),A,(3,2) and A,(3,3) are as in the statement. But then Fy(A,,2) = {1} and so,
necessarily

1 -1 0 1 0 —1
A,21)=10 0 0] or A>21)=[0 0 o0
0 0 0 00 0

In both cases setting A,(1,1):=ids —A,(2,1),4,(3,1) :=0,4,(1,2) :=0 and A,(1,3):=0 (
which is forced), we obtain a twisting map which is not quasi-standard, since a ¢ {0,1}. Note
that the twisting map of the first family corresponding to a is equivalent to the twisting map of
the second family corresponding to 1 — a. Note also that the first family is the one listed in the
statement and that, in this case, B, (i,j) = A,(i,f) for all i, j. So the diagonal of T, is (2).
Diag(I';) = (3,2,1) If y is a not quasi-standard twisting map, then by the last assertion in the

previous case we know that Diag(I';) = (3,2,1). The rank matrix I', is one of the following
matrices:

300 3.0 2 30 310 3.1 31 2
02 2], 0 2 0], 0 2 , 0 2 2], 0 2 1], 0 2 0
01 1 0 1 1 01 0 0 1 0 0 0 0 1

By Proposition 1.1, both I'", and IN"X =1I'; must be one of the last two matrices. But by [I,
Corollary 5.11, Proposition 7.9 and Remark 8.15], if T', or [, is the last matrix, then ¥ is a stand-
ard twisting map. So the only chance of being not standard for the twisting map y is that both
I', and T, be the second last matrix. In that case by [1, Corollary 5.11] we know that A,(L1) is a
0, 1-matrix for I € {1,2,3}. Hence, by [1, Remark 8.15] the first two columns of A, are standard.
Moreover, using [1, Corollary 5.9] and [1, equality (3.2)] we obtain

* 0 0 * 0 0 1 0 0
A(L3)=|* * 0], A23)=|[x* x 0 and A, (L,3)=(1 % 0
* % % * k% % 1 *x x%

Since rk(A4,(1,3)) =rk(A,(3,3)) =1 and A,(1,3) +A,(2,3) + A;(3,3) = ids, from this it fol-
lows easily that A(i,3),, € {0,1} for i,k € {1,2,3}. Thus we can apply [1, Proposition 8.17(b)] in
order to obtain that y is quasi-standard. O
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3.3. Tr=5

Theorem 3.3. Up to isomorphisms, the unique family of not quasi-standard twisting maps of K°
with K such that > Tr = 5 is obtained taking A,(1,3) and A,(2,3) as in Proposition 1.2(2) with
z€ K*,ae K\{0,1},i; = 3,i, = 1 and i3 = 2, taking

1 0 0 0 0 0
A(L):=(0 a 1—a|, A2,1):=(0 1—a a—1

0 a 1—a 0 —a a

0 0 0 1 0 0
A (1,2):=|0 a —a |, A,2,2):=|0 1—a a],

o
)
|
—
—
I
S

0 1—a a
and taking A, (3,j) :=1ids — A,(1,) — A,(2,)) for j € {1,2,3}.

Proof. The diagonal of I', necessarily is either (1, 2) or (1, 3). By [I, Proposition 3.15] we can
assume that in the first case the rank matrix I'; is one of

2 10 2 1 0 2 00 2 00

0o 2 2|, 1 2 2], 1 2 2], 0 2 2|,

1 0 1 0 0 1 01 1 1 11
2 11 2 11 2 0 1 -
0 2 1], 1 2 1], 0 2 1/,
1 01 0 0 1 1 11

while in the second case the rank matrix I', is one of

320 300 301
01 2], 01 2], 01 1],
0 0 1 0 2 1 0 2 1
3 2 2 3 21 311 (32)
01 0], 01 1], 0 1 1
0 0 1 0 0 1 0 1 1

Since T', has at least one 1 in the diagonal, by Proposition 1.1 the rank matrix I, can not be
either the first in (3.3) or the first three in (3.4). Moreover, by [1, Proposition 5.10], if I', is the
first or the second matrix of the second row in (3.4), then A,(LI) is a 0, 1-matrix for ] €
{1,2,3}. So, in the first case by [1, Remark 8.15] we know that y is a standard twisting map;
while, in the second case, again by [1, Remark 8.15] the first two columns of .4, are standard,
and by [1, Corollary 5.9] the matrix A,(3,3) is one of

1 00 01 0 0 0 1
0 0], 01 0 or 0 0 1]. (3.3)
1 00 01 0 0 0 1

Thus, since A,(2,1) =0, applying Proposition 1.2(1) with i; = 3,i, =1 and i3 =2 we obtain
that the last column of A, is quasi-standard. Consequently, if x is not a quasi-standard twisting,
then I', is among the six last matrices in (3.3) and the last matrix in (3.4). Since Tr(T y) =
Tr(T,) by [1, Proposition 7.9], the same thing happens with T',. Furthermore the same argu-

ments as above show that

1. if I'; is the second matrix in (3.3), then the third column of A4, is standard,
2. if T, is the third or fourth matrix in (3.3), then the first and third columns of A,
are standard,
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3. if I'; is the fifth matrix in (3.3), then the second column of A, is standard and the third col-
umn of A, is quasi-standard,

4. IfI'; is the sixth matrix in (3.3), then A,(3,3) is one of (3.5),

5. if I'; is the seventh matrix in (3.3), then the third column of 4, is quasi-standard.

If I', is the second matrix in (3.3), then y is quasi-standard. In fact, otherwise by item (1) we
know that y is an extension of a not quasi-standard twisting map y' of K> with K°. Consequently,
by the analysis made in Subsection 2.2 there exists a € K \ {0,1} such that

0 0 0 1 0 0 0 0 0
AZ(I,Z) =10 a —a |, Ax(2>2) =10 1—a all, Ax(3>2) =10 0 O
0 a—1 1—a 0 1—a a 0 0 O

Therefore Fy(A,,2) = {1}, which is impossible since F(A,(2,3)) C Fy(A,,2) by [1, Theorem
8.21(1)] and #F(A,(2,3)) = 2 by [1, Remark 8.4].

If T, is the third or fourth matrix in (3.3), then by item (2) the first column of A, is
standard and y is the extension of a twisting map of K> with K°, which is necessarily stand-
ard since, otherwise, by [1, Proposition 7.9] it is dual of some twisting map of the unique
family of non quasi-standard twisting maps of K> with K> obtained in the analysis made in
Subsection 2.2 (which is impossible because it implies that y,; = 1). Consequently, in these
cases y is standard.

If I', is the fifth matrix in (3.3), then y is quasi-standard. For this, by item (3) we only
must prove that the first column of A, is quasi-standard. By [1, Proposition 3.15] we can assume

that
2

1 0
A,2,2)=10 1 , and so A,(1,2) =
1 0

oS O© O

0 0
0 0
71 01
By equality (1.2) and [1, Proposition 3.3], from this and the fact that A, (
follows that

/3’

A,(2,1) it

* 0 % * 0 x
Bx(l, =101 0], 31(2’2) =[10 1 0) ,

* % % * % %

* 0 x * 0 %
31(3’3) =1 0 0], BX(1,3) =[-1 1 0].

* ok % * ok ok

By [1, Remark 5.13] neither rk(B,(1, 1)) nor rk(B,(2,2)) can be 1. Hence
rtk(B,(1,1)) =2 =rk(B,(2,2)) and so rk(B,(3,3)) = 1.
Moreover we can assume that rk(B,(1,3)) = 1, because, otherwise (modulo equivalence), T,

is one of the cases 2, 3 or 4 of (3.3), and hence the twisting map j is quasi-standard.
Consequently,

00 0 0 0
B,333)=[1 0 0 and B,(L,3)=|-1 1 0
100 . % 0
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Hence
01 0
A,(3.3)33=B,(3.3)535=0 and A,(3,3);, =B,(1.3);35=0, andso A,3,3)=|0 1 0
01 O

Then the main diagonal of B,(1,1) is (*,1,0) and the main diagonal of B,(2,2) is (x,1,1). Since
both matrices have rank 2, it follows that the main diagonal of B,(1,1) is (1, 1, 0) and the main
diagonal of B,(2,2) is (0, 1, 1). Moreover, B,(2,1);; = A,(3,3),, = 1 implies B,(2,1) # 0, which,
together with rk(B,(1,1)) = 2, yields B,(3,1) = 0. Hence

and
AX(L 1)13 = Bx(3v 1)11 = 0.

Furthermore, rk(B,(2,2)) = 2 implies that either B,(1,2) = 0 or B,(3,2) =0, and so
Ay(1,1)y = B,(1,2);, =0 or A;(1.1),5 = B,(3.2);, = 0.

Using all this and the fact that each row of A,(1,1) sums 1, we obtain that

100 10 0
ALD)=[1 0 0] or A(11)=]0 0 1
0 0 1 00 1

In both cases A,(1,1) is a standard idempotent, and hence, by [1, Remark 8.15], the first column
of A, is standard, as desired.

Assume now that I';, is the sixth matrix in (3.3) and that the twisting map x is not quasi-
standard. By [1, Remark 3.14] we know that  is an extension of a twisting map y’ of K> with K°.
Clearly, if the third column of A, is quasi-standard, then )’ must be a non quasi-standard twist-
ing map. But by item (4) above, applying Proposition 1.2(1) with iy =3,i, =1 and i3 =2, we
obtain that this is also the case if the third column of 4, is not quasi-standard. Thus, by the ana-
lysis made in subsection 2.2 we can assume that there exists a € K \ {0,1} such that

1 0 0 0 0 0
A(L,1)=1]10 a l—a |, A(L2)=]0 a —a
0 a 1—a 0 a—1 1—a
0 0 0 1 0 0
A,2,1)=]10 1—a a-1 |, A2,2)=]0 1—a a
0 —a a 0 1—a a

If the third column of 4, is quasi-standard, then by [1, Remark 8.4 and Theorem 8.21] we
have
F(A,(1,3)) N F(A,(2,3)) =0 and F(A,(1,3)) UF(A,(2,3)) C Fo(A,,2) = {1},

which is impossible since it implies that 2 = rk(A,(1,3)) + rk(4,(2,3)) < 1. Thus it is not quasi-
standard. In the two last cases in (3.5) a straightforward computation using [1, Propositions 3.15
and 1.2(2)] leads to the contradiction A,(1,2);; # 0. Hence A,(3,3) is the first matrix of (3.5),
and so necessarily there exists z € K* such that A,(1,3) and A,(2,3) are as in Proposition 1.2(2).

Finally A4,(3,1) and A,(3,2) are determined by the equality ) | A,(i,j) = ids. Since these
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matrices satisfy the conditions of [1, Corollary 3.6], we obtain a family of not quasi-standard
twisting maps parameterized by a € K\ {0,1} and z € K*. Furthermore a direct computation
shows that

11
I,=(o01 1] (3.4)

The same argument shows that if 7 is not quasi-standard and r , is the sixth matrix in (3.3), then
I', is the matrix at the right side of equality (3.6).

Assume now that I', is the seventh matrix in (3.3). We claim that y is quasi-standard. By item
(5) we know that the third column of A, is quasi-standard. Moreover by [1, Definition 8.2(2),
Remark 8.4 and Propositions 3.3(3) and 3.15], we can assume that

0 0 0 0 0 0 1 0 0
AL3) =20 2, A@3)=[2-11 —i| and 4,33 =1 0 0],
-1 0 1 0 0 0 1 0 0
for some 4 € K. Using this and the fact that A,(1,2) = A,(2,1) = 0, we obtain
* 0 * 0 * 0 x
B,(1L,)=1|* % 0], B,(22)={* % 0 and B,(3,3)=[x* * 0
0 0 1 01 0 1 0 0
By [1, Remark 5.13] neither rk(B,(1, 1)) nor rk(B,(2,2)) can be 1. Hence
1 0 0
tk(B,(1,1) =2 =rk(B,(2,2)), and so B,(3,3)=1|1 0 0
1 0 0

Moreover B,(1,2) # 0, because B,(1,2),; = A,(3,3),, = 1. Since
rk(B,(1,2)) + 1k(B,(2,2)) + rk(B,(3,2)) = 3,
we have rk(B,(1,2)) = 1 and B,(3,2) = 0. Hence
_ 2 1 =
r,={(x* 2 =
* 0 1
If x is not quasi-standard, then 1:1 can not be the sixth matrix in (3.3), because otherwise I', is
the sixth matrix in (3.4). But we already have proven that in the other cases } is quasi-standard
and so, by [1, Proposition 8.20], we conclude that y is also quasi-standard.
Assume finally, that 7 is a non quasi-standard twisting map of K> with K> and I, is the last
matrix in (3.4). By [1, Proposition 8.20] we know that 7 is not quasi-standard, and so T, is
necessarily the sixth matrix in (3.3) or the last matrix in (3.4). In the first case we obtain a family

of not quasi-standard twisting maps y dual to the family found above when analyzing the case
where I'; is the sixth matrix in (3.3); while, in the second case, by Proposition 1.1

1 0 0
A,2,2)=A,33)=(1 0 0],
1 0 0

which, by Proposition 1.2(1) implies that the last two columns of A, are quasi-standard. Since
the first column of 4, has reduced rank 0, we conclude that y is quasi-standard. |

34> Tr=4
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Theorem 3.4. All the twisting maps of K> with K> with Y. Tr =5 are quasi-standard twist-
ing maps.

Proof. By [1, Proposition 3.15] in order to prove this it suffices to check that y is quasi-standard
if its rank matrix I', is one of the following matrices:

2 0 2 2 00 2 2 2

1 1 0], 1 1 2], 1 1 0],

0 2 1 0 2 1 0 0 1

2 20 2 21 2 0 1

11 2], 1 1 1], 1 1 1], (3.5)
0 0 1 0 0 1 0 2 1

21 0 21 2 2 1 1

11 2], 1 1 0], 1 11

0 1 1 01 1 01 1

By Proposition 1.1, the rank matrix I', can not be the first matrix in the first row. Also I', can
not be the second matrix, because otherwise it would be the extension of a twisting map y' of K

. 3 . 1 2
with K* with ')y = (2 1
fourth or fifth matrix, then by [1, Remark 3.14] we know that y is a extension of a twisting map
¥ of K* with K>, that is necessarily standard (see the arguments in the analysis of the cases in
which I', is the third or fourth matrix in (3.3)). Moreover, in the first two cases by [I,
Proposition 5.10 and Remark 8.5] the third column of A, is standard; while, if I', is the fifth
matrix, then by [1, Proposition 5.10] the matrix A,(3,3) is one of (3.5), and so, applying
Proposition 1.2(1) with i; = 3,i, = 1 and i3 = 2, we obtain that the last column of A, is quasi-
standard (since the first row of A, is standard). Hence, if y is not quasi-standard, then necessarily
I', is one of the last four matrices. By [1, Propositions 3.15 and 8.20] the same happens with I
is one of the above matrices. In particular B,(3,1) =0, and so A,(il);; =0 for all i, L
Consequently, by [1, Remark 5.13], we have

), but ) Tr = 2 is impossible by [1, Remark 5.2]. If T, is the third,

* x 0 x % 0
A,2,2)=1[x* % 0 and A,(3,3)=1[=x* x 0],
0 * *x 0

Moreover, again by [1, Remark 5.13], from the equality A,(3,1) = 0 it follows that

o
o O

* % *
B,(2,2) =% * 0 and B,(3,3) = | *
* % *

o
S

Hence, A,(3.3),, = B;(2.2);; = 0 and B,(3,3),, = A;(2.2);; = 0. Thus,

100 100
A,33)=|1 0 0| and B,33)=[1 0 o], (3.6)
1 00 100

where we had used again [1, Remark 5.13]. Since
A1(3,2)22 = 31(2»2)23 =0, Ax(3’2)33 = 31(3’3)23 =0, Ax(?’v 2)13 =0
and Tr(4,(3,2)) = rk(A,(3,2)) = 1, we have
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1 -1 0
AG32)=[0 0 o0
* % 0
Hence,
* x 0 0 0 O
A(1,2)=id—A,(2,2)—A,(3,2)=|* = o)l={0 0 0],
* ok 1 * k1
where for the last equality we use that rk(A,(1,2)) = 1, and so
01 0 01 0
A22)=id—A,1,2)—A,32)=[0 1 0o]=[0 1 o,
* % 0 01 0

where the last equality follows from [1, Remark 5.13]. Consequently, since A,(3,1) = 0, applying
Proposition 1.2(1) with i, =2,i, =1 and i3 = 3, we obtain that the second column of A, is
quasi-standard. By this and the first equality in (3.8) we can apply Proposition 1.2(1) with i; =
3,i, =1 and i3 = 2, in order to obtain that the last column of A, also is quasi-standard. Arguing
as above we conclude that

0 0 O 1 -1 0 0 0
BZ(I,Z) =10 0 0], Bl(3, 2)={0 0 0 and BX(Z, 2)={0 1 0
* % 1 * x 0 0 0

Hence
AZ(L 1)21 = B(l’z)n =0, AX(1>1)23 = B(3>2)11 =1 and A1(1>1)22 = B(2’2)11 =0.

Since moreover A,(1,1);; = 0, we have

A;(1,1) =

* O ¥

* O ¥

—_—— O
I

* O =

S O O

* O ¥
—_— - O
I
S O =

where in the second equality we use that Tr(A,(1,1)) =rk(4,(1,1)) =2, and in the last one,
that rk(4,(1,1)) = 2 and the sum of the element of the each row of A,(1,1) is equal to 1. So, by
[1, Remark 8.15] the first column of A, is standard. O

3415 Tr=3

Theorem 3.5. Let y : K> ® K> — K> @ K be a twisting map. Assume that Y Tr = 3. If y satisfies
the conditions required in items (1, 2) or (3) bellow, then y is not quasi-standard. Moreover, each

not quasi-standard twisting map of K> with K°, such that 3 Tr = 3, is equivalent to one of the
described in (1, 2) and (3).

1. There exists in invertible vectors vi,v, € K> with det(v?vgvg) =1, where v := 1, such that

A, (L) == (v -vi) (v (va X v3)),
J A (2,1) == —(v;- Vz)T(Vl (Vi X v3))
A,(3,1) == (v 'V3)T(Vl (Vi X v2))

for all 1.
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1. There exists a € K\ {0,1} such that

a b 0 b 0 —-b 0 —b b
ALl)=1a b 0}, A2l)=—-a 0 a |, AB1)=(0 a -a
a b 0 —a 0 a 0 -b b
a —a 0 b 0 a 0 a -—a
AL2)=(-b b 0|, A22)=|b 0 a|, AB2=(0 a -a
-b b 0 b 0 a 0 —b b
a —a 0 b 0 -b 0 a b
Am3)=-b b of, A23)=|b 0 -b|, AB3)=(0 a b
a —a 0 —a 0 a 0 a b
where b:=1— a.
1. There exists a € K\ {0,1} such that
0 0 0 a b 0 b a
A(L1)=11 0 0], AJ(22)=1{0 a b and A,3,3)=(0 b a],
0 0 0 a b 0 b a

where b := 1 — a, and there exist x,y,z € K* with y = “(177“) such that

0 0 0 0 0 0
ARD= avz) ab [ AGD= ao-%) b |

z z z ¢

1 —a—x x—0b 0 x —x
A,0,2)=[0 o o |, 46B2=(0 b -b],

0 0 0 0 —a a

1 y—b —a-—y 0 —y vy
A(1,3)=]0 0 o |, A23)=(0 a -a

0 0 0 0 b b

Proof. By [1, Proposition 6.1] we know that I', = 1:,( = J3. By [1, Remark 5.13] each matrix
A,(i,i) and each matrix B,(j,j) has their three equal rows and, moreover, the sum of the
element of each row is 1. Hence, for each one of these matrices we have the following possi-
bilities: It is equivalent to a standard idempotent 0, 1-matrix via identical permutations in
rows and columns, it has all entries non-zero, or it has two non-zero columns and one zero
column. Assume that one of the A,(l,]) has all its entries non-zero. By [1, Proposition 6.2]
the image of each A,(i,I) is generated by an invertible element v; € K>. Consequently, by [1,
Proposition 6.5] the twisting map y is obtained as in [1, Theorem 6.3] with v;, v, and v;
such that v =1 and det(vivivl) = 1. Moreover, by [1, Proposition 3.15] we can assume that
I=3. Suppose now that two of the matrices A,(1,1), A,(2,2) and A,(3,3) are different 0, 1-
matrices. Since Tr(B,(j,k)) = rk(B,(j,k)), this implies that all the matrices B,(j,k) have zeroes
and ones in its diagonal entries. Furthermore, by [1, Remark 5.13] we know that each B, (j,j)
is a (0, 1)-matrix. Therefore the hypothesis of [1, Proposition 8.17(b)] are fulfilled by all the
columns of B,, and so ) is a quasi-standard twisting map. Therefore, by [1, Proposition
8.20] the twisting map x is also. Suppose now that two of A,(1,1), A,(2,2) and A,(3,3) are
equal 0, 1-matrices. By [I, Proposition 3.15] we can assume that they are A,(1,1) and
A,(2,2) and that
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1
A1) =4,022)=[1

oS O O
S O O

Using equality (1.2) and that Tr(B,(j,k)) = 1 for all j,k € N3, we obtain that
-1 ifj=1,
By(j.k)s = { 1 otherwise.

Consequently A, (3.3),; = B,(jk)3; # 0 for all i,j € N and we are in the first case considered in
this subsection. So there are two cases left:

1. All three matrices A,(1,1),A4,(2,2) and A,(3,3) have exactly one zero column.
2. One of them is a 0, 1-matrix and the other two have exactly one zero column.

Consider the first case. We claim that the zero columns of A,(1,1),A,(2,2) and A,(3,3) are
different. Suppose this is false. By [1, Proposition 3.15] we can assume that

a l—a 0 b 1-b 0
A (Ll)=a 1—a 0 and A,2,2)=[b 1-b 0
a l—a 0 b 1-b 0

with a,b € K\ {0,1}. Using again equality (1.2) and that Tr(B,(j,k)) =1 for all j,k € N}, we
obtain that
l—a—b ifj=1,
Bz(j,k)33= a+b—-1 ifj=2,
1 it j = 3.
Consequently
l—a—-b a+b-1 1
A(33)=|1—-a—-b a+b—-1 1
l—a—-b a+b-1 1

which contradicts that A,(3,3) has exactly one zero column. So the claim is true. Again by [1,
Proposition 3.15] we can assume that

a l1—a 0 b 0 1-b 0 ¢c 1—c¢
A (L1)=]a 1—a 0], A2,2)=|b 0 1-D and A,(3,3)=(0 ¢ 1—c
a l1l—a 0 b 0 1-b 0 ¢c 1—c¢
with a,b,¢c € K\ {0, 1}. By equality (1.2) and [1, Remark 5.13] we have
a b 0 1—a * x* 0 * *
B,(L,L1)=1a b 0], B,/(21)= * 0 x], BGB1)=|* 1-b =
a b 0 * * C * * 1—c¢
a x % 1—a 0 ¢ 0 * *
B,(L,2)=1{* b x|, B(22)=|1—a 0 c¢|, B,(32)=|=x 1-b =«
* x 0 l1—a 0 ¢ * * 1—c
a * * l—a * x 0 1-b 1-—c¢
B,(L,L3)=|* b x|, B,(23)= * 0 x|, B33)=(0 1-b 1—c|,
x *x 0 * * C 0 1-b 1-—c¢

Since Tr(B,(j,k)) =1 this implies that b =1 —a and c=a. Using this and equality (1.2), we
obtain that
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a * * l—a x «x 0 x *
AL2)=|* 1—a x|, A/M2]1)= « 0 x], AGBL=(*x a =x

* * 0 * * a *x % l1l—a

a * * l—a x «x 0 =x *
AL3)=|x 1—a x|, A/l23)= * 0 =), A32)=|%* a *

* * 0 * * a * x l—a

We claim that A,(1,2),; = A,(1,2),; = 0. Assume for example that A,(1,2),; # 0. Since the
second row of A,(1,2) is not zero and rk(A,(1,2)) = 1, there exists 4 € K such that

A (1.2)53 = Ay(1.2)53 =0 and  A4,(1.2); = A,(1.2);

But then /=0 and so B,(1,3),; =A,(L,2),, =0, which is impossible since a # 0,b # 0 and
tk(B,(1,3)) = 1. Hence the claim is true. Similarly

Ay(L3);3=0, Ay(13);3=0, Ay(21), =0, Ay21);,=0, A,(23),=0,

A;(23)5, =0, A;(31);; =0, Ay 31);; =0, Ay(32), =0, A4;(32); =0.
Using these facts, that A,(i,/)1 = 0 for all i # I, and that 3, | A,(i,]) = id; for all I, we obtain
that the matrices A,(i,j) are as in item (2). We consider now the second case. By [1, Proposition
3.15] we can assume that

A,(1,1) =1 (3.7)

S O O
o O O

and that the first column is not quasi-standard. By Proposition 1.2(2) and [1, Remark 5.13] there
exist z € K* and a € K\ {0,1} such that

0 0 0 0 0 0
A,(2,1) = —a—z a z A,(3,1) = atz—1 l—a -z
AN (a—1)(a+z) a(l—a) . A a(l—a—z) a(a—1) ’
- a
z z z z
(3.8)
* a x l1—a
A, 2,2) = a , A 3,3)= 1—a , (3.9)
* a % * 1—a
* ok ok * *
A (23)=1|* a x|, AB2)=|x* 1—a (3.10)
* ok ok * *

So, by equality (1.2) and [1, Remark 5.13],

1 0 0 0 a 1—a 0 1—a a
B,(,1)=11 0 0], B(22)=[0 a 1—a|, B,(33)=|0 1—a a
1 0 0 0 a 1—a 0 1—a a

Hence, again by equality (1.2) and [1, Remark 5.13],

0 a 1—a 0 1—a a
A2,2)=10 a 1—a and A,33)=|0 1—a a|. (3.11)
0 a 1—a 0 1—a a

Using equality (1.2), that B,(3,2)1 = B,(2,3)1 =0 and that rk(B,(3,2)) = rk(B,(2,3)) =1, we
obtain
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0 z -z 0 a(l—a) a(a—1)
B,(3,2)=10 1—a a—1 and B,(2,3) = g —Za
0 - a 0 a—1 1—a

Consequently, since id = ), B,(i,j), we have

1 —a—2z a+z—-1
B,(1,2)= {0 0 0 and  B,(1,3) = Z Z
0 0 0

Using now equality (1.2) and that A,(3,2)1 = A,(2,3)1 = 0, we obtain that there exits x,y € K,
such that

0 x —X 0 -y y
A,(3,2)=10 1—a a-—1 and A,2,3) =10 a —a |. (3.12)
0 -—a a 0 a—1 1—a

Consequently, since id = ), A, (i,j), we have

1 —a—x a+x-1 1 a+y—1 —a-—y
A,(L,2)=10 0 0 and A,(1,3)=1{0 0 0 . (3.13)
0 0 0 0 0 0

Finally, again by equality (1.2),

0 0 0 0 0 0
B,2,1)=| —a—x a X and B,(1,3)=|a+x—-1 1—-a —x
a+y—1 -y 1—a —a—y y a

Since rk(B,(2,1)) =1 we have xy = a(1 —a). So x,y € K* and y = “(17“) . Reciprocally a dir-
ect computation shows that if A = (A,(i)); leN;> where the A(i, )’s are the matrices of (3.9),
(3.10), (3.13), (3.14) and (3.15), where a € K \ {0 1} and x,y,z € K* with y = a(l= “) , then A sat-
isfies the conditions in [1, Proposition 3.11]. 0
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