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MAXIMAL FUNCTION CHARACTERIZATION OF HARDY

SPACES RELATED TO LAGUERRE POLYNOMIAL

EXPANSIONS

JORGE J. BETANCOR, ESTEFANÍA DALMASSO, PABLO QUIJANO,
AND ROBERTO SCOTTO

Abstract. In this paper we introduce the atomic Hardy space H1((0,∞), γα)

associated with the non-doubling probability measure dγα(x) =
2x2α+1

Γ(α+1)
e−x

2
dx

on (0,∞), for α > −
1
2
. We obtain characterizations of H1((0,∞), γα) by using

two local maximal functions. We also prove that the truncated maximal func-
tion defined through the heat semigroup generated by the Laguerre differential
operator is bounded from H1((0,∞), γα) into L1((0,∞), γα).

1. Introduction and main results

We consider, for α > − 1
2 , the probability measure dγα(x) = 2x2α+1

Γ(α+1)e
−x2

dx

on (0,∞). The measure γα is not doubling (not even locally doubling) with re-
spect to the usual metric in (0,∞). We could define Hardy spaces as in [24], since
it is clear that supr,x∈(0,∞) γα(I(x, r))/r < ∞, where for every r, x ∈ (0,∞), we

denote I(x, r) := (x − r, x + r) ∩ (0,∞). However, Tolsa’s definition is not satis-
factory for our purposes because the harmonic analysis operators associated with
Laguerre polynomial expansions are not Calderón-Zygmund operators in this set-
ting. We will define the Hardy space related to the measure γα in (0,∞) following
the ideas developed in [17] (see also [4]) for the Ornstein-Uhlenbeck setting and the

non-standard Gaussian measure dγ(x) = π−n/2e−|x|2dx in Rn.
In order to select a family of intervals over which γα is indeed doubling, we

consider the admissibility function m(x) = min
{
1, 1x

}
, for x ∈ (0,∞). Given a > 0,

we say that an interval I(x, r) with 0 < r ≤ x is a-admissible if r ≤ am(x).
The class of such intervals will be denoted by Ba. To simplify notation, we shall
write B := B1. For every a > 0, it is easy to see that the measure γα is doubling
on Ba, that is, there exists Cα,a > 0 such that

γα(I(x, 2r)) ≤ Cα,aγα(I(x, r)), I(x, r) ∈ Ba.
The atoms will be defined over these families of intervals as follows. Given

1 < q ≤ ∞ and a > 0, a measurable function b defined on (0,∞) is said to be
an (a, q, α)–atom when b(x) = 1 for every x ∈ (0,∞), or there exist 0 < r ≤ x
such that I(x, r) ∈ Ba and satisfying that

(i) supp(b) ⊂ I(x, r);

(ii) ‖b‖Lq((0,∞),γα) ≤ γα(I(x, r))
1
q−1, where 1

q = 0 when q = ∞;

(iii)
∫∞
0
b(y) dγα(y) = 0.
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For 1 < q ≤ ∞ and a > 0, the atomic Hardy space H1,q
a ((0,∞), γα) consists of

all of those f ∈ L1((0,∞), γα) such that f =
∑∞

j=0 λjbj where, for every j ∈ N, bj
is an (a, q, α)–atom and λj ∈ C with

∑∞
j=0 |λj | < ∞. Note that, under the above

conditions, the series
∑∞
j=0 λjbj converges in L1((0,∞), γα). We define, for ev-

ery f ∈ H1,q
a ((0,∞), γα),

‖f‖H1,q
a ((0,∞),γα) = inf

∞∑

j=0

|λj |,

where the infimum is taken over all the sequences {λj}j∈N ∈ C with
∑∞

j=0 |λj | <∞
and f =

∑∞
j=0 λjbj, where bj is an (a, q, α)–atom, for every j ∈ N.

Actually, the space H1,q
a ((0,∞), γα) does not depend on a and q. The following

result can be proved by proceeding as in [17, Section 2] and [18, Theorem 2.2].

Theorem 1.1. Let α > − 1
2 , a > 0 and 1 < q ≤ ∞. Then, H1,q

a ((0,∞), γα)

and H1,∞
1 ((0,∞), γα) coincide, algebraic and topologically.

In view of the above result, we will simply write H1((0,∞), γα) to refer to the
Hardy space H1,q

a ((0,∞), γα), for any a > 0 and 1 < q ≤ ∞.
We now introduce a maximal function we shall use in order to characterize

H1((0,∞), γα). Our definition is inspired in the one given in [16, p. 273].
We consider the measure mα on (0,∞) by dmα(x) = x2α+1dx. By C1

c (0,∞)
we denote the space of continuously differentiable functions with compact support
in (0,∞).

We define, for every x ∈ (0,∞), the sets Aα
x and Aα

x,loc of functions as fol-

lows. Given x ∈ (0,∞), a function φ ∈ C1
c (0,∞) is said to be in Aα

x when there
exists 0 < r ≤ x such that supp(φ) ⊂ I(x, r) and

mα(I(x, r))‖φ‖∞ ≤ 1, rmα(I(x, r))‖φ′‖∞ ≤ 1.

On the other hand, when all of the above hold with some 0 < r ≤ min{x,m(x)},
φ is said to be in Aα

x,loc. In other words, φ ∈ Aα
x,loc when φ ∈ Aα

x with I(x, r) ∈ B.
Here, ‖g‖∞ denotes the essential supremum of g in (0,∞) with respect to the
Lebesgue measure (equivalently, to mα or γα).

We are now in position to define the maximal functions we shall be dealing with.
Given f ∈ L1((0, δ),mα) for every δ > 0, we set

Mα(f)(x) = sup
φ∈Aα

x

∣∣∣∣
∫ ∞

0

f(y)φ(y) dmα(y)

∣∣∣∣ , x ∈ (0,∞),

and

Mα,loc(f)(x) = sup
φ∈Aα

x,loc

∣∣∣∣
∫ ∞

0

f(y)φ(y) dmα(y)

∣∣∣∣ , x ∈ (0,∞).

Theorem 1.2. Given α > − 1
2 . A function f ∈ L1((0,∞), γα) is in H1((0,∞), γα)

if and only if Mα,loc(f) ∈ L1((0,∞), γα) and Eα(f) :=
∫∞
0
y
∣∣∣
∫∞
y
fdγα

∣∣∣ dy <∞.

Furthermore, for every f ∈ H1((0,∞), γα),

‖f‖H1((0,∞),γα) ≃ ‖Mα,loc(f)‖L1((0,∞),γα) + Eα(f) <∞.

In [8] Dziubański defined Hardy spaces associated with Laguerre function se-
quences that are basis in L2((0,∞), dx). He introduced the admissibility func-
tion w(x) = 1

8 min
{
x, 1x

}
, x ∈ (0,∞) in order to define the atoms. Later, Cha and

Li ([5] and [6]) used the function w to define some BMO-type spaces that can be
identified with the duals of the Hardy spaces introduced in [8].
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Hardy spaces H1((0,∞), γα) can also be defined using the admissibility func-
tion w instead of the function m. The denominator 8 in the function w is not
important for us but we prefer to keep the notation given in [5], [6] and [8].

If a ∈ (0, 8), we say that an interval I(x, r) is in Ba when x ∈ (0,∞) and
0 < r ≤ aw(x). We write B := B1.

Let 1 < q ≤ ∞ and a ∈ (0, 8). A measurable function b in (0,∞) is said to be
an (a, q, α)w–atom when b(x) = 1 for every x ∈ (0,∞), or there exist x, r ∈ (0,∞)
such that I(x, r) ∈ Ba and the following properties hold

(i) supp(b) ⊂ I(x, r);

(ii) ‖b‖Lq((0,∞),γα) ≤ γα(I(x, r))
1
q−1;

(iii)
∫∞
0
b(x) dγα(x) = 0.

We now define the atomic Hardy space H1,q
a ((0,∞), γα) as follows. We say

that a measurable function f defined on (0,∞) belongs to H1,q
a ((0,∞), γα) when-

ever f =
∑∞

j=0 λjbj , where, for every j ∈ N, bj is an (a, q, α)w–atom and λj ∈ C

being
∑∞
j=0 |λj | <∞. For every f ∈ H1,q

a ((0,∞), γα), we define

‖f‖
H

1,q
a ((0,∞),γα)

= inf

∞∑

j=0

|λj |,

where the infimum is taken over all the sequences {λj}j∈N of complex numbers for
which

∑∞
j=0 |λj | <∞ and f =

∑∞
j=0 λjbj with (a, q, α)w–atoms bj , for every j ∈ N.

In order to characterize this space by a local maximal function, we shall consider
the class of functions A defined by

A =
{
φ ∈ C1

c (−1, 1) : ‖φ‖∞ ≤ 1, ‖φ′‖∞ ≤ 1
}
.

For φ ∈ A, we write φt(x) =
1
t φ
(
x
t

)
, for x ∈ R and t ∈ (0,∞). Note that if φ ∈ A,

then supp(φt(x− ·)) ⊂ I(x, t) ⊂ (0,∞) provided that 0 < t ≤ x <∞.
For every a ∈ (0, 8), we define the local maximal function Ma,loc by

Ma,loc(f)(x) = sup{|φt ∗ f(x)| : φ ∈ A, 0 < t < aw(x)}, x ∈ (0,∞),

for every f ∈ L1
loc((0,∞), dx), where by ∗ we denote the usual convolution in R.

We also introduce, for every f ∈ L1((0,∞), γα), the following quantity

Eα(f) =

∫ 1

0

1

y

∣∣∣∣
∫ y

0

f(x) dγα(x)

∣∣∣∣ dy +
∫ ∞

1

y

∣∣∣∣
∫ ∞

y

f(x) dγα(x)

∣∣∣∣ dy.

We will prove that H1((0,∞), γα) can also be characterized by means of Ma,loc

and Eα. Moreover, the atomic spaces H1((0,∞), γα) and H1,q
a ((0,∞), γα) coincide

for any a ∈ (0, 1] and 1 < q ≤ ∞.

Theorem 1.3. Let α > − 1
2 , a ∈ (0, 1] and 1 < q ≤ ∞. For each f ∈ L1((0,∞), γα),

the following statements are equivalent.

(a) f ∈ H1((0,∞), γα);

(b) f ∈ H
1,q
2a ((0,∞), γα);

(c) Ma,loc(f) ∈ L1((0,∞), γα) and Eα(f) <∞.

Moreover, the quantities ‖f‖H1((0,∞),γα), ‖f‖H1,q
a ((0,∞),γα)

and

‖Ma,loc(f)‖L1((0,∞),γα) + Eα(f)

are equivalent.

Remark 1.4. From the proof of this theorem (see Section 3) we shall deduce that
the equivalence of properties (b) and (c) still holds for every α > −1.

Remark 1.5. The independence of the parameters a ∈ (0, 1] and 1 < q ≤ ∞ in the
space H1,q

a ((0,∞), γα) follows from Theorem 1.3.
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We now give some definitions and basic properties about Laguerre polynomial
expansions and the heat semigroup generated by the Laguerre operator.

Let α > − 1
2 . For every k ∈ N, the Laguerre polynomial Lαk of order α and

degree k is defined (see [14]) by

Lαk (x) =

√
Γ(α+ 1)

Γ(α+ k + 1)k!
exx−α

dk

dxk
(
e−xxk+α

)
, x ∈ (0,∞).

We consider the Laguerre operator ∆̃α given by

∆̃α(f)(x) = −1

4

(
d2

dx2
+

(
2α+ 1

x
− 2x

)
d

dx

)
f(x), f ∈ C2(0,∞).

By setting, for every k ∈ N, Lαk (x) = Lαk (x
2), x ∈ (0,∞), the sequence {Lαk}k∈N is

an orthonormal basis in L2((0,∞), γα). Furthermore, ∆̃αLαk = kLαk , k ∈ N.
For every f ∈ L2((0,∞), γα), we define

cαk (f) =

∫ ∞

0

f(x)Lαk (x)dγα(x), k ∈ N.

We consider the operator ∆α given by

∆α(f) =

∞∑

k=0

kcαk (f)Lαk , f ∈ D(∆α),

where

D(∆α) =

{
f ∈ L2((0,∞), γα) :

∞∑

k=0

|kcαk (f)|2 <∞
}
.

Thus ∆α is an extension on L2((0,∞), γα) of ∆̃α firstly defined on C∞
c (0,∞)

(the space of smooth functions with compact support in (0,∞)). The operator ∆α

is self-adjoint and positive and, moreover, −∆α generates a semigroup of operators
{Wα

t }t>0 in L2((0,∞), γα) where, for every t > 0, that

Wα
t (f) =

∞∑

k=0

e−ktcαk (f)Lαk , f ∈ L2((0,∞), γα).

By using the Hille-Hardy formula ([14, (4.17.6)]) we can write, for every x, y, t > 0,

∞∑

k=0

e−ktLαk (x)Lαk (y) =
Γ(α+ 1)

1− e−t
(e−t/2xy)−αIα

(
2e−t/2xy

1− e−t

)

× exp

(
− e−t

1− e−t
(x2 + y2)

)
,

where Iα denotes the modified Bessel function of the first kind and order α.
We get, for every f ∈ L2((0,∞), γα) and t > 0,

Wα
t (f)(x) =

∫ ∞

0

Wα
t (x, y)f(y)dγα(y), x ∈ (0,∞), (1.1)

being, for every x, y, t > 0,

Wα
t (x, y) =

Γ(α+ 1)

1− e−t
(e−t/2xy)−αIα

(
2e−t/2xy

1− e−t

)
exp

(
− e−t

1− e−t
(x2 + y2)

)
.

The integral in (1.1) is absolutely convergent for every f ∈ Lp((0,∞), γα) and
every 1 ≤ p < ∞. Moreover, by defining, for every t > 0, Wα

t on Lp((0,∞), γα)
with 1 ≤ p <∞, by (1.1) {Wα

t }t>0 is a symmetric diffusion semigroup in the sense
of Stein ([23]).
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The maximal operator defined by {Wα
t }t>0 is given by

Wα
∗ (f) = sup

t>0
|Wα

t (f)|.

It is known that Wα
∗ is bounded on Lp((0,∞), γα), for every 1 < p <∞ (see [23,

p. 73]). Furthermore, from the Muckenhoupt’s results ([19]) it can be deduced that
Wα

∗ is bounded from L1((0,∞), γα) into L
1,∞((0,∞), γα).

Suggested by the results in [15] and [20] we consider the truncated maximal
operator Wα

∗ defined by

Wα
∗ (f) = sup

0<t<m(x)2
|Wα

t (f)|.

Since Wα
∗ (f) ≤Wα

∗ (f), W
α
∗ is also bounded on Lp((0,∞), γα), for every 1 < p <∞,

and from L1((0,∞), γα) into L1,∞((0,∞), γα). Furthermore, we can prove the
following endpoint estimate for Wα

∗ .

Theorem 1.6. For any α ≥ 0, the operator Wα
∗ is bounded from H1((0,∞), γα)

into L1((0,∞), γα).

Two open questions related to our results are worth noting:

(1) Is the maximal operatorWα
∗ bounded from the Hardy space H1((0,∞), γα)

into L1((0,∞), γα)?
(2) Can the Hardy space H1((0,∞), γα) be characterized by using the maximal

operator Wα
∗ ?

As far as we know, these two questions have not been resolved even in the Ornstein-
Uhlenbeck setting (see [15] and [20]).

We will now present the proofs for our Theorems 1.2, 1.3 and 1.6 in the following
sections.

Throughout this paper, by C and c we will always denote positive constants that
may change in each occurrence. We will use many times the following properties
(see, for instance, [25, Section 1.2]) without mentioning them: for every a > 0 there
exists Ca > 1 such that 1

Ca
m(x) ≤ m(y) ≤ Cam(x) and 1

Ca
γ(x) ≤ γ(y) ≤ Caγ(x)

provided that |x− y| ≤ am(x), where γ(x) = e−|x|2 for x ∈ (0,∞).

2. Proof of Theorem 1.2.

We now establish some properties that we will use in the proof of Theorem 1.2.

Lemma 2.1. Let α > − 1
2 , x0 > 0 and 0 < r0 ≤ min{x0,m(x0)}.

Suppose that f ∈ L1((0,∞), γα) with supp(f) ⊂ I(x0, r0). Then, the support of
Mα,loc(f) is contained in I(x0, hm(x0)) = (x0 − hm(x0), x0 + hm(x0)) ∩ (0,∞),
for a certain h > 1 which does not depend on f , x0 or r0.

Proof. We fix x > 0 and take φ ∈ Aα
x,loc with supp(φ) ⊂ I(x, r), for some

0 < r ≤ min{x,m(x)}. Clearly, we can assume supp(φ) ∩ I(x0, r0) 6= ∅ since, oth-
erwise,

∫∞
0
φ(y)f(y)y2α+1dy = 0. Choosing z ∈ supp(φ) ∩ I(x0, r0), it follows that

m(x) ∼ m(z) ∼ m(x0), from which yields that x ∈ I(x0, hm(x0)), for some h > 1.
Thus, we have proved that supp(Mα,loc(f)) ⊂ I(x0, hm(x0)). �

We consider, for every j ∈ N \ {0}, Ij = (
√
j − 1,

√
j + 1) and I0 = (0, 1).

The center and the radius of Ij are cj = 1
2 (
√
j + 1 +

√
j − 1) and rj = 1/(2cj),

respectively, for every j ∈ N \ {0}, and the center and radius of I0 are c0 = 1/4
and r0 = 1/4, respectively. Then, Ij ∈ B for each j ∈ N. We also define Ij = Ij ,
I−j = (−√

j + 1,−√
j − 1), j ∈ N \ {0}, and I0 = (−1, 1). We consider a partition

of unity {η̂j}j∈N associated with {Ij}j∈Z (see [18, p. 1685]). We define ηj = η̂j ,
j ∈ N, j ≥ 1, and η0 = (η̂0)|I0 .
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Lemma 2.2. Let α > − 1
2 . There exist h,C > 0 such that, for every x ∈ (0,∞)

and j ∈ N, and any g ∈ L1((0, δ), γα), for each δ > 0,

Mα,loc(gηjγ)(x) ≤ Cγ(cj)Mα,loc(g)(x)χhIj (x).

Proof. Let g ∈ L1((0, δ), γα), for each δ > 0, x ∈ (0,∞) and j ∈ N. Assume that
φ ∈ Aα

x,loc and define ψ = φηjγ/γ(cj). We have that ψ ∈ C1
c (0,∞) and

(i) supp(ψ) ⊂ supp(φ) ⊂ I(x, r), for some 0 < r ≤ min{x,m(x)};
(ii) mα(I(x, r))‖ψ‖∞ ≤ Cmα(I(x, r))‖φ‖∞ ≤ C;
(iii) since |η| ≤ 1, rj |η′j | ≤ C, and 0 < r ≤ 1, we have that

rmα(I(x, r))ψ
′(y) ≤ rmα(I(x, r))

γ(cj)
(|φ′(y)|ηj(y)|γ(y)

+|φ(y)||η′j(y)|γ(y) + 2|φ(y)||ηj(y)|yγ(y)
)

≤ C,

for any y ∈ (0,∞). Indeed, assume that I(x, r) ∩ Ij 6= ∅. By taking
z ∈ I(x, r) ∩ Ij we deduce that m(x) ∼ m(z) ∼ m(cj). Furthermore, if
y ∈ Ij , then

ry = r(y − cj + cj) ≤ r(rj + cj)

≤ m(x)(rj + cj) ≤ Cm(cj)(rj + cj) ≤ C.

Also, according to Lemma 2.1, supp(Mα,loc(gηjγ)) ⊂ hIj for some h ≥ 1. With
this, we obtain the desired result. �

Lemma 2.3. Let f ∈ L1((0,∞), γα) and j ∈ N. We define

bj =

∫
fηjdγα∫
ηjdγα

.

Suppose that Mα,loc(f) ∈ L1((0,∞), γα). Then, Mα((f−bj)ηjγ) ∈ L1((0,∞),mα)
with

‖Mα((f − bj)ηjγ)‖L1((0,∞),mα) ≤ C

∫

hIj

Mα,loc(f)dγα,

where C, h > 0 are are independent of f and j.

Proof. Since we can split

Mα((f − bj)ηjγ)(x)

= Mα,loc((f − bj)ηjγ)(x) + sup
φ∈Aα

x\Aα
x,loc

∣∣∣∣
∫ ∞

0

(f − bj)ηjγ(y)φ(y) dmα(y)

∣∣∣∣ ,

for any x ∈ (0,∞), we will estimate their norms in L1((0,∞),mα) separately.
For the first term, according to Lemma 2.2, applied twice, we get
∫ ∞

0

Mα,loc((f − bj)ηjγ)(x)dmα(x)

≤
∫ ∞

0

Mα,loc(fηjγ)(x)dmα(x) + |bj |
∫ ∞

0

Mα,loc(ηjγ)(x)dmα(x)

≤ C

(∫

hIj

Mα,loc(f)(x)dmα(x)γ(cj) + |bj |
∫

hIj

Mα,loc(1)(x)dmα(x)γ(cj)

)

≤ C

(∫

hIj

Mα,loc(f)(x)dγα(x) + |bj|γα(hIj)
)
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Since |f | ≤ Mα,loc(f) and

|bj| =
∣∣∣∣

∫
fηjdγα∫
ηjdγα

∣∣∣∣ ≤
1

γα
(
1
2Ij
)
∫

Ij

|f |dγα ≤ C
1

γα(Ij)

∫

Ij

|f |dγα,

we obtain ∫ ∞

0

Mα,loc((f − bj)ηjγ)(x)dmα(x)

≤ C

(∫

hIj

Mα,loc(f)(x)dγα(x) +
γα(hIj)

γα(Ij)

∫

Ij

|f |dγα(x)
)

≤ C

∫

hIj

Mα,loc(f)(x)dγα(x).

Suppose now that φ ∈ Aα
x \ Aα

x,loc, with x ∈ hIj . By recalling the notation

I(x,m(x)) := (x − m(x), x + m(x)) ∩ (0,∞), we have that supp(φ) ⊂ I(x, r) for
some 0 < r ≤ x with r > m(x), and mα(I(x,m(x)))‖φ‖∞ ≤ 1. Hence,

∣∣∣∣
∫ ∞

0

(f − bj)φηjγdmα

∣∣∣∣ ≤
C

mα(I(x,m(x)))

∫

Ij

|f − bj|dγα

≤ C

mα(I(x,m(x)))

(∫

Ij

|f |dγα + |bj |γα(Ij)
)

≤ C

mα(I(x,m(x)))

∫

Ij

|f |dγα.

It follows that
∫

hIj

sup
φ∈Aα

x\Aα
x,loc

∣∣∣∣
∫ ∞

0

(f − bj)φηjγdmα

∣∣∣∣ dmα(x)

≤ C

∫

Ij

|f |dγα
∫

hIj

dmα(x)

mα(I(x,m(x)))
.

Since mα is doubling and m(x) ∼ m(cj) provided that x ∈ hIj , where the
equivalence constant is not depending on j, we obtain

∫

hIj

sup
φ∈Aα

x\Aα
x,loc

∣∣∣∣
∫ ∞

0

(f − bj)φηjγdmα

∣∣∣∣ dmα(x)

≤ C

∫

Ij

|f |dγα
∫

hIj

dmα(x)

mα(I(x,Cm(cj)))

≤ C

∫

Ij

|f |dγα
∫

hIj

dmα(x)

mα(Ij)
≤ C

∫

Ij

|f |dγα.

We now study
∫

(hIj)c
sup

φ∈Aα
x\Aα

x,loc

∣∣∣∣
∫ ∞

0

(f − bj)φηjγdmα

∣∣∣∣ dmα(x).

Let x ∈ (hIj)
c and φ ∈ Aα

x \ Aα
x,loc. Assume that

∫∞
0 (f − bj)φηjγdmα 6= 0. Then,

supp(φ) ∩ Ij 6= ∅ which yields that supp(φ) ⊂ I(x, r), with r > dist(x, Ij). Since∫∞
0

(f − bj)ηjdγα = 0 we can write
∣∣∣∣
∫ ∞

0

(f − bj)φηjγdmα

∣∣∣∣

= C

∣∣∣∣
∫ ∞

0

(φ(y)− φ(cj))(f(y)− bj)ηj(y)γ(y)dmα(y)

∣∣∣∣
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≤ C

∫

Ij

|φ(y) − φ(cj)||f(y)− bj ||ηj(y)|dγα(y)

≤ C
rj

rmα(I(x, r))

∫

Ij

|f(y)− bj|dγα(y)

≤ C
rj

dist(x, Ij)mα(I(x, dist(x, Ij)))

∫

Ij

|f(y)|dγα(y).

We choose k0 ∈ N such that 2k0 ≤ h < 2k0+1. Thus, calling Rk(cj , rj) =
I(cj , 2

k+1rj) \ I(cj , 2krj),
∫

(hIj)c

1

dist(x, Ij)mα(I(x, dist(x, Ij)))
dmα(x)

≤ C

∞∑

k=k0

∫

Rk(cj,rj)

x2α+1

dist(x, Ij)mα(I(x, dist(x, Ij)))
dx

≤ C

∞∑

k=k0

∫

Rk(cj,rj)

1

dist(x, Ij)2
dx

≤ C

∞∑

k=0

∫ 2k+1rj+cj

2krj+cj

dx

(2krj)2

≤ C

rj

∞∑

k=0

2−k =
C

rj
,

where, in the first inequality, we have used that mα(I(z, r)) ≥ Cz2α+1r, for every
z, r > 0 (see [26, (1.4)]).

Therefore
∫

(hIj)c
sup

φ∈Aα
x\Aα

x,loc

∣∣∣∣
∫ ∞

0

(f − bj)φηjγdmα

∣∣∣∣ dmα(x) ≤ C

∫

Ij

|f |dγα.

and we can conclude that
∫ ∞

0

Mα((f − bj)ηjγ)dmα ≤ C

∫

hIj

Mα,loc(f)dγα. �

Suppose that f ∈ L1((0,∞), γα) with
∫∞
0
fdγα = 0, Mα,loc(f) ∈ L1((0,∞), γα)

and Eα(f) < ∞. If
∫∞
0
fdγα 6= 0 we apply our result to f −

∫∞
0
fdγα. To prove

the “if” implication of Theorem 1.2 we are going to see that, for some a > 0,
f =

∑∞
j=0 λjbj , where, for every j ∈ N, bj is an (a,∞, α)-atom, and λj ∈ C being

∞∑

j=0

|λj | ≤ C

(∫ ∞

0

|Mα,locf(y)|dγα(y) + Eα(f)
)
.

To achieve this goal, we are going to consider the Hardy space H1
α(0,∞) associ-

ated with the Bessel operator

Sα = − d2

dx2
− 2α+ 1

x

d

dx
,

that is, the Hardy space defined by the heat semigroup generated by Sα (see [2] and
[26]). We shall also take into account the following atoms: we say that a measurable
function b is a (mα,∞)-atom when there exist x0, r0 ∈ (0,∞) such that

(a) supp(b) ⊂ I(x0, r0);
(b) ‖b‖∞ ≤ mα(I(x0, r0))

−1;
(c)

∫∞
0 b(y) dmα(y) = 0.



HARDY SPACES AND LAGUERRE EXPANSIONS 9

As it was proved in [2], the space H1
α(0,∞) coincides with the atomic Hardy

space H1((0,∞), | · |,mα)) defined through these (mα,∞)-atoms in ((0,∞), | · |,mα),
in the sense of Coifman and Weiss ([7]). Clearly, the triple ((0,∞), |·|,mα) is a space
of homogeneous type. According to [2, p. 201] the space H1

α((0,∞) also coincides
with the Coifman-Weiss atomic Hardy spaceH1((0,∞), dα,mα) associated with the
normal homogeneous space ((0,∞), dα,mα). Here dα represents the metric defined
on (0,∞) by dα(x, y) =

1
2α+2

∣∣x2α+2 − y2α+2
∣∣, x, y ∈ (0,∞).

The following lemma gives us a decomposition for any function in H1
α(0,∞)

supported on an interval I into (mα,∞)-atoms with controlled support.

Lemma 2.4. Let α > − 1
2 . There exists C > 0 such that, for every interval

I ⊂ (0,∞) and g ∈ H1
α(0,∞) such that supp(g) ⊂ I, we can write g =

∑∞
j=0 λjbj

in L1((0,∞),mα), where, for every j ∈ N, bj is a (mα,∞)-atom having its support
contained in 2I, and λj ∈ C being

∑∞
j=0 |λj | ≤ C‖g‖H1

α(0,∞).

Proof. If I = (0,∞) the property is clear from [2, Theorem 1.7]. Let I be a
bounded interval of (0,∞) and suppose that g ∈ H1

α(0,∞) with supp(g) ⊂ I. Then,
according to [16, Theorem 4.13] by introducing a cut off function with respect to
the intervals I and 2I in the maximal functions we deduce that g ∈ H1(2I, dα,mα)
and

‖g‖H1(2I,dα,mα) ≤ C‖g‖H1((0,∞),dα,mα) ≤ C‖g‖H1
α(0,∞). (2.1)

Therefore, we can write g =
∑∞
j=1 λjbj + λ0b0 in L1((0,∞),mα), where bj is

an (mα,∞)-atom such that supp(bj) ⊂ 2I, for every j ∈ N \ {0}, b0(x) = 1 for
every x ∈ 2I, and λj ∈ C, for every j ∈ N, being

∞∑

j=0

|λj | ≤ C‖g‖H1
α(0,∞). (2.2)

Since
∫∞
0 g(y)dmα(y) =

∫∞
0 bj(y)dmα(y) = 0, for every j ∈ N \ {0}, and the series∑∞

j=1 λjbj + λ0b0 converges in L1((0,∞),mα), it follows that λ0 = 0. Note that

the constants C > 0 in (2.1) and (2.2) do not depend on g or I. �

The following result will allow us to obtain an atomic decomposition of a function
g into (mα,∞)-atoms whenever Mα(g) ∈ L1((0,∞),mα).

Lemma 2.5. Let α > − 1
2 . There exists C > 0 such that if g ∈ L1((0,∞),mα),

then g ∈ H1
α(0,∞) provided that Mα(g) ∈ L1((0,∞),mα) being

‖g‖H1
α(0,∞) ≤ C‖Mα(g)‖L1((0,∞),mα).

Proof. Assume that 0 ≤ φ ∈ C∞
c (0,∞) and supp(φ) ⊂ (0, 1). We define, for

every t > 0, φt(x) = t−2α−2φ(x/t), x ∈ (0,∞), and, for every t, x ∈ (0,∞),
Φx,t = ατx(φt). Here ατx denotes the x-translation associated with the operator
Sα, also called Hankel x-translation (see [9], [11] and [13]). We can write

Φx,t(y) =

∫ x+y

|x−y|
φt(z)Dα(x, y, z)z

2α+1dz, x, y, t ∈ (0,∞),

where, for every x, y, z ∈ (0,∞),

Dα(x, y, z) =
22α−1Γ(α + 1)

Γ
(
α+ 1

2

)√
π
(xyz)−2α(Υ(x, y, z))2α−1, x, y, z ∈ (0,∞),

being Υ(x, y, z) the area of a triangle with side lengths x, y, z when this triangle
exists and Υ(x, y, z) = 0 in other cases. It follows that Φx,t(y) = 0 for every
|x− y| > t and t > 0.
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We also have that, for any x, y, t ∈ (0,∞),

Φx,t(y) =
Γ(α+ 1)

Γ
(
α+ 1

2

)√
π

∫ π

0

φt

(√
x2 + y2 − 2xy cos θ

)
(sin θ)2αdθ. (2.3)

Notice that, since φ ∈ C∞
c (0,∞), for every x ∈ (0,∞) it satisfies the following

properties

(a) 0 ≤ φ(x) ≤ C(1 + x2)−α−3/2;
(b) |φ′(x)| ≤ Cx(1 + x2)−α−5/2;
(c) |φ′′(x)| ≤ C(1 + x2)−α−5/2.

Then, according to [2, Theorem 2.7] and [26, Theorem 1.1], g is in H1
α(0,∞) pro-

vided that g ∈ L1((0,∞),mα) and

sup
t>0

∣∣∣∣
∫ ∞

0

Φx,t(y)g(y)dmα(y)

∣∣∣∣ ∈ L1((0,∞),mα).

Since Mα(g) ∈ L1((0,∞),mα), it is enough to show that for every g ∈ L1
loc(0,∞),

sup
t>0

∣∣∣∣
∫ ∞

0

Φx,t(y)g(y)dmα(y)

∣∣∣∣ ≤ Mα(g)(x), x ∈ (0,∞). (2.4)

We will do so by showing that Φx,t ∈ Aα
x for every x, t ∈ (0,∞).

First, we are going to see that

|Φx,t(y)| ≤
C

mα(I(x, t))
, x, y, t ∈ (0,∞). (2.5)

By taking 0 < ǫ < 2α+ 1, and using that 2(1− cos θ) ∼ θ2 for every θ ∈ [0, π], we
have that

|Φx,t(y)| ≤
C

t2α+2

∫ π

0

∣∣∣∣∣φ
(√

x2 + y2 − 2xy cos θ

t

)∣∣∣∣∣ (sin θ)
2αdθ

≤ C

t2α+2




∫ t/

√
xy

0

θ2α

(
t√

(x− y)2 + xyθ2

)2α+1−ǫ

dθ

+

∫ π

t/
√
xy

θ2α

(
t√

(x− y)2 + xyθ2

)2α+1+ǫ

dθ





≤ C

(
1

t1+ε

∫ t/
√
xy

0

θǫ−1dθ(xy)−α−(1−ǫ)/2

+
1

t1−ε

∫ ∞

t/
√
xy

θ−ǫ−1dθ(xy)−α−(1+ǫ)/2

)

≤ C
1

t(xy)α+1/2
, x, y, t ∈ (0,∞).

Then, whenever 0 < x
2 < y < 2x <∞

|Φx,t(y)| ≤
C

tx2α+1
, t ∈ (0,∞).

On the other hand, if 0 < y < x
2 < y or 2x < y <∞, we get

|Φx,t(y)| ≤
C

t2α+2

∫ π

0

(
t√

x2 + y2 − 2xy cos θ

)2α+1

θ2αdθ

≤ C

t|x− y|2α+1
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≤ C

tx2α+1
, t ∈ (0,∞).

Since mα(I(x, t)) ∼ t(x+ t)2α+1, for any x, t ∈ (0,∞) and, as it is clear from (2.3),

|Φx,t(y)| ≤
C

t2α+2
, x, y, t ∈ (0,∞),

we conclude that (2.5) holds.
Now, for every x, y, t ∈ (0,∞),

∂yΦx,t(y) =
Γ(α+ 1)

Γ
(
α+ 1

2

)√
πt2α+3

∫ π

0

φ′
(√

x2 + y2 − 2xy cos θ

t

)

× y − x cos θ√
x2 + y2 − 2xy cos θ

(sin θ)2αdθ.

Since, for every x, y ∈ (0,∞) and θ ∈ (0, π),

(y − x cos θ)2 = y2 + x2(cos θ)2 − 2xy cos θ = x2 + y2 − 2xy cos θ − (1− cos2 θ)x2,

we get

|∂yΦx,t(y)| ≤
Γ(α + 1)

Γ
(
α+ 1

2

)√
πt2α+3

∫ π

0

φ′
(√

x2 + y2 − 2xy cos θ

t

)
(sin θ)2αdθ

=
1

t
ατx(|φ′|)(y)

≤ 1

tmα(I(x, t))
, x, y, t ∈ (0,∞).

In order to see the last inequality we can proceed as above by considering |φ′|
instead of φ. Thus, we have proved (2.4) and this finishes the proof. �

Hence, according to Lemmas 2.3, 2.4, and 2.5, for every j ∈ N we obtain
that (f − bj)ηjγ ∈ H1

α(0,∞), and there exist a sequence {λi,j}i∈N ⊂ C and a se-
quence {ai,j}i∈N of (mα,∞)-atoms such that supp(ai,j) ⊂ 2Ij , for every i ∈ N,
and

(f − bj)ηjγ =

∞∑

i=0

λi,jai,j ,

being
∑∞
i=0 |λi,j | ≤ C

∫
hIj

Mα,loc(f)dγα.

Moreover, for each j ∈ N,

∞∑

i=0

|λi,j |‖ai,j/γ‖L1((0,∞),γα) =

∞∑

j=0

|λi,j |‖ai,j‖L1((0,∞),mα)

≤ C

∞∑

i=0

|λi,j |

≤ C

∫

hIj

Mα,loc(f)dγα.

Then,

∞∑

j=0

∞∑

i=0

|λi,j |‖ai,j/γ‖L1((0,∞),γα) ≤ C

∞∑

j=0

∫

hIj

Mα,loc(f)dγα

≤ C‖Mα,loc(f)‖L1(0,∞),γα),
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so the double series
∑

(i,j)∈N×N |λi,j ||ai,j/γ| converges in L1((0,∞), γα). Then,

since the last series consists of positive functions, the series
∑

(i,j)∈N×N |λi,j ||ai,j/γ|
converges almost everywhere in (0,∞) and we can write

∑

(i,j)∈N×N

λi,jai,j/γ =
∞∑

j=0

∞∑

i=0

λi,jai,j/γ

in L1((0,∞), γα) and almost everywhere in (0,∞).
Furthermore, for every i, j ∈ N, ai,j/γ is a (1,∞, α)-atom as supp(ai,j) ⊂ 2Ij .

We have then just proved that
∞∑

j=0

(f − bj)ηj =

∞∑

j=0

∞∑

i=0

λi,jai,j/γ.

Our next objective is to study
∑∞
j=0 bjηj . Since

|bj | ≤
C

γα(Ij)

∫

Ij

|f |dγα, j ∈ N,

we get
∥∥∥∥∥∥

∞∑

j=0

|bj||ηj |

∥∥∥∥∥∥
L1((0,∞),γα)

≤ C

∞∑

j=0

∫

Ij

|f |dγα ≤ C‖f‖L1((0,∞),γα).

Then, there exists an increasing function ψ : N → N such that

lim
k→∞

ψ(k)∑

j=0

|bj(x)||ηj(x)|

exists for almost every x ∈ (0,∞). We conclude that the series
∑∞
j=0 |bj ||ηj | con-

verges almost everywhere in (0,∞).
For j ∈ N, we define η̃j = ηj/

∫∞
0
ηjdγα, so we can write bjηj = η̃j

∫∞
0
fηjdγα.

We also consider µk =
∑∞
j=k ηj , for k ∈ N. Since

∫ ∞

0

|f(y)|
∞∑

j=k

ηj(y)dγα(y) ≤ C

∫ ∞

0

|f(y)|dγα(y), k ∈ N,

it follows that
∞∑

j=k

∫ ∞

0

f(y)ηj(y)dγα =

∫ ∞

0

f(y)µk(y)dγα(y), k ∈ N.

We get

∑

j=0∞

bjηj =

∣∣∣∣
∫ ∞

0

f(y)µk(y)dγα(y)

∣∣∣∣ ≤
∞∑

j=k

∫

Ij

|f(y)|dγα(y) ≤ C

∫ ∞

√
k−1

|f(y)|dγα(y)

where the last integral tends to zero as k → ∞. By summation by parts, since
limk→∞ ηk(x) = 0, x ∈ (0,∞), we deduce

∞∑

j=0

bjηj =

∞∑

j=0

∫ ∞

0

f(y)ηj(y)dγα(y)η̃j =

∞∑

k=0

∫ ∞

0

f(y)µk+1(y)dγα(y)(η̃k+1 − η̃k).

We claim there exist C > 0 such that C(η̃k+1 − η̃k) is a (2,∞, α)-atom, for every
k ∈ N. Indeed

(i)
∫∞
0

(η̃k+1 − η̃k)dγα =
∫∞
0
η̃k+1dγα −

∫∞
0
η̃kdγα = 0 for each k ∈ N;

(ii) supp (η̃k+1 − η̃k) ⊂
[√
k − 1,

√
k + 2

]
, for k ∈ N \ {0}, while η̃1 − η̃0 is

supported on
[
0,
√
2
]
;
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(iii) When k ∈ N \ {0},
[√
k − 1,

√
k + 2

]
⊂ Dk, where

Dk :=
[√

k−1+
√
k+2

2 − 2√
k−1+

√
k+2

,
√
k−1+

√
k+2

2 + 2√
k−1+

√
k+2

]
,

and

‖η̃k+1 − η̃k‖∞ ≤ 1

γα(
1
2Ik)

+
1

γα(
1
2Ik+1)

≤ C
1

γα(Dk)
.

While

‖η̃1 − η̃0‖∞ ≤ 1

γα
(
0,
√
2
) + 1

γα(0,
1
2 )

≤ C
1

γα
(
0,
√
2
) .

Now, we are going to see that
∞∑

k=0

∣∣∣∣
∫ ∞

0

f(y)µk(y)dγα(y)

∣∣∣∣ ≤ C
(
‖f‖L1((0,∞),γα) + Eα(f)

)
.

We can write, for every k ∈ N,
∫ ∞

0

f(x)µk(x)dγα(x) =

∫ ∞

0

(∫ x

0

µ′
k(y)dy + µk

(
0+
))

f(x)dγα(x)

=

∫ ∞

0

µ′
k(y)

∫ ∞

y

f(x)dγα(x)dy + µk
(
0+
) ∫ ∞

0

f(x)dγα(x).

Here φ (0+) stands for limx→0+ φ(x). We have that µk (0
+) =

∑∞
j=k ηj (0

+) = 0, for

each k ∈ N, k ≥ 1, and µ0 (0
+) = 1. As in [18, p. 1687] we get that supp(µ′

k) ⊂ Ik
and

|µ′
k(y)| ≤

C

rk
≤ C(1 + ck), k ∈ N,

where C is independent of k. Hence,
∞∑

k=0

∣∣∣∣
∫ ∞

0

f(y)µk(y)dγα(y)

∣∣∣∣ ≤ C

∞∑

k=0

∫

Ik

(1 + ck)

∣∣∣∣
∫ ∞

y

f(x)dγα(x)

∣∣∣∣ dy

+ ‖f‖L1((0,∞),γα)

≤ C

∫ ∞

0

(1 + y)

∣∣∣∣
∫ ∞

y

f(x)dγα(x)

∣∣∣∣ dy

+ ‖f‖L1((0,∞),γα)

≤ C
(
Eα(f) + ‖f‖L1((0,∞),γα)

)
.

Our purpose is established and the proof of the “if” implication of Theorem 1.2 is
finished.

We will now prove the “only if” implication of Theorem 1.2. We will see that,
for every f ∈ H1((0,∞), γα),

‖Mα,loc(f)‖L1((0,∞),γα) + Eα(f) ≤ C‖f‖H1((0,∞),γα). (2.6)

In order to do this we will first show that there exists C > 0 such that, for ev-
ery (1,∞, α)-atom b,

‖Mα,loc(b)‖L1((0,∞),γα) + Eα(b) ≤ C. (2.7)

Assume that b is a (1,∞, α)-atom associated with the interval I = I(x0, r0) where
0 < r0 ≤ min{x0,m(x0)}. According to Lemma 2.1, Mα,loc(b) is supported on

the interval Ĩ = I(x0, hm(x0)). Let x ∈ (0,∞) and suppose that φ ∈ Aα
x,loc is

associated to the interval J = I(x, r1). Then,∣∣∣∣
∫ ∞

0

b(y)φ(y)dmα(y)

∣∣∣∣ ≤ ‖b‖L∞((0,∞),γα)

∫

I∩J
|φ(y)|dmα(y)
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≤ ‖b‖L∞((0,∞),γα)
mα(I ∩ J)
mα(J)

≤ 1

γα(I)
,

which yields

Mα,loc(b)(x) ≤
1

γα(I)
.

We deduce that ∫

2I

Mα,loc(b)(x)dγα(x) ≤
γα(2I)

γα(I)
≤ C.

Suppose now that x ∈ Ĩ \ (2I) and φ ∈ Aα
x,loc associated to the interval J given

above. We can write∫ ∞

0

b(y)φ(y)dmα(y) =

∫ ∞

0

b(y)(φ(y) − φ(x0))dmα(y) + φ(x0)

∫ ∞

0

b(y)dmα(y),

and estimate each term separately.
Since supp(φ) ⊂ J and supp(b) ⊂ I we can assume that r1 > dist(x, I) (other-

wise, if 0 < r1 ≤ dist(x, I), then J ⊂ Ic and
∫∞
0
bφdmα = 0). Since φ ∈ Aα

x,loc, by

[26, (1.4)] we have that
∣∣∣∣
∫ ∞

0

b(y)(φ(y) − φ(x0))dmα(y)

∣∣∣∣ ≤
∫ ∞

0

|b(y)||φ(y)− φ(x0)|dmα(y)

≤ 1

r1mα(J)

∫

I

|y − x0||b(y)|dmα(y)

≤ C
r0

r1mα(J)

∫

I

|b(y)| γ(y)
γ(x0)

dmα(y)

≤ C
r0

r1mα(J)γ(x0)

≤ C
r0

dist(x, I)mα(I(x, dist(x, I)))γ(x0)

≤ C
r0

d(x, I)2x2α+1γ(x0)
.

On the other hand, since
∫∞
0
b(y)dγα(y) = 0, we get

∫ ∞

0

b(y)dmα(y) =

∫ ∞

0

b(y)y2α+1 γ(x0)− γ(y)

γ(x0)
dy.

As in [17, (3.6)] we obtain
∣∣∣∣
γ(x0)− γ(y)

γ(x0)

∣∣∣∣ ≤ Cr0(1 + x0), y ∈ I.

Then, using that
∫∞
0 |b(y)|dγα(y) ≤ C, we get

∣∣∣∣
∫ ∞

0

b(y)dmα(y)

∣∣∣∣ ≤ C
r0(1 + x0)

γ(x0)
.

By applying again [26, (3.6)], we have that
∣∣∣∣φ(x0)

∫ ∞

0

b(y)dmα(y)

∣∣∣∣ ≤ C|φ(x0)|
r0(1 + x0)

γ(x0)

≤ C
r0(1 + x0)

γ(x0)mα(J)

≤ C
r0(1 + x0)

γ(x0)x2α+1r1
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≤ C
r0(1 + x0)

γ(x0)x2α+1 dist(x, I)
.

By combining the above estimates we conclude that, for every x ∈ Ĩ \ (2I),

Mα,loc(b)(x) ≤ C

(
r0

d(x, I)2x2α+1γ(x0)
+

r0(1 + x0)

dist(x, I)x2α+1γ(x0)

)
.

We deduce that
∫

Ĩ\(2I)
Mα,loc(b)(x)dγα(x)

≤ C

(∫

Ĩ\(2I)

r0
d(x, I)2γ(x0)

dγ(x) +

∫

Ĩ\(2I)

r0(1 + x0)

dist(x, I)γ(x0)
dγ(x)

)

≤ C

(
r0

∫

(2I)c

dx

dist(x, I)2
+ r0(1 + x0)

∫

Ĩ\(2I)

dx

dist(x, I)

)

≤ C

(
1 + r0(1 + x0) log

(
m(x0)

r0

))

≤ C

(
1 +

r0
m(x0)

log

(
m(x0)

r0

))
≤ C.

It follows that ∫ ∞

0

Mα,loc(b)(x)dγα(x) ≤ C,

where C > 0 does not depend on b.
Clearly, if b(x) = 1 for every x ∈ (0,∞), then Mα,loc(b) ≤ 1 and

∫ ∞

0

Mα,loc(b)(x)dγα(x) ≤ 1

for this atom.
We now prove that, for a certain C > 0, Eα(b) ≤ C, for every (1,∞, α)-atom b.

Suppose that b is a (1,∞, α)-atom associated to the interval I = I(x0, r0). Since∫∞
0 bdγα = 0 we deduce that

∫∞
x bdγα = 0 for x /∈ I, and therefore

∣∣∣∣
∫ ∞

x

b(y)dγα(y)

∣∣∣∣ ≤
∫

I

|b(y)|dγα(y)χI(x) ≤ χI(x), x ∈ (0,∞).

Hence,

Eα(b) ≤
∫

I

x

∣∣∣∣
∫ ∞

x

b(y)dγα(y)

∣∣∣∣ dx

≤
∫

I

|b(y)|
∫ y

x0−r0
xdxdγα(y)

≤
∫

I

|b(y)|dγα(y)
(
(x0 + r0)

2 − (x0 − r0)
2

2

)
≤ 2.

In the last inequality we have taken into account that x0r0 ≤ 1.
On the other hand, if b(x) = 1 for every x ∈ (0,∞), we can write

Eα(1) =
∫ ∞

0

x

∣∣∣∣
∫ ∞

x

dγα(y)

∣∣∣∣ dx ≤
∫ ∞

0

∫ y

0

xdxdγα(y) ≤ C

∫ ∞

0

y2α+3e−y
2

dy ≤ C.

Thus (2.7) is proved.
As it was established by Bownik ([3]) in the Euclidean setting, the property (2.7)

is not sufficient to deduce the validity of (2.6).
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In order to obtain (2.6), we are going to see that Mα,loc is bounded from
L1((0,∞), γα) into L1,∞((0,∞), γα). Let f ∈ L1((0,∞), γα) and λ > 0. We con-
sider the sequence {Ii}i∈N introduced in the first part of this proof. We have that

{x ∈ (0,∞) : Mα,loc(f)(x) > λ} ⊂
∞⋃

i=0

{x ∈ Ii : Mα,loc(f)(x) > λ}.

Then,

γα({x ∈ (0,∞) : Mα,loc(f)(x) > λ}) ≤
∞∑

i=0

γα({x ∈ Ii : Mα,loc(f)(x) > λ})

≤
∞∑

i=0

γ(ci)mα({x ∈ Ii : Mα,loc(f)(x) > λ}).

We can write, for every x ∈ (0,∞) and φ ∈ Aα
x,loc,

∣∣∣∣
∫ ∞

0

f(y)φ(y)dmα(y)

∣∣∣∣ ≤
1

mα(I(x, r))

∫ x+r

x−r
|f(y)|dmα(y),

for some 0 < r ≤ min{x,m(x)}. Then, since m(ci) ∼ m(x) for every x ∈ Ii and
y ∈ I(x, r), we get y ∈ CIi and

∫ x+r

x−r
|f(y)|dmα(y) =

∫ x+r

x−r
|f(y)|χCIi(y)dmα(y).

We deduce that, for i ∈ N,

Mα,loc(f)(x) ≤Mmα(fχCIi)(x), x ∈ Ii,

where Mmα denotes the centered Hardy-Littlewood maximal function defined by
the measure mα on (0,∞).

It is well-known thatMmα is bounded from L1((0,∞),mα) into L
1,∞((0,∞),mα).

Thus,

γα({x ∈ (0,∞) : Mα,loc(f)(x) > λ})

≤
∞∑

i=0

γ(ci)mα({x ∈ Ii :Mmα(fχCIi)(x) > λ})

≤ C

λ

∞∑

i=0

γ(ci)

∫

CIi

|f(y)|dmα(y)

≤ C

λ

∞∑

i=0

∫

CIi

|f(y)|dγα(y)

≤ C

λ

∫ ∞

0

|f(y)|dγα(y).

Therefore, we have proved that the local maximal function Mα,loc is bounded
from L1((0,∞), γα) into L

1,∞((0,∞), γα).
Suppose that f =

∑∞
j=0 λjbj, where, for every j ∈ N, bj is a (1,∞, α)-atom and

λj ∈ C being
∑∞

j=0 |λj | <∞. The series defining f converges in L1((0,∞), γα) and
from the boundedness proved above for Mα,loc,

Mα,loc(f) = lim
k→∞

Mα,loc




k∑

j=0

λjbj



 , in L1,∞((0,∞), γα).
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Then, there exists an increasing function ψ : N → N such that

Mα,loc(f)(x) = lim
k→∞

Mα,loc



ψ(k)∑

j=0

λjbj


 (x), a.e. x ∈ (0,∞),

which yields

Mα,loc(f)(x) ≤ lim
k→∞

ψ(k)∑

j=0

|λj |Mα,loc(bj)(x)

=
∞∑

j=0

|λj |Mα,loc(bj)(x), a.e. x ∈ (0,∞).

By (2.7) it follows that

‖Mα,loc(f)‖L1((0,∞),γα) ≤
∞∑

j=0

|λj |‖Mα,loc(bj)‖L1((0,∞),γα) ≤ C

∞∑

j=0

|λj |,

so we can conclude that ‖Mα,loc(f)‖L1((0,∞),γα) ≤ C‖f‖H1((0,∞),γα).

Since f =
∑∞
j=0 λjbj in L

1((0,∞), γα) we obtain

∫ ∞

x

f(y)dγα(y) =

∞∑

j=0

λj

∫ ∞

x

bj(y)dγα(y), x ∈ (0,∞).

Then, ∣∣∣∣
∫ ∞

x

f(y)dγα(y)

∣∣∣∣ ≤
∞∑

j=0

|λj |
∣∣∣∣
∫ ∞

x

bj(y)dγα(y)

∣∣∣∣ , x ∈ (0,∞).

By using the monotone convergence theorem and (2.7) we get

Eα(f) ≤
∞∑

j=0

|λj |Eα(bj) ≤ C
∞∑

j=0

|λj | ≤ C‖f‖H1((0,∞),γα).

The proof is now finished.

3. Proof of Theorem 1.3

(b) ⇒ (a) It is sufficient to note that if b is an (a, q, α)w-atom, then b is also an
(a, q, α)-atom, when 0 < a ≤ 1.

(a) ⇒ (c) Let f ∈ H1((0,∞), γα). Then Mα,loc(f) ∈ L1((0,∞), γα) by Theo-
rem 1.2. We shall prove that M1,loc(f) ≤ CMα,loc(f).

Let φ ∈ A and t, x ∈ (0,∞) such that t ≤ w(x). We define

ϕx,t(y) =
1

ty2α+1
φ

(
x− y

t

)
, y ∈ (0,∞).

We have that supp(ϕx,t) ⊂ (x− t, x+ t) ⊂
(
19
20x,

21
20x
)
and I(x, t) ∈ B. Then, by

[26, (1.4)], for every y ∈ (0,∞),

|ϕx,t(y)| ≤
1

ty2α+1
≤ C

tx2α+1
≤ C

t(x+ t)2α+1
≤ C

mα((I(x, t))
.

On the other hand, we get

∂yϕx,t(y) = −2α+ 1

ty2α+2
φ

(
x− y

t

)
− 1

t2y2α+1
φ′
(
x− y

t

)
, y ∈ (0,∞).

Then, for each y ∈ (0,∞),

|∂yϕx,t(y)| ≤ C

(
1

ty2α+2
+

1

t2y2α+1

)
≤ C

t2x2α+1
≤ C

tmα(I(x, t))
,
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so it follows that, for a certain C > 0, Cϕx,t ∈ Aα
x,loc and, therefore, M1,loc(f) ≤

CMα,loc(f) as claimed.
Moreover, since Ma,loc(f) ≤ M1,loc(f) for any 0 < a ≤ 1, we also have that

Ma,loc(f) ∈ L1((0,∞), γα) for any 0 < a ≤ 1 provided that f ∈ H1((0,∞), γα).
By proceeding as in the proof of Eα(f) <∞ for f ∈ H1((0,∞), γα) (see Section 2,

p. 15), in order to see that Eα(f) <∞ for such f , it is sufficient to prove that there
exists C > 0 such that, for every (1,∞, α)-atom b,

Eα,1(b) :=

∫ 1

0

1

y

∣∣∣∣
∫ y

0

b(x)dγα(x)

∣∣∣∣ dy ≤ C.

If b(x) = 1 for every x ∈ (0,∞), then

Eα,1(b) =

∫ 1

0

1

y

∫ y

0

x2α+1e−x
2

dxdy

≤
∫ 1

0

1

y

∫ y

0

x2α+1dxdy

≤ 1

2α+ 2

∫ 1

0

y2α+1dy = (2α+ 2)−2.

Suppose now that b is a (1,∞, α)-atom associated to an interval I(x0, r0) with
0 < r0 ≤ x0 and r0 ≤ m(x0).

Since
∫∞
0
b(y)dγα(y) = 0, we have

∫ y
0
b(x)dγα(x) = 0, provided that |y−x0| ≥ r0.

Then,

Eα,1(b) =

∫

(x0−r0,x0+r0)∩(0,1)

1

y

∣∣∣∣
∫ y

0

b(x)dγα(x)

∣∣∣∣ dy

≤ C
γ(x0)

γα((x0 − r0, x0 + r0))

∫ x0+r0

x0−r0

1

y

∫ y

0

x2α+1dxdy

≤ C
γ(x0)

γα((x0 − r0, x0 + r0))

∫ x0+r0

x0−r0
y2α+1dy

≤ C

γα((x0 − r0, x0 + r0))

∫ x0+r0

x0−r0
dγα(y) ≤ C.

Thus the proof of (a) ⇒ (c) is finished.
(c) ⇒ (b) Let a ≤ 1. We will see that if f ∈ L1((0,∞), γα), then f ∈

H
1,∞
2a ((0,∞), γα) provided that (c) holds for this a. In order to prove this property

we proceed as in the proof of the corresponding property in Theorem 1.2 (see also
the proof of [18, Theorem 3.3]). We sketch the main steps.

By using [5, Lemma 2.1] (see also [8, p. 276]) we define the sequence of positive
numbers {cj}j∈Z given by c0 = 1, cj = cj−1 + aw(cj−1) for j > 0 and cj =
cj+1 − aw(cj+1) for j < 0. Then, for every j ∈ Z, the interval Ij = I(cj , rj) where
rj = aw(cj), verify the following properties

(i) (0,∞) =
⋃
j∈Z Ij ;

(ii) For every k ∈ Z, Ik ∩ Ij = ∅ provided that j /∈ {k − 1, k, k + 1};
We choose a partition of unity {ηj}j∈Z such that |η′j | ≤ C 1

rj
, for every j ∈ Z.

Assume that 0 < β < 8 and |x − y| ≤ βw(x), with x, y ∈ (0,∞). We shall see
that w(x)/h(β) ≤ w(y) ≤ h(β)w(x) where h is a positive, increasing and continuous
function on (0, 8). An explicit form for the function h can be obtained. We first

consider x ≥ 1, so w(x) = 1
8x . Then, x−

β
8x ≤ y ≤ x+ β

8x . If 1 ≤ y ≤ x+ β
8x = 8x2+β

8x ,
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since y > x− βw(x) = 8x2−β
8x , we get

w(y) =
1

8y
≤ x

8x2 − β
≤ x

(8 + β)x2
=

1

(8 − β)x
=

8

8− β
w(x).

Also we have that

w(y) =
1

8y
≥ x

8x2 + β
≥ x

(8 + β)x2
=

1

(8 + β)x
=

8

8 + β
w(x).

Suppose now that x−βw(x) < y < 1. Then, w(y) = y
8 . Since x−

β
8x < 1, it follows

that x < z := 2+
√
4+2β
4 . We obtain

w(y) <
1

8
<

z

8x
= zw(x).

Since
8− β

8
= 1− β

8
≤ x− β

8x
≤ y,

we get

w(x) ≤ 1

8
≤ 1

8− β
y ≤ 8

8− β
w(y).

Assume now that x < 1. We can proceed in a similar way. We have that
w(x) = x

8 and (1− β
8 )x < y < (1 + β

8 )x. If y < 1, then

8− β

8
w(x) < w(y) =

y

8
<

8 + β

8

x

8
=

8 + β

8
w(x).

Suppose that y ≥ 1. Since x > 8
8+β y, we obtain

w(x) =
x

8
=
x2

8x
≤ 1

8x
<

8 + β

8

1

8y
=

8 + β

8
w(y),

and

w(y) =
1

8y
≤ x

8x
<

8 + β

8

x

8
=

8 + β

8
w(x).

Suppose now that g ∈ L1
loc((0,∞), γα) and j ∈ Z. Let φ ∈ A, x ∈ (0,∞) and

0 < t ≤ aw(x). Then, since |x− cj | ≤ |x− y|+ |y− cj| ≤ a(w(x)+w(cj ) ≤ 3aw(cj)
provided that y ∈ Ij and |x− y| < t, it follows that

(φt ∗ (gηjγα))(x) = 0, x /∈ 3Ij.

Therefore supp(Ma,loc(gηjγα)) ⊂ 3Ij .
We shall now see that

Ma,loc(gηjγα)(x) ≤ CMa,loc(g)(x)γα(cj)χ3Ij (x), x ∈ (0,∞), (3.1)

by showing that Cϕx,t ∈ A, for every x ∈ 3Ij and 0 < t ≤ aw(x) and some constant
C > 0 that does not depend on x and t, being

ϕx,t(z) = φ(z)ηj(x− tz)γα(x− tz)/γα(cj), z ∈ (0,∞).

Let x ∈ 3Ij and 0 < t ≤ aw(x). Since there exists C > 0 such that

1

C
γα(y) ≤ γα(cj) ≤ Cγα(y), y ∈ 5Ij , (3.2)

and

|x− tz − cj | ≤ |x− cj |+ t|z| ≤ 3aw(cj) + aw(x) ≤ 5aw(cj), |z| ≤ 1,

we obtain that |ϕx,t(z)| ≤ C for any |z| ≤ 1.
On the other hand,

∂zϕx,t(z) =
1

γα(cj)

(
φ′(z)ηj(x− tz)γα(x− tz)− tφ(z)η′j(x − tz)γα(x − tz)

−tφ(z)ηj(x− tz)γ′α(x− tz)) , |z| ≤ 1,
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which leads to

|∂zϕx,t(z)| ≤
C

γα(cj)

(
γα(x − tz) +

aw(x)γα(x − tz)

rj

+aw(x)γα(x− tz)

(
1

x
+ x

))
≤ C, |z| ≤ 1.

Thus, for a certain C > 0, Cϕx,t ∈ A and we can write, for every x ∈ (0,∞) and
0 < t ≤ aw(x),

(φt ∗ (gηjγα))(x) = ((ϕx,t)t ∗ g)(x)γα(cj)χ3Ij (x),

so (3.1) follows.
Let f ∈ L1((0,∞), γα) such that

∫∞
0 fdγα = 0 and j ∈ Z. We define

bj =

∫∞
0
fηjdγα∫∞

0
ηjdγα

. (3.3)

Our next objective is to see that (f − bj)ηjγα ∈ H1(R, dx) and

‖(f − bj)ηjγα‖H1(R,dx) ≤ C

∫

3Ij

Ma,loc(f)(x)dγα(x).

Here H1(R, dx) denotes the classical Hardy space on R.
Let φ ∈ A ∩ C∞

c (0,∞) such that
∫
R
φ(x)dx 6= 0. By using (3.1) and (3.3) we

have that∫ ∞

0

sup
0<t≤aw(x)

|φt ∗ ((f − bj)ηjγα)(x)|dx

≤ Cγα(cj)

∫

3Ij

Ma,loc(f − bj)(x)dx

≤ Cγα(cj)

(∫

3Ij

Ma,loc(f)(x)dx + |bj|
∫

3Ij

dx

)

≤ C

(∫

3Ij

Ma,loc(f)(x)dγα(x) +
γα(3Ij)

γα(Ij)

∫

Ij

|f(x)|dγα(x)
)

≤ C

∫

3Ij

Ma,loc(f)(x)dγα(x),

where we have used that, since ηj(z) = 1 for z ∈ 1
2 Ij ,

∫∞
0
ηjdγα ≥ Cγα(Ij). We are

going to see that
∫ ∞

0

sup
t>aw(x)

|φt ∗ ((f − bj)ηjγα)(x)|dx ≤ C

∫

3Ij

Ma,loc(f)(x)dγα(x).

We firstly note that for every x ∈ 3Ij and t ≥ aw(x), (3.3) leads to

|φt ∗ ((f − bj)ηjγα)(x)| ≤
C

t

∫

Ij

|f(y)− bj |dγα(y)

≤ C

w(x)

∫

Ij

(|f(y)|+ |bj |)dγα(y)

≤ C

w(cj)

∫

Ij

|f(y)|dγα(y).

Then,
∫

3Ij

sup
t>aw(x)

|φt ∗ ((f − bj)ηjγα)(x)|dx ≤ C
|Ij |
w(cj)

∫

Ij

|f(y)|dγα(y)
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≤ C

∫

Ij

Ma,loc(f)(y)dγα(y).

Here, |A| denotes the Lebesgue measure of A, for every measurable set A ⊂ R.
On the other hand, by proceeding as in the corresponding estimation in Section 2

we can deduce that∫

(3Ij)c
sup

t>aw(x)

|φt ∗ ((f − bj)ηjγα)(x)|dx ≤ C

∫

Ij

Ma,loc(f)(y)dγα(y).

Thus we prove that
∫ ∞

0

sup
t>aw(x)

|φt ∗ ((f − bj)ηjγα)(x)|dx ≤ C

∫

Ij

Ma,loc(f)(y)dγα(y).

Then,

‖(f − bj)ηjγα‖H1(R,dx) ≤ C

∫

3Ij

Ma,loc(f)(y)dγα(y).

By using now [18, Lemma 2.1] we can see that

(f − bj)ηjγα =

∞∑

i=0

λi,jgi,j, in L1((0,∞), dx),

where, for every i ∈ N, gi,j is a (1,∞)-classical atom supported on 2Ij and λi,j ∈ C

being
∞∑

i=0

|λi,j | ≤ C

∫

3Ij

Ma,loc(f)(y)dγα(y).

According to (3.2), there exists C > 0 that is not depending on j such that Cgi,j/γα
is a (2a,∞, α)w-atom, for every i ∈ N, and

(f − bj)ηj =

∞∑

i=0

λijgi,j/γα, in L1((0,∞), γα).

As in Section 2 we can prove that

∑

j∈Z

(f − bj)ηj =
∑

j∈Z

∞∑

i=0

λi,jgi,j/γα, in L1((0,∞), γα),

and
∑

j∈Z

∞∑

i=0

|λi,j | ≤ C

∫ ∞

0

Ma,loc(f)(y)dγα(y).

As in [18, p. 1687] we define µk =
∑∞

j=k ηj , k ∈ Z, and we also consider η̃j =

ηj/
∫∞
0
ηjdγα, j ∈ Z. By using summation by parts we have that

∑

j∈Z

bj η̃j =
+∞∑

k=−∞
(η̃k − η̃k−1)

∫ ∞

0

fµkdγα.

There exists C > 0 such that C(η̃k − η̃k−1) is a (2a,∞, α)w-atom, for every k ∈ Z.
On the other hand recalling that

∫
fdγα = 0, we get

∫ ∞

0

f(x)µk(x)dγα(x) =

∫ 1

0

f(x)

(
−
∫ 1

x

µ′
k(y)dy + µk(1)

)
dγα(x)

+

∫ ∞

1

f(x)

(∫ x

1

µ′
k(y)dy + µk(1)

)
dγα(x)

= −
∫ 1

0

µ′
k(y)

∫ y

0

f(x)dγα(x)dy



22 J. J. BETANCOR, E. DALMASSO, P. QUIJANO, AND R. SCOTTO

+

∫ ∞

1

µ′
k(y)

∫ ∞

y

f(x)dγα(x)dy, k ∈ Z.

Since, for every k ∈ Z, supp(µ′
k) ⊂ Ik and |µ′

k| ≤ C/w(ck), we obtain

∑

k∈Z

∣∣∣∣
∫ ∞

0

f(x)µk(x)dγα(x)

∣∣∣∣ ≤ C



∑

k≤0

∫

Ik

1

ck

∣∣∣∣
∫ y

0

f(x)dγα(x)

∣∣∣∣ dy

+
∑

k>0

∫

Ik

ck

∣∣∣∣
∫ ∞

y

f(x)dγα(x)

∣∣∣∣ dy
)

≤ C



∑

k≤0

∫

Ik

1

y

∣∣∣∣
∫ y

0

f(x)dγα(x)

∣∣∣∣ dy

+
∑

k>0

∫

Ik

y

∣∣∣∣
∫ ∞

y

f(x)dγα(x)

∣∣∣∣ dy
)

≤ CEα(f).

We write f =
∑

j∈Z(f − bj)ηj +
∑
j∈Z bjηj and conclude that f ∈ H

1,∞
2a ((0,∞), γα)

with

‖f‖
H

1,∞
2a ((0,∞),γα)

≤ C

(∫ ∞

0

Ma,loc(f)(x)dγα(x) + Eα(f)

)
,

where the constant C > 0 does not depend on f .

The equivalences of the quantities ‖f‖H1((0,∞),γα), ‖f‖H1,q
a ((0,∞),γα) and

‖Ma,loc(f)‖L1((0,∞),γα) + Eα(f)

were established during the proofs of (b) ⇒ (a) ⇒ (c) ⇒ (b).

4. Proof of Theorem 1.6.

By using an integral representation for the modified Bessel function Iν ([14,
(5.10.22)] we deduce that, for every t, x, y ∈ (0,∞)

Wα
t (x, y) =

1

(1− e−t)α+1

∫ 1

−1

exp

(
−q(e

−t/2x, y, s)

1− e−t
+ y2

)
Πα(s)ds,

where Πα(s) =
Γ(α+1)

Γ(α+ 1
2 )

√
π
(1−s2)α−1/2, s ∈ (−1, 1), and q(x, y, s) = x2+y2−2xys,

x, y ∈ (0,∞) and s ∈ (−1, 1).
Let δ > 0. As in [21] we split (0,∞) × (0,∞) × (−1, 1) in two parts. The first

part is named the δ-local part and it is defined by

Lδ =

{
(x, y, s) ∈ (0,∞)× (0,∞)× (−1, 1) :

√
q(x, y, s) ≤ δ

1 + x+ y

}
.

The second part is Gδ = ((0,∞)×(0,∞)×(−1, 1))\Lδ and it is named the δ-global
part.

We now decompose, for every t > 0, the operator Wα
t in the global and local

parts as follows. We choose an smooth function ψ defined in (0,∞)×(0,∞)×(−1, 1)
such that 0 ≤ ψ ≤ 1, ψ(x, y, s) = 1, (x, y, s) ∈ L1, ψ(x, y, s) = 0, (x, y, s) ∈ G2, and

|∂xψ(x, y, s)|+ |∂yψ(x, y, s)| ≤
C√

q(x, y, s)
, (x, y, s) ∈ (0,∞)× (0,∞)× (−1, 1).

For every t, x, y > 0, we define the local part Wα
t,loc(x, y) of W

α
t (x, y) by

Wα
t,loc(x, y) =

1

(1− e−t)α+1

∫ 1

−1

exp

(
−q(e

−t/2x, y, s)

1− e−t
+ y2

)
ψ(x, y, s)Πα(s)ds,
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and the global part Wα
t,glob(x, y) of W

α
t (x, y) by

Wα
t,glob(x, y) =Wα

t (x, y)−Wα
t,loc(x, y).

We define, for every t > 0,

Wα
t,loc(f)(x) =

∫ ∞

0

Wα
t,loc(x, y)f(y)dγα(y), x ∈ (0,∞),

and

Wα
t,glob(f)(x) =

∫ ∞

0

Wα
t,glob(x, y)f(y)dγα(y), x ∈ (0,∞).

Finally we consider the local and global maximal operators defined by

Wα
∗,loc(f) = sup

0<t<m(x)2
|Wα

t,loc(f)| and Wα
∗,glob(f) = sup

0<t<m(x)2
|Wα

t,glob(f)|.

It is clear that Wα
∗ (f) ≤ Wα

∗,loc(f) +Wα
∗,glob(f).

We are going to prove first that the operator Wα
∗,loc is bounded from the Hardy

space H1((0,∞), γα) into L
1((0,∞), γα). Since W

α
∗ is bounded from L1((0,∞), γα)

into L1,∞((0,∞), γα), W
α
∗,loc has the same property. Then, in order to prove our

objective it is sufficient to see that there exists C > 0 such that

‖Wα
∗,loc(b)‖L1((0,∞),γα) ≤ C, (4.1)

for every (1,∞, α)-atom b.
If b(x) = 1, for every x ∈ (0,∞), then Wα

∗,loc(b)(x) ≤ 1, for any x ∈ (0,∞), and

‖Wα
∗,loc(b)‖L1((0,∞),γα) ≤ 1.

On the other hand, suppose that b is a (1,∞, α)-atom associated with an interval
I = (cI − rI , cI + rI) ∈ B where 0 < rI ≤ cI . We define a = bγ. We can write

‖a‖L∞((0,∞),mα) ≤ Cγ(cI)‖b‖L∞((0,∞);γα)

≤ Cγ(cI)(γα(I))
−1

≤ Cmα(I),

where C > 0 does not depend on b. Then, a/C is a (mα,∞)-atom.
For every t, x ∈ (0,∞),

Wα
t,loc(b)(x) =

∫ ∞

0

b(y)

∫ 1

−1

exp
(
− q(e−t/2x,y,s)

1−e−t + y2
)

(1 − e−t)α+1
ψ(x, y, s)Πα(s)dsdγα(y)

= ex
2

∫ ∞

0

a(y)

∫ 1

−1

exp(− q(e−t/2y,x,s)
1−e−t

(1− e−t)α+1
ψ(x, y, s)Πα(s)dsdmα(y).

We define

Kα
t (x, y) =

∫ 1

−1

exp
(
− q(e−t/2y,x,s)

1−e−t

)

(1− e−t)α+1
ψ(x, y, s)Πα(s)ds, t, x, y ∈ (0,∞).

According to [1, §4] we can deduce

sup
0<t≤m(x)2

|∂yKt(x, y)| ≤ C
1

|x− y|mα(I(x, |x − y|)) , x, y ∈ (0,∞). (4.2)

Since Wα
∗ is bounded on L2((0,∞), γα), we deduce that
∫ ∞

0

|Wα
∗,loc(b)(x)|dγα(x) =

∫

2I

|Wα
∗,loc(b)(x)|dγα(x)

+

∫

(2I)c
|Wα

∗,loc(b)(x)|dγα(x)



24 J. J. BETANCOR, E. DALMASSO, P. QUIJANO, AND R. SCOTTO

≤
(∫ ∞

0

|Wα
∗ (b)(x)|2dγα(x)

)1/2

(γα(2I))
1/2

+

∫

(2I)c
|Wα

∗,loc(b)(x)|dγα(x)

≤ C‖b‖L2((0,∞),γα))(γα(2I))
1/2

+

∫

(2I)c
|Wα

∗,loc(b)(x)|dγα(x)

≤ C +

∫

(2I)c
|Wα

∗,loc(b)(x)|dγα(x).

On the other hand, we can write

Wα
t,loc(b)(x) = ex

2

∫ ∞

0

a(y)Kα
t (x, y)dmα(y)

= ex
2

∫ ∞

0

a(y)(Kα
t (x, y)−Kα

t (x, cI))dmα(y), x ∈ (0,∞).

By using (4.2) and [26, (1.4)] we get

Wα
∗,loc(b)(x) ≤ Cex

2

∫

I

|a(y)| |y − cI |
|x− y|mα(I(x, |x − y|))dmα(y)

≤ C
ex

2

rI
mα(I)

∫

I

1

|x− y|2x2α+1
dmα(y), x ∈ (0,∞).

It follows that∫

(2I)c
Wα

∗,loc(b)(x)dγα(x) ≤ C
rI

mα(I)

∫

I

∫

(2I)c

dx

|x− y|2 dmα(y) ≤ C.

We conclude that (4.1) holds with constant independent of the atom b.
We now prove that the operator Wα

∗,glob is bounded from H1((0,∞), γα) into

L1((0,∞), γα). Actually we will see that Wα
∗,glob is bounded on L1((0,∞), γα).

We take α = k
2 − 1, with k ∈ N, k ≥ 2 and for every x ∈ Rk we write x = |x|.

For every x, y ∈ Rk we have that |x − y|2 = q(x, y, cos(θ)), where θ is the angle
between x and y. Then, (x, y, cos(θ)) ∈ L1 if and only if |x− y| ≤ 1

1+x+y . We now

integrate on Rk using spherical coordinates by performing the change of variables
s = cos(θ) to obtain

|Wα
t,glob(f)(x)| ≤ C

∫

|x−y|≥ 1
1+x+y

exp
(
− |e−t/2x−y|2

1−e−t

)

(1− e−t)k/2
|f(y)|dy

≤ C

∫

|x−y|≥ 1
1+x+y

WOU
t (x, y)|f(y)|dy, x ∈ Rk, t ∈ (0,∞).

Here, for every x, y ∈ Rk and t ∈ (0,∞), WOU
t (x, y) represents the integral kernel

of the Ornstein-Uhlenbeck semigroup in Rk (see [12]).
We are going to show that |x − y| ≥ m(x) provided that |x − y| ≥ 1

1+x+y . In

order to do so, we shall consider three cases.

(a) Assume that y ≥ 4 and y ≤ 2x. Then, x ≥ 2 and m(x) = 1
x . It follows that

|x− y| ≥ 1

1 + x+ y
≥ 1

1 + 3x
=

1

x

x

1 + 3x
≥ C

1

x
.

(b) If y ≥ 4 and y ≥ 2x, then

|x− y| ≥ y − x ≥ y

2
≥ 2 ≥ m(x).
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(c) Assume that y ≤ 4. We deduce that, for x ≤ 1,

|x− y| ≥ 1

1 + x+ y
≥ 1

5 + x
≥ 1

6
=

1

6
m(x),

while, for x > 1,

|x− y| ≥ 1

1 + x+ y
≥ 1

5 + x
≥ 1

x

x

5 + x
≥ Cm(x).

Thus our objective is established.
We get

|Wα
t,glob(f)(x)| ≤ C

∫

|x−y|≥m(x)

WOU
t (x, y)|f(y)dy, x ∈ Rk, t ∈ (0,∞).

Let ω be a measurable function in (0,∞) such that ω(x) ∈ (0, 1), x ∈ (0,∞). We
consider, for every z ∈ C with Re(z) > − 1

2 , the operator

Szω(f)(x) = e−x
2

x2z+1W z
ω(x),glob

(
f(y)ey

2

y−1−2z
)
(x)χ(0,m(x)2)(ω(x)), x ∈ (0,∞).

We have that

(a) For every z ∈ C, Re(z) > − 1
2 , S

z
ω is a measurable function on (0,∞)

provided that f is a simple function on (0,∞).
(b) Suppose that f, g are simple functions on (0,∞). The function

F (z) =

∫ ∞

0

Szω(f)(x)g(x)dx, z ∈ C, Re(z) > − 1
2 ,

is holomorphic. Furthermore, for every −1/2 < c < d < ∞, there exists
C > 0 such that |F (x+ iy)| ≤ C, c ≤ x ≤ d and y ∈ R.

We have that, for every x ∈ Rk and σ ∈ R,
∣∣∣S

k
2
−1+iσ

ω (f)(x)
∣∣∣ ≤ Ce−x

2

xk−1 sup
0<t<m(x)2

∫

|x−y|≥m(x)

WOU
t (x, y)|f(y)|y−k+1ey

2

dy.

According to [20, Proposition 2.4 (i)] (see also [10]) we obtain
∥∥∥S

k
2
−1+iσ

ω (f)
∥∥∥
L1((0,∞),dx)

≤ C‖f‖L1((0,∞),dx), f ∈ L1((0,∞), dx), σ ∈ R,

where C > 0 does not depend on σ ∈ R and the function ω.
By using [22, Theorem 1] we deduce that, for every z ∈ C, Re(z) ≥ 0, there

exists C > 0 such that

‖Szω(f)‖L1((0,∞),dx) ≤ C‖f‖L1((0,∞),dx), f ∈ L1((0,∞), dx),

where C > 0 does not depend on the function ω.
Then, for every α > 0 there exists C > 0 independent of ω such that

‖Sαω(f)‖L1((0,∞),γα) ≤ C‖f‖L1((0,∞),γα), f ∈ L1((0,∞), γα),

where
Sαω(f)(x) =Wα

ω(x),glob(f)(x)χ(0,m(x)2)(ω(x)), x ∈ (0,∞).

Let f ∈ L1((0,∞), γα). We choose {tj}ℓj=1 ∈ Q ∩ (0, 1). For every x ∈ (0,∞), we
define

j(x) = min
{
j = 1, . . . , ℓ : |Wα

tj ,glob (f)(x)χ(0,m(x)2)(tj)|

= max
k=1,...,ℓ

|Wα
tk,glob(f)(x)χ(0,m(x)2)(tk)|

}
,

and ω(x) = tj(x).
We also consider, for every j = 1, . . . , ℓ, the set

Aj = {x ∈ (0,∞) : ω(x) = tj} .
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Note that, for every j = 1, . . . , ℓ, x ∈ Aj if and only if

|Wα
tj ,glob(f)(x)χ(0,m(x)2)(tj)| = max

k=1,...,ℓ
|Wα

tk,glob
(f)(x)χ(0,m(x)2)(tk)|,

and, when j > 1, for every i = 1, . . . , j − 1,

|Wα
ti,glob(f)(x)χ(0,m(x)2)(ti)| < max

k=1,...,ℓ
|Wα

tk,glob(f)(x)χ(0,m(x)2)(tk)|.

It follows that Aj is measurable, for every j = 1, . . . , ℓ.
We can write

ω =

ℓ∑

j=1

tjχAj .

Hence ω is a measurable function and

|Sαω(f)(x)| = max
j=1,...,ℓ

|Wα
tj ,glob(f)(x)χ(0,m(x)2)(tj)|, x ∈ (0,∞).

Then ∥∥∥∥ max
j=1,...,ℓ

|Wα
tj ,glob(f)(x)χ(0,m(x)2)(tj)|

∥∥∥∥
L1((0,∞),γα)

≤ C‖f‖L1((0,∞),γα).

Here C > 0 does not depend on f and {tj}ℓj=1.

We write Q ∩ (0, 1) = {tj}∞j=1. We have that, for any x ∈ (0,∞)

sup
t∈Q∩(0,1)

|Wα
t,glob(f)(x)χ(0,m(x)2)(t)| = lim

k→∞
sup

j=1,...,k
|Wα

tj ,glob(f)(x)χ(0,m(x)2)(tj)|.

The monotone convergence theorem leads to
∥∥∥∥∥ sup
t∈Q∩(0,1)

|Wα
t,glob(f)(x)χ(0,m(x)2)(t)|

∥∥∥∥∥
L1((0,∞),γα)

≤ C‖f‖L1((0,∞),γα).

For every x ∈ (0,∞) the function Wα
t,glob(f)(x) is continuous in t ∈ (0,∞). Then,

for every x ∈ (0,∞),

sup
Q∩(0,∞)

|Wα
t,glob(f)(x)χ(0,m(x)2)(t)| = sup

0<t<m(x)2
|Wα

t,loc(f)(x)|.

We conclude
‖Wα

∗,glob(f)‖L1((0,∞),γα) ≤ C‖f‖L1((0,∞),γα).

Thus the proof is finished.
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