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Abstract
Let 4 be the manifold of all (unparametrized) oriented lines of R*. We study the controlla-
bility of the control system in & given by the condition that a curve in ¢ describes at each
instant, at the infinitesimal level, an helicoid with prescribed angular speed «. Actually, we
pose the analogous more general problem by means of a control system on the manifold ¥,
of all the oriented complete geodesics of the three dimensional space form of curvature «:
R3 for « =0, 3 for k = 1 and hyperbolic 3-space for ¥ = —1. We obtain that the system is
controllable if and only if «? # «. In the spherical case with o = %1, an admissible curve
remains in the set of fibers of a fixed Hopf fibration of S°.

We also address and solve a sort of Kendall’s (aka Oxford) problem in this setting: Find-
ing the minimum number of switches of piecewise continuous curves joining two arbitrary
oriented lines, with pieces in some distinguished families of admissible curves.

Keywords Control system - Space of oriented geodesics - Helicoid - Oxford problem -
Hopf fibration - Jacobi field
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1 Introduction

For a € R, the helicoid in standard position in R® with angular speed « (or equivalently,
with pitch 27/« if o # 0) is the parametrized surface

¢, :R? —>R3, ¢, (s,t) =scos (at) e; + ssin (at) ey + tes.

An helicoid in R? with angular speed « is a parametrized surface congruent to ¢, by a rigid
transformation of R, that is, a map preserving the distance and the orientation.
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Now we state vaguely the problem we are interested in: We fix o € R. Given two oriented
straight lines £; and £, in R3, can we move £; to £, in such a way that the swept surface
resembles at each instant, at the infinitesimal level, an helicoid with angular speed «?

This is a control problem which does not arise from a linear or affine linear distribution.
Thus, the convenient setting to pose it precisely is the following, that we learned of from [1]
(see also Sects. 2.1 in [2] and 2.6 in [8]).

Definition 1 A control system on a smooth manifold N is a fiber subbundle of the tangent
bundle TN,

o —> TN
N
N.

A smooth curve y : (a,b) — N is said to be admissible if y’ (1) € ¢ (&) holds for each
t € (a,b). A control system in N is said to be controllable if for each pair of points in N
there exists a piecewise admissible curve joining them.

Let & be the space of all oriented straight lines of R?. This is a four dimensional smooth
manifold on which the group of rigid transformations of R* acts transitively. The problem
above translates into defining a certain subbundle .27 of the tangent bundle 7% . For the sake
of generality, we study it for the three dimensional space forms, that is, we also consider
curves in the manifolds of oriented lines in hyperbolic space H3 and of oriented great circles
in the sphere S°. We call &, the manifold of all oriented geodesics of the three dimensional
space form of curvature «, in particular, ¢ = %. It is diffeomorphic to TS% fork =0, —1
and to § x S? for« = 1.

The fiber bundles involved are not trivial. Since the problem is global, this is another
reason why we choose the above definition of control system.

Our main result, Theorem 7, asserts the following: For Euclidean space, the system is
controllable if and only if « # 0. In the hyperbolic case, the system is controllable for all «,
while in the spherical case it is controllable if and only if o # +1; if « = £1, an admissible
curve consists of great circles in a Hopf fibration. The precise statement and the proof can
be found in Section 2.

Section 3 addresses a related problem: Given a family .% of distinguished curves in a
manifold N, to find the minimum number of pieces in .% of continuous curves in N joining
two arbitrary points in N. We call this number the Kendall number of .%. In fact, this is
a problem of the sort David Kendall used to pose to his students in Oxford in the mid-20th
century for the system of a sphere rolling on the plane without slipping and spinning (that
is, N is the five dimensional manifold of all positions of a sphere resting on a plane) and the
family consists of curves in N determined by rolling along straight lines. It was solved by
John Hammersley in [10], as a part of a book dedicated to Kendall for his sixty-fifth birthday
(see also Sect. 4 of Chap. 4 in [12], where the problem is referred to as the Oxford problem
and [4] for a more geometric approach).

In our context we can propose two analogues: for the family &?* of curves in %, de-
scribing helicoids with angular speed o, and the family .7 of o-admissible homogeneous
curves in 4. By these, we mean those «-admissible curves which are orbits of monopara-
metric Lie subgroups of the group of rigid transformations of R? (which acts canonically on
“). We find the Kendall numbers for both families.
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Fig.1 The surface ¢y pA in the
Euclidean case

pitch

2 The a-Helicoidal Control System

For «k € {0, 1, —1}, let M, be the space form of dimension three with constant Gaussian
curvature «, that is, My =R>?, M, = S> and M_, = H?. Let %, be the space of all complete
oriented geodesics in M, up to parametrizations, i.e.,

Y. ={lo]]| o :R— M, is a unit speed geodesic in M, },
where o) ~ 0 if 07 (t) = 0, (t + ¢,) for all ¢ and some 7, € R.

The isometry group of M, acts transitively on %, and this induces on it a differentiable
structure of dimension four, that renders it diffeomorphic to TS? for k =0, —1 [3], and
52 x S? for k = 1 (see Proposition 11). More precisely, for ¥ = 0, the map

VTS ={(w,u) e S* xR u Lo} > %, V@ u)=[s—u+sv], (1)
is a diffeomorphism (v = T, 5?). It holds that ¥ ~' [s = u + sv] = (v, u — {(u, v) v) (here u
is not necessarily orthogonal to v).

Before presenting the control system that concerns us, we need the following definitions.
We denote by y, the geodesic in M, with initial velocity v.

Definition2 Letx € {0, 1, —1} and @ € R. Given £ € ¥, p € £ and a unit vector A € T, M,
orthogonal to £, the a-helicoidal parametrized surface with initial ray ¢ and axis y,,

¢f 0 RP—> M,,
is defined as follows: Suppose that £ = [o'] with o (0) = p and let B = A x ¢’ (0). Then
e p.a (8, 1) = Yeostan Vi +sinan B, (5) 5 2)

where t — V, and ¢ — B, are the parallel vector fields along y, with initial values o’ (0)
and B, respectively. See Fig. 1.

In other words, the axis begins at p € € with initial velocity A perpendicular to ¢, and the
rays rotate with constant angular speed « as they move along the axis with unit speed.
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Definition 3 Let k € {0, 1, —1} and @ € R. Given £, p and A as above, we define the a-
helicoidal curve with initial ray ¢ and axis y, as

Ly, R=>%, Tf a0 =[s—>¢],,60], 3)
and the subset &7 C T¥, by
o/ = {initial velocities of a-helicoidal curves in ¢, } .

We call the elements of this set «-admissible tangent vectors.
Now we are in the position of defining the «-helicoidal control system on ¥, that we
present in the following proposition.

Proposition 4 Let k € {0,1, —1} and o € R. The canonical projection </ — 9 is a fiber
bundle. Moreover, the inclusion (} : % — T%, is a fiber subbundle and this gives the con-
trol system

a5 g,
N
7

We will call the admissible curves of this system «-admissible curves.

Remark 5 Each curve I'y ».4 18 the orbit of £ in &, under a monoparametric group of isome-
tries of M,, say t > g (t). However, the vector field V on ¥, induced by the action of this
group, thatis, V (I) = % ‘ 08 (1), is not a section of the fiber bundle & — ¥,.

The following proposition reinforces the idea that the problem has a global nature and
suggests the convenience of working in an invariant setting.

Proposition 6 Let k € {0, 1, —1}. If &® # ., the fiber bundle </* over %, is not topologically
trivial, that is, the manifold <7 is not homeomorphic to 9. x F2, where F7 is the typical
fiber of I — 9.

Examples a) The curves I'y , 4, i.e. the a-helicoidal curves, are clearly a-admissible.

b) The homogeneous «-admissible curves in the Euclidean case are characterized in
Proposition 19. Among them, the curve of straight lines that sweeps a one-sheet hyperboloid
is admissible for the control system (Lg, 42/0"‘), for suitable parameters (see the paragraph af-
ter that proposition). This also holds for analogous surfaces in H3 and S3.

¢) The curve in ¥ associated with a circular helicoid with angular velocity « # 0 is not
a-admissible. We recall that this parametrized surface can be built in an analogous manner
as ¢y , 4, but taking a unit speed circle ¢ with initial velocity A, centered at a point on ¢,
instead of y,4, and using the normal connection of ¢ to rotate ¢ along it, with angular velocity
a. See Proposition 18.

Now we can state our main result. We recall that a submanifold of a vector space is said to
be substantial if is not included in any affine subspace. The standard Hopf fibration of S is
the fibration by oriented great circles whose fibers are intersections of S with complex lines,
identifying R* = C2. Applying to it isometries of the sphere we have the Hopf fibrations of
S
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Theorem 7 Let o € R. For k € {0, 1, —1}, the following assertions are equivalent:

o

K) is controllable.

a) The control system (d,f‘, t
b) It holds that o® # «.
c) For every £ € 9, the fiber of </ over { is a substantial submanifold of T;%,.

Moreover, in the Euclidean case, the image of a 0-admissible curve consists of parallel
straight lines and in the spherical case, if o« = %1, the image of an admissible curve consists
of great circles in a Hopf fibration.

2.1 Space of Oriented Geodesics

We begin by setting some notations for the three dimensional space forms. In general, we
deal with the three cases simultaneously, but the spherical case will need partly a differenti-
ated approach (see Sect. 2.3).

From now on, {eg, e, €2, e3} denotes the canonical basis of R*. For « € {0, 1, —1}, let
M, be the three dimensional space form with Gaussian curvature «, that is, My = R> and
for k = £1, M, is the connected component of ey of {x € R*: (x, x), =k}, where

(X, ) =KkXoyo + X191 + X2y2 + X33, 4)

that induces a Riemannian metric on M, . That is, M is the sphere S> and M_, is hyperbolic
space H>. To handle the three cases simultaneously, sometimes it will be convenient to
identify R*=e¢g+R*={p eR*: py=1}.

We denote G, = Iso, (M,), the identity component of the isometry group on M,. Let
O (4) and O (1, 3) be the automorphism groups of the inner products (,); and (,)_,, re-
spectively. With the identification R? = ¢y 4+ R?, it holds that

G0={<611 g):aeR3,AeS0(3)}, ®)

G =5S04)={A€O @) :detA =1},
G_1=0,(1,3)={A€ 0(1,3): detA=1, (Aey)y > 0}.

Given an orthonormal subset {u, v} of T), M,, the cross product u x v is defined as the
unique unit vector w such that {u, v, w} is a positively oriented orthogonal basis of T, M,,
that is, {p, u, v, w} is a positively oriented orthogonal basis of (R“, (, )K). For instance,
e| X e = e3. It can be extended bilinearly to T, M, x T,M,.

Next we recall some properties of the space %, of oriented geodesics in M,.. Their geom-
etry for k =0, —1 has been studied for instance in [5, 9, 16, 17]; for k = 1 see Sect. 2.3. The
isometry group G, acts transitively on &, through g - [0] = [g o o]. By abuse of notation,
we say that a point p is in £ € %, if for some parametrization o of £ there exists s, such that
p =0 ().

We introduce the notation

siny(r) =sinr, sing(r) =r, sin_;(r) =sinhr, cos, (r) =sin, (r)

(x € {0, 1, —1}) and define the geodesic o, in M, and the corresponding element ¢, of ¥,
by

0, (§) =cos, s ey + sin, s e and {¢,=]o,]. 6)
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It will be convenient for us to present %, explicitly as a homogeneous space. For B,
C € R**2, we denote by diag (B, C) the 4 x 4 matrix with blocks B and C in the main
diagonal. We have:

Proposition 8 [7] The isotropy subgroup of G, at £, is K, ={k (s, t) : s,t € R}, where

. . CcoS,t —kKsin,t
k(s,1) =diag (Rc (s), Ri (1)), with R, ()= (sinKt cos, 1 ) . @)
We consider on ¥, the differentiable structure induced by the bijection
F:G./K.— %, F(gK) =g .
For k € {0, 1, —1} we denote by g, the Lie algebra of G,. Also from [7] we have
0 _KXT . 3 T _
AT
The Lie algebra of K, is
. 0 —«ks 0 —t
eefe (00 ) (0 ) o)
For column vectors x, y € R? we call
0, (—kx, =T )
Z(x,y)= . 8
() ((x,y) 0, ®

The subspace p, = {Z(x, y) € g : x, y € R?} of g, is an Ad (K,)-invariant complement
of £, and there exists a natural identification

d(Fo @)l,, pe = Te,%, )
where @ : G, — G, /K, is the canonical projection.

2.2 TheFiberBundle &% — ¥,

Now we consider a particular case of «-helicoidal curve as in (3), in good position. Let o,
and £, be as in (6) and let

Po=e=0,(0), A,=es and B,=A,x0,(0)=e. (10)
We call I'j the curve in &, defined by
L =10 pons (1)

and denote by X, its initial velocity, that is,

Xo= %], T8 () € T, %.. (12)
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Proof of Proposition 4 We know that G, acts transitively on the positively oriented orthonor-
mal frame bundle of M, . Then, given £, p, A as in Definition 3, there exists g € G, such that
g (eg) = p, dg., (e3) = A and sends £, to £ keeping the orientation. Since clearly G carries
a-helicoidal curves in «-helicoidal curves, it turns out that the group G, acts transitively on
%, Thus, #* = {dgi, (X«) : g € G, }; in other words, it is the orbit of X, in 7%, under
the action of G, and therefore the inclusion is a fiber subbundle of 7%, O

(0 —(@)"\_, (0 «
sa—(a? ; >—Z(1 O)epk, (13)

where Z was defined in (8) and af = (2 a).

We call

0
Lemma9 Let X, be as in (12). Then d (F o @); (&) = Xq.

Proof For any t € R, let S, € G, given by

coS, t 0 0 —K sin, t
0 cosat —sinot 0
S, = ) . (14)
0 sinat  cosat 0
sin, ¢ 0 0 CoS, t

Then S; = exp (t&,), since S;4, = S; 0 S; forall s, ¢ and S; =&,.

Now we check that S;0, (s) = ¢ Dor A (s, 1) holds for all s, € R. We fix t and verify
that both expressions are equal as functions of s. Since they are geodesics with the same
initial value cos, t ey + sin, ¢ es, it suffices to see that they have the same initial velocity. We
compute

Sio,(s) =S, 0, (s) = S,e; =cos (at) ey + sin (at) ez,

| s
ds 10 ds 10

which coincides with

d d .
% |0 B poon, (851 = 35 |0 Yeos(ar)Vi+sinn B, (8) = cos (at) V; + sin (ar) By,

as desired. Finally,

d(Fo w)(E)=d(Fo w),(8)= F|,Fo oS =g 5ol

which equals I'% (t) = X, by the computation above. ]

il
dt 10
Proposition 10 a) Under the identification (9), the fiber of &/ over £ is

Ad(Ky) () ={Ad (k (s, 1) (&) 5,1 € R},
with k (s, t) as in (7).

b) If v e #Z, then —v € &7.
c) For k € {0, —1} and a # 0, G acts simply transitively on .

Proof a) We know from the proof of Proposition 4 that G, acts transitively on <% via
the differential. Hence, the fiber of 27 over £, equals {dkzo (Xy):ke K ,(}. The assertion
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follows now from the lemma above and the commutativity of the diagram

p = b
d(Fo w)l, | L d(Fo @)l, (15)
YRA i YRS

b) By homogeneity, we may suppose that v is in the fiber over £,. Hence v has the form
T
0 —R. (s)(ag)" Ri(=1)
Ad (k (s, 1)) (5a) = ( o « . (16)
=R yark, (—5) 0,

Since Ry (t + 7) = Ry () Ry (t) = —R; (t), we have that —v = Ad (k(s,t 4+ 7)) (&) and
so it belongs to the fiber over £,,.

c) Let H, (o) be the isotropy subgroup at X, of the action of G, on &7 (in particular,
H, () C K,). We have that H, () = {k € K | dk, X = X, }, which by the diagram (15)
equals

(ke K | Ad(K) (5) = kek ™ =&}

Now, by (16), k (s, t) € K, commutes with &, if and only if R, (t) af = a} R, (s), that is,
—sint ocost) (asings ocos,s
cost asint ] \ cos,s —ksings )’
Therefore, k (s, t) € H, («) if and only if

—sint =owsin, s, cost=cos,s and asint = —k sin, s.

If k« = 0, this implies that cost = 1 and —sint =as,andso R, (s) =R, (1) = 1. If k = —1,
we have that cost = coshs = 1 and so we arrive at the same conclusion. In both cases,
H, (@) = {1}, as desired. O

2.3 The a-Helicoidal Control System in the Spherical Case

Let H be the skew field of quaternions. We consider the sphere S> as the set of unit quater-
nions, that is, §* = {g € H | |¢| = 1}, which is a Lie group. It is well known that, identifying
R* with H, the maps f : S> — SO (3) and F : §* x §3+— SO (4) given by

f(p)(x)=pxp and F(p,q)(y)=pyq, (17)

for x € Im (H)) = R? and y € H = R*, are both surjective two-to-one morphisms.

Now, ¢ is the manifold of all oriented great circles of S3. We have that S x S3 acts
transitively on ¢, since the action of SO (4) on it is transitive.

It is well known, for instance from [6] and [15], that ¢4, is diffeomorphic to §? x S2.
We include this assertion in the next proposition and write down the proof since it is dif-
ferent from the ones given in those articles and shorter; also, it contributes to establish the
nomenclature used later. Note that §' = {e | r e R} C 5.

Proposition 11 The transitive action of S* x S* on 4, has S' x S' as its isotropy subgroup
atc, = [s = e”] and induces the (well defined) diffeomorphism

P4 — xS DUp, ) -c) =(f (D), [(@D). (18)
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Proof Let (p,q) € S' x §'. Then p = €' and g = ¢'” for some ¢, r € R. Thus, s - pe’*g =
"= belongs to the equivalence class [s > ¢/*] and so S' x S is included in the isotropy
subgroup. Now, we check the other inclusion. Let p, g € S3 such that pe’*g = ¢'“+) for
some s, and all 5. Then, pe’* = e'Se*oq for all s and in particular, p = e'*q. Differentiating,
we have pie’* =iee’*q and so, pi =ie*°q =ip. Since p commutes with i, then p € S!
and so g = e~ p € §' as well. Therefore, the isotropy subgroup at ¢, is S' x §'.

Now, (8* x §%) /(8" x S) is canonically diffeomorphic to ($*/S') x (5/S'). Then
the expression for @ follows from the fact that the morphism f in (17) induces a transitive
action of S* on S? C ImH, given by (p,u) — pup, with isotropy subgroup at i equal to
st g

Now, we describe in terms of the identification ¢ above the curve I'Y in ¢, in good
position defined in (11). Given 8, T € R, we define the isometries

Ry (q)=e™qe ™2 and T, (q) = e™qe™?

of §? (see (17)). The former is a rotation of R* fixing 1 and k, and rotating the i-j plane
through the angle B. The latter is a transvection in 7 along 7 > e (i.e. T; (¢'f) = e T0*
and its differential realizes the parallel transport along ¢ — ¢'*, see for instance Theorem 2
(3) in Note 7 of [13]). Notice that Rg and 7, commute.

Proposition 12 a) The a-helicoidal surface in S* with axis t — e'* and initial circle s — e*!
is given by ¢, (s,t) = T; Ry, (e“).

b) For the corresponding curve T'S in 4, the associated curve in S% x S%is
(®oT5) (1) = (Rt (). Rut—a (). (19)
In particular,
(@oT) (0 =(1+a)j, (1 —a)j)eTu (5> x $?). (20)
c) The fiber of <7 over (x,y) € S? x 82, via the identification ®, is given by
{(+)z,d—a)w):z,welmH, |z]=|w|=1,z Lx and w L y}. 21

Proof The first assertion follows from the properties of Rg and T; we mentioned when we
introduced them above. It implies that

Fff t) = [S > T, R, (esi)] — [S > etk/Zeatk/Zesiefatk/Zetk/Z] = (p:,q1) - Cos

where p, = eT%/2 g, = ¢1=@/2 Then, (® o I'?) (t) = (p:iPr. ¢:iq;) and (19) follows.
A straightforward computation yields (20).

Now we verity (c). By homogeneity we may suppose x = y =i. As we saw in the proof
of Proposition 4, the group G| = SO (4) acts transitively on 2/*. Since S3 x 83 covers
SO (4), we may write &/ = {pI", (0)q : p,q € $*}.

By Proposition 11, the isotropy subgroup of the action of S* x S3 on §2 x §? ~ ¥ is
S' x S'. Thus, the fiber of o/ over ¢, == (i, i) is {pF; ®g:p,qce Sl} and using (20) we
get that it equals

{(A+) pjp. A —a)qjg): p.g e S'}.

Now, putting p = ¢!, we have pjp = e’ je=" = cos (2t) j + sin (2t) k, which are exactly
the unit elements on Im H orthogonal to i. Thus, (21) follows. O
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6 Page100f19 M. Anarella, M. Salvai

Next we recall the concept of Hopf fibration. The left multiplication by i in H induces
on it a vector space structure over C. We have that {(Cq NS |ges? }, the set formed by
all the intersections of complex lines with the sphere, is the set of fibers of a fibration of
S3 by oriented great circles, which is known as the standard Hopf fibration. Any fibration
congruent to it by an isometry of S (which does not necessarily preserve the orientation) is
called a Hopf fibration.

The following proposition is known, for instance, from [6]. For the reader’s convenience
we give a proof in the framework on this subsection.

Proposition 13 A subset A of 9, consists of all the fibers of a Hopf fibration if and only if
® (A) = 8% x {z} or ® (A) = {z} x S? for some 7 € S.

Proof As above, let ¢, =[5 > ¢'*]. The standard Hopf fibration has fibers c,q, with g € S°.
By (17), the elements of O (4) have either the form g — p,gp; (those preserving orienta-
tion) or the form ¢ — p;g P (those inverting orientation), with p;, p, € S3. Then, the set
of fibers of a Hopf fibration has the form H; or H,, where

H ={picogp21g€ S’} and H,={pic,gp:lqeS’}.
Now,
H={pic,glgeS}={(p1.q) c,1q €S}

and hence ® (H)) = {(pliﬁ, qiq) | q € S3} = {z} x §?, with z = p,ipy, since g —~ f (¢) (i)
is onto S2. On the other hand, we have that ¢, = [s > ¢~"*] = jc, (—j) and so

P1Coq P2 = P14 Co P2 = P14 o (—)) P2 = P1qjCop2] = (P1QJ> P2J) - Co-
Proceeding as for H;, we have then that ® (H,) = S? x {z} with z = — p,i ps. |
2.4 Proofs of the Results of This Section

Proposition 14 For k =0, 1 and o® = k, the system (,;zf,f‘, Lf) is not controllable. Moreover,
either if k =0 and a« =0, or if «k = 1 and o = +£1, a piecewise a-admissible curve in G,

consists of parallel straight lines or of great circles in a Hopf fibration, respectively.

Proof First we consider the Euclidean case with &« = 0. Let ¢ — £, be a 0-admissible curve
in 4. For each ¢ there exist p, € ¢, and A, such that %Z, =T (0), with T', =Ty, p, 4,, that
is,

T (1) =[s b poa (5,7)=p +TA +5sv,] ,

where v, € S? is the direction of ¢,, in particular, v, L A,. Via the diffeomorphism v :
TS? — %, in (1) and recalling the expression for its inverse given afterwards, we have

W_l ;) = (v, pr —(pi>vi)v;)  and Iﬂ_lrz (t) =, pr +TA — (pr, V) vr).
Now 4¢, = j—r‘or, (z) implies that %|01ﬂ" )= 4 0 (¥~'T;) (). Comparing the

first coordinates we obtain v, = 0. Therefore the curve ¢; consists of parallel lines and in
particular the system is not controllable.
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In order to deal with the spherical case we use the identification 4 = S? x S? introduced
in (18). Suppose that & = 1 and let y = (¥, y») be a piecewise admissible curve in S? x
S%. Then, the velocity y’ (¢) of each piece of y is in the fiber of 7! over y (¢), which
by (21) is included in 7, 0 S? x {Oyz(,)}. Thus, y; = 0 and then y, is constant, say y, =
¥o. So, the curve y lies in S? x {y,}, that consists of the fibers of a Hopf fibration, as
we saw in Proposition 13. Hence, two oriented circles cannot be joined by a piecewise 1-
admissible curve if they do not share the projection onto the second factor. So, the system is
not controllable. If @ = —1 a similar argument applies, involving {x,} x S%. 0

Proposition 15 Let k € {0, 1, —1}. For any € € 9, the fiber of </ over L is a substantial
submanifold of T;%Y, if and only if a* # k.

Proof Recall that a submanifold N of a vector space W is said to be substantial if it is not
included in any proper affine subspace of W. If N is central symmetric, thatis —N = N, we
can substitute subspace for affine subspace, since the segment joining two opposite vectors
in N contains the origin. If W is additionally endowed with an inner product (, ), then N is
substantial if and only if (g, u) = 0 for every ¢ € N only when u = 0.

Now we prove the statement of the proposition. By homogeneity, we may suppose that
¢ ={,. By Proposition 10 (a) and (b), it suffices to show that Ad(K,) (&,) is not contained
in a proper subspace of p,.. On this vector space we consider the inner product

(ZX, V), ZU,V))=(X,U)+ (Y, V)
(see (8)). Let ¢ = Z (;C) i) € p, and define f, : R — R by

Je (s, ) =(Ad(k(s,1)) (§a) . )

where k (s, 1) € K isasin (7).

Suppose that f; =0. Then Ve — a(i = 0 holds and a straightforward computation using

e e
v as at
(16) gives
e
as

e
o

(s,0) =coss (ay —x) +sins (—az —w) =0,

(s,0) =coss (ky —ax)+sins (—aw —«kz)=0.

By the linear independence of cos and sin we obtain the linear system
ay—x=0, ky—ax=0, —az—w=0, —aw-—«xz=0.

Now, if o # K, the system has only the trivial solution and so ¢ = 0. Thus, in this case, the
submanifold is substantial.

Finally, the submanifold is not substantial if a? = k, since for (=7 <_oza i), a
lengthy computation yields f; =0.

Now we present the proof of the main result.
Proof of Theorem 7 By Proposition 14, we have that (a) implies (b) and that the last assertion

of the theorem is true. The equivalence between (b) and (c) was proved in the previous
proposition.
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Now we verify that (c) implies (a). We apply Sussmann’s Orbit Theorem [18] (we also
consulted [14]). We begin by showing the existence of a smooth vector field family D de-
fined everywhere whose D-orbits are the whole manifold. Since &% — ¥, is a fiber bundle
with typical fiber .72 we can take trivializations U; x .#J — 7~ (U)) (i € #) in such a
way that the union of all U; covers ¥%,. Let

D= {smooth sections v’ : U; —» n = (U)), i € ﬂ} s (22)

which is a smooth vector field family defined everywhere. We have to show that its D-orbits
are the whole manifold.

Let Ap be the distribution on ¥, defined as follows: Ap (£) is the subspace of 7;%;
spanned by all v (£) such that v € D and v is defined on £. Hence, the fiber of &7 over £ is
contained in A p (£). Since a® # k', we have by Proposition 15 that A (£) = T,%, for all £.
Then the smallest D-invariant distribution containing A p coincides with 7'%,. By the Orbit
Theorem, the D-orbit of any ¢ € ¥, is the whole ¥, .

Finally, notice that if v € D is as in (22), then —v is also in D by Proposition 10 (b).
This implies that the system is controllable. Indeed, let £y, ¢’ € 4, and v e D (i =1, ..., k)
such that v,"k ---vt'1 (L) = ¢', where 1 > v] denotes the flow of v'. Call £; = v} (¢;_;) and
suppose that 7; < 0 and y; : [1;,0] — %, is the integral curve of v/ with y; (0) = ¢;_;. If
y! :[0, —t;] = % is the integral curve of —v/ with y/ (0) = £;_, then y/ (—t;) = ¢;. O

Proof of Proposition 6 We begin by describing the typical fibers. We consider first the cases
k =0, —1. Since o? # k, we know from the proof of Proposition 10 that the fiber over ¢,
can be identified with K,.. Hence, .72 is homeomorphic to the cylinder by (7). When « =1
and o® # 1, we have by (21) that Z is homeomorphic to S x St

To see that " and ¥, x .#Z are not homeomorphic we show that their fundamental
groups do not coincide.

First we deal with the cases k =0, —1. By Proposition 10, we can identify /% = G. By
(5), we have

T () =m (Go) =m (SO B) xRY), 1 (%) =71 (G_1) =71 (0, (1,3)),

both equal to 7, (SO (3)) = Z,. On the other hand, ¢, is homeomorphic to T S?, which is a
deformation retract of S? and in particular, simply connected. Thus,

1 (e x FE)=m1 (TS* xR x 8" =m (8") =Z # Ly.

For the case x = 1 and o # %1, we know from Proposition 11 that ¢, is diffeomorphic to
S? x $? and also that #{ = S' x S!, by Proposition 12 (c). Then 7, (%1 X ﬁf‘) =7 x7Z.By
Proposition 4, <7 is the orbit of X, = (')’ (0) by the action of SO (4), which is covered by
83 x 83 (see (17)). By (20), * is homeomorphic to (S* x $*) /H, where H is the isotropy
subgroup at ((1+a) j, (1 — @) j) € Ty (8% x S?). Now, H consists of all the elements
(p.q) € S* x §3 that fix both the foot point (i,i) and (j, j), since &> # 1. We have that
pip=gqig=iand pjp=gqjq=jifandonlyif p==+1and g = +1. Then

=5 x8/{(e,8) 1 e,8 = %1},

which is homeomorphic to (83/{£1}) x (8*/{*1}) = RP? x RP?, whose fundamental
group is Zp X Zn # 7 X 7. O
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2.5 Examples

In this subsection we give examples of «-admissible curves. Since we have already dealt
with various features of the spherical case, we concentrate on the Euclidean and hyperbolic
cases. We relate o-admissible curves to Jacobi fields and use that to describe all the homo-
geneous a-admissible curves for k = 0 (we recall from the introduction that a curve g in
%, is homogeneous if there exists a Lie subgroup g : R — G such that g (1) = g (¢) B (0)
for all ). This provides nontrivial examples, which, in their turn, constitute an interesting
family to pose Kendall’s problem.

Let o be a unit speed geodesic of M., k € {0, 1, —1}. A Jacobi field along o arises from
geodesic variations as follows: Let ¢ : R x (—¢, &) — M, be a smooth map such that for
eacht e R, s — ¢ (s,1) =qer ¢, (s) is a unit speed geodesic with ¢y = o . Then the associated
Jacobi field J along o is given by J (s) = % |0 ©r (8).

Jacobi fields are the solutions of the equation % + R* (J, a’) o', where R* is the
curvature tensor of M,, given by R* (x,y)z =« ((z,x)K Y =2, ¥)e x) for x,y, z local
vector fields on M,. We have then that the Jacobi field along o with initial conditions
J () =u+ ao’(0) and % (0) = v + bo' (0), with a,b € R, u, v € ¢’ (0)* turns out to
be

J (5) =cos, () U(s) + sine () V(s) + (a + sb) o' (s), (23)

where U, V are the parallel fields along o with U (0) =u and V (0) = v.

The Jacobi fields J arising from unit speed geodesic variations are exactly those with
% L o’ (or equivalently, with & = 0 in the expression (23)). We call ¢, the vector space
consisting of all such Jacobi fields along o. There is a canonical surjective linear morphism

Tyt Jo = Tio) Yes Te() = 4|, lo1], (24)

where o; is any variation of o by unit speed geodesics, associated with J (see Sect. 2 in
[11]). The kernel of ., is spanned by o’. It is convenient for us to work with the surjection
I instead of the more common isomorphism defined on the space of Jacobi fields along
o which are orthogonal to ¢’ (see for instance [17] for the hyperbolic case). This is due to
the type of geodesic variations appearing in the examples. By a usual abuse of notation, we

sometimes write J' = %.

Proposition 16 Fix o # 0 and let J € 7, with J (0) L J' (0). If
|77 =lel  and T (0)=al () x0o (0, (25)
then I, (J) is a-admissible. Moreover, the converse is true if k =0, —1. See Fig. 2.
Proof Let £ =[o], p=0(0) and A =J (0) — (J (0), 0’ (0))o’ (0), which has unit norm
since
| = |7 (O = |t ) x o" O = || [A x &" (O] = ] | Al
To prove the first assertion, it suffices to verify that

To (D)= 4| [s> &5 ,a (s.D],
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Fig.2 The Jacobi field J in the
particular case when J (0) is
perpendicular to o’ (0)

o(0) ~o(0) o
aJ(0)xa’(0)

or equivalently, that the Jacobi field L along o associated with the variation ¢; , , satisfies
Iy (L) = T, (J). We compute

L(0)= % }0 Yoos(an) V;-+sinan g, (0) = % |0 ya (1) = A.

i D| d| _ D| d
Also, since x|0 E|0 = |0 75 los We have that
D| d D .
L (0) = E|O ds |0 Yeos(at) Vy+sin(at) By (S) = $|0 cos ((Jll) Vt + sin (Olt) Bt =aBb. (26)

On the other hand, B = @A x ¢’ (0) = «J (0) x ¢’ (0) = J' (0). Therefore, L’ (0) =
J'(0) and L (0) differs from J (0) by a multiple of ¢’ (0). Thus, 7, (L) = 7, (J).

Next we prove the converse for k = 0, —1. We consider J as in (23) with b =0 and
notice that J (0) =u +aoc’ (0) L J' (0) =v.Hence u L vandso U (s) L V (s) for all s.

Suppose that .7, (J) is admissible, that is, .7, (J) € &. Since I, (J) € T;M,, there
exist p € £ and a unit vector A € T, M, orthogonal to £ such that 7, (J) = % ’0 Lo pa(t)
(here, p and A are different from the point and the vector with those names in the first part
of the proof). Let s, € R such that o (s,) = p. Putting J(s) = %‘quzp,A (s, t), we have
that s > J (s —s,) € Y- and its image under .7, equals .7 (J). Since .7 is a surjective
morphism, J (s) = J (s — 5,) + ca’ (s) holds for some ¢ € R. Then

T (50) =T ) +co’ ()= 4|, 8f ,.4 (0.0) +co’ (s,) = A+ co’ (s,).
Similar computations as in (26) yield

J(s)= 2

d
so di |0 Yecos(at) V;+sin(at) B (S - Su) = O{Bo =aAxo’ (So) .

In particular, ||J' (s,) || = |a|. Therefore, if we show that s, = 0, then both equations in (25)
are true. We observe that J (s,) L J' (s,). Since we know that U L V, using expression (23),
we have that

0 =2 (cos, (so) U(s,) + sin, (5,) V (s5), —k sin, (5,) U(s,) + 08, (5,) V (5,))
= (= ul® + [[v]1?) sin, (2s,) -

Now, we see that the first factor does not vanish and hence s, = 0, as desired. Indeed,

if it were zero, then ||v|| =0 and so J' (s,) = —« sin, (s,) U(s,). If &« = 0, this implies that
J' (s,) =0.1If k = —1, then |ju|| = ||v|| =0, and so J' (s,) = 0 as well. In either case we
have a contradiction, since || J' (s,)| = le| # 0. O

Next we focus on the Euclidean case. Let ¢ : R? — R3, ¢ (s,t) =B (t) +sV () be a
ruled parametrized surface with ||V || = 1 which is nowhere cylindrical, that is, V' (¢) # 0
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for all . It is said to be standard if 8’ L V'. It is well-known that every nowhere cylindrical
ruled surface admits such a parametrization; in this case 8 is called the striction line.

Corollary 17 Let o # 0, let ¢ : R> — R3, ¢ (s, 1) = B (¢) + sV (t), be a standard parame-
trized ruled surface and let T be the curve in 4y given by I (t) = [s > ¢ (s,1)]. Then T’ (0)
is a-admissible if and only if

[V'©)|=lal and V' (0)=ap (0)x V(0). 27

Proof Let o (s) = ¢ (s,0) and let J be the Jacobi field along o associated with the varia-
tion ¢, that is, J (s) = B/ (0) + sV’ (0). Since ¢ is standard we have that J (0) = B’ (0) is
orthogonal to J’ (0) = V' (0). Now, I'" (0) = .7, (J), and so the assertion is an immediate
consequence of the previous proposition in the Euclidean case. ]

In the next proposition we present the details of Example (c) after Proposition 6.

Proposition 18 Given o # 0, let ¢ be the ruled surface describing the circular helicoid with
radius r and angular velocity «, that is, ¢ (s, t) = c (t) + sv (t) with

c(t) =r (cos (f) e; +sin (f) e) and v (1) =cos(at) % c(t) + sin (at) e3,
and let T (t) = [s — ¢ (s, t)] be the associated curve in 4. Then I’ (0) is not a-admissible.

Proof Since ¢ is nowhere cylindrical, it admits a standard parametrization v (s, ) = 8 (¢) +
sv (t) whose associated curve in 4 is I'. By the Lemma above, we have then that ‘ v (0) || =
|| is a necessary condition for I'' (0) to be a-admissible. But } v’ (0) ||2 =(1/r) e; + aes|?
= a2+ 1/r%. Then, I'” (0) is not a-admissible. O

Now we characterize the «-admissible homogeneous curves in % that is, those which are
orbits of monoparametric groups of rigid transformations. We exclude the trivial case o = 0.
For s € R, let R, be the rotation through the angle s around the z-axis and 7 the translation
given by 75 (x) = x + ses.

Proposition 19 a) Any homogeneous curve in %, is congruent, via an orientation preserving
isometry, to the orbit under the one parameter group t +— Ry, Ty, (for some 0, L) of the
oriented line

L=[s+> pex+s(sinn e +cosne3)], (28)

for some p >0 and 7.

b) Let a # 0. Then the curve I in %, given by I' (t) = Ry Ty;¢ is a-admissible if and only

if
|@sinn| = || and o (A + pOcotn)=20. (29)
For instance, for p =0,n=7n/2,0 =a and A = 1, we have that I' =T'J as in (11). Also,

for p > 0, A =0 and 6, n related by the equations, I" is an «-admissible curve sweeping a
hyperboloid of one sheet.
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Proof a) Let t — g, be a monoparametric group of rigid transformations of R?. It is well
known that there exist 8, A and h € G, such that g, = hRy, T;,h~" for all t. Given ¢’ € %),
we can find f € Gy commuting with Ry, T, such that f~! (h‘IZ’) is £ as in (28) for some
p>0,n. Then, t = g, &' =hRy;Ty,h™"0' = hRy,; Ty, f€ = hf Ry Ty, £, as desired.

b) We have that " (t) = [s — ¢ (s, t)] with
& (s,1) = Ry, (pex + 5 (sinn e +cosn e3)) +thes =B (1) +sV (1),

where B (t) = pRgres + thes and V (t) = Ry, (sinn e; + cosn e3). We may suppose that
0 sinn # 0, since otherwise, on the one hand, equations (29) do not hold and on the other
hand, the orbit of ¢ sweeps either a plane or a cylinder and so it is not «-admissible for
a # 0. Straightforward computations yield that ¢ is a standard parametrized ruled surface,
B’ (0) = rez — pOe; and V' (0) =0 sinn es.

In order to apply Corollary 17, we compute || V' (0) H = |@sinn|. Also, the equation
af’ (0) x V (0) = V' (0) translates into o (Ae3 — pfe;) X (sinn e; + cosn ez) = 0sinn ey,
or equivalently,

o (Asinn 4+ pfcosn) e, =6 sing e;.

Therefore, by the corollary, I'' (0) is «-admissible if and only if equations (29) hold. By the
homogeneity of I" and <7, this is equivalent to I'' (¢) being «-admissible for all ¢. ]

3 Kendall’s Problem for Some Families of a-Admissible Curves

This section addresses the analogue mentioned in the introduction of the well known rolling
Kendall’s problem. Given a family .% of curves in a smooth manifold N, the Kendall num-
ber of .# is the minimum number of pieces in .# of continuous curves in N taking an initial
point to a final point in N, both arbitrary and different.

We consider N =%, and two families of distinguished «-admissible curves there: the
family £, consisting of all (pure) a-helicoidal curves, that is, all curves I'} p.A 38 in Def-
inition 3, and the family .77 of all the o-admissible homogeneous curves in %. Note that
this renders the result in Theorem 7 superfluous in the Euclidean case.

In the original Kendall’s problem of a sphere rolling on the plane without slipping and
spinning, the most difficult case was to roll along successive straight lines from a given
position to another one over the same point, but rotated through some angle. In our problem,
the most complex case will be to reach —¢ from £, two lines with the same image and
opposite directions.

3.1 Kendall’s Problem for the Family &7*
Proposition 20 For o #~ 0, the Kendall number of the family ¢ is 3.

We begin by stating the following proposition, that implies that this number is greater
than or equal to 3.

Proposition 21 Given o # 0, the oriented straight lines £ and —{ cannot be connected by a
continuous curve of two a-helicoidal pieces.
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Fig.3 The lines £, ¢ and ¢;
intersecting the vertical plane

x=0
1Pl
e \,!/1
Fig.4 The line ¢, in the plane ~
x=n;lp3—p2ll=34 h
2; 1p3 = p2ll = 34 N Do
N
I
\\\(2
\\\
p3 ~

Proof Without loss of generality, we may suppose that £ = [s > se;] (so, —£ = [s > —se1])
and that the first piece is I'¢ o, , defined on the interval [0, t5]. We call £; =Ty o ., (to) # —£.
We denote by v the direction of ¢;, which is orthogonal to e, (the direction of the axis of the
first piece), so we can write v = xe; + zez with x> +z> = 1.

Now we assume that there exist p € £;, a unit vector A orthogonal to ¢; and #; such
that Iy, , 4 (t;) = —£. Since the axis of I, , 4 is orthogonal to —¢ and £;, we have that
(A,e1) =0=(A,v). Hence z (A, e3) =0.

If z =0, then v = £e; and so p = fye, + spe; for some 5. Since the axis t — p +tA of
Iy, p 4 intersects —¢ at #;, we have that p +#; A = s(e; for some 5. Now,

5o = (loea + soer, €1) = (—11 A + sjey, e1) = s;,.

Then there exists ¢ = &1 such that A = ee, and t; = —efy and thus I'y, , 4 travels the
same path as I' g, ., if € = 1 or backwards if £ = —1. Therefore, I'y, , 4 (t;) =€ # —L. If
(A, e3) =0, then A = %e,, a situation we have already considered. |

Proof of Proposition 20 We know from the previous proposition that the Kendall number of
P? is greater than or equal to 3. Given ¢ and ¢’ in %,, we want to achieve ¢’ from ¢ via
the juxtaposition of three «-helicoidal curves in %,. Without loss of generality we may as-
sume that £ = [s — se;] and £ = [s — de, + sv] for some d > 0 and some unit vector v
orthogonal to e,. We consider first the case o > 0.

LetI'y =TY,, ., thatis, the a-helicoidal curve with initial ray £ and axis parting from
de, with direction e,. Let y; () e, be the point where I'; (¢) intersects the y-axis. Let#; > 0
be such that the direction of £ =4 'y (#1) is —e3 and y; (1) > % See Fig. 3

Let ', = F‘g‘l’pl,el where p; = y; (t;) e;. For each ¢ we consider the distance f (¢) be-
tween I'; (t) and €. We have that f (0) = y; (#;). By the continuity of f, if 7 is the first
positive zero of f, there exists 0 <t, < 7 such that f () = 5.

Call ¢, =T, (1) and let p, and p; be the points in €, and ¢', respectively, realizing the
distance between these lines. Let A = [2=L2 and T3 =T, , . Then I's (£) =1, since
- s the time an «-helicoidal curve takes to make one fourth of a complete turn. See Fig. 4.

If @ <0, similar arguments hold, setting the direction of ¢; equal to e3 and substituting

g 1 T
20 with el O
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Fig.5 Standard position of £ and
¢’ when they intersect. Also, ’

(dhsj6)ow) = (') |

/
u l

3.2 Kendall’s Problem for the Family J#*

The elements of the family .#* of all «-admissible homogeneous curves in %, for o # 0
have been described in Proposition 19.

Proposition 22 Let o # 0. The Kendall number of the family 7% is 2.

Proof First of all, we check that two intersecting lines £ and ¢, with £’ # £¢£, can be joined
by one curve in s#%. If they form an angle 0 < 25 < 7, we may suppose without loss of
generality that

£=[s+>s(sinn,0,cosn)] and € = [s — (O, 0, %) + 5 (—sinn, 0, cos n)].

Let ' be the curve in %, determined by the orbit of £ under the monoparametric group
o 1

h; =get Rg:T), as in Proposition 19, with 0 = S and A = e (p = 0). The curve is a-
admissible since the corresponding equations given in (29) are satisfied. One can also verify
easily that T (%) = ¢'. Thus, ¢ and £’ can be joined by one w-admissible homogeneous
curve. See Fig. 5.

Now we consider two lines £ and ¢’ in ¥, that do not intersect. Let £; € &, containing
the shortest segment joining £ to £', which is perpendicular to both of them. By the case
above with 2n = %, £’ can be reached from ¢ via the juxtaposition of two curves in #%, the
first joining £ to ¢; and the second joining ¢; to ¢'. If £/ = —¢, one can take as £; any curve
orthogonal to £. Then, the Kendall number is at most 2.

Finally, we show that the Kendall number is greater than 1. It suffices to see that for the
monoparametric group ¢ > g, = Ry, T; as in Proposition 19, if t — g; () is «-admissible
for some ¢ € %, then g, () # —¢ for all 1. We may suppose that £ = [s > pe; + sv] is as
in (28). The direction of g; (£) is R, (v). If g, (£) = —£, then R, (v) = —v and equating the
third components yields cos n = — cos 1 and so cos n = 0. In particular, £ is contained in the
plane z = 0. Now, equations (29) imply that

0] = ]| and ol =0.

Hence, g; = Ry, Ty; with A = £1. Since g;¢ is contained in the plane z = At, we have that
g4 # —{ for all ¢ (otherwise, we get A = 0, a contradiction). O
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