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ABSTRACT. In this paper we prove that the generalized (in the sense of Caf-
farelli and Calderén) maximal operators associated with heat semigroups for
Bessel and Laguerre operators are weak type (1,1). Our results include other
known ones, and our proofs are simpler than the ones for the known special
cases.

1. INTRODUCTION

Stein investigated in [16] harmonic analysis associated to diffusion semigroups
of operators. If {T;}¢~0 is a diffusion semigroup in the measure space (£2,p), in
[16, p. 73] it was proved that the maximal operator T, defined by

T.f = sup|T,f|
t>0

is bounded from LP (£, ) into itself, for every 1 < p < oo. As far as we know there
is not a result showing the behavior of T, on L!(Q, 11) for every diffusion semigroup
{T}}+>0- The behavior of T, on L'(Q, 1) must be established by taking into account
the intrinsic properties of {T}}¢~o. The usual result says that T, is bounded from
LY (2, p) into LY*°(Q, ), but not bounded from L'(Q, ) into L' (2, u). In order
to analyze T, in L'(£, ), in many cases this maximal operator is controlled by
a Hardy-Littlewood type maximal operator, and also, the vector valued Calderén-
Zygmund theory ([I4]) can be used. These procedures have been employed to
study the maximal operators associated to the classical heat semigroup [I7) p. 57],
to Hermite operators ([10], [I5] and [20]), to Laguerre operators ([8], [9], [10], [13]
and [19]), to Bessel operators ([, [2], [3], [II] and [18]) and to Jacobi operators
([ and [12]), amongst others.
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Our objective in this paper is to study the LP-boundedness properties, 1 <
p < oo, for the generalized (in the sense of Caffarelli and Calderén [5]) maximal
operators associated to the multidimensional Bessel and Laguerre operators.

Our results (see the theorems below) extend the others known for the Bessel
operators ([3, Theorem 2.1] and [Il, Theorem 1.1]) and for the Laguerre operators
([13, Theorem 1.1]). Moreover, by exploiting ideas developed by Caffarelli and
Calderén ([5] and [6]), we are able to prove our result in a much simpler way than
the one followed in [I], [3] and [13].

We now recall some definitions and properties in the Bessel and Laguerre settings
which allow us to state our results.

We consider for A > —1/2 the Bessel operator Ay defined by

d d d? 2/\ d
Ay = — —2X 2 22 Y - _
A T T iz dz? zde’ OO (0, 00),

and, if J, represents the Bessel function of the first kind and order v, the Hankel
transformation h) is given by

ha(f)(x) = / (wy) I (ay) ()P dy, € (0,00),
0
for every f € L'((0,00),2**dx). hy can be extended to L?((0,00),z?*dz) as an
isometry in L2((0,00), 22 dz) and hy' = hy. If f € C°(0,00) we have that
ha(Axf)(z) = 2?ha(f) (@), € (0,00).

This property suggests extending the definition of Ay as follows:

Axf =ha(@®ha(f)),  f € D(Ay),

where
D(Ay) = {f € L*((0,00), 2% dx) : 2*hx(f) € L*((0,00), 2% dx)}.

Thus, Ay is a positive and selfadjoint operator. Moreover, —A) generates a semi-
group of operators {W}};~0 in L2((0,00), 22 dz) where

(1) WAF) = ha (e‘tyzhk(f)> . feL2((0,00), 22 dx) and t > 0.

According to 21}, p. 395 (1)] we can write, for f € L?((0, 00), 2% dx),
(2) / W (o, 9) Fw)ydy, o, € (0,00),

where the Hankel heat kernel semigroup W (z,y) is defined by
(zy)AH1/2

(3)  Wrey) = Dz (Gr) T, ay e (0,00),

2t

and I, denotes the modified Bessel function of the first kind and order v.
Since [;° W (@, y)y* dy =1, 2.t € (0,00), {W}i>0 defined by @) is a diffusion
semigroup in LP((0,00), 2 dx), 1 < p < oo.
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Suppose now that A = (A1,...,A,) € (=1/2,00)". We define the n-dimensional
Bessel operator Ay by

n
Ax=> Ao
Jj=1

The operator —A) generates the diffusion semigroup {W3};~¢ in LP((0, 00)™, duy),
1 <p < o0, where duy(z) = Hazi)‘jdxj, z=(1,...,2,) € (0,00)", and
j=1

W (f)(z) = / W) (2, 0) F(W)dpay),  f € LP((0,00)", dp) amd 2,1 € (0, 00),

(0,00)™

being

n
W (2, y) = [[ Wi (xj.95), @,y € (0,00)" and t > 0.
j=1

The maximal operator W associated with {W}},~¢ is defined by
W2(f) = sup [W2(f)].
>0

In [I, Theorem 1.1} (also in [2| Theorem 2.1] when A € (0,00)™ and in [3, Theo-
rem 2.1] for n = 1) it was proved that W? is a bounded operator from L!((0, o),
dpy) into LY((0,00)", duy). Note that since {W71};50 is a diffusion semigroup,
W2 is bounded from LP((0,00)", duy) into itself, for every 1 < p < oo (see

[16, p. 73]).
Motivated by [5] we consider a function r = (rq,...,7,) where, for every j =
1,...,n, r; : [0,00) — [0,00) is continuous and increasing, r;(0) = 0 and

limy_, 4 o 7j(t) = +00, and we define the maximal operator
W2 L(f) = sup [W2, ()],
>0
where
W?(t)(f)(x) = /(0 ) W?(t)(xay)f(y)d/’('/\(y)a f € Lp((oaoo)nvd,u)\)v 1 < p < 0,
,00)™

and
n

Aj n
W;}(t)(:ﬂ,y) = H W (xj,95), x,y€(0,00)" and t > 0.
j=1
It is clear that if r;(¢) =¢,t >0, j =1,...,n, then Wﬁ* =W,
Since {W7};~0 is a diffusion semigroup, it can be seen that W;\* is a bounded

operator from LP((0,00)™, duy) into itself, for every 1 < p < oo. The weak type
(1,1) inequality is established in the following result.

Theorem 1.1. Suppose that A € (—1/2,00)™ and r is a function as above. Then,
the mazimal operator W}, is bounded from L'((0,00)", dpuy) into L'>((0,00)",
dpx).

An immediate consequence of Theorem [[.I] is the next convergence result.
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Corollary 1.2. Let A € (—1/2,00)™ and r be a function as above. Then, for every
f e LP((0,00)",dur), 1 <p < o0,

lim W n()(@) = f(z), ae z€(0,00)".

t—0+

We now consider the Laguerre operator £y, A > —1/2, defined by

.T/'2
ﬁ)\ZA)\-f—Z, on (0, 00).

Also, for every k € N, we define the k-th Laguerre function v b

Ph(a) = 27D/ BN o () i e (0,0
k Tk +A+1/2) k 2 )¢ o TR

where L denotes the k-th Laguerre polynomial with parameter o > —1. The
system {1} }xen is a complete orthonormal family in L?((0, o), 2**dz). Moreover,

L) = 2k +X+1/2)¢p, keN.

We extend the definition of the operator £, as follows:

o0

La(f) =D 2k +A+1/2)(f,¥))0p,  fe€D(Ly),

k=0
where (-,-) denotes the usual inner product in L?((0, o), z?*dz), and
D(Ly) = {f € L*((0,00), z**dx) : Z (2k + XA+ 1/2)2(f, ¥)|? < oo}
k=0

Thus, L) is positive and selfadjoint in L%((0, 00), z2*dz). Moreover, —L) generates
a diffusion semigroup {L;};~0 on L2((0, 00), 22 dz) where, for every t > 0,

@ L@ = [ R € 1(0.50).0%d), 2.0 € (0.59),
being
(5)
L (z,y) = 1_67_;,%(37?4)_)\4_1/2])\71/2 (%) exp ( i i i e:z( 2+ yz)) :
z,y,t € (0, 00).

Moreover, (@) also defines a diffusion semigroup in L?((0, 00), #2*dz), 1 < p < oc.

Suppose now that A € (—1/2,00)™. The n-dimensional heat Laguerre semigroup
{L}}4=0 is defined as follows. For every t > 0, f € LP((0,00)",duy), 1 < p < o0,
we write

L2 (f)(z) = / L) (2 0) f(@)dpa(y), € (0,00)",

being
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In [13, Theorem 1.1] it was shown that the maximal operator L.}, defined by

L2(f) = sup L (f)],

t>0

is bounded from L!((0,00)",duy) into L1>°((0,00)™, duy) by employing an inge-
nious but long and not easy procedure.

Assume that the function 7 : [0,00) — [0,00)" is as in Theorem [Tl We define
the maximal operator Lfﬁ"* by

]L:“\,*(f) = sup |]L7)"\(t)(f)|a
>0
where
LN = [ Ly@nfodnb). =<0 t>0,

being

n

)\]‘ n
]Li‘(t)(x,y) = HLTj(t)(asj,yj), z,y € (0,00)", t > 0.

j=1

We have that [L}(f)] < W2A(|f]), t > 0 ([T} (6.2)]). This inequality can be
deduced from (@) and (@) by using that
2tet t(1+e2)

and

1——€72t§1 ﬁZl,tE(0,00).

Then, from Theorem [[LT] and the comments just before it, we deduce the following
result, which includes, as a special case, [I3, Theorem 1.1].

Theorem 1.3. Suppose that A € (—=1/2,00)™ and r is as in Theorem [Tl Then,

the mazimal operator ]Lﬁ* is bounded from LP((0,00)™, duy) into itself, for every

1 < p < oo, and from L'((0,00)", duy) into LY>((0,00)", duy).

If we denote, for every k = (k1,...,k,) € N® and X\ € (—=1/2,00)", ¥} (x) =
I1 1/),;\J (z;), © € (0,00)", the subspace span{i; }xenn is dense in LP((0,00)", du),
j=1 "

1 <p < oo. For every f € span{y brenn, we have that

— 31 (1) 2k A, +1/2)
Lo (f) = e 7=t (fom)vp.

keN™

Since this last sum has at most a finite number of terms, it is clear that
lim; o+ L?(t)(f)(:c) = f(z), z € (0,00)", for every f € span{ip}ren». Then,
standard arguments allow us to deduce the following convergence result.

Corollary 1.4. Let A € (—1/2,00)"™ and r be as in Theorem [Tl Then, for every
feLP((0,00)", dpx), 1 < p < o0,

lim Lfn‘(t)(f)(x) = f(z), a.e z€(0,00)".

t—0t
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In the next section we present the proofs of Theorems [[L.I] and Corollary
Throughout the paper, by C' and ¢ we denote positive constants that can change
from one line to the other.

2. PROOF OF THE RESULTS

In order to prove Theorem [[LT] we need some properties of the Bessel heat kernel
W?“)\(xvy)a T,y € (0,00), A > —1/2

By proceeding as in the proof of [3] Lemma 3.1] we can show the following result.

Lemma 2.1. Let A > —1/2. Then, for every r,x,y € (0,00),

(6) I72A71676x2/7"7 0< y S 1‘/2,’
—A

(1) W(z,y) < C{ a2 leme/r 4 %e—w—wz/m )2 <y < 2u;
T

(8) y~ et/ 0<2c<y.

According to [2T, Chapter VI, Section 6.15], if v > —1/2, we can write

v 1
I,(2) - / e > (1 — 2" Y2%ds, ze (0,00).

T V2 Tw+1/2) |,

Moreover, I,(z) = 2(v 4+ 1)I,41(2)/z + I,12(2), z € (0,00) and v > —1 (21}
Chapter III, Section 3.71]). Hence, if A > —1/2 we obtain, for every z € (0, c0),

22 +1

I 1)2(2) = Iniay2(2) + Ingsya(2)

(2\ + 1)2*1/2 /1 , .
= 2501 —
oDy ) ¢ LT )ds

A H3/2 ! 2\ A+1
+ VITRT (N + 2) /716 (1—s%)""ds.

Then, the Bessel heat kernel can be written as

1 22+1 [t 2,2
W)\ , — ( / —(z*4y*“+2zys)/(4r) 1= s2)2g
oy = et e ¢ (=57 ds
(ay)? /1 — (2 +y*+2
9 I a?+y?+2ays)/(4r) (1 _ g2\ 1y )
©) B+ vz | © (1-5%)""ds),

r,x,y € (0,00),

where A > —1/2.
The key result to show Theorem [[1]is the following.

Proposition 2.2. Let A > —1/2. Then, there exist C,c > 0 such that

2k
6_C2

WTAw’ =¢ (I (2, 7)) (), mx,ye(0,00),
o ICZ:;J“/\(Ik(I,T))XIk(v)(y) ye( )

where I (z,7) = [x — 28/, + 28/r] N (0,0), r,z € (0,00) and k € N.
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Proof. Let r,z € (0,00). We consider different cases.
Suppose that < \/r. Then, Iy(x,r) = [0,z 4+ /7] and

% < o,

Since 2 + 4% + 2zys = (z —y)?> + 22y(1 +s) > 0, y € (0,00) and s € (—1,1), from
@) we deduce that

C Ty 2 C x4+ )\~ C
W (z,y) S v (1 + (7) > W Ve <1 + <—r S 5

SL,
px(Lo(z, 7))
Assume now that x > \/r. Then, Iy(z,r) = [z — \/r,z + /7] and

1

ma(lo(@,r) = 55— (@@ + V)P (@ — )P

[L)\(Io(.f,’f‘)) =

(10) y € Ip(x,r).

The mean value theorem leads to py(Io(z,7)) = 24/7u?* for a certain u € (v —
VT x4 4/r). IE X >0, it follows that uy(Io(z,7)) < 2¢/r(z 4+ /7)**. On the other
hand, if —1/2 < X\ < 0, we distinguish two cases.

o If x € (/r,3y/r), then
T4++/T
px(lo(z, 7)) < / Y dy < C(z + Vi) P < CVir(e + Vi) P
0

e If z > 3/r, then
2X

px(Io(z, 1)) < CVr(z —r)? < CVr (#)

Hence, we conclude that py(Ip(z,7)) < Cy/raz?r < Cx? ! in either case. By
keeping in mind Lemma [Z1] in order to estimate W) (z,y) we distinguish three
regions. First, by (@) it follows that

W (z,y) < Ca™ 71 < 0<y<az/2,

pa(Lo(x, 7))’
and from (8) we deduce that

W;\(m,y) <Cy P l<or 1< m, 2z < y.
Moreover, ([7) implies that
A oo, a2 c
WT(x,y)§C<a: + \/F)S/LA(IO(%T))’ x/2 <y <2z

‘We obtain that

(11) W (z,y) < y € (0,00).

pa(To(x, 7))’
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Suppose now that k € N\ {0}. We define Ci(x,r) = {y € (0,00) : 2871 /r <
|z —y| < 2%\/r}. Tt is clear that Cy(z,7) C Ix(z, 7).

Assume that z < 28/r. Then, Ij(z,r) = [0,2 + 28/r] and pr(Ix(z,7)) <
C(2F/r)2**1. According to (@), since z2 + y% + 2zys = (z — y)? + 22y(1 + s),
y € (0,00) and s € (—1,1), we have that

—c22F k 2 4k —c22F
2 2
W) < CE <1+ (M) ) P

PAF1/2 FAF1/2
(12)

7C22k

(&
<C—7rn——=, € Ci(z,r).
<Oy Ve

We now take x > 2¥/r. Then Iy (x,r) = [x—2%\/r, 2+2F/r], and by proceeding
as above we get uy(Ix(z,7)) < C2F/ra?* < C2?**1. We again distinguish three
cases. If 0 <y < x/2 and y € Cy(z,7) we have that 25~ 1/r < x < 28*1,/r. Then
(@) implies that

6702%
WAz, y) <C—or  0<y<a/2.
(@) pia (L (2, 7)) v el

Also, from (8) we deduce
WX a,y) < C——s, 2w <y,
Finally, by () if follows that

A Ceorr (o, T
Wi(z,y) < Ce x + v
6702276

<C——F—F—, 2/2<y<2zxandyeCg(z,r).
SOty ve e

Hence, we get

_022k

A — % xr,Tr).
(13) Wr (w,y) < C}L)\(Ik(ft,’r‘)), Yy e Ck( ) )

By combining ([I0), (L)), (I2) and ([I3) we obtain

Wr)\(xay) = W ({E y)XIU(ac r) +ZW (E y)XCk(;c r)( )

k=1
00 92k
Xlo(mr e XCh (z, T)( )
<C N
</~‘L)\(IO -I 7‘ kZﬂ Ik T 7’))
92k
kz;)ﬂ)\ Ik x ’I" XIk(Iv”‘)(y% (VRS ( ’oo)
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2.1. Proof of Theorem [I.1l According to Proposition we have that

W2 () (@)] < / H @551 @) ldiaa(y)

—c22k 1
<k Y Lo o TG,

kENn j=1
€ (0,00)™ and ¢ > 0,
where Ry(z,r(t)) = ka (xj,7r;(t)) and K > 0.
Then, it follows that

n

14 WLN@I<KE Y (e | MA)(@), =€ (0,007,

keNn \ j=1

where M;} & represents the maximal function defined by

A =su L
M) ) = $0p s

By [5l Theorem 1], for every k € N and v > 0, we get

/ F@ldua(y), = € (0,00)".
Ry (z,r(t))

67L

(15)  pa ({2 € (0,00)" : My ,(f)(2) > 7}) <

IIfHLl ((0,00)™ dpix )

f € LY(0,00)", duy).
Since
n . oo , n
Z 1_[(370‘2 7= (Z e 2 > < 00, whena >0,
kENm j=1 m=0

by defining

Qu= |26 ﬁ e T, kenn

LeNm j=1 Jj=1
we have that
{2 € (0,00)" : W (N(@)| >} € | {2 € 0,00 : MA(f)(2) > 7Qu}-
keNn
Hence, from (I3) we deduce that
i ({w € (0,00)" s WA () (@) > 7}) < Y m({re o) MA@ > Q1))

keNn
6"n! e ]
<ok (ST ) (ST ) Ul om0
kENT j=1 ¢enn j=1
Thus we prove that W}, is bounded from L*((0, 00)™, dpx) into L*>°((0, 00)™, djuy).
O
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2.2. Proof of Corollary In order to show this theorem it is sufficient to
see that for every f e C°((0,00)™) (the space of smooth functions with compact
support on (0,00)") we have that

Tim WX, (£)(@) = f(@), @€ (0,00)"

Let f € C°((0,00)™). The Hankel transform hy(f) of f is defined by

ha(f)(z) = /(0 [Ty 200, ey f(y)dualy), @ € (0,00)™

)™ Gy

According to () we deduce that

W (f)(x) = ha H e Ohy(f)() | @), @€ (0,00)"

By using the dominated convergence theorem we conclude that
lim W2 (f)(2) = ha(ha(f)(z), « € (0,00)",
t—0+

and the proof is completed because hy ' = hy in L2((0,00)",duy) (see [, p. 125]).
(|
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