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Abstract: Since the appearance in China of the first cases, the entire world has been deeply affected by
the flagellum of the Coronavirus Disease (COVID-19) pandemic. There have been many mathematical
approaches trying to characterize the data collected about this serious issue. One of the most
important aspects for attacking a problem is knowing what information is really available. We
investigate here the information contained in the COVID-19 data of infected and deceased people
in all countries, using informational quantifiers such as entropy and statistical complexity. For the
evaluation of these quantities, we use the Bandt–Pompe permutation methodology, as well as the
wavelet transform, to obtain the corresponding probability distributions from the available series
of data. The period analyzed covers from the appearance of the disease up to the massive use of
anti-COVID vaccines.

Keywords: information theory; permutation entropy; statistical complexity; Bandt–Pompe methodology;
wavelet transform

MSC: 92-11; 94A15; 94A17

1. Introduction

Regarding the Coronavirus Disease (COVID-19) pandemic, many deterministic and
stochastic mathematical methods have been used to model the curves of daily new con-
firmed cases, deaths, etc, and also to predict future behaviors such as peaks and troughs.
However, those methods might present some difficulties [1]. A plausible explanation of this
could be the enormous number of variables for modeling a disease in a globalized world,
with national and even regional cultural diversities, or maybe the inherent characteristics
of the propagation of the SARS-CoV-2 virus, among many other plausible ideas.

Given a time series, there are different ways to quantify the uncertainty associated
with it. In connection with the COVID-19 series of data, several stochastic models have
been introduced. Correlation functions and associated probability density functions have
been computed. Karhunen–Loève expansion KLE is an approach that allows for solving
PDEs stochastically and provides high-order moments with relatively little computational
effort [2]. In this method, the coefficients are random variables and basis functions em-
ployed are determined by the covariance function of the process. In this way, the Karhunen–
Loève transform adapts to the process in order to produce the best possible basis for its
expansion. In addition, one can mention the probability transformation method [3] and
no-probabilistic approaches as the fuzzy set theory [4].

Here, we attack the problem from a different point of view: we look for the information
contained in the available data of the COVID-19 pandemic collected all around the world,
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and our goal is to quantify that information content. For this purpose, we use statistical tools
of recognized efficiency in different fields [5]. Our analysis focuses on the period previous
to massive vaccination, as this is the lapse with the greatest randomness in the available
data.This was the period in which the infection was able to exhibit its intrinsic dynamics
of spread, except for the well-known interventions of world governments through their
health policies (mainly lockdown).

Entropy is undoubtedly one of the basic concepts of science. Without this concept, the
description of reality given by physics would not be possible, nor would many technological
advances have taken place. Since Claude Shannon introduced in 1948 the concept of
information entropy [6], different measures based on information theory (IT) have occupied
an important position in several fields of research ([7–14]). More recently, another family
of quantifiers known as statistical complexities [15,16] have also contributed in different
scenarios, allowing for studying time series regardless of their sources, and to obtain
“hidden” a priori information (see, among others, [17–22]).

In the present contribution, our proposal is to take advantage of different information-
theoretic quantifiers, namely Shannon entropy and statistical complexity, to meet our goal
of analyzing the information contained in COVID-19 series of data. To determine the
dynamics of the pandemic, we cannot take, as is usual, consecutive intervals of the same
length. The lack of a sufficient amount of data in the analyzed period (for the proper use of
our methodologies) leads us to employ other techniques. We use a method with increasing
intervals and the rolling or sliding windows procedure.

The article is organized as follows: In Section 2, we recall the main definitions and
basic features of the informational quantifiers that are used in our computations. Section 3
is devoted to present two different procedures, namely the Bandt–Pompe approach and a
wavelet analysis, which allow us to extract the probability distributions from COVID-19
data. Section 4 contains a compilation of our results and includes a thorough discussion of
our findings. Finally, some conclusions are drawn in Section 5.

2. Informational Quantifiers: Entropy and Statistical Complexity

We compile here the definitions and basic properties of the quantities that are relevant
for our study. Given N discrete events, the associated probability distribution is P = {pj}N

1 ,
with pj ∈ [0, 1] and ∑N

j=1 pj = 1, and its corresponding Shannon entropy is given by

S[P] = −
N

∑
j=1

pj ln pj , (1)

where the symbol “ln” stands for the natural logarithm and the sum runs over events with
non-vanishing probability. This measure takes finite values between Smin = 0 (correspond-
ing to the case of certainty, P1, when one of the events has probability 1 (and the others 0)
and Smax = ln N (corresponding to the uniform distribution, Pu = { 1

N }N
1 ). This allows for

the interpretation of entropy as an indicator of a lack of information. For our purposes, we
define a “normalized” Shannon quantifier through

H[P] =
S[P]
Smax

, (2)

with Smax = S[Pu]. Therefore, we have 0 ≤ H[P] ≤ 1. Again, the case of certainty
corresponds to a vanishing value of H.

An important quantity for the discrimination of two probability distributions P and
P′ is the Jensen–Shannon divergence, given by

J[P, P′] = S
[

P + P′

2

]
− 1

2
(
S[P] + S[P′]

)
. (3)
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This quantifier is always nonnegative and provides a notion of distance among both
distributions. In this sense, Jmax = ln 2 + 1

2 ln N − N+1
2N ln(N + 1) corresponds to the most

distant distributions P1 and Pu.
There is no general definition of the degree of complexity of an arbitrary system. How-

ever, in some cases, it is useful to consider the so-called statistical complexity. It provides
a measure of the randomness of the system, together with its structural correlations [23].
Here, we employ a statistical complexity measure which is based on Jensen–Shannon
divergence and Shannon entropy that has been analyzed and applied in different contexts
by Martin et al. [24]. It is a variant of the measure originally introduced in the pioneering
work of López-Ruiz et al. [16], known as LMC measure.

A relevant feature of this measure is that it vanishes for complete order as well as
for total random behavior. At this point, it is convenient to clarify that complexity is
not a function of entropy, as can be observed, for instance, in the complexity–entropy
planes [16,22,25]. We employ the statistical complexity defined as [24]

C[P] = Q[P, Pu] H[P], (4)

where the disequilibrium Q is given by

Q[P, Pu] =
J[P, Pu]

Jmax
(5)

as a function of the extensive Jensen–Shannon divergence according to [26] with
Jmax = J[P1, Pu], a normalization constant that makes 0 ≤ Q ≤ 1. Among the many benefits
of this version of the statistical complexity measure when applied to time series [26,27], we
mention that it is capable of discerning between different degrees of periodicity, noise, and
chaos.

3. Probability Distribution Functions

The determination of the probability distribution function (PDF) corresponding to a
given time series is very useful in many applications. For a proper selection of the PDF,
many schemes have been proposed. Their applicability depends on particular character-
istics of the data. Among other schemes, one can mention frequency count [28], binary
symbolic dynamics, methods based on amplitude statistics (histograms), Fourier analysis,
and wavelet transform [29,30]. In all these cases, the global aspects of the dynamics can
be captured to a great extent. However, the above-mentioned approaches are not suitable
for the task of discerning its fine details. In addition, it should be taken into account that
these techniques are introduced in an ad hoc way, and are not derived from the dynamical
properties of the system under analysis. This goal can be suitably accomplished by appeal-
ing to the ordinal patterns method introduced by Bandt and Pompe. Another convenient
approach for our purposes is the wavelet analysis. In this section, we summarize both pro-
cedures and discuss the computational implementation for our problem using a COVID-19
series of data.

3.1. Permutational Bandt–Pompe Approach

The symbolic methodology proposed by Bandt and Pompe (BP) [31] replaces the
original numerical series with a series of symbols (the ordinal patterns) according to
a certain rule (see [31]). One of its most important properties is that it is capable of
determining causal relationships present in the original series.

The probability distribution (PDF) depends on two parameters D and τ, the em-
bedding dimension and time delay, respectively. The parameter D plays a relevant role
when evaluating the appropriate PDF, given that it determines the number of accessible
states, D!. For practical purposes, Bandt and Pompe [31] have recommended to work
with D = 3, . . . , 7. In Ref. [24], it was postulated that the length N of the original series
must be such that N � D!, in order to distinguish stochastic from deterministic dynamical
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processes. Regarding the parameter τ, Bandt and Pompe have specifically recommended
an embedding delay τ = 1 in their original paper [31]. More details about this methodology
can be found in [27,32] and references therein.

3.2. Wavelet Analysis

The wavelet analysis methodology is based on the time-frequency decomposition of
a signal using an orthogonal discrete wavelet transform [33–35]. It depends on a suitable
basis choice, and it is determined by the amplitudes’ distribution in that basis. The so-called
wavelet coefficients efficiently provide full information. In addition, they give a direct
estimation of the local energies at different scales. The process allows for the definition
of an entropy for each time series, associated with the wavelet-energy distribution with
respect to the frequency bands.

It is assumed that the signal s(t) is given by the sampled values corresponding to a
uniform time grid. When the discrete dyadic wavelet decomposition is implemented over
all resolution levels, the wavelet expansion reads as

s(t) = ∑
j,k

Cj(k)ψj,k(t) (6)

where {ψj,k(t) : j, k ∈ Z} is the wavelet family generated by translations and dilations of a
given “mother wavelet” ψ(t) which captures the detailed high-frequency parts of the signal
at each scale. Indices j and k correspond, respectively, to a dyadic frequency–decomposition
and to time-translations [35].

In this case, as for the Fourier theory, an energy can be defined. At each resolution
level j, the detailed signal has a wavelet energy Ej = ∑k |Cj(k)|2. The wavelet coefficients
are computed as Cj(k) = 〈s, ψj,k〉. The total wavelet energy is obtained as

Etot = ∑
j

Ej = ∑
j,k
|Cj(k)|2 . (7)

The relative wavelet energies for each resolution level,

pj =
Ej

Etot
, (8)

constitute a set of normalized values which define the probability distribution of the
wavelet energy in the time series. It should be clear that ∑j pj = 1. It is important to remark
that the distribution {pj} can be interpreted as a time-scale density. As such, it can be used
as a suitable tool for detecting and characterizing different features of the dynamics in both
the time and frequency planes.

3.3. About the Data Used and the Computational Implementation of the Quantifiers

For our computations, we rely on the data compiled about the COVID-19 pandemic by
Our World In Data [36], a free and accessible publication focused on large global problems.
This dataset is updated daily and is built upon the official reports of 207 countries around
the world. It contains metrics and statistics regarding infected cases, deaths, testing, and
vaccinations per country, as well as government responses to the impacts of the pandemic.
In particular, the data about new confirmed cases and deaths shown in this webpage are
updated every day, using as a source what is published by Johns Hopkins University, which
is considered the most reliable global dataset available on the COVID-19 pandemic. In
the present contribution, we focus on the reports of: (i) daily confirmed cases of infection
and (ii) daily confirmed deaths. We choose these two indicators because it is reasonable to
assume that they are highly indicative of the evolution of the pandemic.

It is important to remark that the data provided by the different countries are a complex
system on their own. Since the infected cases and deaths in some periods are counted
by thousands in many cities around the world (surpassing in total 170 million infected
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inhabitants and 3.57 million deceased people as of 1 June 2021), it is challenging to report all
the information in time, and this is done with different degrees of accuracy. As an example,
during some periods of time, many countries were not able to perform enough tests, which
impacts the evolution of the daily infected curves. In addition, the centralization of official
data is particularly complicated for many cities or regions in the developing countries.
There is no place here to hypothesize about all of these problems, since they would involve
a sociological study that goes far beyond the scope of this work. As a methodological
principle, we must rely on the official reports of the different countries for our analysis,
even under the possibility that they are not representative of details of the dynamics of the
pandemic with sufficient accuracy.

Thus, the dynamics of the time series studied here depend not only on the proper
dynamics of the disease, but also on the complexity of the detection and collection of data
of the different countries. Remarkably, the results that we have obtained show a great
degree of consistency among the studied countries, with the exception of some particular
cases that we discuss separately. This feature suggests that our analysis is robust, since it is
based on the reports of very different and independent agents.

In order to compute the informational quantifiers, we have developed Matlab and
Python codes to process the data. For the permutation entropy, we used a code based on
the Matlab function presented in [11,12,37].

4. Results and Discussion

In order to analyze the informational content in the COVID-19 series of data, we have
chosen entropy and statistical complexity as information quantifiers. We focus mainly on
entropy; however, in certain cases, we also show the complexity measure and justify its
usefulness. As mentioned before, we used as a source the data on the coronavirus disease
pandemic collected in Our World in Data. We have implemented our approach for every
country as published in that survey; however, for brevity, we have chosen only to show a
reduced set of representative examples.

We have computed the entropic and complexity quantifiers introduced in Section 1,
with the probability distribution functions determined from the series of data using the two
methodologies recalled in Section 3: the Bandt–Pompe permutation method and a wavelet
analysis. For the permutation method, the calculations have been carried out considering
different time intervals, with various lengths, determined by different starting and ending
dates. We have taken D = 4, but we have verified consistency comparing with the results
corresponding to D = 5. In addition, we have assumed τ = 1 as is generally done in the
literature [28]. We have also used other values of this parameter, observing that the results
are consistent.

For the second method, we have used the discrete wavelet transform and, considering
the characteristics of the series and the mathematical properties of the wavelets, we have
chosen the orthogonal Daubechies db10 as mother wavelet [38]. In particular, we have
used the stationary wavelet transform (SWT), which is a multilevel wavelet decomposition.
Given a signal s of length N, and starting from s, two sets of coefficients are produced
during the first step of the SWT: approximated and detailed ones. These vectors are
obtained by convolution of s with low-pass and high-pass filters, respectively.

To analyze the temporal evolution of the pandemic, we cannot take, as is usual,
consecutive temporal intervals of the same length. The lack of a sufficient amount of
data in the period considered leads us to use methods other than the usual one. We have
considered two ways of treating the data. We employ (1) increasing intervals and (2) fixed
intervals (rolling or sliding windows) [8,9]. In the former case, the PDFs were determined
with the permutation method only, while, in the latter, the wavelet analysis has also been
used.

As the entropies are normalized, when their values are closer to 1, less information
will be available. We will naturally consider that values greater than 0.5 show a tendency
to disorder.
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4.1. Increasing Intervals

In this article, we propose for the first time (as far as we know) to use increasing time
intervals. In addition to being a possible solution to the lack of data, our goal is to provide
clarity on the global structure of the pandemic dynamics. We do so through the study of the
relationship between entropy and statistical complexity as time goes by and the pandemic
evolves. First of all, from Equations (2) and (4), we define time-dependent normalized
entropy and statistical complexity, H(t) and C(t), respectively. These functions are defined
as the entropy and complexity calculated for the interval [t0, t], where t0 is kept fixed and t
is variable. We take consecutive intervals separated by one day. For construction, these
functions represent the entropy and complexity for intervals with an increasing number of
data. The usefulness of these functions is explained in the following. We focus mainly on
entropy; in certain cases, we also show the complexity measure and justify its usefulness.
As for the choice of the starting date for our study, there are several possibilities. For
example, one option could be to consider the starting date as that of the detection of the first
cases of infection with SARS-CoV-2 virus in China, considering series of the same length,
but with zero cases for the rest of the countries in certain intervals. Alternatively, what
seems more convenient for the application of our methodologies is to take an initial date
for which all countries have a sufficient amount of previous data. Thus, we have chosen 11
March 2020, which is when the World Health Organization declared COVID-19 a pandemic,
as the starting date. This day corresponds to the first t-value in all our computations, and
we will consider data until 13 July 2021. Obviously, the total interval considered is very
large, and several waves are included, but we will not emphasize these phenomena.

In Figure 1, we show the permutation entropy and statistical complexity for some
chosen countries that provide a representative synthesis of the behaviors we found for all
other nations. In addition, we depict the behavior for the world as a whole (the interested
reader can find more information at the end of the article, where we show a larger set
of countries, a total of 20). The graphs obtained for France (FRA) and the world are
typical of most developed and developing countries. Australia (AUS), China (CHN),
and some other countries exhibit a somewhat atypical behavior and will be discussed
in detail separately. Notice that we use ISO-3166 alpha-3 country codes; for details, see
https://www.iso.org/iso-3166-country-codes.html (accessed on 4 August 2021). In Figure 1
we plot the time dependence of the normalized permutation entropy H(t) and of the
statistical complexity C(t). This is carried out for the statistics of daily new confirmed
infected cases and daily new deaths.

In Figure 1 it can be seen that, about 60 days after 11 March 2020, entropy curves
end their fast growth and begin to flatten (a similar conclusion can be reached studying
other countries, as will be shown below). This would make it reasonable to determine
the minimum length N, for the following method, where intervals of equal length are
used. We take intervals with N ≥ 64 data. This particular number is chosen for the sake of
comparison with wavelet results.
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Figure 1. Permutation entropy H(t) (full line) and permutation statistical complexity C(t) (dashed
line), as functions of time, for three representative countries and the whole world. The curves
correspond to infected (gray line) and death (black line) cases. We consider increasing intervals
measured from a fixed initial date (11 March 2020) and with increments of one day until 13 July 2021.
The vertical dashed line corresponds to D! = 24.

The first important characteristic we observe in all cases shown is a high entropy
value for t ≥ 64, regarding infections as well as deaths. We observe that H(t) > 0.9 and
increases in time to values even very close to the maximum value 1, at least in 2020. These
results exhibit a marked lack of information, i.e., a high degree of randomness. Across the
world, this phenomenon is observed. Perhaps, in some cases, it might be related to the
capability of collecting robust statistical data. However, it might also reflect differences in
the dynamics of the spread of COVID-19.

Another peculiarity that we can conclude by looking at the entropy plots is that the
general trend is: more data imply less information, i.e., H(t) is always increasing. This
fact would indicate the difficulty of predictive mathematical methods that could be used,
even in the case of those models with stochastic components. Let us remember that our
analyses are based only on the data series of infected and deceased people. Of course, if
concrete information is supplemented (such as mobility data, contagion factor, etc.), many
inferences could be made for decision-making policies. However, our point here is that the
high entropy values computed reflect the fact that it was difficult to infer the dynamics of
the coronavirus disease by just looking at the considered curves, and that modeling such
dynamics was a challenge, as reflected in some works from the analyzed period.

Another possible use of this type of analysis is to measure the fidelity of the original
data series. By common sense, one expects that the data corresponding to the deaths will
be more reliable than those of infected cases. This means lower entropy for death cases. We
can use the two available curves, for infected (IC) and death (DC) cases, to obtain more
information about the treatment in each country. For our conclusions, we will consider
goodwill in the data upload. In general, we expect the IC curves to be above the DC curves
for a correct data collection, but: (1) the gap between curves has importance. Greater
distance between curves can represent an incorrect collection of infected cases or a good
collection of data on deaths. However, in the context studied, we interpret that this result
implies a good collection of data on deaths. (2) If the DC curve is slightly above or below or
coincides by parts with the IC one, it can be considered that the test is likely the adequate.

Most developed and developing countries show similar IC and DC curves, which are
also similar to those for the world taken as a whole (corresponding to situation 2, with
small differences between the values of the IC and DC curves).

It is seen from the plots that Australia, China, Cuba, and New Zealand (NZL) exhibit
a different behavior between the curves corresponding to infected and death cases, starting
from approximately the day N = 64 (12 May 2020)—that is, from the value of N (or t) for
which we consider the method reliable. The normalized entropy H(t) corresponding to
the DC curves is below that of IC ones, by a factor of around 0.3. Therefore, DC curves
contain more information than IC ones. The analysis corresponding to these countries
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corresponds to situation 2. Additionally, the entropy DC curve for Australia has decreased
monotonously since October 2020, which is an improvement in the information level of
the pandemic. This behavior coincides with a decrease observed in the same period, in
the original series of data on deceased people. Finally, we observe that Congo has marked
differences from the mentioned countries, which may suggest that the data were not
correctly recorded in that case. This happens not only for this country but also for some
others in Central America or Central Africa, and for small islands.

The curves for complexity go along with the growth of the entropies until the complex-
ity reaches its absolute maximum and then they decrease, moving away from the entropy
curves towards small values that must also be associated with randomness. This change
in behavior occurs around D! = 24 (3 April 2020). The effect is produced because the
disequilibrium Q compensates the growth of the entropy up to that point, but then it is
overcome. The growth of H(t) is noticeable and then it cannot compete. Perhaps one might
think that the length of these intervals (and intervals with the same length), where both
quantifiers are competitive, is the only reliable ones for making predictions. Similar plots
are obtained starting from any day as long as the interval has N ≥ 4 points.

The results obtained for H(t) are all confirmed by those of complexity C(t). Moreover,
it can be said that, in this problem, the complexity is virtually determined by the behavior
of the entropy, with such large values and with such a speed of growth. For this reason,
from here on, we concentrate on the plots for entropies.

Thus, for the countries with typical behavior, the values are very small C(t) < 0.2,
while in those special ones, it grows and decreases according to the entropy decrease and
growth, showing, in some cases, some degree of complexity.

We notice the following remarkable facts: (1) most of the countries that appear in the
OWID database (which we have examined) show the same characteristics listed above;
(2) the curves corresponding to the daily infected data are similar, despite the different
geographical and cultural characteristics, different seasons, and applied health policies;
and (3) something similar happens with the daily deaths curves, except in some special
countries to which we have referred to.

This makes us think that what the monotonically increasing curves is a representation
of the intrinsic or inherent form of spread of the SARS-CoV-2 virus, in terms of entropy
(mainly IC curves). Therefore, we could choose, for example, the curve corresponding to
the whole World, showed in Figure 1, as the model.

The deviations from the monotonically increasing curve of a country, coincide with a
decrease in the cases publicly communicated by the respective government and registered
in the OWID database.

Naturally, it has been thought that the decrease in cases correspond to effective health
policies applied by the governments (among other causes) in the previous period to the
massive use of anti-COVID vaccines.

4.2. Rolling Windows

The golden rule in series analysis is to compare series of the same interval length, but
as mentioned before, there was not enough data available for the period considered to
draw reliable conclusions. We consider here another way to see the development of the
quantifiers as a function of time. Unlike the treatment given in Section 4.1, we now keep
constant the intervals length, but these are not consecutive and share data. We do this by
using so-called rolling or sliding windows. A similar analysis is conducted in [8,9], for time
series of financial data using permutation entropy.

Here, we employ the rolling windows method for the permutation method and the
wavelet transform. We will consider intervals (windows) of three different lengths. As we
want to carry out a comparative analysis between the permutation and wavelet entropies,
these lengths will be N = 256, N = 128 and N = 64, which arise because wavelet analysis
require intervals of length 2j, with j εN (see Section 3.2). In wavelet decomposition of these
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series, the maximum number of scales were considered (corresponding to 6, 7, and 8 scales,
respectively) and detail coefficients were used to calculate wavelet energy.

The analysis will be conducted only for the entropies (2). We will proceed to take
consecutive windows [n, n + N], with n = 0, 1, · · ·Wn, Wn being the maximum number of
intervals that fit in the total number of data of the original series, according to the value of
N. Thus, we will obtain values for the entropies of the considered windows. Of course, we
can associate these windows with the corresponding days-dates. We will take as the first
day 11 March 2020 and we will consider data until 13 July 2021.

Representative examples of the results are shown in the following plots.
In Figures 2–4, we depict the IC and DC curves of wavelet and permutation entropies, with
rolling windows of different lengths. The figures correspond, respectively, to the United
States of America (USA) with N = 256, Brazil (BRA) with N = 128, and Australia with
N = 64.
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Figure 2. Wavelet entropy (upper row) and permutation entropy (lower row) vs. windows, with
rolling windows of length N = 256, for infected (left) and death (right) cases in the United States.
We consider cases reported from 11 March 2020 until 13 July 2021.

The first thing to observe in these figures is a difference in shape with respect to the
curves corresponding to increasing intervals. This not only happens with wavelet entropies,
as one thinks at first, but also with permutation ones. Obviously, an information quantifier
based on the permutation methodology, in general, does not have to give the same result as
the corresponding quantifier evaluated using the wavelet transform. The first method takes
account of causality, while the second one provides a general representation in time and
frequency. What one expects to find in the main characteristics of the problem is coherence
between both methodologies. On the other hand, we have observed that, if we look at the
figures corresponding to increasing intervals, but from the value 64, they are consistent
with those of rolling windows with N = 256, which represent a large amount of points as
can be seen in Figure 2, thus throwing a good result.

The differences between the curves for wavelet and permutation entropies can be
observed in Figures 2–6. We can see that the wavelet entropy values in general are lower
than the permutation, although they are also very high. This is the main coherence that
interests us in this article.

We note in Figures 2–4 a distinction between the IC and DC curves, for both wavelet
and permutation entropies. It can also be observed that the fluctuations increase when
N decreases and that they are greater in the wavelet framework. The curves for USA in
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Figure 2 (N = 256) appear to show a slight but constant increase in information for the
wavelet entropy, a result that is not accompanied by the permutation entropy. Once again,
Australia shows an increase in information since the end of 2020, reaching zero when
N = 64 is taken for the length of the rolling windows (see Figure 4).
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Figure 3. Wavelet entropy (upper row) and permutation entropy (lower row) vs. windows, with
rolling windows of length N = 128, for infected (left) and death (right) cases in Brazil. We consider
cases reported from 11 March 2020 until 13 July 2021.
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Figure 4. Wavelet entropy (upper row) and permutation entropy (lower row) vs. windows, with
rolling windows of length N = 64, for infected (left) and death (right) cases in Australia. We consider
cases reported from 11 March 2020 until 13 July 2021.
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Figure 5. Mean values and standard deviations of the wavelet entropy using rolling windows, for
daily infected cases (left) and daily deaths (right). We consider fixed windows of length N = 64
(upper row), N = 128 (middle row), and N = 256 (lower row), for 20 countries (the country codes
follow ISO-3166 alpha-3 standards). We consider cases reported from 11 March 2020 until 13 July
2021.
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Figure 6. Mean values and standard deviations of the permutation entropy using rolling windows,
for daily infected cases (left) and daily deaths (right). We consider fixed windows of length N = 64
(upper row), N = 128 (middle row), and N = 256 (lower row), for 20 countries (the country codes
follow ISO-3166 alpha-3 standards). We consider cases reported from 11 March 2020 until 13 July
2021.
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We exhibit in Figures 5 and 6 a series of results for a set of 20 chosen countries (they are
identified with their ISO-3166 alpha-3 code and appear in the same order—alphabetic by
name—as in Figure 7). In Figure 5, which corresponds to the wavelet analysis, we see that
entropy mean values are greater than 0.7 for both infected and death cases, except for some
particular countries. Standard deviations remain below 0.2. For the permutation procedure,
shown in Figure 6, we see that, for infected cases, the entropy mean values remain above 0.8
and mostly close to 1. In the DC curves, we observe that the mean values are grouped close
to their maximum value, except for Australia, China, Cuba, and New Zealand, showing
standard deviations greater than those of all the other countries studied. Both IC and DC
curves have the characteristic of maintaining the relative differences between their values
when N is changed.

All of our analysis leads to the expected result, but in a notorious way that the curves
corresponding to the daily deaths may contain much more information than the infected
curves. Australia and New Zealand are good examples of this. According to what is
observed in the registered cases, the DC curves would show a better description with
respect to the pandemic.

Finally, we must mention Israel, a country for which, in Figure 7, there is no increase in
information towards the last days considered (mid-July), when there was a drastic decrease
in mortality. However, in the graphs corresponding to N = 64 calculated with the rolling
windows method, a significant increase in information is observed for a short time, until
a decrease is noted again, probably due to a new virus variant. This could happen with
some other country and is a consequence of the large number of points accumulated in the
increasing intervals of Figure 7.

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Argentina

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Australia

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Brazil

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 China

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Congo

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Cuba

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 France

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Germany

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 India

Figure 7. Cont.



Mathematics 2022, 10, 4590 13 of 16

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Israel

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Italy

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Japan

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Mexico

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 New Zealand

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Russia

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 South Korea

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 Spain

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 United Arab Emirates

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 United Kingdom

20
20
-04

-01

20
20
-07

-01

20
20
-10

-01

20
21
-01

-01

20
21
-04

-01

20
21
-07

-01
0.0

0.2

0.4

0.6

0.8

1.0 United States

Figure 7. Permutation entropy H(t) (full line) and permutation statistical complexity C(t) (dashed
line), as functions of time, for the set of 20 countries considered in Figures 5 and 6. The curves
correspond to infected (gray line) and death (black line) cases. We consider increasing intervals
measured from a fixed initial date (11 March 2020) and with increments of one day until 13 July 2021.
The vertical dashed line corresponds to D! = 24.

5. Conclusions

The main goal of this article has been to look for reliable information contained in the
daily data series corresponding to the COVID-19 pandemic produced by the SARS-CoV-2
virus. We have considered the information concerning infected and deceased cases. The
source for this study was the Our World in Data COVID-19 database [36].

We have taken as the first day 11 March 2020, and considered data until mid July
2021. Obviously, the total interval considered includes several waves, but we do not
analyze these phenomena. Our investigations focus on the pre-vaccination period, as this
is the time interval with the greatest randomness in the available data. In this period,
the infection had the greatest ability to show its intrinsic dynamics, tempered by the
well-known interventions of world governments through their health policies (mainly
lockdown). We have studied the pandemic as a whole, including some countries where the
increase in information has been of considerable amount. We have detected that this fact
coincides with a decrease in cases.

For this analysis, we have mainly used the normalized entropy (2), but in certain cases,
the normalized statistical complexity (4) also showed its usefulness. To compute these
information quantifiers, we have employed the probability distribution functions given by
the Bandt–Pompe permutation method and by a wavelet transform. In the permutation
case, we have taken D = 4 and τ = 1, and we have also varied these parameters verifying
consistency. Moreover, we have considered intervals of length N ≥ 64. This particular
number is chosen in order to compare results with wavelet analysis. For the wavelet-based
PDFs, a discrete wavelet transform with the orthogonal wavelet function db10 was used.
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Possibly, the use of this type of graph (N = 64) allows for analyzing the waves in each
country.

To study the temporal evolution of the pandemic, we cannot take, as usual, consecutive
temporal intervals of the same length, which is done for comparison purposes. The lack of
a sufficient amount of data from the series in the period considered led us to use methods
other than the usual one. We have considered two ways of treating the data. We employed
(1) increasing intervals and (2) intervals of fixed length (rolling, or sliding, windows). The
former shows a global view of the pandemic, while the rolling windows’ technique shows
a more local description, especially for smaller intervals—in this case, for N = 64.

In the increasing intervals case, only the permutation methodology has been used
to determine the respective PDFs. In the second one, we have also performed a wavelet
analysis. For the rolling windows technique, we have used fixed length intervals of
N = 64, 128, and 256 points, to be able to compare results between both methods.

We have implemented our approach for every country in the world and made detailed
analyses. In this contribution, for brevity, we show a set of representative examples.

The results obtained with each method have differences, but they show consistency
in the main results. It is obvious that one cannot expect both methods to yield exactly the
same results. The permutation method looks for causality, while the wavelet one provides
a general representation in time and frequency. Notwithstanding this, both strategies throw
high entropic values for most time intervals and countries, indicating a general lack of
information in the collected data. The comparison between Figures 5 and 6 suggest that the
permutation entropy method brings a better representation of the problem.

In both cases, the normalized entropy attains high values, greater than 0.8 mostly and
even close to 1 in some situations. This represents a high degree of randomness which
brings us to the main result of the article: the lack of information contained in the pandemic
data series. It is worth stressing that both methodologies used here coincide in this respect.
This fact would indicate the difficulties of the predictive mathematical approaches in the
analyzed period if only the information contained in the data series corresponding to
the cases of infected and deceased people is used. Concomitant information should be
added, such as mobility data, contagion factor, etc. On the other hand, local structures and
interactions could be analyzed.

In Figures 1 and 7, we represent H(t) and C(t) defined for increasing intervals. It is
observed that, with some exceptions, the IC entropy is an increasing function of t. The
more points we have, the greater the entropy. The growth is such that it exceeds the
disequilibrium factor Q quickly before the reliable region. Although complexity is not
a function of entropy, it is, in this case, clearly subordinate to it. Most developed and
developing countries show similar behavior but Australia, New Zealand, China, and
Cuba exhibit a different behavior between both types of curves (IC and DC). The entropy
corresponding to the DC curves has lower values than that of the IC ones. A fall in the
value of the DC entropy for Australia can be observed towards the end of 2020 and the
beginning of 2021, when we talk about DC curves. The last characteristic is maintained in
the rolling windows figures for permutation and wavelet analysis (Figures 2–6).

Our research leads to an expected but notorious result in special situations in which
the curves corresponding to the daily new deaths may contain much more information
than the IC curves. This happens, for example, for Australia, New Zealand, and China.
They would show a better behavior, with respect to the pandemic.

We have also mentioned the similarity between graphs for the 207 countries studied,
in the case of the increasing intervals methodology and for the infected curves. This fact
naturally led us to think that, in terms of entropy, what we had found is a representation of
the intrinsic propagation curve for the SARS-CoV-2 virus.

Summing up, we have introduced a methodology based on entropic information
quantifiers to know how much information is really available in worldwide data series
corresponding to the COVID-19 pandemic. We have found that it is generally very low,
which is indicative of a highly random process. This renders the predictions by mathe-
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matical models difficult. As a second result, we have seen that it can be used to compare
the behavior of different countries and to test the quality and reliability of data on the
pandemic. Finally, we have seen that the methodology has been able to detect a decrease in
the effects of the coronavirus disease pandemic, by observing an increase in the information
contained in the corresponding data.
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