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We explore different limits of exactly solvable vector and matrix fermionic quantum mechanical models
with quartic interactions at finite temperature. The models preserve aUð1Þ × SUðNÞ × SUðLÞ symmetry at
the classical level and we analyze them through bosonization techniques introducing scalar (singlet) and
matrix (nonsinglet) bosonic fields. The bosonic path integral representations in the vector limits ðN; 1Þ
and ð1; LÞ are matched to fermionic Fock space Hamiltonians expressed in terms of quadratic Casimirs and
some additional terms involving the Cartan subalgebra, which makes explicit the symmetries preserved by
scalar and matrix bosonizations at the quantum level. For the case of nonsinglet bosonization we find an
equivalence between the vector model and the Polychronakos-Frahm spin model. Using this relation, we
compute the free energy. Finally, we compute the eigenvalue distribution in the large N, L limit with α ¼ L

N

fixed. The model displays a third order phase transition as we vary the temperature which, in the α ≫ 1

limit, can be characterized analytically. We conclude finding the critical curve in the parameter space were
the eigenvalue distribution transitions from single to double cut.

DOI: 10.1103/PhysRevD.106.106005

I. INTRODUCTION

The study of matrix models has provided fruitful insights
within a vast number of physical problems, some examples
are [1] heavy nuclei, quantum chaos, gauge theories, string
theory, and 2D quantum gravity (see [2] for a recent
review).
In the present paper we will focus on random matrix

theory with fermionic degrees of freedom (for previous
works along these lines see [3–6]). Our main concern will
be quantum mechanical models with fermionic d.o.f. trans-
forming in the bifundamental representation of SUðMÞ ×
SUðNÞ symmetry at finite temperature. An important
motivation of our work is the discussion of the bosonization
technique, in particular, in relation to regularization ambi-
guities. As wewill see, nonsingle bosonization will preserve
an Abelian subgroup of the classical symmetry group. On a
broad context, our models, being finite dimensional, serve
as nice playgrounds to study the proposal of a finite
dimensional Hilbert space description for the static patch
of a de Sitter universe [7–12]. The study of fermionic tensor
models has also recently gained attention due to two
reasons: on the one hand, a new large N solvable limit
was shown to exist for tensor models [13]; subsequently,

these large N limits were further explored in [14] in
connection to the SYK model [15,16].
As is well known, since the original work of t’ Hooft,

significant simplifications occur when performing large N
limits. The importance of the models to be discussed in
the present work relies in their solvability; this allows us
to perform several limits with precise analytic control.
Previous work by one of the authors [6] established a
relation between the present models and the Chern-
Simmons matrix model. This relation was exploited in
[17], allowing us to solve the models analytically for
arbitrary N and L. As astonishing as this is, we still lack
a deeper understanding of important aspects as the large N,
L-] limits, the phases diagram and dualities with other
physical models, etc. This is the second motivation for our
work. We remark that the study of phase transitions in
matrix models has a long history starting with the seminal
work of Brézin, Itzykson, Paris, and Zuber [18] and Gross,
Wadia, and Witten [19] (see also [20–23] and the superb
lecture notes [24]). For some recent studies of phase
transitions in matrix models see [25].
The structure of the paper goes as follows: we start by

analyzing the vector model from a group theory perspective.
In Sec. II we bosonize the model performing the Hubbard-
Stratonovich trick and compute the partition function in
closed form. We then proceed to show that the vector model
spectrum can be reproduced, in operator formalism, in terms
of the quadratic Casimir of the SUðNÞ symmetry with
degeneracies matching the dimensions of SUðNÞ irreps.
In Sec. III we study the matrix model, obtained from a
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nonsinglet bosonization, for arbitrary L and N. We review
the results obtained in [6,17] and discuss in detail the L ¼ 1
case. We will find that nonsinglet bosonization leads to a
(vector model) Hamiltonian which can be expressed as the
quadratic Casimir plus some additional terms belonging to
the Cartan subalgebra. In this way we identify precisely the
order ambiguities fixed by the bosonization. In Sec. IV we
further relate the Hamiltonian found in Sec. III B to a known
spin system [Frahm-Polychronakos (FP) model] computing
and plotting the entropy for arbitrary N. In Sec. V we study
several large N limits of the models. As an outcome, the
results of the previous section allows us to give a matrix
model description of the FP spin system. We also evaluate
the large N, L limit keeping α ¼ L=N constant, compute
the eigenvalue distribution, and find a third order phase
transition. The transition curve in parameter space is
evaluated numerically and plotted in Sec. V D. We close
with a summary and leave conventions and a review of the
Z2-symmetric quartic model to the Appendices.

II. FERMION VECTOR MODEL

To setup the notation, we start recalling that a quantum
mechanical fermionic partition function ZðβÞ ¼ trðe−βHÞ is
described in the path integral formalism as

ZðβÞ ¼N
Z

DψDψ̄e−
H
½ψ̄ _ψþHðψ ;ψ̄Þ�

with anti periodic fermions ψðτþ βÞ ¼−ψðτÞ: ð1Þ

Here ψ denote complex classical Grassmann variables

fψ i;ψ jg ¼ fψ̄ i; ψ̄ jg ¼ fψ i; ψ̄ jg ¼ 0:

with ψ̄ i ¼ ðψ iÞ† ði ¼ 1;…; NÞ. We will consider the
classical Hamiltonian

H ¼ Jðψ̄ iψ
iÞ2 ð2Þ

and discuss bosonizations of the model using the scalar
and matrix fields σ and Ai

j. Eventually we will express
the thermodynamic quantities rewriting the coupling as
J ∝ 1=γ̃. Dimensional analysis tells us that fermion fields
are dimensionless, ½ψ � ¼ 0, while auxiliary fields σ, A
and the coupling constant have dimensions of energy,
½σ� ¼ ½A� ¼ ½J� ¼ E, ½γ̃� ¼ E−1. As a consequence, there
is a single dimensionless coupling on which the partition
function can depend, i.e., β=γ̃. Dimensionless bosonic fields
λ,M will show up at intermediate steps; they are defined as
λ≡ βσ;M ≡ βA. A high temperature regime is equivalent
to large γ̃ coupling. Eventually we will compare the path
integral results with the Fock space perspective. Fermionic
creation (annihilation) operators will be denoted in upper
case Ψ̄ðΨÞ.

A. Bosonization with a singlet

We choose the coupling J to be negative and rewrite it as
J ¼ − 1

4Nγ̃ < 0 with γ̃ > 0. The power of N in the denom-
inator will guarantee a sensible large N limit. The standard
Hubbard-Stratonovich trickZ

Dσ e−
H
ðNγ̃σ2þσψ̄ iψ

iÞ ¼ e
H

1
4Nγ̃ψ̄ iψ

iψ̄jψ
j ð3Þ

inserted in the partition function (2) gives, after integrating
out the fermions [6],

ZNðβ=γ̃Þ ¼ N
Z

Dσ detNð∂τ þ σÞe−Nγ̃
H

σ2

¼ N
Z

dσ0 coshN
σ0
2
e−N

γ̃
βσ

2
0

¼
XN
k¼0

�
N
k

�
e−βEk : ð4Þ

From this expression, we read the system energies

Ek ¼ −
ðN − 2kÞ2
16Nγ̃

; k ¼ 0;…½N=2� ð5Þ

and degeneracies

N odd∶ dk ¼ 2

�
N
k

�
; ∀ k N even∶ dk ¼ 2

�
N
k

�
;

∀ k ≠ N=2; dN=2 ¼
�
N
k

�
: ð6Þ

The factor of 2 in the degeneracies arises because (4) enjoys
a reflection k → N − k symmetry, reducing the number of
terms in the sum by half.
A few comments are in order:
(i) The normalization constant N in (4) was adjusted

so that in the infinite temperature limit we get the
dimension of the Hilbert space,

ZNð0Þ ¼ 2N ⇝ N ¼ 2NR
dσ0 e

−N γ̃
βσ

2
0

:

(ii) Gaussian fermions Yukawa coupled to σ have a local
reparametrization invariance

τ→ fðτÞ; σðτÞ→ 1

f0ðτÞσðτÞ; ψðτÞ→ψðτÞ: ð7Þ

This (gauge) invariance erases all τ dependence from
σ, and fermion dynamics reduces to that of Matsu-
bara zero mode σ0 ¼

H
dτ σðτÞ. This is the only

gauge invariant object that we can construct out
of σðτÞ.
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(iii) The cosh in the second line of (4) arises from the
determinant computed on antiperiodic functions.
We have chosen to preserve a Z2 symmetry, i.e.,
σ → −σ in (4) (cf. Appendix D in [26] for further
discussions).1

(iv) The N factor in J is tuned to have a competition, at
large N, between the Gaussian and cosh in the
second line of (4).

(v) The case J > 0 (γ̃ < 0) can be obtained by integrat-
ing σ over the imaginary axis σ → iσ.

Some particular cases are

Z2¼2e
β
γ̃
1
8þ2 → 22

Z3¼2e
β
γ̃
3
16þ6e

β
γ̃
1
48 → 23

Z4¼2e
β
γ̃
1
4þ8e

β
γ̃
1
16þ6 → 24

Z5¼2e
β
γ̃
5
16þ10e

β
γ̃
9
80þ20e

β
γ̃
1
80 → 25

Z6¼2e
β
γ̃
3
8þ12e

β
γ̃
1
6þ30e

β
γ̃
1
24þ20 → 26

Z7¼ 2e
β
γ̃
7
16|ffl{zffl}

ground state

þ14e
β
γ̃
25
112þ42e

β
γ̃
9

112þ 70e
β
γ̃
1
112|fflffl{zfflffl}

highest energy state

→ 27|{z}
β→0

Fock space perspective: The energy spectrum (5) can be
obtained from the quantum Hamiltonian [6]

Ĥ ¼ J
�
Ψ̄iΨiΨ̄jΨj − Ψ̄iΨiN þ N2

4

�

¼ −
1

4γ̃N

�
Ψ̄iΨiΨ̄jΨj − Ψ̄iΨiN þ N2

4

�
;

i; j ¼ 1;…; N ð8Þ

acting on the Fock space built out of the Grassmann
operators

fΨi; Ψ̄jg ¼ δij:

It is important to realize that in the transition to the
quantum theory, the coefficients of the last two terms in (8)
are ambiguous. As we show below, the bosonization
process fixes them so that the quantum Hamiltonian Ĥ
preserves the classical UðNÞ ¼ Uð1Þ × SUðNÞ symmetry
enjoyed by (2)

Uð1Þ∶ ψ i → eiαψ i

SUðNÞ∶ ψ i → Ui
jψ

j with U ∈ SUðNÞ: ð9Þ

Modulo a constant shift, Ĥ can be obtained by replacing the
classical Grassmann variables ψ i by operators Ψi in the
classically equivalent Hamiltonian

H ¼ −Jψ̄ iψ
iψ jψ̄ j ↦ Ĥ0 ¼ −JΨ̄iΨiΨjΨ̄j

¼ JðΨ̄iΨiΨ̄jΨj − NΨ̄iΨiÞ: ð10Þ

B. UðNÞ symmetry and Fock space decomposition

The Fock space of the N-fermion system consists of 2N

states build out from creation and annihilation operators
satisfying

fΨi; Ψ̄jg ¼ δij; i; j ¼ 1;…N: ð11Þ

As customary we define the vacuum state j0i as

Ψij0i ¼ 0; ∀ i

and construct totally antisymmetric states

ji1i2::iki≡ Ψ̄i1…Ψ̄ik j0i ⇒ ji1i2::in…:im…iki
¼ −ji1i2::im…:in…iki ∀ m; n: ð12Þ

It is straightforward to see that there are N
k distinct states at

fixed k arising from index combinatorics.
Uð1Þ: we can classify the Fock states (12) by its Uð1Þ

charge,

Uð1Þ charge∶ Q ¼
X
i

Ψ̄iΨi: ð13Þ

This charge counts the number of fermions acting on the
vacuum. Moreover, the Hamiltonian (8) can be written in
terms of the Uð1Þ charge as

Ĥ ¼ −
1

4γ̃N

�
Q2 −QN þ N2

4

�

¼ −
1

4γ̃N
ðQ − N=2Þ2: ð14Þ

Since ½Ĥ;Q� ¼ 0, energy eigenstates have a fixed number
of fermions acting on the vacuum. We now turn to the
degeneracy issue.
SUðNÞ: complex fermions Ψi transform under the

fundamental representation of SUðNÞ [cf. (9)]. Charges

Qα ¼
X
i;j

Ψ̄iðTαÞijΨj; ð15Þ
1See [27] for related recent work.
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with Tα the SUðNÞ generators in the fundamental repre-
sentation (see Appendix A for conventions), implement, at
the quantum level, the SUðNÞ transformations (9) as2

δΨ ¼ −i½Qα;Ψ�:

The SUðNÞ action preserves the number of fermions in the
state, i.e.,

½Q; Qα� ¼ 0:

Thus, in view of (14) we conclude that

½Ĥ; Qα� ¼ 0:

Barring additional symmetries we expect energy levels
degeneracies to coincide with the dimensions of SUðNÞ
irreps.
Hamiltonian and Casimirs: Computing the quadratic

SUðNÞ Casimir (A8) for the charges (15) we find,
using (A3),

Cð2Þ ¼ QαQα ¼ Ψ̄iðTαÞijΨjΨ̄kðTαÞklΨl

¼ −
N þ 1

2N
ððΨ̄kΨkÞ2 − NΨ̄iΨiÞ

¼ −
N þ 1

2N
ðQ2 − NQÞ: ð16Þ

The final result is

Ĥ ¼ −
1

4γ̃N

�
Q2 −QN þ N2

4

�
in terms of Uð1ÞCasimirQ

¼ 1

2γ̃ðN þ 1ÞC
ð2Þ −

N
16γ̃

in terms of SUðNÞCasimirCð2Þ: ð17Þ

Fermionic states at level k comprise a completely anti-
symmetric irrep consisting in a single column with k boxes,
hence, using (A11),

Cð2Þ
Ak

¼ 1

2

�
kN þ k − k2 −

k2

N

�
¼ −

N þ 1

2N
ðk2 − kNÞ:

Notice Ak and AN−k have the same Casimir. This analysis
shows that the Hilbert space can be decomposed in terms
of Uð1Þ eigenstates, each of which is also a completely
antisymmetric SUðNÞ irrep

ð18Þ

and each subspace has degeneracy dn ¼ N
k.

Notice that among the set of general Hamiltonians
preserving Uð1Þ × SUðNÞ

H0 ¼ aCð2Þ þ bQ2 þ cQ;

the regularization leading to (17) is singled out as being
invariant under Q ↦ ðN −QÞ.

C. Thermodynamics

The thermodynamics of the model was previously
studied in [6]. The model displays in the large N-limit a
confining/deconfining first order phase transition at βc=γ̃ ¼
8 with entropy S ∼Oð1Þ at low temperature and S ∼OðNÞ
at high temperature. The order parameter for the phase
transition is the gauge invariant quantity σ0.
In the formal large N limit, combining (5) and (6),

one finds the density of states as a function of energy
behaves as [6]

dðEÞ ∼ e8γE:

This brings a 1=ðT − TcÞ2 divergence in the specific heat
Cv ¼ T ∂S

∂T ¼ −T ∂
2F
∂T2 which results in a limiting (Hagedorn)

temperature for the model (see [28] for similar features in
recent work). The divergence in Cv appears as a peak at
finite N as we approach βc ¼ 8γ (see Fig. 1)

III. FERMION MATRIX MODEL

We now turn to the fermion matrix model, built out of
N × L complex Grassmann variables

FIG. 1. Specific heat as a function of temperature: Cv displays a
peak approaching βc ¼ 8γ as N grows (we set γ ¼ 1). The
divergence in Cv as N → ∞ manifests a Hagedorn temperature
for the model.

2The anticommutation relations (11) imply that charges (15)
close the SUðNÞ algebra are the following: ½Qα; Qβ� ¼ ifγαβQγ .
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fψ iA; ψ̄Aig ¼ 0

with i ¼ 1;…; N and A ¼ 1;…; L and ðψ iAÞ† ¼ ψ̄Ai. The
A;B… indices end up being spectators but provide an
additional parameter, L, to play with.
The classical Hamiltonian takes the form

H ¼ −
1

4γ̃L
ðψ̄Biψ

iAψ̄Ajψ
jBÞ: ð19Þ

The L factor in the coupling will give rise to nontrivial
thermal properties in the large N, L limits. The model of
interest to be discussed below corresponds to the analytic
continuation γ̃ → −γ̃.

A. Bosonization with a matrix

The model (19) is bosonized by writing the quartic term
(19) in terms of an auxiliary Hermitian matrix Ai

j as

Z
DAe−

H
½Lγ̃trðA2Þ−itrðAψψ̄Þ� ¼ e−

H
1

4Lγ̃trðψψ̄ψψ̄Þ: ð20Þ

Integrating out fermions, one obtains

ZN×L ¼
Z

DA detLð∂τ þ iAÞe−Lγ̃
H

trA2

:

The determinant is immediate to compute writing AðτÞ ¼
UðτÞ · Λ · U†ðτÞ − iUðτÞ∂τU†ðτÞ with Λ ¼ diagðλ1;…λNÞ
τ independent and U ∈ SUðNÞ. The Jacobian for the
change of variables A → ðλi; UÞ can be found in [29].
Performing an analytic continuation in the coupling
γ̃ → γ ≡ −γ̃ in standard fashion, rotating the λ contour
to the imaginary axis [30,31], the partition function finally
reads [6]

ZN×Lðβ=γÞ ¼ N β;γ

Z YN
i¼1

dλi
Y
j>i

sinh2
�
λi − λj

2

�

× coshL
�
λi
2

�
e−

Lγ
β λ

2
i : ð21Þ

The normalization N β;γ is chosen to be

N β;γ ¼
2N×LR Q

N
i¼1 dλi

Q
j>i sinh

2ðλi−λj
2
Þe−Lγ

β λ
2
i

; ð22Þ

which in the high temperature limit gives3 ZN×L½0� ¼
2N×L ¼ dimðHÞ.
The solution of the model was found in [17], finding its

relation to the Chern-Simons (CS) matrix integral.

Performing the change of variables log yi ¼ λi þ β
4γ þ Nβ

2Lγ
one can rewrite the partition function as

ZN×Lðβ=γÞ ¼
e−

β
γðN

2

2
þ3NL

16
ÞR Q

N
i¼1 dyi

Q
j>iðyi − yjÞ2e−L

γ
βlog

2yi

×
Z YN

i¼1

dyi
Y
j>i

ðyi − yjÞ2ðyi − aÞLe−Lγ
β log

2yi

ð23Þ

where a≡ −e
β
4γþNβ

2Lγ.
Through this reasoning [17], we found that the partition

function of the fermion matrix model coincides with the
expectation value of the Lth power of the characteristic
polynomial of an N × N Hermitian matrix M in the
Stieltjes-Wigert (SW) ensemble

ZN×L ¼ e−
β
γðN

2

2
þ3NL

16
ÞhðdetðM − aIÞÞLiSW: ð24Þ

Here,

hFðMÞiV ≡ 1

Z

Z
DMFðMÞe−VðMÞ and

Z ¼
Z

DMe−VðMÞ;

with SW potential given by

VSWðMÞ ¼ 1

g
tr½ðlogMÞ2� with

1

g
¼ Lγ

β
:

The expectation value of products of characteristic
polynomials for Hermitian ensembles have been computed
in [32] in terms of orthogonal monic polynomials.
Applying the formulas to the present case (see
Appendix B), the result is [17]

ZN×L ¼ e−
β
γðN

2

2
þ3NL

16
Þ ð−ÞLðL−1Þ=2ð−ÞNLQ

L−1
i¼0 ði!Þ

det

×

�����������

pNðaÞ pNþ1ðaÞ … pNþL−1ðaÞ
p0
NðaÞ p0

Nþ1ðaÞ … p0
NþL−1ðaÞ

..

.

pðL−1Þ
N ðaÞ pðL−1Þ

Nþ1 ðaÞ … pðL−1Þ
NþL−1ðaÞ

�����������
ð25Þ

where

a ¼ −e
β
4γþNβ

2Lγ:

Here pnðxÞ are orthogonal monic polynomials for the SW
measure dμ ¼ e−α log

2 xdx (see Appendix B). Their explicit
expression is3Notice there is a typo in (4.13) in [6].
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pNðxÞ ¼ ð−ÞNq−N2−N=2
XN
j¼0

�
N
j

�
q
ð−Þjqj2þj=2xj with

q ¼ e−g=2 ¼ e−
β

2Lγ:

The q-deformed binomial coefficient ðNkÞq is defined as

�
N
k

�
q
≡

Q
N
r¼1ð1 − qrÞQ

k
r¼1ð1 − qrÞQN−k

r¼1 ð1 − qrÞ

¼
Yk
r¼1

1 − qN−rþ1

1 − qr
!
q→1

�
N
k

�
; ð26Þ

it is a polynomial in q.

B. L= 1 fermion model

The partition function (25) for L ¼ 1 reduces to a single
polynomial and corresponds to the bosonization of the
original model (2), albeit with opposite sign γ̃ → γ ¼ −γ̃
and with a matrix Ai

j instead of a singlet σ. Since q ¼ e−
β
2γ,

we then have a ¼ −q−ðNþ1=2Þ. The partition function in the
L ¼ 1 case takes the concise form

ZN×1 ¼ qN
2þ3

8
Nð−ÞNpNð−q−ðNþ1=2ÞÞ

¼ q−N=8
XN
j¼0

�
N
j

�
q
qj

2−jN

¼ q−N
2=4−N=8

XN
j¼0

�
N
j

�
q
qðj−N=2Þ2 : ð27Þ

The exponent inside the sum is invariant under reflection
j ↦ ðN − jÞ and so are the q binomials. This implies again
that the number of terms in the sum effectively reduces by
half. As recognized in [17], since the number of distinct
energies in the partition function is polynomial ∼N2 while
the number of states is exponential ∼2N , we expect an
exponential degeneracy growth.
Explicit examples are

Z2×1 ¼ e
β
γ
5
8 þ 3e

β
γ
1
8 → 22

Z3×1 ¼ 2e
β
γ
19
16 þ 2e

β
γ
11
16 þ 4e

β
γ
3
16 → 23

Z4×1 ¼ e
β
γ
9
4 þ 3e

β
γ
7
4 þ 4e

β
γ
5
4 þ 3e

β
γ
3
4 þ 5e

β
γ
1
4 → 24

Z5×1 ¼ 2e
β
γ
53
16 þ 2e

β
γ
45
16 þ 6e

β
γ
37
16 þ 6e

β
γ
29
16 þ 6e

β
γ
21
16 þ 4e

β
γ
13
16 þ 6e

β
γ
5
16 → 25

Z6×1 ¼ e
β
γ
39
8 þ 3e

β
γ
35
8 þ 4e

β
γ
31
8 þ 7e

β
γ
27
8 þ 9e

β
γ
23
8 þ 11e

β
γ
19
8 þ 9e

β
γ
15
8 þ 8e

β
γ
11
8 þ 5e

β
γ
7
8 þ 7e

β
γ
3
8 → 26|{z}

β→0

: ð28Þ

We remark on the following features:
(i) The ground state is nondegenerate or doubly degen-

erate depending on N being even or odd.
(ii) The spectrum is equally spaced ΔE ¼ β=2γ.
(iii) The highest energy level value is E ¼ −ðβ=γÞN=16.
(iv) The number of distinct energy levels is

N even∶
�
N
2

�
2

þ 1;

N odd∶
�
N − 1

2

�
2

þ N − 1

2
þ 1:

(v) The identity [33]

�
N
j

�
q
qj

2−jN ¼
�
N
j

�
1
q

allows us to reexpress the partition function (27) as

ZN×1 ¼ q−N=8
XN
j¼0

�
N
j

�
1
q

:

C. Thermodynamic entropy

The partition function (27) allows us to compute the
entropy of the system from

SðβÞ ¼ ð1 − β∂βÞ logZðβÞ:

The entropy plots in Fig. 2 show either a single or doubly
degenerate ground state at low temperature and consistency
with the Hilbert space dimension 2N at high energy.

IV. L= 1 AND FRAHM-POLYCHRONAKOS
MODEL

Modulo a normalization, which amounts to a zero point
energy, the partition function (27) coincides with that of
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the SUð2Þ Frahm-Polychronakos anti ferromagnetic model
ZFP. The relation is

ZN×1 ¼ q−N
2=4−N=8|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

zero point energy

ZFP ð29Þ

where [34,35]

ZFP ¼
XN
j¼0

�
N
j

�
q
qðj−N=2Þ2 ; q ¼ e−

β
2γ:

The FP model is build from fundamental SUð2Þ spins on a
N-site chain with Calogero-type interactions. The
Hamiltonian can be written as [34]

HFP ¼ 1

2γ

�
−
X
k0>k

nknk0 þ
X
k

ð1 − kÞnk þ
N2

4

�
;

k; k0 ¼ 1;…; N ð30Þ

with k, k0 denoting the lattice site and the occupation
numbers nk ¼ 0, 1.
For later reference we quote the specific free energy of

the FP model in the large N limit. Defined as
ZFP ¼ e−βNfFP , it reads [34]

−βfFP ¼ Teff

�
π2

6
þ 2fð1þ e−

βeff
2 Þ
�

where

fðxÞ ¼
Z

x

1

dy
log y
1 − y

; ð31Þ

where the dimensionless quantity βeff ≡ β=2γ0. As men-
tioned at the beginning of Sec. II A, and pointed out by
Frahm, a sensible large N limit requires a 1=N scaling in
the coupling J. Hence, (31) arises from the replacement
γ ¼ Nγ0 in (30).

A. Fock space Hamiltonian: Casimirs
and SUðNÞ Cartans

We now find the Fock space Hamiltonian which gives
rise to the structure of energy levels of the L ¼ 1 model. It
involves the SUðNÞ Casimir as well as some definite
chemical potentials for the SUðNÞ Cartan charges.
Mapping Frahm’s occupation numbers nk to the fermion

flavor number, i.e., nk ¼ Ψ̄kΨk (no sum), the Uð1Þ charge
(13) in Frahm’s variables takes the formQ ¼ P

k nk. Then,

Q2 −NQ¼
X
k;k0

nknk0 −N
X
k

nk

¼ n21 þ n22 þ � � �|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
¼
P

k
nk

þ 2n1n2 þ 2n1n3 þ � � �−N
X
k

nk

¼ 2n1n2 þ 2n1n3 þ � � �− ðN − 1Þ
X
k

nk ¼ 2

×
X
k0>k

nknk0 − ðN − 1ÞQ ð32Þ

in the second line we used n2k ¼ nk since nk ¼ 0, 1. From
the relation (16) we conclude

−
X
k0>k

nknk0 ¼
Q −Q2

2

¼ N
N þ 1

Cð2Þ þ 1 − N
2

Q: ð33Þ

This allows us to write the first term in (30) in terms of the
Uð1Þ charge and SUðNÞ Casimir.
The term

P
N
k¼1 knk in (30) can be decomposed in

Cartans Hm and Q as (see Appendix A for conventions)

FIG. 2. Entropy as a function of temperature. Left: At low temperature the ground state is nondegenerate for odd N (S → 0) and
doubly degenerate for even N (S → log 2). Right: In the high temperature limit entropy asymptotes Sð0Þ ¼ logð2NÞ. Plots in the right
show a positive specific heat ∂S=∂T > 0 as expected.
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0
BBBBBBB@

1 0

0 2

3

. .
.

N

1
CCCCCCCA

¼ μ1Iþ μmHm; m ¼ 2;…;N:

The solution for μ coefficients is

μ1 ¼ N þ 1

2
; μm ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðm − 1Þ

2

r
:

The Fock space Hamiltonian in terms of the SUðNÞ
Casimir and conserved charges Q and Qm ≡ Ψ̄HmΨ ¼
Ψ̄iðHmÞijΨj reads

HFP ¼ 1

2γ

�
N

N þ 1
Cð2Þ þ ð1 − NÞQ − μmQm þ N2

4

�

¼ 1

2γ

�
−
1

2
Q2 þ

�
1 −

N
2

�
Q − μmQm þ N2

4

�
: ð34Þ

These expressions explicitly shows that nonsinglet boso-
nization of the vector model, contrary to singlet bosoniza-
tion (3), breaks UðNÞ → Uð1ÞN .

V. LARGE N

A. L= 1 (vector) model at large N:
Eigenvalue distribution

It is clear from the eigenvalue integrals (21) or (23) that a
sensible large N limit, with the potential and Vandermonde
factor contributing at the same rate, can be obtained if we
rescale γ ¼ Nγ0. This rescaling agrees with that for J in (2)
and also with the rescaling of energies done by Frahm in
[34] and mentioned below (31).
To perform the large N limit, we work in the represen-

tation given by (21). Our starting point is

ZN×1 ¼
2NR Q

N
i¼1 dλi

Q
j>isinh

2ðλi−λj
2
Þe−Nγ0

β λ
2
i

×
Z YN

i¼1

dλi
Y
j>i

sinh2
�
λi − λj

2

�
cosh

�
λi
2

�
e−N

γ0
β λ

2
i :

ð35Þ

The cosh in this expression scales as ∼OðNÞ and is
therefore subleading with respect to the ∼OðN2Þ potential
and Vandermonde contributions. Disregarding the cosh, the
matrix model (35) corresponds to that of SUðNÞ Chern-
Simons theory on S3 [24]

Z3−sph
CS ∝

Z YN
i¼1

dλi
Y
j>i

sinh2
�
λi − λj

2

�
e−

N
2tλ

2
i : ð36Þ

The CS eigenvalue distribution in the large N limit is
known to be given by [24,36,37],

ρCSðλÞ ¼
1

πt
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
et − ðcosh λ=2Þ2

p
cosh λ=2

: ð37Þ

This is a single-cut distribution supported on λ ∈
½−2 arcoshet=2; 2 arcosh et=2�.
Hence, at large N, the expectation value of detðcoshM

2
Þ

on the CS matrix model can be computed as

ZN×1 ¼ 2N
	
det cosh

M
2



≈ 2Ne

N
R
supp

dλ logðcoshðλ=2ÞÞρCSðλÞ;

N → ∞ ð38Þ

where t ¼ β=2γ0 ¼ βeff . From this last equation we read the

“planar” specific free energy, fð0ÞN×1 ≡ Fð0Þ
N×1=N,

−βfð0ÞN×1 ¼ ln 2þ 2 ×
Teff

π

Z
A

0

ln

�
cosh

λ

2

�

× arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eβeff − ðcosh λ=2Þ2

p
cosh λ=2

dλ ð39Þ

where A ¼ 2arcosh eβeff=2. We have verified numerically
the agreement

βfN×1 ¼ βfFP −
βeff
4

as expected from (29).

B. Large N, L limit: Eigenvalue distribution
and thermal structure

We now consider a large N × L rectangular Fermionic
matrix in the limit α≡ L=N ¼ finite.
The matrix integral (21), in the large N;L ≫ 1 limit, is

dominated by saddle point equations

1

N

X
j≠i

coth

�
λi − λj

2

�
¼ α

�
2
γ

β
λi −

1

2
tanh

λi
2

�
; ð40Þ

the left-hand side arises from the Vandermonde repulsion
and the right-hand side from the derivative of the effective
potential

VeffðλÞ ¼ α

�
γ

β
λ2 − log cosh

λ

2

�
: ð41Þ

Figure 3 displays its relevant features. In the high temper-
ature regime (γ=β ≫ 1) the quadratic piece localizes the
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eigenvalues near the origin, the cosh becomes irrelevant,
and the Vandermonde can be accurately approximated by

the standard one sinh2ðλi−λj
2
Þ ∼ ðλi−λj

2
Þ2. As temperature

decreases a double well potential develops, signaling
symmetry breaking. This phenomenon will show up in
the eigenvalue distribution as a transition from single to
double cut. Classically, the system becomes unstable
for γ=β < 1=8.
Introducing the unit normalized eigenvalue distribution:

ρðλÞ ¼ 1

N

X
i

δðλ − λiÞ;
Z
C
ρðλÞdλ ¼ 1 ð42Þ

allows us to write (40) in the form

1

α
�
Z
C
coth

�
λ − λ0

2

�
ρðλ0Þdλ0 ¼ 2

γ

β
λ −

1

2
tanh

λ

2
;

λ ∈ C ¼ suppðρÞ: ð43Þ

Here �R denotes the principal value prescription and C
denotes a curve in complex space. As evident from this
expression, the spread of the eigenvalues over the cut is
measured by α. As α → ∞, the repulsion term on the lhs
becomes negligible and eigenvalues accumulate around the
minimum of the potential. α is customarily called a t’ Hooft
coupling.
To solve the singular integral equation (43) we change

variables to u ¼ eλ so that the lhs in (43) becomes the
canonical Vandermonde repulsion. This modifies the nor-
malization condition (42) toZ

C

du
u
ρ̃ðuÞ ¼ 1: ð44Þ

Here ρ̃ðuÞ≡ ρðlog uÞ, and now u ∈ ð0;∞Þ. From the
λ → −λ symmetry of the effective potential Veff we expect
a symmetric distribution around the origin. Hence, in the
high temperature regime, the single-cut solution in u

variables satisfies u ∈ ½a; b� with ab ¼ 1. Replacing
coth λ−λ0

2
¼ 1þ 2u0

u−u0 into (43) one finds

�
Z
C

ρ̃ðu0Þ
u0−u

du0 ¼−
2αγ

β
log

ffiffiffi
u

p
−
α

2

1

uþ1
þδ; u∈C ð45Þ

with δ ¼ α=4þ 1=2 a constant term. The 1=ðuþ 1Þ term
on the rhs arises from the cosh insertion in the matrix
integral (35) [cf. (4.4) in [36] ]; setting it to zero reduces
the problem to the Chern-Simons matrix integral.

C. Single-cut distribution

In the high temperature regime, i.e., γ=β ≫ 1=8, we
expect a single-cut eigenvalue distribution with support
C ¼ ½a; b�; b > a > 0. Based on previous results [36,38],
we propose4

ρ̃ðuÞ ¼ 1

π

�
c1tan−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðu − aÞðb − uÞp
uþ ffiffiffiffiffiffi

ab
p

�

þ c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðu − aÞðb − uÞp
uþ 1

�
: ð46Þ

Inserting this ansatz in (45) and using (C4) and (C7) fixes
c1 ¼ 2αγ=β and c2 ¼ −α=ð2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðaþ 1Þðbþ 1Þp Þ. The equa-
tions determining the endpoints a and b are those fixing
the constant term δ in (45) and the normalization condition
for ρ. The former is

2αγ

β
log

� ffiffiffi
a

p þ ffiffiffi
b

p

2

�
þ α

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðaþ 1Þðbþ 1Þp ¼ α

4
þ 1

2
ð47Þ

while the latter, obtained inserting (46) in (44) and using
(C1) and (C6), results in

2αγ

β
log

�
2

ffiffiffiffiffiffi
ab

p þ aþ b

4
ffiffiffiffiffiffi
ab

p
�
−

α

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðaþ 1Þðbþ 1Þp

× ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ 1Þðbþ 1Þ

p
− 1 −

ffiffiffiffiffiffi
ab

p
Þ ¼ 1: ð48Þ

It can be checked that (47) and (48) coincide when we set
a ¼ 1=b. This relation is the expected relation for the
endpoints from the λi → −λi symmetry in (41). In sum-
mary, the single-cut eigenvalue distribution for the model
(21) is

FIG. 3. Effective eigenvalue potential (41) as a function of the
temperature. The figure illustrates symmetry breaking at low
temperatures. As we show in the text, a single- to double-cut
transition develops in the eigenvalue distribution.

4The ansatz (46) can be guessed if we deform the contour
encircling the cut in (D4) to infinity. In this way we pick the pole
at λ and an integral over the discontinuity across the log branch
cut, which suggests (46).
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ρðλÞ ¼ α

π

�
2γ

β
tan−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeλ − 1=bÞðb − eλÞ

p
eλ þ 1

�

−
ffiffiffi
b

p

2ðbþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeλ − 1=bÞðb − eλÞ

p
eλ þ 1

�
ð49Þ

with b satisfying

2γ

β
log

�ðbþ 1Þ2
4b

�
−
ð1 − ffiffiffi

b
p Þ2

2ðbþ 1Þ ¼ 1

α
: ð50Þ

Numerical methods are very effective in solving (50).
As we diminish the repulsion, α ≫ 1 [cf. (43)], eigen-

values locate near the potential minimum λ ¼ 0 (u ¼ 1).
In this regime the model effectively reduces to a quartic
potential

VeffðλÞ ≈ αðgλ4 þ μλ2Þ; α ≫ 1 ð51Þ

with g ¼ 1=192 and μ ¼ γ=β − 1=8. Then, the single-cut
endpoint can be found perturbatively in 1=α. Plugging
b ¼ 1þ ϵ in (50) one finds

ϵ ¼ β=4γ
α

þO

�
1

α2

�
:

D. Phase transition and double-cut solution

We now discuss some relevant features of the single-cut
solution (49). The two terms in (46) have support in the
region ð1=b; bÞ; however, the first one is positive while the
second is negative. At high temperature (γ=β ≫ 1) the first
term dominates and we effectively get the Chern-Simons
matrix integral with a Wigner semicircle-like connected
distribution (see Fig. 4). As we lower the temperature, the
second term becomes increasingly important creating a
dip in the semicircle (Figs. 4 and 5). For small enough
temperature, the dip at the origin touches the horizontal
axis. As a negative eigenvalue distribution is unacceptable,
this signals a split of the support, i.e., a single- to double-cut
transition (see Fig. 5 right).
For fixed α, the critical temperature Tc below which the

single- to double-cut transitions occur can be found by
solving ρð0Þ ¼ 0. This equation gives a curve αðγÞ in the
ðγ; αÞ plane, which we display in Fig. 6. One concludes that
for γ=β > 1=8 the distribution is connected irrespectively
of the value of α and for γ=β < 1=4π the distribution is
disconnected irrespectively of α.

E. Order of the phase transition

The order of the phase transition can be analytically
studied in the α ≫ 1 limit, where the system reduces to an

FIG. 5. Left: For γ=β > 1=8 the eigenvalue distribution is connected (single-cut) irrespectively of α. Right: For γ=β < 1=8 and large
enough α the distribution must be modified: As we increase α the dip reaches the origin and a disconnected (double-cut) eigenvalue
distribution develops.

FIG. 4. One-cut eigenvalue distribution as a function of temper-
ature: The high temperature limit (green curve) of the eigenvalue
distribution (49) resembles the Wigner semicircle law. As
temperature decreases, the second term in (49) becomes relevant
and a dip develops around the origin (blue curve).
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effective λ4 model (see Appendix D for a review of the
quartic model).
Considering the first derivative of the specific free

energy in the α ≫ 1,

∂f0
∂g

¼ lim
N→∞

1

N
hαTrM4i ¼ α

Z
C
dλ ρðλÞ λ4:

This expression can be easily computed by expressing the
integral in terms of a contour C surrounding the cut C

Z
C
dλ ρðλÞ fðλÞ ¼ 1

2

I
C
dzρðzÞ fðzÞ:

Then,

∂f0
∂g

¼

8><
>:

4ð9gþαμ2þμ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2μ2þ12gα

p
Þ

ð ffiffi
α

p
μþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
αμ2þ12g

p
Þ4

μ > μc 1-cut

αμ2þg
4g2 μ < μc 2-cut:

ð52Þ

From this expression one finds evaluating at the critical
value μc ¼ −2

ffiffiffiffiffiffiffiffi
g=α

p
from both sides

∂f0
∂g

����
μ¼μþc

¼ ∂f0
∂g

����
μ¼μ−c

¼ 5

4g
;

∂
2f0
∂g2

����
μ¼μþc

¼ ∂
2f0
∂g2

����
μ¼μ−c

¼ −
9

4g2
;

∂
3f0
∂g3

����
μ¼μþc

¼ 27

4g3
;

∂
3f0
∂g3

����
μ¼μ−c

¼ 13

2g3
:

Alternatively one can compute μ derivatives

∂f0
∂μ

¼ α

Z
C
dλ ρðλÞ λ2:

The results are

∂f0
∂μ

¼

8><
>:

2
ffiffi
α

p ð8gþαμ2þμ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2μ2þ12gα

p
Þ

ð ffiffi
α

p
μþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
αμ2þ12g

p
Þ3

μ > μc 1-cut

− αμ
2g μ < μc 2-cut;

ð53Þ

∂f0
∂μ

����
μ¼μþc

¼ ∂f0
∂μ

����
μ¼μ−c

¼
ffiffiffi
α

g

r
;

∂
2f0
∂μ2

����
μ¼μþc

¼ ∂
2f0
∂μ2

����
μ¼μ−c

¼ −
α

2g
;

∂
3f0
∂μ3

����
μ¼μþc

¼ α3=2

4g3=2
;

∂
3f0
∂μ3

����
μ¼μ−c

¼ 0:

The last result shows a third order phase transition.
Alternatively, one obtains the same behavior by comput-

ing α derivatives of the specific free energy

∂f0
∂α

¼
Z
C
dλ ρðλÞ ðgλ4 þ μλ2Þ:

The results are

∂f0
∂α

¼
(

1
64
αð9b8g2 þ 20b6gμþ 8b4μ2Þ μ > μc 1-cut

1
64
αgða − bÞ2ðaþ bÞ2ð8μða2 þ b2Þ þ gð5a4 þ 6a2b2 þ 5b4ÞÞ μ < μc 2-cut;

ð54Þ

FIG. 6. Phase diagram. Critical line showing single- to double-
cut transitions in the eigenvalue distribution: To the left of the
blue curve (low T) we have a disconnected (double-cut)
distribution, to the right (high T) a connected (single-cut)
one. The right asymptote lies at the classical value for instability
γ=β ¼ 1=8 ¼ 0:125, the left asymptote at γ=β ¼ 1=4π ≈
0.0795775. The critical temperature for a square fermion matrix,
α ¼ 1, can be read from the critical line crossing the horizontal
axis; this happens at γ=β ≈ 0.0800517.
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∂f0
∂α

����
μ¼μþc

¼ ∂f0
∂α

����
μ¼μ−c

¼ −
3

4α
;

∂
2f0
∂α2

����
μ¼μþc

¼ ∂
2f0
∂α2

����
μ¼μ−c

¼ −
1

4α2
;

∂
3f0
∂α3

����
μ¼μþc

¼ 1

4α3
;

∂
3f0
∂α3

����
μ¼μ−c

¼ 1

2α3
:

These results agree with the expected third order behavior
originally recognized in [19]. We display the phase diagram
of the system in ðμ; gÞ-space in Fig. 7.

VI. SUMMARY

In this paper we have studied fermionic quantum
mechanical models with quartic interactions at finite
temperature. The fermions have matrix character trans-
forming as bifundamentals of SUðNÞ and SUðLÞ. The
models can be solved exactly and several large N, L limits
were performed.
We have emphasized the role ambiguities play when

performing the bosonization technique. In particular, we
have shown that our regularization of the fermionic
determinant in the nonsinglet bosonization case breaks
the classical symmetry from UðNÞ → Uð1ÞN . In passing
we have written fermionic Fock space Hamiltonians (8) and
(34) showing that the spectrums found by bosonization in
fact describe the precise Fermionic system at the quantum
level with particular ambiguities being fixed.
For the finite N, L case, the fermionic models were given

an alternative representation in terms of the vacuum
expectation values of characteristic polynomials in the
Chern-Simmons matrix model [17]. Using well-known
orthogonal polynomials techniques (Brézin-Hikami corre-
spondence formula [32]) the model can be solved The
vector model in nonsinglet bosonization shows an equi-
distant spectrum and can be related to the (integrable)
Polychronakos-Frahm model. It is important to highlight

that the bosonic matrix models we end up with incorporate
the temperature in a natural way, providing an alternative
viewpoint on the Chern-Simons matrix model. The results
have also shown that the intricacies of the bosonization fix
ambiguous normal terms to specific values in the Cartan
generators [cf. (34)].
The eigenvalue distribution for the models in large N, L

limits were solved. For the vector model case (L ¼ 1) the
distribution coincides with the CS one and no phase
transition arises as we vary temperature. Naturally, cou-
pling constant had to be rescaled for a sensible limit
γ → Nγ. Fermionic matrices provide a new parameter
(column/row ratio) which we can play with, i.e., α ¼
L=N finite for large N, L. The eigenvalue distribution in
the large temperature (one-cut) regime was found in closed
form [see (49)]. Its analysis shows, as expected, the
splitting of the cut as we lower the temperature due to
the competition of two terms. For large α ≫ 1 the model
can be safely approximated by a quartic potential and well-
known results permit us to find the two-cut solution. One
can check that a third order phase transition transition
arises. We also found the critical curve in ðα; γÞ-parameter
space where the phase transition occurs.
There are several avenues to explore in the model. The

bosonic representation of the FP model is novel to the
authors’ knowledge and we find this an interesting avenue
to explore. We can envisage studying the double scaling
limit along the γðαÞ curve to uncover the behavior of the
bosonization technique. A more ambitious project is to try
to study if the present fermionic models with finite Hilbert
spaces can be related to de Sitter gravity or string models as
elaborated in [39–43]. Finally we could study the L ¼ 1
model in the ferromagnetic case and see whether the
transitions found in [25] take place in the present models.
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APPENDIX A: UðNÞ AND SUðNÞ CONVENTIONS

UðNÞ: set of N × N complex matrices U satisfying
UU† ¼ 1.
SUðNÞ: subset of UðNÞ satisfying detU ¼ 1.
Fundamental representation: Writing U ¼ eiA, genera-

tors A are N × N Hermitic matrices A ¼ A†.

FIG. 7. Phase diagram in ðμ; gÞ displaying the one- and two-cut
solutions.
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For SUðNÞ, the condition detU ¼ 1 ⇝ traceless gen-
erators: TrA ¼ 0.

SUðNÞ generators∶ tracelessþ hermiticfTαg
α ¼ 1;…; N2 − 1

Appending the identity to this set we obtain

UðNÞgenerators∶ hermitic fTag ¼
�
Tα;

1ffiffiffiffiffiffiffi
2N

p IN

�
;

a ¼ 1;…; N2

Normalization: Fundamental generators are normalized as

TrðTaTbÞ ¼
1

2
δab: ðA1Þ

Killing-Cartan metric:

gab ≡ δab:

Fierz identity: Fundamental irrep generators satisfy the
following identity:

UðNÞ∶ δabðTaÞijðTbÞkl ¼
1

2
δilδ

k
j ; i; j ¼ 1;…N: ðA2Þ

Moving the identity generator in the lhs of this last
expression to the rhs we obtain

SUðNÞ∶ δαβðTαÞijðTβÞkl ¼
1

2

�
δilδ

k
j −

1

N
δijδ

k
l

�
: ðA3Þ

Proof of (A3): the unit matrix 1 and set Tα form a basis
for the space of Hermitian N × N matrices, ∀A Hermitian

A ¼ a01þ aαTα:

Taking the trace on both sides we determine a0

TrðAÞ ¼ a0N ⇝ a0 ¼ 1

N
TrðAÞ:

Multiplying by Tβ and taking the trace we find aα

TrðATβÞ ¼ a0TrðTβÞ|fflfflffl{zfflfflffl}
¼0

þ aαTrðTαTβÞ|fflfflfflfflffl{zfflfflfflfflffl}
¼1

2
gαβ

⇝ aα ¼ 2TrðATαÞ

where aα ≡ gαβaβ:

We conclude ∀A

A ¼ 1

N
TrðAÞ1þ 2TrðATαÞTα

where Tα ¼ gαβTβ. In components

Ai
j ¼

1

N
Al

lδ
i
j þ 2Al

kð2TαÞklðTαÞij

⇝ Al
k

�
ðTαÞklðTαÞij þ

1

N
δijδ

k
l − δilδ

k
j

�
¼ 0 ⇝ Eq:ð57Þ ðA4Þ

This has to hold for arbitrary A, therefore the Fierz
identities, (A2) and (A3) follow.
SUðNÞ algebra: Structure constants are defined from

fundamental (normalized) irrep generators as

½Tα;Tβ� ¼ ifγαβTγ:

Multiplying by Tρ and taking a trace, we can express the
structure constants in terms of traces of the fundamental
irrep as

ifραβ ¼ 2½TrðTρTαTβÞ − TrðTρTβTαÞ�: ðA5Þ

SUðNÞ trace formulas: From (A3) we obtain

TrðTαXÞTrðTαYÞ ¼
1

2

�
TrðXYÞ − 1

N
TrðXÞTrðYÞ

�
ðA6Þ

TrðTαXTαYÞ ¼
1

2

�
TrðXÞTrðYÞ − 1

N
TrðXYÞ

�
: ðA7Þ

SUðNÞ quadratic Casimir for fundamental and adjoint
irreps: The quadratic Casimir is defined as

Cð2Þ
R ≡ gαβTαðRÞTβðRÞ ¼ TαðRÞTαðRÞ: ðA8Þ

Fundamental irrep □: (A3) gives

Fundamental∶ Cð2Þ
F ¼ ðTαTαÞij ¼

N2 − 1

2N
δij;

i; j ¼ 1;…; N ðA9Þ

Adjoint irrep: Fenerators are given by ðTαÞρσ ¼ ifρασ, then

Adjoint∶ Cð2Þ
adj ¼ ðTαTαÞρσ ¼ Nδρσ;

α; β; :: ¼ 1;…; N2 − 1: ðA10Þ

Proof:
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Cð2Þ
adj ¼ δαβðifραγÞðifγβρÞ

¼ 4½TrðTρTαTγÞ − TrðTρTγTαÞ�½TrðTγTαTσÞ − TrðTγTσTαÞ�
¼ 2½TrðTγTρTσTγÞ − TrðTγTρTγTσÞ − TrðTρTγTσTγÞ þ TrðTρTγTγTσÞ�

¼ 4

�
N2 − 1

4N
δρσ þ 1

4N
δρσ

�
¼ Nδρσ

In going to the second line we used (A5), in going to the third (A6), and in the fourth we replaced TγTγ by Cð2Þ
F and

used (A7).
The young tableaux corresponding to the adjoint irrep involves N boxes

For completeness we quote the Casimir for a young tableaux Y with b boxes, row lengths ρi and column lengths σj (see
Appendix A in [44])

Cð2Þ
Y ¼ 1

2

�
bN þ

X
i

ρ2i −
X
j

σ2j −
b2

N

�
: ðA11Þ

Cartan generators: For the fundamental representation of SUðNÞ, these are N − 1 mutually commuting N × N traceless
matrices Hmðm ¼ 2;…; NÞ. We choose 5

H2 ¼ α2

0
BBBBBBB@

1 0

0 −1
0

. .
.

0

1
CCCCCCCA
; H3 ¼ α3

0
BBBBBBB@

1 0

0 1 0

0 −2
. .
.

0

1
CCCCCCCA
;…; HN ¼ αN

0
BBBBBBB@

1

1

. .
.

1 0

0 −N þ 1

1
CCCCCCCA

with αm ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðm − 1Þp

. They satisfy the normalization condition (A1), i.e., TrðHmHnÞ ¼ 1
2
δmn.

APPENDIX B: BRÉZIN-HIKAMI VACUUM EXPECTATION VALUES OF CHARACTERISTIC
POLYNOMIALS

Expectation values of products of characteristic polynomials for Hermitian ensembles with probability distribution
PðMÞ ¼ 1

Z e
−trVðMÞ were computed in [32] in terms of orthogonal monic polynomials mnðxÞ. These are orthogonal

polynomials for VðxÞ whose coefficients of the highest degree are equal to unityZ
mnðxÞmmðxÞ e−VðxÞ dx ¼ hnδnm; mnðxÞ ¼ xn þ lower degree:

The result is

hðdetðλ −MÞÞLiV ¼ ð−ÞLðL−1Þ=2Q
L−1
i¼0 ði!Þ

det

�����������

mNðλÞ mNþ1ðλÞ … mNþL−1ðλÞ
m0

NðλÞ m0
Nþ1ðλÞ … m0

NþL−1ðλÞ
..
.

mðL−1Þ
N ðλÞ mðL−1Þ

Nþ1 ðλÞ … mðL−1Þ
NþL−1ðλÞ

�����������
: ðB1Þ
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APPENDIX C: SOME USEFUL INTEGRALS

We compute and quote here a number of integrals necessary for obtaining the eigenvalue distribution in Sec. V B. They
are obtained by standard applications of the residue theorem. Where (45) is linear, the solution for ρ can be found by a
superposition of the sources on the rhs. Results (1) and (2). solve the 1=ðuþ 1Þ term, while results (3) and (4) solve the
log

ffiffiffi
u

p
term.

(1)

1

π

Z
b

a

dx
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx − aÞðb − xÞp
xþ 1

¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ 1Þðbþ 1Þ

p
−

ffiffiffiffiffiffi
ab

p
− 1Þ; 0 < a < b: ðC1Þ

Proof: The integrand in the lhs shows, in the complex plane, simple poles at z ¼ 0;−1 and a cut joining z ¼ A to
z ¼ B. Let C̄ be a clockwise contour surrounding the cut, then

I
C̄

dz
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz − aÞðb − zÞp
zþ 1

¼ 2i
Z

b

a

dx
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx − aÞðb − xÞp
xþ 1

: ðC2Þ

Deforming the contour to infinity C̄∞, we pick two (residue) contributions from z ¼ −1 and z ¼ 0. The result is

I
C−1þC0þC̄∞

dz
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz − aÞðb − zÞp
zþ 1

¼ 2πi½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaþ 1Þðbþ 1Þ

p
−

ffiffiffiffiffiffi
ab

p
− 1�: ðC3Þ

Equating (C2) and (C3) we obtain (C1).
(2)

1

π
−
Z

b

a

dx
x − y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx − aÞðb − xÞp
1þ x

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðaþ 1Þðbþ 1Þp

yþ 1
− 1; y ∈ ða; bÞ ðC4Þ

Proof: This integral is similar to (C1), but the pole at the origin is now located along the integration interval. Picking
the same contour as before, surrounding the cut in the clockwise sense, we have

I
C̄

dz
z − y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðz − aÞðb − zÞp
zþ 1

¼ 2i�
Z

b

a

dx
x − y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx − aÞðb − xÞp
1þ x

: ðC5Þ

Deforming the contour to infinity we now pick a single contribution from z ¼ −1; the final result is (C4).
(3) Assuming 0 < a < b are real numbers,

1

π

Z
b

a

dx
x
tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx − aÞðb − xÞp
xþ ffiffiffiffiffiffi

ab
p ¼ log

�
2

ffiffiffiffiffiffi
ab

p þ aþ b

4
ffiffiffiffiffiffi
ab

p
�
: ðC6Þ

(4) Assuming 0 < a < b are real numbers,

1

π
−
Z

b

a

dx
x − y

tan−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx − aÞðb − xÞp
xþ ffiffiffiffiffiffi

ab
p ¼ − log

�
2

ffiffiffi
y

pffiffiffi
a

p þ ffiffiffi
b

p
�
: ðC7Þ

Proof: (3) and (4) are generalizations of well-known results of CS theory [24] after the change of variables x ¼ eλ.
They can be checked with simple numerical examples.
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APPENDIX D: QUARTIC MODEL [20,21,24,45]

The partition function for a Hermitian matrix model,
writing M ¼ U · diagðλ1;…λNÞ ·U−1, is

Z ¼ N
Z YN

i¼1

dλi
Y
j>i

ðλi − λjÞ2e−NVðλiÞ: ðD1Þ

In the large N limit the partition function is dominated by a
saddle point equation for the eigenvalue distribution ρðλÞ
[cf. (42)]

2�
Z

C

ρðλ0Þ
λ − λ0

dλ0 ¼ V 0ðλÞ; λ ∈ C ¼ suppðρÞ: ðD2Þ

The solution to this equation is found by introducing the
resolvent ωðzÞ≡ 1

N hTr 1
z−Mi with z ∈ C, which in the large

N limit takes the form

ω0ðzÞ ¼
Z
C

ρðλ0Þ
z − λ0

dλ0:

Away from C (support of the distribution) this is an analytic
function. The resolvent satisfies three important condi-
tions [18,24]:

(i) ρðλÞ¼− 1
2πiðω0ðλþiϵÞ−ω0ðλ−iϵÞÞ for λ ∈ suppðρÞ,

(ii) ω0ðλþ iϵÞ þ ω0ðλ − iϵÞ ¼ V 0ðλÞ
(iii) ω0ðλÞ ¼ 1

λ þOð 1
λ2
Þ as λ → ∞.

This turns the integral equation (D2) into a Riemann-
Hilbert problem for ωðλÞ.
We are interested in analyzing the consequences of

symmetry breaking on the eigenvalue distribution. To this
end we consider the potential

VðλÞ ¼ αðgλ4 þ μλ2Þ ðD3Þ

and assume g > 0. Classically, the potential develops two

minima at λmin ¼ �
ffiffiffiffiffiffiffiffi
− μ

2g

q
when μ becomes negative.

These break the Z2 symmetry of the potential. In the large
N limit, the instability develops below μc ¼ −2

ffiffiffiffiffiffiffiffi
g=α

p
< 0

when the distribution becomes disconnected (two-cut)
[20,21,45].
Explicitly, the quartic model requires us to solve

1

α
�
Z

C

ρðλ0Þ
λ − λ0

dλ0 ¼ 2gλ3 þ μλ:

Notice α measures the strength of the eigenvalue repulsion
(lhs). As α → ∞ the repulsion is negligible and eigenvalues
localize at the extrema of VðλÞ. Hence, the size of the cuts is
controlled by α.

1. One-cut solutions

The one-cut solution ω1-cut
0 ðzÞ for arbitrary VðλÞ, sat-

isfying (i)–(iii) above, can be written in closed form as [46]
(see also [23])

ω1-cut
0 ðzÞ ¼ 1

2

I
C

dw
2πi

V 0ðwÞ
z − w

� ðz − aÞðz − bÞ
ðw − aÞðw − bÞ

�
1=2

: ðD4Þ

Here C is an anticlockwise contour encircling the (single)
cut C ¼ ½a; b�, a < b.
The endpoints of the cut, a and b, become fixed upon

demanding the resolvent ω to satisfy property (iii).
Expanding the integrand in (D4) for z ≫ w, condition
(iii) implies thatI

C

dw
2πi

V 0ðwÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðw − bÞðw − aÞp ¼ 0 and

1

2

I
C

dw
2πi

ðw − ðaþ bÞ=2ÞV 0ðwÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðw − aÞðw − bÞp ¼ 1: ðD5Þ

Inserting

V 0ðwÞ ¼ 2αð2gw3 þ μwÞ;

integrals (D5) can be easily calculated deforming the
contour C to infinity. The circulation at infinity picks
the coefficient of the 1=w-term in the expansion of the
integrand, i.e., residue at infinity. The results are

ðaþ bÞðð5a2 − 2abþ 5b2Þgþ 4μÞ ¼ 0 ðD6Þ
α

64
ða − bÞ2ðð15a2 þ 18abþ 15b2Þgþ 8μÞ ¼ 1: ðD7Þ

A. Symmetric solution: (D6) is immediately solved for
a ¼ −b, which, inserted in (D7), gives

b2 ¼ 4

αμþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2μ2 þ 12αg

p : ðD8Þ

As expected, the size of the cut reduces b → 0, when the
eigenvalue repulsion diminishes α → ∞.
Deforming the contour C in (D4) to infinity,H

C ¼
H
C̄z
þ H

C∞
, one obtains

ω1sym
0 ðzÞ ¼ αð2gz3 þ μzÞ − α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 − b2

p
ð2gz2 þ b2gþ μÞ:

ðD9Þ

The first term comes from the pole at w ¼ z and the second
from the circulation at infinity. In the limit g ¼ 0
the solution, (D8)–(D9), smoothly reduces to Wigner’s
semicircle.
The second term in (D9) is responsible for the disconti-

nuity required by property (i) above; hence, we immediately
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read the single-cut eigenvalue distribution for the quartic
model [18,20,21,24,45]

ρ1symðλÞ ¼ α

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − λ2

p
ð2gλ2 þ b2gþ μÞ

for λ ∈ C ¼ ½−b; b�: ðD10Þ

This solution is consistent as long as ρ1s ≥ 0. For g > 0, a
dip develops around the origin as μ becomes negative
(cf. Fig. 4). At μc ¼ −2

ffiffiffiffiffiffiffiffi
g=α

p
the distribution touches the

horizontal axis. For μ < μc the eigenvalue distribution
consists of two disconnected cuts; we recompute it below.
In summary, solution (D8)–(D9) makes sense for the

following:μ > 0 ⇝ g > − αμ2

12
. This condition follows from

demanding b ∈ R [18]. Amusingly, although the potential

becomes unbounded below for g < 0, as long as g > − αμ2

12

the potential barrier prevents the eigenvalues from over-
flowing. At the critical point g ¼ −αμ2=12, the nonanalytic
behavior of ρ1symðλÞ at the edge of the support changes
from jλ� bj1=2 to jλ� bj3=2. This phenomenon is crucial in
2D quantum gravity and noncritical string theory.
μ ≤ 0; g > 0 ⇝ μ ≥ μc ¼ −2

ffiffiffiffiffiffiffiffi
g=α

p
or equivalently

g ≥ αμ2

4
. The condition follows, demanding that ρ1s ≥ 0.

B. Asymmetric solution: For g > 0 and μ < 0, Eqs. (D6)
and (D7) allow for a single-cut solution centered close to

one of the minima λmin ¼ �
ffiffiffiffiffiffiffiffi
− μ

2g

q
. Inserting a ¼ σ − τ and

b ¼ σ þ τ in (D6) and (D7) the solution is [20]

σ2¼
−3μþ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2− 15g

α

q
10g

; τ2¼
−2μ−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2− 15g

α

q
15g

: ðD11Þ

As repulsion vanishes, α → ∞, the “center” of the distri-
bution σ → λmin and the width τ → 0. The solution runs
away σ → ∞ as g → 0. Deforming the contour C in (D4) to
infinity one obtains

ω1asym
0 ðzÞ ¼ αð2gz3 þ μzÞ − α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz − σ − τÞðz − σ þ τÞ

p
× ð2gz2 þ 2gzσ þ 2gσ2 þ τ2 þ μÞ: ðD12Þ

The eigenvalue distribution reads

ρ1asymðλÞ ¼ α

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðσ þ τ − λÞðλ − σ þ τÞ

p
× ð2gλ2 þ 2gλσ þ 2gσ2 þ τ2 þ μÞ
for λ ∈ C ¼ ½σ − τ; σ þ τ�: ðD13Þ

In summary, the asymmetric solution (D11)–(D13) exists
for the following: μ < 0 ⇝ 0 < g < αμ2

15
. This condition

arises from σ; τ ∈ R.

Notice the asymmetric solution (D13) gives rise to
hTrMi ≠ 0 as compared to (D10). For further discussions
see [20].

2. Two-cut solutions

For g > 0, μ < 0 and μ ≤ μc the support of the distri-
bution becomes disconnected.
A. Symmetric solution: Multicut solutions can also be

written in closed form [24]. For even potentials
VðλÞ ¼ Vð−λÞ, the (Z2-symmetric) two-cut solution takes
the form

ω2−cut
0 ðzÞ ¼ 1

2

I
C

dw
2πi

V 0ðwÞ
z − w

� ðz2 − a2Þðz2 − b2Þ
ðw2 − a2Þðw2 − b2Þ

�
1=2

:

ðD14Þ

Here, C is an anticlockwise circulation around the cuts
located symmetrically around the origin at −b < x < −a
and a < x < b with b > a > 0.
Demanding the resolvent to satisfy property (iii) one

obtains

I
C

dw
2πi

V 0ðwÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw2 − b2Þðw2 − a2Þ

p ¼ 0 and

1

2

I
C

dw
2πi

ðw2 − ða2 þ b2Þ=2ÞV 0ðwÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw2 − a2Þðw2 − b2Þ

p ¼ 1:

Inserting the explicit expression for V 0ðwÞ and computing
the contour integral at infinity one finds

ða2 þ b2Þgþ μ ¼ 0;

gα
4
ða2 − b2Þ2 ¼ 1 ⇝ a2 ¼ −

μ

2g
−

1ffiffiffiffiffi
αg

p ;

b2 ¼ −
μ

2g
þ 1ffiffiffiffiffi

αg
p : ðD15Þ

The two-cut Z2-symmetric solution shows two peaks
centered around the classical minima λ2min ¼ − μ

2g with
widths scaling as 1=α. As we increase the eigenvalue
repulsion α → 0, the peaks widen and become eventually
connected for α < 4g=μ2.
To find the resolvent we deform C to infinity. From the

pole at w ¼ z and the residue at infinity in (D14) one
obtains

ω2s
0 ðzÞ ¼ αð2gz3 þ μzÞ − 2gα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2 − a2Þðz2 − b2Þ

q
z:
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The eigenvalues distribution follows from the second term

ρ2sðλÞ ¼ 2gα
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb2 − λ2Þðλ2 − a2Þ

q
jλj

for λ ∈ C ¼ ½−b;−a� ∪ ½a; b�: ðD16Þ

APPENDIX E: FRAHM-POLYCHRONAKOS
MODEL

The Frahm-Polychronakos model arises from a particu-
lar limit of a Calogero-type spin system [47]. The FP model
consists of fundamental SUðnÞ spins positioned at the
equilibrium positions of a classical Calogero model, i.e.,
interacting through inverse-square exchange. In the present
paper, we will be concerned with the SUð2Þ case.
Start with an N-particles system on the line with the

Hamiltonian [48]

H ¼ 1

2

X
i

ðp2
i þ ω2x2i Þ þ

X
i<j

lðl −MijÞ
ðxi − xjÞ2

ðE1Þ

where Mij is the particle permutation operator

Mij ¼ Mji ¼ M†
ij; M2

ij ¼ 1

MijAj ¼ AiMij; MijAk ¼ AkMij; for k ≠ i; j

where Ai is any operator (including Mij themselves)
carrying one or more particle indices. This model was
shown to be integrable in [48]. Rescaling ω → lω, the
Hamiltonian naturally splits into Calogero and spin parts,
H ¼ HC þHs, with

HC ¼ 1

2

X
i

ðp2
i þ l2ω2x2i Þ þ

X
i<j

l2

ðxi − xjÞ2
;

Hs ¼ −l
X
i<j

Mij

ðxi − xjÞ2
: ðE2Þ

In the strong coupling limit l → ∞, the coordinate degrees
of freedom freeze and decouple from the spin ones. Setting
the coordinates to their static equilibrium positions

ω2xi ¼ 2
X
j≠i

1

ðxi − xjÞ3
ðE3Þ

we end up with a spin chain of fundamental SUðnÞ spins
lying at the equilibrium positions of the classical Calogero
system. The solutions xi of (E3) can be identified as the N
roots of the Hermite polynomial HNðxÞ of degree N [49].
The Frahm-Polychronakos model relevant for this paper

is defined as the fermionic spin chain arising from the spin
part in (E2) with Mij ↦ −σij. Dropping the l factor,

HFP ≡ 1

2γ
Hs:

The partition function for the fermionic SUð2Þ model was
guessed numerically in [34] and derived analytically in [35]

Zaf
2;N ¼ q−

m
4

XN
k¼0

qðk−N
2
Þ2 Yk

r¼1

1 − qN−rþ1

1 − qr
with q ¼ e−

β
2γ:

ðE4Þ
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