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Abstract Several numerical time integration methods for multibody system dynamics are
described: an energy preserving scheme and three energy decaying ones, which introduce
high-frequency numerical dissipation in order to annihilate the nondesired high-frequency
oscillations. An exhaustive analysis of these four schemes is done, including their formu-
lation, and energy preserving and decaying properties by taking into account the presence
of nonlinear algebraic constraints and the incrementation of finite rotations. A new energy
preserving/decaying scheme is developed, which is well suited for either stiff or nonstiff
nonlinearly constrained multibody systems. Examples on a series of test cases show the
performance of the algorithms.

Keywords Time integration - DAE systems - Nonlinear multibody systems dynamics -
Energy preservation - Energy dissipation

1 Introduction

Integration of second-order index 3 Differential-Algebraic Equations (DAE) may lead to
numerical instability when an integration method of the Newmark family is used, because
of the algebraic constraints that are the cause of unbounded linearly growing oscillations in
the acceleration response (weak instability). If a high-frequency dissipation is introduced,
this instability can be controlled in the linear regime, e.g., using either HHT [1] or Hulbert
a-generalized methods [2].

In the nonlinear regime, the stability cannot be guaranteed by usual methods of analysis
that are based on the properties of the system amplification matrix. An alternative to ensure
the stability of the solution is by means of schemes that verify the preservation of the total
energy of the system at each time step. This discrete preservation of a positive amount over
each time step ensures the algorithm unconditional stability in the nonlinear regime [3].
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Energy preserving methods were used for the first time in the context of the Finite-Element
Method by Haug et al. [4] and Hughes et al. [5], where the preservation of the energy was
enforced as a constraint by using Lagrange multipliers. These methods, termed enforced
preservation methods, are not considered strictly as preserving or dissipative schemes: since
the higher modes are dissipated while the total system energy must at the same time remain
constant, these algorithms transfer energy from the higher to the lower modes, a process that
is nonphysical [6].

Simo et al. [7-10] explored the idea of midpoint equilibrium that follows on from the work
of Hilber et al. [11] and Zienkiewicz et al. [12], to introduce algorithms that preserve the
total energy for unconstrained systems of rigid bodies, rods, nonlinear beams, and nonlinear
elastodynamics. Ibrahimbegovic and Mamouri [13] have developed an energy conserving
algorithm for flexible multibody systems with constraints. Betsch and Steinmann have pro-
posed energy preserving schemes for N-body problems [14], nonlinear elastodynamics [15],
mechanical systems with holonomic constraints [16], and dynamics of constrained rigid
bodies [17], using a mixed Galerkin-based discretization method, a temporal counterpart of
mixed finite-element methods in space.

Bauchau et al. [18] proposed an energy preserving scheme for flexible multibody systems
where the equations are discretized so that they imply perfect preservation of the energy for
the elastic parts of the system and guarantees that the work performed by the constraint forces
associated with the kinematic constraints perfectly vanishes. The combination of these two
features ensures the stability of the numerical integration process for nonlinear multibody
flexible systems. Géradin [19] proposed an energy preserving scheme inspired in Bauchau’s
methodology, which was reviewed by the authors in an early work [20].

However, the unconditional stability of the energy preserving methods is not enough for
obtaining a satisfactory performance of the scheme, because of the spurious high-frequency
oscillations that may appear, e.g., with a sudden variation of stiffness or with shock, con-
served all along the response masking the answer. For this reason, alternative schemes have
been proposed. A methodology that leads to a systematic formulation of energy dissipative
integration schemes is time-discontinuous Galerkin (TDG) [21], initially developed for hy-
perbolic equations. Bauchau et al. [18, 22, 23] proposed “practical” schemes constructed
by using finite-difference schemes that imply an energy balance obtained directly from the
computation of the work done by the inertia and elastic forces over a time step. This condition
of energy balance is used to derive the requisites to obtain the preservation or dissipation of
the energy. Armero and Romero [24, 25] proposed energy decaying algorithms for nonlin-
ear elastodynamics without control of the asymptotic spectral radius. Ibrahimbegovic and
Mamouri [26] developed a scheme as an extension of existing energy conserving schemes
[10, 13, 27]. Recently, Bottasso and Trainelli [6] reviewed some of the temporal underlying
schemes mentioned earlier, pointing out differences and similarities between them.

In this work, a systematic way for formulating a dissipative integration scheme is proposed
with the following features: (i) unconditionally stable integration in constrained nonlinear
elastodynamics, (ii) energy dissipation with control of the asymptotic spectral radius, (iii)
capability of handling nonlinear constraints, (iv) capability of handling large finite rotations,
and (v) continuous variation of the asymptotic spectral radius varying from energy preser-
vation up to total annihilation. All these features are of utmost importance for the good
performance of a time integration algorithm in flexible multibody dynamics, and are not
verified by most of the algorithms mentioned earlier.

The paper is organized as follows: in Section 2, the problem is formulated. In Section 4,
the energy preserving scheme studied in [20] is reformulated, by using the time-continuous
Galerkin approximation. Based on the same methodology, dissipative schemes are developed
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by using the time-discontinuous Galerkin approximation. Several algorithms are developed
and analyzed all along Section 5 by comparing their performances for a set of test cases.
Section 3 describes these nonlinear dynamics tests which were designed to highlight the
merits and failures of each algorithm: (i) a nonstiff case without constraints, (ii) a nonstiff
case with nonlinear constraints, and (iii) a stiff case with nonlinear constraints. Conclusions
and future work are given in Section 6.

2 Formulation of the problem

Let us describe a conservative mechanical system in terms of N generalized coordinates g
submitted to R algebraic constraints

P(q) = 0. ey

Its dynamic properties can be derived from an appropriate description of the potential energy
of the system V = V(q) and of its kinetic energy, which can be put in a quadratic form without
loss of generality

1
K= 5ruTMv. )

The (M x M) inertia matrix M can be assumed constant, symmetric, and positive definite
since velocities v are expressed in a material frame. The latter are treated as quasicoordinates
and thus take the form of linear combinations of generalized coordinate time derivatives

v = L(g)q, S

L(q) being a (M x N) matrix with M < N. This inequality covers the case in which the
description of angular velocities is made in terms of redundant rotation parameters such as
Euler parameters. In this case, the redundancy between parameters has to be removed by
adding appropriate constraints to the global set (1).

The motion equations result from the application of Hamilton’s principle:

15 1

8 / {EvTMv —p' (v — L(g)g) — V(g) — ﬂﬁ(q)} dt =0. )
151

By performing successive variations on the variables p, A, v, and g:

— the variation of the multipliers p restores the velocity Equations (3)

— variation of the multipliers A restores the constraints set (1)

— the variation of the velocities v shows that the multipliers p have the meaning of generalized
momenta

n=Mv Q)]

— the variation of the generalized displacements q yields

2 E)AEY A 3
/ {SqT (—— - —A+ —[(Lq)Tu]> + SqTLTu} dt =0 (6)
f dg 9q dq

from which the dynamic equilibrium equations will be extracted.
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Integration by parts of Equation (6) yields

15}
[8g LTl + / 5q"

n

v 8¢T
{_a_ - —2+ —[(Lq)Tu] (LTm] dt=0. (7
qg dq dt

The combination of Equations (5) and (3) gives
p=ML(q)4. ®)
Then, the equations of motion become a first-order DAE system, with variables g, p, and A:
T v T T T
L p+ — 9q +B' A+ 1Lu - —[(Lq) ul=0
. 9
p— ML) =0 ©
P(q) =

where B = d¥/0dq is the Jacobian matrix of constraints. Note that the latter two terms in
Equation (9a) can be written as

LT _ 9 Lo)Tpl = G(u)q 10
© Bq[( q) pl = G(pq, (10)

where the matrix G(p) has the following components:

aL;; dL;
p=2m< L - ”). (11)

9q, aq;

Skew-symmetry of G follows immediately. The final form of the equations of motion is thus:

vV
L'+ — 7q + B A+ G(p)q =

w— ML =0 (12)

P(q) =

3 Test examples

Four test examples were chosen in order to show the performance of the different algorithms
in the nonlinear regime, also taking into account the presence of nonlinear constraints and
the stiff character of the differential equation. These examples are:

(a) Nonlinear, unconstrained, nonstiff problem: a simple pendulum with one degree of
freedom g = 6 (Figure 1). The expressions of kinetic and potential energies are written
as:

1.
K= Emezz2 V = (1 — cos0)mgt

m =1, =1 with go = 7/2 and vy = 0 are adopted as initial conditions.
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Fig. 1 The simple pendulum y

m

-

(b) Nonlinear, constrained, nonstiff problem: a simple pendulum modeled with two degrees
of freedom ¢' = [x y] and one nonlinear constraint & = x2 4+ y?> — ¢> = 0. The ex-
pressions of the corresponding kinetic and potential energies are:

1
K=om@ +3%) V=-—mgy,

where m = 1 and ¢ = 1. Initial conditions are ) = [1 0] and v = [0 0].
(¢) Nonlinear, constrained nonstiff problem: a double pendulum modeled with four degrees
of freedom and nonlinear constraints (Figure 2):

2.2 2
xi+yi— 4
¢ = y x wl 45=|: .

(o —x)*+ 2 — ) — 43

The corresponding kinetic and potential energies expressions are

1 1
K= Eml(xlz +y1%) + Emz(x'z2 +32%) YV =migy +magy.

where m; =my =1 and ¢, =¥, =1 are adopted, with ac(T) =[1011] and vy =
[0 O O O] as initial conditions.

Fig. 2 The double pendulum

mo
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(d) Nonlinear, constrained, stiff problem: the same double pendulum of the previous item
with a mass m; 200 times smaller than m,, producing in this way an ill-conditioned mass
matrix: m; = 0.005 and m, = 1 are adopted.

4 The time-continuous Galerkin approximation: Energy preserving scheme
4.1 Discretization of the equation of motion

In the Galerkin approximation, the equations of motion are enforced in a weak (integral)
manner. The Galerkin approximation of the equations of motion (12) is written as

h 1
E/GVW@XQ—quMT
-1
ho! . T v _p oV —T T
+§ Wo(t)| Mo+ L " Gqg+ L 8—+L B'\)dt =0, (13)
] q

where W, () are the weight functions,  is the time-step size, and 7 is a nondimensional time
variable (t = —1 att, and t = 1 at #,1;). By using piecewise linear interpolation functions
for the displacements and velocities (Figure 3) and piecewise constant test functions W, and
W, the set of discrete equations are obtained as:

Lot e ov BT x,,1=0
E n+% (vn+l - 1),,) + E n+%(qn+1 - Qn)+ % el + n+% n+% -
2

(14)

1 1
EanL%(QnJrl —aqn) = E('UnJrl + vn)

¢n+] = 0.
The matrix L, 1 will depend on the adopted rotation parametrization. The parametrization
used (Euler parameters) assures a constant matrix L, 41as is shown in a previous work [20].

4.2 Energy preservation in the discrete scheme

The total energy of the system is £(g, ¢) = K(q) + V(q), where the kinetic energy has as a
final expression K = %vTM v and the potential energy V(q) is a function of the generalized
coordinates g. The total energy change in a time step can be evaluated computing the work
done by the elastic, constraint, and inertia forces.

Fig. 3 The time-continuous
Galerkin approximation of
displacements and velocities

n t n+1

n+ 2
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To prove the total energy preservation of the discrete scheme, Equation (14a) is multiplied
by the displacements jump (g,+1 — g,)" over a time step

1 1
E(Q1z+l - Qn)TLnJr%M(va - 'Un) + Z(qu - Qn)TGnJr%(an»l - Qn)

Vv
+ (@1 — @) —|  + (@1 — @) BT A, 1 =0. (15)
8(] n+l " :
2

By looking at the first term, it can be identified that the kinetic energy jump over a time
step is:

1 1
E((In+l - qn)TL;1+%M(vn+l —v,) = E('Un+l + Un)TM(vn+l —v,) =Ky — K. (16)
Due to the skew-symmetry of the matrix G, the second term becomes identically null
1 T
E(Qnﬁ—l —qn) Gn+%(Qn+1 —q,) =0. (I7)

In terms of elastic forces derived from the potential V), the derivative at the midpoint
(0V/dq), +1 is substituted by the approximation (d)/ Bq): 41 (discrete directional derivative
2

[28]) that satisfies the next condition:

aVv|*
(@nt1 — Qn)T 3_ = Vi1 — V. (18)
q n+%

In the constraint forces term, the concept of discrete directional derivative is used one more
time, where now the Jacobian matrix of constraints B, , 1 is replaced by the approximation
B* | in order to satisfy

n+3

(¢n+1 - !pn) = B;:+i(qn+l - qy)- (19)
2
With this condition,
@1 = @) By At = @ut = P) Ay (20)

The configuration at time ¢, is assumed to be compatible, &, = 0. Then, forcing
®,.1=0 21
guarantees that the work of the constraints forces is zero.

By substituting Equations (16)—(19) into Equation (15) it can be seen that the total energy
change of the system over a time step results in

gn+l - E,, = }Cn+l - ICn + Vn+] - Vn =0. (22)

Therefore, the scheme formed by the equation set (14) preserves the total energy of the system
if Equations (18), (19), and (21) are satisfied.
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in Figures 4 and 5 that the displacements and velocities responses computed by this scheme
are correct in the first two test cases a and b, with an exact conservation of the total energy

of the system (Figure 6). The nonstiff double pendulum (test case c) is also correctly solved
In this section, a time integration scheme based on time-continuous Galerkin approxi-

served, the ill-conditioned mass matrix generates large spurious oscillations in the numerical
mation with independent interpolation of displacements and velocities was introduced. A

(Figure 7). Finally, for the stiff double pendulum (test case d), although energy is exactly pre-
response which mask the response (Figure 8).

Fig. 4 Simple pendulum: displacement responses for test cases a and b in Cartesian coordinates (energy-
The energy-preserving scheme was applied to solve the four test cases. It can be observed

preserving integration scheme)
4.3 Numerical examples
4.4 Discussion
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Simple Pendulum unconstrained - h=0.02
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Fig.5 Simple pendulum: velocity responses for test cases a and b in Cartesian coordinates (energy-preserving

integration scheme)

discretization process was developed for elastic and inertial forces that preserves the total

mechanical energy of the system at the discrete solution level. The discretized constraint

forces guarantee the exact satisfaction of nonlinear constraints and the vanishing of their
work over the time step. The energy-preserving scheme provides unconditional stability for

nonlinear multibody systems. However, it lacks the high-frequency numerical dissipation

required to tackle realistic engineering problems.

ion

t

in approxima

5 Time-discontinuous Galerk

In order to annihilate the spurious high-frequency oscillations that arise in flexible problems

or in rigid problems with ill-conditioned mass, a new scheme that provides bounds on the
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Simple Pendulum - constrained and uncostrained cases - h=0.02
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Fig. 6 Simple pendulum: kinetic, potential, and total energy for both test cases a and b (energy-preserving
integration scheme). Note that curves for both test cases are superposed

algorithmic total energy over a typical time step [7,, #,+1] and at the same time introduces
dissipation in the high-frequency regime will be constructed. For this purpose, the time-
discontinuous Galerkin approximation will be used, which is a natural way to arrive at the
set of discrete equations of an algorithmic total energy dissipative scheme [21].

Discontinuities on displacements and velocity fields g and v at the initial time #, are
allowed in this scheme (Figure 9). A contribution taking into account the value of these
discontinuities will appear in the weighted residual expressions. An additional state at time
tj = limy_,o(t, + ¢) is added and the following averaged quantities at the middle points are
defined:

1 1
e = 5 Onsr £ O = () + On). (23)

The scheme moves forward from the initial to the final time through two coupled steps, one
from 7, to ¢; and the other from ¢; to #,1.

5.1 Energy decaying scheme without control of the amount of the dissipated energy
5.1.1 Discretization of the equation of motion

The discontinuous Galerkin approximation of the equations of motion (12) can be written as:
ho! o
3 Wi(t)lg — L™ vldt
-1

ho[! 3
+3 / WQ(T)I:Mi) +L'Gq + L—Ta—v + L—TBTA]dr
_ q

+Wi(=1)(gj — @) + Wa(=DIM(v; —v,) + L 'Gi(g; — )] =0, (24)
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Double Pendulum r=1 - h=0.01
T T

Velocities

Time

Double Pendulum r=1 - h=0.01
I T T — T ST T
'_l \\ -\,‘ A R R kinetic energy
I ;o LY RS i potential energy
P total energy
i HE !

Energies

Fig.7 Double pendulum: time responses for velocities and energies in Cartesian coordinates for m| = my =
1, for test case ¢ (energy-preserving integration scheme)

where the test functions are
Wi(t) = A1 + Bit, Wh(t) = Ay + Bht. (25)
Displacements and velocities are linearly interpolated over the time step [¢;, #,411:

g -1)+qul+7) i= (@n+1 — q;))

- )

2 h

26

v_vj(l—f)+vn+1(l+r) U_M (26)
= 5 , _ - .
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=0.001

Double Pendulum r=200 - h:

15,

ESETIN

Time

Double Pendulum r=200 - h:

=0.001

- kinetic energy

selbioug

Time

0.005

Fig. 8 Double pendulum: time responses for velocities and energies in Cartesian coordinates for m

and my = 1 for test case d (energy-preserving integration scheme)

Fig. 9 Discontinuous Galerkin
approximation of displacements

and velocities

t?l+]
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Internal and constraint forces are similarly interpolated, by grouping the contributions at the

midpoint g:
J > 27)

T TRt T
B™ = B A\, + 3 (B, A1 — BIAj].

oV

n+1 8q

dq 9q |,

dq

vV (% T (Y
2

By taking independent variations on the parameters A, A;, By, and B,, the following discrete
equations system is obtained, which is solved in an iterative form to obtain g1, g;, Va1,
vj, Ag, and A\ j

1 aV 1
_LTM ('Un+l - 'Un) + + BT)\g + _Gm(qn+l - q”) =0
h g |, 8 h

1 1] o ad 1] d d

—LTM(vj—vn)—— _V __V 4z _V __V

h 33qg aq |, 68qj aq |,
1 1

- g(B;)‘g - BjA)+ EGh(qj —q,)=0

. . (28)

EL(qn—H —qn) — E(Un+1 - vj) =0

1 1

EL(q/ - qn) + 6(v11+] - vj) =0

b, =0

D,y =0.

The fact that L is constant for the adopted rotation parametrization and the following ap-
proximation have been used:

Gg(qn+l - Qj) + Gh(Qj —qn) = Gu(quy1 — Q) (29)
with:

1 1
Gm = Gm(Hm); Hm = E(Hn + Hn+l) = EJ(nn + Qn+l) (30)

5.1.2 Energy decay in the discrete scheme

If Equation (28a) is multiplied by the displacements jump (g,+; — g,) and Equation (28b)
by (q; — g,), we can get:

Loy

1
_(Qn+l - qn)TLTM(vn+l - vn) + (Qn+1 - qn)
h daq

4

1
+ @1 = @) By Ay + (@t = 8 GGt — @) =0
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v

VY
dq

1 1
AC @) L"M(v; —v,) — 3@ - qn)T[ I

J

8

1 sl oV 8y 1 S .
“(q; — — = —| |==(q; - BI), — BI'X;
+ 6(Q] an) |:3q ; 9q ni| 3(q_l an) ( g8 h ./)
1 T
+ Z(Qj —qy) Gi(g; —q,) =0. 3D

By using the displacements—velocities relationships (28c) and (28d) and by linearly combin-
ing Equations (31a) and (31b):

1 1
E(vn-H + 'Uj)TM(UnH —vy) — E(v”ﬂ - vi)TM(”j — Un)

%

Y%
dq

IV IV
+ (@1 —q)" —| +(@j—a)" — 9q

daq ¢ aq

]

1 1
+ (quy1 — qn)TEGm(qm —q.)+ (g — qn)TEGh(q,- —q,)=0. (32)

1 T
+ E(Qj —qn)
h j

+(@ur1 — @) " Bl A, — (g — @) (B A, — BJ X))

After some algebraic manipulations, it can be shown that the first two terms are equal to the
sum of the kinetic energy jump over the time step [,, #,+1] plus a positive term K,; which
can be called kinetic energy of the jump:

1 1
5@ + V) M (V11 — v)) — 3 @ner = ) M@, —v,) = K1 — Ky + Ky, (33)
where the kinetic energy of the jump is defined as
1 T
Koy = 5(0) = 0) ™M () = v,) 2 0. (34)

Once again, the midpoint elastic forces (3/dq), and (3V/dq), are replaced by their dis-
crete directional derivative counterparts, giving the jump of potential energy over the time
step:

V" V"
(qn+l - Qj)T — + (Qj - Qn)T % = Vn+l — vj + Vj - Vn = Vn+l - Vn~ (35)

qu

h

The third term in Equation (32) involving derivatives of potential energy will be called
potential energy of the jump; it is nonnegative for convex potential energy functions:

|

1 A%
an = E(q/ - qn)T [%

aV
dq

1\

0. (36)

J
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For the constraint forces, the matrices B, and By, are approximated with By and Bj, using
once again the concept of discrete directional derivative in such a way that

By(@u+1 — qj) = Pus1 — P Bj(g; —qu) = P; — Pu. 37
Then,
(@nr1 — @) By A\ — (¢ — @) (B A, — Bi'\))

= (@1 —B) A+ (B — D) N (38)
The configuration at time ¢, is assumed to be compatible, &, = 0. Then, by enforcing
$;=0 and P, =0 (39)

implies that the work of the constraints forces vanishes.
Finally, for the last two terms:

1
(@nt1 — qn)TEGm(q;l—H —q) =0

1
(q; — Qn)TZGh(Qj —q,)=0 (40)

because of the skew-symmetry of G,, and G},.
By substituting Equations (33)—(37) and (40) in Equation (32), it can be seen that the
change of the total energy of the system becomes

Koot = Kp + Vst =V + =1 — &+ =0, (41)
where the quadratic term is the total energy of the jump
=&y =Ky +Vy 20. (42)
Finally,
1 =&, — & — Ent1 = &, (43)
that is, the scheme proposed by the set of Equation (28) implies the inequality (43), which

guarantees the decay of the total energy of the system if Equations (35)—(37) and (39) are
satisfied.

5.1.3 Numerical examples

In the test examples solved using the proposed energy decaying scheme, it can be observed
that the numerical oscillations that appeared in the double pendulum with ill-conditioned
mass matrix, are now completely damped out (Figure 10). However, Figure 11 shows that
the scheme dissipates too much energy. For the simple pendulum, the responses are plotted
in Figures 12 and 13. It can be observed that although the results of the unconstrained case
are correct, in the case of the constrained model the energy dissipation is again excessive.
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®
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Fig. 10 Double pendulum: time responses for displacements and velocities in Cartesian coordinates for
mp = 0.005, mp = 1, in test-case d (energy-decaying integration scheme without dissipation control)

5.1.4 Discussion

A time integration scheme based on time-discontinuous Galerkin approximation with inde-
pendent interpolation of displacements and velocities was developed. The scheme is closely
related to the energy preserving scheme and it implies a discrete energy decay statement.
The discretization process for the constraint forces is left unchanged, that is, the work they
perform vanishes exactly and constraints are exactly satisfied. This procedure provides non-
linear unconditional stability and high-frequency numerical dissipation. Note that there is no
control on the amount of dissipated energy. Note also that, although unconstrained problems
are solved correctly with a small amount of dissipation, the computed solutions for nonlinear
constrained problems present an excessive amount of energy dissipation.
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Fig. 11 Double pendulum: time responses for kinetic, potential, and total energy for m; = 0.005 and m, = 1,
in test-case d (energy-decaying integration scheme without dissipation control)

5.2 Energy decaying scheme with control of dissipated energy

The algorithm proposed in the previous section is extended to include an algorithmic control
in the amount of numerical dissipation. The procedure is exactly the same as before but the
expressions of the interpolated displacements, velocities, and internal forces are now:

_(gj + qus1) n r(qn+1 —agq;—(1—a)g,) . (quy1 —q;)
v — (vj + vug1) n t(vn+1 —av; — (1 - O‘)’Un)’ o= (Vpg1 — ;) (44)
2 2 h
d d d d d
_V=_V E|:_V — _V _(l_a)_V i|, (45)
dq oq ¢ 2| dq el dq ; aq |,

where the algorithmic parameter o € [0, 1] will be shown to control the amount of dissipation.
On the contrary, the forces of constraint are interpolated as in the previous scheme:

B™A =B, + % (BL A — BIA)). (46)

The weight functions are the same used for the previous scheme.
5.2.1 Discretization of the equation of motion

A weighted residual expression of the equations of motion (12) is formed, as in the previous
scheme, and after integration, the TDG discrete form of the equations of motion can be
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written as:
1 1 Vv
_LTM(vn+l - vn) + _Gm(qn+l - Qn) + + (BTA)g =0
h h aq |,
1 1 1] oV oV
“L"M@; — v, -Gyqi —qp) — =| —| — —
W (v; v)+h w(gj — qn) 3|:8qg 3qh:|

oV

n 1 A%
Zal =2
6 daq ; oq

1
} - g(Bg)\g —B;Aj) =0
n (47)

1 1
Lz(tbm —qn) = E("—’j + Vnt1)

1 1
Lﬁ(qj —qy) = _6 ['Un+1 —avu; + (a — 1)'Un]

®; =0

¢n+1 =0

with) <a < 1.
5.2.2 Energy decay in the discrete scheme

The decay of energy for this scheme will be proved now. For this purpose, Equation (47a) is
multiplied by (g,+1 — ¢»)" and Equation (47b) by (q; — g,)" to get

1 TyT 1 T
E(qn+l —qn) L M(vyy1 —v,) + E(qwrl =) Gu(quy1 — qn)

+ (@ns1 — @) (B™ ), =0 (48)
8

aV
+(qny1 — Qn)T
dq

1 T+T 1 T
E(Qj —qu) L M(v; —v,)+ E(Qj —qn) Gn(g; — qu)

1T oV Y 1 [y Y
cm a2 -2 T et 2 -2 ]
/ 3| dq < aq |, J 6 oq j aq |,
1
—(q; — qn)Tg(B"ng — Bi);) =0. (49)

Combining linearly the latter two expressions:

1 1
S @i+ Vpi1) M(Vypy — v,) — F[on —aw; + (o = Dv, "M (v; —v,)

ay 1] 9V v
+(qny1 — Qn)T 8_ - (Qj - Qn)T— “ | T T +
ql, 2| oq ! aq |,
1 aV av
(qj qn) 205 |: 3q ; g nj|
+(@nt1 — @) BgA — (g — @) (BgAy — ByAj) =0, (50)
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Fig. 12 Simple pendulum: displacements for test cases a and b in Cartesian coordinates (energy-decaying

integration scheme without dissipation control)

where, after some algebraic manipulations, the terms corresponding to the kinetic energy
jump KC, 1 — IC,y, and to the kinetic energy of the jump K,;, multiplied by the factor o can

be identified:

[Vpi1 — avj + (@ — D, "M (v; —v,)

1
2

ICn+1 - ICn + O[’an = ’CrH—l - Icn + O[’an.

('Uj + vn+1)TM(Un+l —v,) —

1
2

The expression of the kinetic energy of the jump is as before:

(D

2 0.

(v; —v,) ' M(v; — v,)

Ky =
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Fig. 13 Simple pendulum: kinetic, potential and total energy for test cases a and b (energy-decaying integra-
tion scheme without dissipation control)

Once again, the concept of the discrete directional derivative for the potential energy terms
will be used, in order to replace the expressions (9V/dq), and (3)/dq), by their discrete
directional counterparts in order to verify Equation (35)

* AV |* 1 aV %
AT T —ag) | —| = ==
(qn+1 QJ) g . +(qj an) g , +(qj an) 20[|: dq ; dq ni|
1 aV aV
— — . PR P — T —_— -
=W =V + OV = V) +(a; — an) 20{|: dq|;, dq n:|'

In the RHS are identified the potential energy jump over the time-step [t,, t,,+1] plus the
potential energy of the jump, that in order to be positive must also satisfy the local convexity
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expressed in Equation (36). The constraint and gyroscopic forces are treated in the same way
as in the previous section, i.e., the work done by them is null.
Finally, the change of the total energy has the expression:

]Cn+1 - ’Cn + OlIan + Vn+1 - Vut+ avnj = 8n+1 - gn + a(Knj + an) =0 (52)

from which

2

Epi =& —act r>0— & SE,. (53)

For a = 0, an energy preserving scheme is obtained (note that it is different from that of
Section 4), while for « = 1 the maximum energy dissipation is reached. Note also that the
energy decaying scheme presented in the previous section is recovered for o = 1.

5.2.3 Numerical examples

The performance of the algorithm will be shown by analyzing the responses computed for
the simple and double pendulums.

Figure 14 plots the simple pendulum displacements responses for the case o« = 0 for both
models, a and b, whereas Figure 15 displays their velocities time responses. Clearly, the
responses computed for both models differ completely, and a locking phenomenon can be
observed in the constrained model.

This locking is also observed in the responses computed in the double-pendulum test
cases (constrained models). In all cases, the total energy is perfectly preserved for the energy
preserving scheme (Figure 16).

Figure 17 shows the amount of dissipation changes for different values of the parameter o
for the simple pendulum. In the constrained model, the greatest amount of dissipation is not
obtained for a value of ¢ = 1, as is the case for the unconstrained model. Moreover, the energy
decays almost 10,000 times more for the constrained case than in the unconstrained one.

5.2.4 Discussion

In this section, a scheme with an algorithmic control of the amount of dissipated energy
was introduced. This control works well only for unconstrained problems and for linearly
constrained cases (although not shown here for brevity). The amount of dissipation increases
monotonously with & from 0 to 1 in these cases. However, a locking phenomenon appears for
nonlinearly constrained systems with o = 0, and an excessive dissipation is reached when
a # 0. These problems are related to the independent interpolation fields of displacements
and velocities, with a drift of constraints at the velocity level.

5.3 Energy decaying scheme with velocity constraints: o — « algorithm

In order to avoid the numerical troubles of the previous scheme, it will be reformulated using
the constraint stabilization technique proposed by Gear et al. [29-31], with a reduction of the
governing DAEs from index 3 to index 2. The idea is to introduce a new algebraic constraint
equation BL~'v = 0 with an associated Lagrange multiplier 7). By applying the Hamilton’s
principle in the same way as was done in Section 2, the new motion equations will result
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Fig. 14 Simple pendulum: displacements for test cases a and b in Cartesian coordinates (energy-decaying

integration scheme with dissipation control)

from:

(54)

5]
b / (L —pu"(v—Lg) —A"® —g"BL 'v}dt = 0.
t

Performing the variation on the variable v, we can have

(55)

Muv — LBy,

lj,:

Now introducing this expression in Equation (54) and with the help of Equation (3):
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Fig. 15 Simple pendulum: velocities for test cases a and b in Cartesian coordinates (energy-decaying inte-

gration scheme with dissipation control)

This is the expression of the Hamilton’s principle from which the motion equations will be

derived. Now, performing the variation on the variables v, A, 1, and g successively:

— variation of v yields

(67

=0

—Mv+ MLg— L TB™y

— variation of the multipliers A restores the constraints set (1)

— variation of the multipliers 7 gives

(58)

=0

BL v
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Fig. 16 Simple pendulum: kinetic, potential, and total energy for test cases a and b (energy decaying inte-
gration scheme with dissipation control)

— variation of the generalized displacements q yields

t T
f { — gSq — <%) A+ 8g(LT M) + aqi[(Lq)TMv]’dz =0 (59)
n dq dq dq

from which the dynamic equilibrium equations will be extracted.

Integration by parts of Equation (59) yields

9
L™ M + G(Mv)g + % +B™A=0. (60)
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Fig. 17 Simple pendulum: total energy for test cases a and b for different values of parameter « (energy-
decaying integration scheme with dissipation control)

Then, the equations of motion become a first-order DAE system with variables g, v, A, and

n:

L™Mv + Gg

d=0
BL 'v =0.

v
+—4+BA=0
dq

—L"™Mv+L"MLG—B"'p=0

(61)

This formulation provides the automatic enforcement of the velocity-level constraint besides
the position-level one, thus eliminating the problem of drift for these constraints.
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5.3.1 Discretization of the equation of motion

The interpolated displacements and velocities have the same expressions as in the previous
scheme:

_ (qj + 1) . t(Qn+l —aq; — (1 —a)q,) = (@nt+1 — q))
= 2 2 £ - h
62
W+ | Wi —av; —(—aw) (g —v) 0P
- 2 T 2 S A

In the same way, internal and constraint forces are interpolated:

_(1_(1)&

3qn}

v

dq

) % [ oV
aq _qu 2

9q |41 j

T
B"™\ = B\, + 3 (BroiAs1 — BI X)) (63)

(B mus — BTn)).

T, _ T
B'n_Bgng—f—2

The time-discontinuous Galerkin approximation of Equation (61) can be written as

1
/ Wi(m)[¢—L'M~'L7"B™y — L™ 'v]d
—1

! v
+ / Wi (t) [Mz’; + L TG+ L TB™A + L‘Ta—] dt
1 q
+Wi(=1)g; — g@,) + Wa(=D[M(v; —v,) + L 'Gi(q; — q.)] =0,  (64)
where

W](‘L’) = A] + B]‘L’, WQ('L') = A2 + Bz‘C. (65)

Integration of this expression leads to the discrete equations system formed by the
equilibrium equations, the velocities/displacements relationships, and the constraints at
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displacement-level and at velocity-level:

+(B™), =0

- 1 v
—L M(vn—H - Un) + _Gm(qn+1 - Qn) +
h h aq |,

1 1 1[ oV ay
—L"Mv; — —Gn(q; — —= = - —
h (U] v,) + 7 h(q1 ) 3|: dq . 3q hi|
1 aV av 1
o —| — — - —(BT)\g — B,f/\j) =0
6 | dg|; dq], 3V ¢

1 K K
ZLTML(an —q) — E(B,me + Bjn;) — ELTMmH +v;)=0
(66)

1 K
SLTML(g; — an) + (Bl min — Bjn))

K
+ ELTM('UH+1 —Qavj — (I -a)v,)=0

P =0
D11 =0
BjL_l’Uj =0

B,y L', =0

forO0<a <1.

An algorithmic parameter « was introduced, which will be adjusted following the criterion
of verifying energy preservation in the case o = 0, as is shown in the next section. This
parameter should be k = 1 + O(h), that is,

limic = 1 (67)

for consistency. For o = 0, the scheme preserves the total energy of the system (depending
on the value of «) and for « = 1 it reaches the maximum energy dissipation.

5.3.2 Energy decay in the discrete scheme — computation of k

The free parameter « is computed by asking that in the case o = 0 the total energy of the
system should be preserved. This idea leads to an equation that gives the value to be used at
each time step.

Let us premultiply Equation (66a) by (g,4+1 — q,)", Equation (66b) by (g = Qn )T,
Equation (66¢) by (v,+1 —v,)"L™", and Equation (66d) by (v; — v,)"L™!. Combining
linearly these four equations and after some algebraic manipulations:

K
T T
5 (’Un+1MUn+1 -, M’vn)

Ko
+ - (vEMvj — v;ern - v;vaj —i—v;Mvn)
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Y Y al 9V Y
_NT 7 L T -7 L T 27 _ 7
+(quy1 — q;) oq g+(qj ) oq h+(q, an) 2[ 2al,” 7q n]
+ (@1 — @) BgXg + (q; — @) By
K Ty—1
+ E(Un+l —v,) L™ (Byy 1My + Bjnj)
K _
= 5@ = o) L7 (B mas1 — Bjn;) =0, (68)

The work done by the gyroscopic forces is null because of the skew-symmetry of G,, and
G, as was reported in the previous sections.
By identifying the different energy terms and grouping them together:

o
K I:]Cn+1 - K+ E('Uj - 'Un)TM('Uj - Un)]

al oV aV
+VH+I_V +(q—CI)T—|:— . :|
8 P2 aql;  dql,
K Ty—1
+E(vn+l —vy) L™ (Byy1muy1 + Bjnj)
K _
= 5@ = o) L7 By st — Bjnj) =0, (69)

where the concept of discrete directional derivative has been used again as was done in
the previous sections, replacing the expressions (9V/dq), and (9V/dq), by the discrete
counterparts that verify the expressions (35). Matrices B, and B), were approximated with
B; and By in order to satisfy Equation (37).

Now, for « = 0, the algorithmic total energy of the system must be perfectly preserved,
that is:

(Vn—H - Vn) + K(K:n-H - K:n)

K _ _
+ 5 [WJTBjL "Wps1 +vj = 20) + 0 Bupt L (0 —v)] =0, (70)

Then, a closed form to compute the « coefficient is obtained:
T]}NBjLil('UyH.] + v — 2’1}”) + 7]:+lBi1+1Lil(vn+1 - 1)_/')

2(Knp1 = Ka) + 0] B; L™ (vyp1 + vj —2v,) + 1y By L (W1 — v))
(71)

It can be seen that x is 1 minus a measure of the work done by the constraint forces at the
velocity level with respect to the kinetic energy jump.

5.3.3 Remarks

— The computation of the algorithmic parameter « is based on requiring the integrator to be
conservative for « = 0. A similar technique was proposed by Simo [8] and Betsch and
Steinmann [14], with the difference that in those cases this technique was used to enforce
the energy preservation at all levels, while in the present proposal the technique is applied
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Fig. 18 Comparison of spectral radii of numerical dissipative algorithms

only for compensating the energy contribution of the velocity-level constraint forces. This
technique has also been used recently by Pfeiffer and Arnold [32] for Hamiltonian systems.
The denominator in Equation (71) is not guaranteed to be different from zero at every
step. Therefore, the scheme may face troubles when this term is close to zero. This aspect
deserves further study to determine the influence it can have on the computations.

The algorithmic parameter « should be 1+ O(h) for consistency. In most cases, the
increment in the work of the constraint forces at velocity level is much smaller than the
kinetic energy jump, thus satisfying this requirement. However, at steps in which the
denominator of Equation (71) is small, this condition could be violated. In order to avoid
this inconvenience, in our experiments we limited the value of « to lie within the interval
[1 —h/2,1+ h/2]. In this way, the energy preservation was not exactly verified at every
time instant, and at certain time steps a slight energy drift was observed. However, this
energy drift was small since the contribution of the velocity-level forces of constraint is
much smaller than the leading energy terms.

An alternative is simply to keep the value of « constant and equal to 1. The resulting
scheme is not conservative for o = 0, but it still verifies that for increasing values of « the
amount of dissipation increases monotonously (see Equation (69), where the « factors are
the positive definite kinetic and deformation energies of the jump). As pointed out in the
preceding remark, the energy drift introduced by the forces of constraint at the velocity
level is much smaller than the leading energy terms, which verify preservation.

It should be noted that the equations of motion should be properly scaled to avoid ill
conditioning of the equations when the time step is decreased [33, 34].

5.3.4 Algorithm properties

Several properties of the algorithm, such as its stability and accuracy properties in the
linear range, can be studied by a conventional analysis based on the characteristics of the
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Fig. 20 Algorithmic damping ratios of numerically dissipative algorithms

amplification matrix. Let us consider a one degree-of-freedom linear oscillator of natural
frequency w:

§+w'q=0, (72)

and solve this equation numerically with our algorithm with time-step A.

The spectral radius, relative period errors, and algorithmic damping are shown in Figures
18-20, respectively, as a function of 1/ T = wh/(2m). The results are compared with those
given by generalized-o [2] and HHT [1] methods, for three different values of spectral
radius at infinity: po, = 0.6, 0.8 and the value of maximum dissipation for each scheme, i.e.,
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Fig. 21 Simple pendulum:
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Poo = 0.5 for the HHT and po, = 0 for the two others. Figure 19 shows that the algorithm
o — k has the smallest period error, for any value of «. Asymptotic annihilation is achieved
with the ¢ — k scheme and the unconditional stability is ensured because the spectral radius
is always smaller than unity.

5.3.5 Numerical examples

Figure 21 shows that now this scheme works well in the constrained case (it does so also for
the unconstrained case). The locking problem has disappeared. In addition, the amount of
energy dissipated increases monotonously with « and its values are now 1000 times lower
than before for the case of o« = 1 (Figure 22).

Figure 23 shows a plot of the evolution of the parameter «, for an integration performed
with ¢ = 0, using a time-step size &7 = 0.02. We can see that the consistency requirement of
having « close to 1 was clearly verified in this example.

The convergence of the algorithm for the simple pendulum problem is plotted in Figure
24, where the second order of convergence for the displacements and the first order for the
Lagrange multiplier A, can be observed.

@ Springer



Multibody Syst Dyn

x10° Simple Pendulum with constraints - h=0.02
1 T T T T
o=0
0
a4+ — 4
w -2F e S Q=0.5 —
2 S
o N
9] e
{=
w 3+ 4
I 1
o=1.0
-5 F 4
6 . . . .
0 2 4 6 8 10

Time

Fig. 22 Simple pendulum: time evolution of total energy for different values of « for the test-case b (o — «
integration scheme)
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Fig. 23 Simple pendulum: time evolution of « coefficient with « = O for the test-case b (¢ — « integration
scheme)

Figures 25 and 26 plot the time responses for the test case d, in which « was kept constant
equal to one (x = 1) and the energy dissipation was maximized by setting @ = 1. The time
step used in this analysis was & = 0.01. It should be noted that when using the energy
preserving scheme, it was not possible to perform the analysis with a time step higher than
h = 0.001 because of the violent velocity oscillations (Figure 8). This algorithm was able to
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Fig. 24 Analysis of convergence
in the simple pendulum test case.
A quadratic convergence rate is
observed for the displacements
and a linear convergence rate for
the Lagrange multipliers

Fig. 25 Double pendulum: time
responses for displacements and
velocities for m; = 0.005 and
my = 1, test-case d (« — k
integration scheme), with

h = 0.01. The algorithm
parameter is kept constant

(k = 1) and the energy
dissipation is maximized (¢ = 1)

error
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Double Pendulum with constraints - h=0.01
k v - kinetic energy
potential energy
total energy

Energies
o

Time

Fig.26 Double pendulum: time responses for kinetic, potential, and total energy for m; = 0.005 and m, = 1,
test-case d (o — « integration scheme), with A = 0.01,xk = l,and ¢ = 1

solve the same test case by using a time step which was 10 times higher than with the energy

preserving scheme.

6 Concluding remarks

A variety of time integration schemes for constrained multibody dynamics were analyzed.

It has been shown that although the energy preserving scheme provides nonlinear uncon-
ditional stability for MBS, it lacks high-frequency numerical dissipation without which many
time algorithms can lead to the damage of the computation in realistic engineering problems.

The high-frequency numerical dissipation is therefore imperative for time integration of
multibody systems in order to assure the stability of the solution, and it was demonstrated
that it can be obtained using schemes with independent interpolation of displacements and
velocities. It was demonstrated that not only constraints but also the time derivatives of
constraints should be imposed when using independent interpolation of displacements and
velocities to avoid locking. A new algorithm was proposed based on this idea, that meets
specific requirements of unconditionally stable integration in constrained nonlinear elasto-
dynamics, energy dissipation with control of the asymptotic spectral radius, capability of
handling nonlinear constraints, capability of handling large finite rotations, and continuous
variation of the asymptotic spectral radius varying from energy preservation up to total an-
nihilation. In order to achieve these properties, a discretization process was developed for

elastic and inertial forces to obtain the corresponding preservation or dissipation of the total
mechanical energy of the system at the discrete solution level. A discretization process was
developed also for the constraint forces, so as to guarantee the exact satisfaction of nonlinear
constraints and the exact vanishing of their work.

The performance of the proposed algorithm was demonstrated with a series of numerical
tests covering the most important characteristics of numerical models of MBS.
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