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Abstract

In this article we introduce weighted Sobolev spaces that are well suited
to treat initial data for multiple black hole systems. We prove general
results for elliptic operators on these spaces and give a simple proof of
existence of a class of initial data describing many extremal black holes.

1 Introduction

The question of existence of initial data for isolated multiple black hole systems
can be best analyzed according to whether any of the black holes is extremal
or not. This is related to the different topologies in the initial manifold. For
non-extremal black holes, the initial manifold contains one asymptotically flat
(AF) end for each black hole, but for extremal black holes, the associated ends
are asymptotically cilindrical (AC) [7]. This change in topology translates into
different behaviours of the initial data near the ends, and results in that for ex-
tremal black holes, the familiar theorems for elliptic equations that use standard
weighted Sobolev spaces on AF manifolds, need to be adapted.

The treatment of the Lichnerowicz equation (arising from the conformal
method) in the non-extremal case, i.e. initial manifold only with AF ends,
is similar to the case of compact manifolds, see for instance [3], [5], [12], [13]
(cf. [@]). We focus here on the extremal case, that is, when there is one AF end
representing the region at spatial infinity, and at least two AC ends, representing
the extremal black holes.

In the literature, the many ends are usually treated individually, with cutoff
functions that single out one asymptotic end at a time. In this line, Chrusciel
et al, [6], prove that if the scalar curvature of the seed metric is positive, a
solution to the Lichnerowicz equation on a manifold with a finite number of AF
and AC ends, exists. This is particularly relevant after the result of Leach [10]
on manifolds with one AF and one AC end that states that if the Riemannian
manifold is Yamabe positive, then there exists a conformal transformation to a
metric with positive scalar curvature (see Proposition 3.5 in [I0]). Also in the
same article, an existence result for the existence of far from Constant Mean
Curvature (CMC) initial data describing an isolated black hole is given.

Sobolev spaces arise naturally when studying the elliptic equations coming
from the Einstein constraints. Concerning manifolds with one AF and one
AC end, Bartnik [2] introduced weighted Sobolev spaces Wék’p , that not only
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describe asymptotically flat solutions, but that also single out a point in the
initial manifold in such a way that by an appropriate choice of d, the origin in
R? may be made to describe another asymptoric end. These weighted spaces
were crucially used in [8, 9] for studying CMC, single, extremal black hole initial
data, and further results concerning these spaces were proven.

In this article we present weighted Sobolev spaces with weights that reflect
the existence of more than one black hole. We also extend the results in 2] [8 9]
The aim of these results is to provide an adequate framework to study initial data
for many black holes. In particular we use this framework to study existence of
initial data for Einstein equations that describe many extremal black holes.

We will consider initial data with one AF end and several AC ends. The
initial data is the set (M, g;;, K;;, E', BY) subjected to the constraint equations

R+ K? - K;;K' = 2(E,E" + B;B"), (1)
D;K7; — D;K =0, (2)
D;E" =0, D;B* =0, (3)

where K = K;;¢", D; and R are respectively the covariant derivative and the
curvature scalar associated to the metric g;;.

In the Conformal Method with constant mean curvature, we consider the
rescaling

gij = ®1g;;, Kij=0°K;;, E'=0°E B =0°pB" (4)

The constraint equations in terms of the conformal quantities are

- 1= K? - K;;K¥ E,E'+ B;B®
AD = —RP 2 - = : 5
gt 87 4P3 ’ (5)
D;K’; — D;K + 4% 'KD;® =0, (6)
D,E" =0, (7)
D;B"'=0 (8)

As a concrete example, one of the most relevant multi-black hole initial data
was found by Majumdar and Papapetrou [I5, [IT] and consists of N charged
black holes with equal mass and charge parameters for each black hole. It is
interpreted as a set of extremal Reissner-Nordstrom punctures, held in equilib-
rium by the balance between the gravitational atraction and the electrostatic
repulsion. The space metric and electromagnetic potential are given by

ds? = ®'dst (9)

A=+d24t, (10)

where ds?clat is the 3-metric of Euclidean space, and

(11)




where m;, i = 1,..., N, is the positive electric charge of the i—th black hole
located at @ = x;. This solution contains N + 1 ends, the end |z| — co is AF
and the N ends x — z; are AC. The latter can be seen by taking the limit of
the metric and ckecking that it goes to the standard metric on the cylinder (see
[1] for details).

The article is organized as follows. In section [21 we define the functional
spaces needed for dealing with many AC ends. We prove estimates, study the
behaviour of functions and properties of operators on these spaces. In section 3]
we apply these results to study perturbations of axially symmetric initial data
for many extremal black holes.

2  Weighted Sobolev spaces

The functional spaces that we need in order to deal with many asymptotic
ends are extensions of the standard weighted Lebesgue and Sobolev spaces. For
comparison we state the norms of those spaces as presented by Bartnik [2].
Given locally p-measurable functions in R™ and R™ \ {0} respectively, define

Y [lullp,s == (Jin [ul? =P "dz) 7, p < o0 (12)
s P, -5 _
ess supgn (0 °Jul), p=o0
k
kp . — DJ ) 1
WP lullkgps =Y I1D7ullps—j, (13)
=0
1
—Sp—m P
e il = (e P rde)” p<oo gy
ess supRn\{O}(r_‘5|u|), p =00
k
k.p . — j
Wi lulligs = D ID7ully ;s (15)
7=0

where o := (1 +72)"/2. Both ¢ and r are in L} (R%) and L} (R*\ {0})
respectively. The unprimed set ([2), (3] is best suited to problems involving
AF initial data, with only one asymptotic end. For single black hole initial data,
with two asymptotic ends, one AF and one at the origin, the spaces ([4]), (I3
are more appropriate, as one locates the black hole puncture precisely at » = 0.
In order to extend these spaces to account for many punctures we introduce the
following definitions.

Definition 2.1. Let II := {a; € R", i = 1,...,N}, and the function w €

Lj,(R™\ II) be
Ny -1
= - 16
- [%5) o
where r; := |x — x;| is the Fuclidean distance from the point x;. Then we define

the norms and associated functional spaces
1
—Sp— P
(f]Rn’\H |u|P w—°P "dz) , p<oo (17)

Lyse ullyps = s
ess supgn (w=°|ul), p =00



k
kp — j
Wk o ullgps = D IID7ulllypsj. (18)

=0

The particular choice of w responds to its behaviour near the N punctures
and the extra asymptotic end. If we approach one of the punctures, say [, we
have r; — 0, and then

w— 7y (19)

Also, if 7 — o0, then all r; — oo, and

. 20

W= (20)

It is clear that w reduces to r and the norms (I7)-(I8) reduce to (I4)-(I5) when

there is only one puncture at the origin (N = 1, 1 = r). Moreover, Definition

211 treats each puncture in the same manner, i.e. there is one ¢ for all the

punctures. This is particularly relevant for the case where all the black holes

are extremal. If some of the ends are AC and some are AF (apart from the region

at infinity), then a different weight should be used, with specific behaviour near
the two types of punctures.

The importance of the behaviour of the function w lies in making the stan-
dard norms and the new norms equivalent when we restrict the domain to a
neighborhood of only one end. For this, we need to recenter the standard norms
with the origin in the corresponding puncture. To show that they are indeed
equivalent we need to isolate each end, including the r — oo end, and therefore
we define the following quantities

dij = |$i — acj|, (21)
Ri = > min{dy) (22)
i +— — 1N\ 455 g,
3#
R := 3max{|z;|}. (23)
With these quantities we define the sets
B; :={r; < R;}, (24)
B:={r > R}. (25)

It is straightforward to show that
B;NB =0, B, N B; =10, i # 7. (26)

Therefore each set B;, B contains only one end, and we show that the norms
restricted to each of these sets are equivalent, which is a direct corollary to the
following proposition.

Proposition 2.2. If r; < R;, then there is a constant C;, 0 < C; < 1, such
that

If r > R, then
! <w < 2 (28)
2NT w Nr.



Proof. We first prove (27)). The right hand side inequality follows from the
definition of w

1 11
—=Y —>=, Vi=1..,N. (29)

For the left hand side inequality, as r; < R;, then for j # 4

Ty > dij —R; >0 (30)
and
1 1 1 1 1
- - — < = I 31
w Ti+ZTj_Ti+Zdij—Ri (3D
JFi Jj#i
1 1 R, 1 1
< — — | —=—|1+R;  E——— 32
- TiJr Zdij_Ri i T - Zdij_Ri (32
J#i J#i
If we define .
1
Ci=|1+R; R 33
* Z dij — R; (33)
J#i
the proof of ([27)) is complete.
Now we prove (28). If r > R,
R
ggr—§<ri<r+—<2r, (34)
therefore ) L o
—<—<- 35
2r o1’ (35)
and N 1 2N
—< =< — 36
2r " w r’ (36)
which gives (28]). O
For the corollary we denote by || - ||2u,k,p,5;3i the norm with the domain of
integration restricted to B; (resp. for the domain B). In the case of the standard
norms, || - ||}, 5., also means that in the integration the replacement r — r;

has been made, centering the norm at x;.

Corollary 2.3. The norms || ||}, 5.5, and || |}y x 5.5, (resp- |||k 5.5 and
Il 1% x.p.5.8) are equivalent.

Next we prove important estimates on functions u € W;kf near the asymp-
totic ends. This is analogous to and follows Lemma A.1 in [§].

Lemma 2.4. Assume u € W;j’ff with n — kp < 0, then we have the following
estimate

w™lul < Cllully, (37)

P00

Moreover, we have

lim w=°u| = lim w™°u| = 0. (38)
r; —0 T—00



Proof. Restricting the domain of u to B; there are constants Cj, such that
- -5
w™?lul < Crir°ul < Collully, g8, < Callullly g psim, < Callullyps:  (39)

where we have used first Proposition 22 then Lemma A.1 in [8], noticing that
in that lemma the inequality and the limits can also be proven separately for a
ball around the origin and for the asymptotic region r > R, therefore we can use
separately the bounds in each of B; and in B. For the third inequality Corollary
was used and the last inequality comes from the fact that the norm of v on
the whole domain is bigger than its norm restricted to B;. The same sequence
of inequalities hold for the domain B. Also, the set

A= {7’1' Z Ri,T S R}, (40)
is compact and hence the function
w™°|ul (41)

has a maximum there, this together with the previous inequalities means that
there exists a constant C' such that ([B7) is satisfied in R™\II. Also, using the
same argument as in Lemma A.1 in [8], we have (35). O

Another important result that will be useful later is the following.

Lemma 2.5. Ifu € W;jl’fl/w then w2 5u € LP and w? % Ou € LP.

Proof.
l_n 3_n
ol =l |+ 19ullge = lwd Sl + fwt 5 oulle, (42)
and therefore if ||ul,;,1.»  is bounded, then |\w%7%u|\m and ||w%7%8u|\m are
w,—1/2
also bounded. O

The main result we prove in this section is the fact that the Laplace operator

. . . 2 . .
is an isomorphism A : W;k;_ P W;%:Q. We follow Bartnik’s arguments in

the proof of Theorem 1.7 in [2]. We need to exclude some exceptional values of
0. The exceptional values are {m’' € Z,m’ # —1,-2,...,3 —n}, ¢ is said to be
nonexceptional if it is not one of those values, and it is convenient to define

m = max {m’ exceptional, m’ < §}. (43)

Theorem 2.6. Let § be nonexceptional, 1 < p < oo, and k a non-negative
integer. Then the Laplace operator

kA2, Ik,
AW, s P Ww,§_2 (44)
s an isomorphism and there exists a constant C = C(n,p,0, k) such that

lullt kr2ps < CllAUlG, & ps—a- (45)



Proof. As noted in [2] we only need to prove the k = 0 case. We start considering
the convolution kernel K (z,y),

|z —y[>, if2—n<d<0,
J
—-n -n m A xe T .
m re J .
|z —yl>~" — |z > im0 Pj)‘ (\wHZ\) (%) , ifm<2—n,

(46)
where x o y is the Euclidean scalar product of z and y, and PjA are the ultras-
pherical functions. Associated with this kernel we have the operator K,

Ku(z) = K(z,y)uly) dy. (47)

RP\TI
We present ounly in detail the first case in (&0, as the three cases are similar
and our main interest concerns n = 3, § = —1/2. Let us define the associated

kernel
K'(2,y) = w(a) """ K (x,y) w(y)’—>H"P. (48)

Then, the Nirenberg-Walker Lemma 2.1 in [14] implies that K’ is a bounded
LP — LP operator, and the equality
1Ky p5 = 1K (w27 Pu)| 1, (49)

means that

1K ullly 5 = 1K' (w27 P0) | o < Ollw™ P27 Pul 1, = Clull}, 552, (50)

D5

where the last equality comes directly from the definition of the norms. This
shows that K is a bounded Lllfﬁ s_o Lllfﬁ s operator. The distributional identi-
ties

AcK(2,y) = A K(w,y) = 8z —y)  in R™II (51)

imply that K(Au) = u for all u € C°(R™\II), and therefore
2,
e, = 1K), < Cldul, | YueW2E  (52)
This and the elliptic estimate
lulhyzp < e(ldul o, +lull) (53)

give the desired estimates ([@H). Note that the proof of (53)) uses the same
arguments as in the case of standard, not weighted Sobolev spaces. The rest of
the proof follows the same lines as Bartnik’s. [l

3 Axially symmetric multi-black hole initial data

The main application of the Sobolev spaces presented in section [2] that we want
to discuss here is on the deformation of extremal black hole initial data. We refer
the reader to [I] where the one black hole case is treated. The general argument
and several calculations can readily be extended from one to several black holes,
and we present here mainly the path needed to understand the theorem and its



proof and the arguments that need special care, some particular details are left
to the appendix.

Axial symmetry is not required for the validity of the main arguments pre-
sented below, but it simplifies the treatment of certain bounds and asymptotic
behaviours. Also it is necessary when dealing with quasilocal angular momen-
tum. The case without axial symmetry will be given elsewhere.

From now on we assume axial symmetry, namely, there is a spacelike Killing
vector field, 1, on M, with complete closed orbits, such that

L,9i; =0, L,K;;=0, L,E'=0, L,B'=0, (54)
and as we want the axial symmetry to be reflected in the conformal metric,
L,® = 0. (55)

Physically this condition implies that the black holes are all aligned, situated on
the symmetry axis I'. The perturbed initial data will also have this property.
We also take the initial data to be time-rotation symmetric, which implies
that the data is maximal
K=0=K=0, (56)

and that (M, g;;) is in the positive Yamabe class. We use cylindrical coordinates
(z,p, @) adapted to the axial symmetry

1= 0Oy (57)

Using the symmetry it can be shown that there are scalar potentials w, 1, x that
contain the information about the extrinsic curvature and the electromagnetic
fields, and that they do not depend on ¢. Also, all the constraint equations but
[{) are automatically satisfied.

We define the conformal metric as

gij = €*1(dz? + dp®) + p*de?, (58)
where ¢ = q(z, p). Then, (@) takes the form

1 (Qw)*  (3¥)* + (9x)*
AD = — = Apgd — -
17207 T 16p807 4205 (59)

where

AQ = 83 —+ ag, A = 83 + ag + pilapa (60)

and consider that ® = ®(z, p).

Given a set of functions (Pg, qo, wo, Yo, Xo) that satisfy (59), we take arbitrary
smooth axially symmetric functions with compact support outside the symmetry
axis, q, w, ¥, X, and a parameter )\, perturb the given functions as follows

G—= g+, w—wotAw, Y=o+, x—=xot+ Ay,  (61)
and write the perturbed solution as

=D+ u. (62)



Then equation (59) can be written as an equation for u, namely

(Owo + A0w)?  (Owp)?
16p4(®o +u)”  16p4®]
(Onho + NO)? n (0Y0)?  (Oxo +2Ix)*  (Ox0)?

— — . 64
4p%(Po + )3 4p2®3  4p%(Po + u)? + 4p° D} (64)

1 1
Au = fZquou - Z)\qu(@o +u) — (63)

In order to consider existence of solutions we associate with this equation the
map G,

G\ u) = Au+ iquou + i)\qu(tbo +u) + 1(§;U40((‘£0)\f2); B 1(?;0;)% )
(9o +20)*  (9¢o)? n (Oxo0 +20x)* (3X0)2’ (66)
4p%(Po +u)®  4p2®3  4p% (Do +u)®  4p>DF

where solutions of (63]) are given by

G\ u) =0. (67)
In particular, the background solution is

G(0,0) = 0. (68)

The main result of this section is the following theorem, an extension of
theorem 2.1 of [I]. We use the standard notation H;fé = W2

w,0

Theorem 3.1. Let q,w, 1, x € C5°(R3\T') be arbitrary smooth azially symmet-
ric functions. Then, there is Ao > 0 such that for all X € (=g, o) there exists
a solution u(\) € H/? 1/ of equation €0). The solution u(X) is continuously
differentiable in A and satisfies ®o + u(X) > 0. Moreover, for small A and small
u (in the norm H 1/2) the solution u(\) is the unique solution of equation

©1).

Proof. The proof of this theorem follows the lines of [I] and makes strong use of
the Inverse Function theorem. We will ommit some arguments that are carried
over from one cylindrical end to many such ends. The proof can be thought
of as showing that u gives rise to a good conformal factor and collecting the
necessary conditions for the Inverse Function theorem to hold.

o Oy + u is positive.

We are considering the map G': R x H? 2 — L2 but for a general

~1/2 w,—5/2
u € H’2 _1/2 the function ® = &g + u does not have a definite sign. In
order for ® to be a conformal factor we need it to be positive. As we
assume Py to be a conformal factor, then we can conjecture that if u is
small enough, then @ is also going to be a conformal factor. This can be

achieved by restricting v to be in a ball around the origin in H “1/2° We
therefore define the subset V' of H 12 _1/2 38

V = {'U S H;ifl/Q : ||’U||H1/i,1/2

<&h (69)
where £ > 0 is a constant that can always be chosen and whose particular
value depends on ®j3. We restrict the map, G: R x V — Lﬁ,—s/zv having
that if u € V' then

@) +u > 0. (70)



o The map G is well defined

To prove that the map G : R x V' — L’vj 52 is well defined we need to
show that ||G(A\, u)|z -2 e is bounded whenever A € R and u € V. This

is accomplished using the definition of the H 1’3_1 5 norm, the triangle
inequality, the asymptotic conditions on the background functions and the
compact support of ¢, w, ¥ and x, together with the inequalities presented

in Appendix [Al

e Partial Fréchet derivatives of G

To obtain the partial Fréchet derivatives of G' and to show that G is C*
we start by calculating the directional derivatives of G, namely

d d
Conrtnw| . Leutw) | (71)
dt -0 dt —o
and propose them as the partial Fréchet derivatives of G,
R Ow(Owy + Aow)
202(@0 T ) 20%(Bp+u) |
B 1 1 7(Owo + Aow)?
DyG(A\u)fv] = Av+ 4A2q0 + 4)\A2q — 165 (Bg + u)F (74)
B 3(31/}0 + )\8’1/))2 B 3((9)(0 + )\aX)Q ” (75)
4p2(Do + u)* 4p%(Do + u)t

Now it can be shown that these operators are bounded using the proper-
ties mentioned in the point above, showing that they are linear operators
between the following spaces

DiGA\u) iR — L% 5, DaG(\u): H? 5 — L7 . (76)
A lengthy but straightforward calculation shows that
G +7,u) = GA u) = DiGA w2,
70 il
NG u+v) = G\ u) = DaGA, u)[]|| 2
lim —5/2

w0 ol

=0 (78)
/2
and therefore D1G and D>G are indeed the partial Fréchet derivatives of
G. Tt can also be checked that the derivatives are continuous, and then G
is C1.
e The map D2G(0,0) : Hffl/Q — L’vj _1/2 18 an isomorphism
Associated with the map D2G(0,0) we define the operator £ through

Lv = —Av + av, (79)

10



where

_ Aago (Duwp)? (90)* + (9x0)*
1 +716p4@8+3 pyery: . (80)
We want to show that the equation
Lu:=—Au+au=f in R3\ TI (81)

has a unique solution u € Hﬁflm for each f € ij,ﬂ/z'
this are the same as in [I], see also the references therehin. The steps of
the proof are as follows. First the Yamabe condition is used to show that

for all f € C§°, f #0,

The steps for

[ 105+ af?dn >0, (2)
M

where « is given by (80) and the norm and volume element in (82]) are
computed with respect to the flat metric. This is used to show that the
bilinear form

Blu,v] := / Ou - v + auv dp, (83)
R3\TT

with u,v € H;jlﬁl /2 which is well defined in virtue of Lemma and
corresponds to the linear operator £, is indeed an inner product. Using
equation (80) and the standard Holder inequality for L? spaces (note that
by Lemma 25, Ou, v, uw™!, v=! € L?) it is shown that the linear
functional £(-) := B[-,v] is bounded for all v € H;jlﬁl/Q. With these
conditions fulfilled, the Riesz Representation Theorem states that there
exists a unique weak solution, u € H;}l’_l/Q, of Lu = f, for each f €

L2

w,—
H;i_l /2 This follows the same argument as in [9], the only new ingredient
is the use of Theorem

5/2° The last step is to show that the weak solution is indeed in

This completes the proof, as we have shown that the conditions for the Inverse
Function theorem to hold are true in the case at hand. (I

A Bounds and inequalities

In this appendix we collect some inequalities which have been implicitly used
in the text and that we consider noteworthy enough to keep them for reference.
The explicit calculations are very similar to those in [8, [, [I], and therefore we
do not include them.

Due to ®¢ being the conformal factor and encoding the metric behaviour at
the asymptotically flat end and at the cylindrical ends, we have that there are
positive constants Cy, Cy, C5 and Cy such that

Civw+ Cy < \/E‘I)o < Cs3v/w + Cy. (84)

Also, for u,v € V there are bounded functions Hy, Hs, Hs, such that

1 1 p+1
gt H, 85
b (Do + u)P ! (85)

11



1 1 pt1
_ = (v — = H. 86
(@o ¥ u)p ((I)O + ’U)p (’U U) w 2 ( )

1 1 pv pt2 o
- =w 2 v°H
(Do +u+v)?  (Pg+u)P + (Do + u)Pt? wo® v, (87)

which means that there are positive constantes C5, Cg, C7, such that

1 1

p41
ag m < Cslulw = . (88)

1 1

‘ (®o +u)? (o +v)?
‘ 1 1 pu

< (s |v—u|pr+1. (89)

p+2
< Crw™z |v|% 90
(@o—i—u—i—v):ﬂ (‘I)o—i—u)lu + (‘I)o—i—u)p'H w2 | (90)
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