Surfaces refracting and reflecting collimated beams
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1. Introduction

In this note we show how to construct surfaces that refract collimated radiation into a
given set of positions or directions. To deduce the equations governing the problem it is
convenient to use the Snell law of refraction in vector form. This leads to a system of first
order partial differential equations that using elementary calculus can be solved explicitly.
We give a necessary and sufficient condition on the image transformation for the problem

to be solvable, condition (2.5). Likewise, we also study the corresponding problem for
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mirrors or reflectors that was considered by R. A. Hicks and collaborators in [HB01] and
[HP05] for certain important applications such us the design of a driver mirror without
a blind spot. For mirrors, we also give a necessary and sufficient condition on the image
transformation for the problem to be solvable, condition (3.9). In particular, when the
image transformation is the scaling magnification this condition is not satisfied, and we
obtain as in [HPO05] that there is no solution in this case. In contrast with this, the scaling
magnification does verify and therefore there is a refracting surface in this case. These
refracting surfaces yield an optical lenses as the region cut above by the surface and below
by a horizontal plane. In the plane we show that mirrors and refracting curves always
exist with no conditions on the image transformation. All solutions are given by explicit
formulas.

In case conditions or are not satisfied, it is possible to find a solution that is
closest in L2 norm to the prescribed image transformation, see Section |4}

For applications to laser beam shaping see [She00].

2. Thelens problem

We look for a surface in the 3d-space with equation y = u(x, y) that separates glass and air
(or in general two materials with different refractive indices) and such that a ray emanating
from the point (x, y, 0) is refracted by the surface into the point (¢(x, v), m). We assume the

incident ray emanating from (x, y, 0) has direction k = (0,0, 1), that is, all emanating rays
(=Du(x,y),1)

\/1+ [Du(x, y)l?

(x,y,0) are surrounded by glass and all points (¢(x, y), m) surrounded by air, see Figure

are parallel. The unit outer normal to the curveis N = . Suppose all points

Glass has index of refraction 7, and air has index of refraction n,(~ 1). Let k = ny/n;, so
in this case we have ¥ < 1. The geometry of the refracting surfaces depend on weather
k < 1lorxk > 1, see [GH09]. From the Snell law of refraction in vector form, see also [GHO09,
Section 2.1] for a discussion, if the incident ray has unit direction k, then the unit direction
of the refracted ray is v with

k—-xv=AN, (2.1)



and from the physical constraint for refraction we need k - v > x. Making the dot product
with N in yields
A=k-N-xv-N

1
If 0, is the angle of incidence and 0, is the angle of refraction we have sin 0, = " sin 0. So

v-N =cos0, = Y1 —sin?0, = Y1 —x2sin’ 6, and sin 0; = 1 — cos? 6; = 1 — (k - N)2. So

v-N=+y1-x2(1-(k-N)?)

and therefore

A=k-N-«x+1-x2(1-(k-N)).
Notice that since ¥ < 1, then for refraction to occur the incidence angle 0; we must
satisfy 0; < 0., with O, the critical angle, that is, sin 0, = x. Therefore sin 0; < x and so
1— (k- N)? < x? and consequently (k - N)* > 1 — x?. Since
1

1+ Du(x, y)P’

we obtain the following bound for the gradient of the refracting surface

k-N=

|Du(x, y)| < = (2.2)
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Fig. 1. Lens problem



We show now that the gradient Du(x, y) is determined by the problem. Indeed, the
line with direction v emanating from (x, y, u(x, y)) has equation (x, y, u(x, y)) + av, and it

reaches the point (t(x, y), m) when

a=di= It ) - o P + = utx, P,

that is,
(tx, y) — (x,y),m —u(x,y)) =dv

and from we obtain

dA Du(x, v)

Hx, )~ (y) = — /
K 1+ |Du(x, y)|
Tn_u(x/y):é 1- A .

K v1+ [Du(x, y)?

Therefore

Dute gy = SED @D

E—m+u(x,y)

(2.3)

2.A. Far field case

If g(x,v) is a fixed function, we called it the image transformation, and we let t(x,y) =

m g(x, y), then becomes
(x,y) —mglx, y)

Du(x,y) =

1
m—ux,y) = — Imgx,y) = (& P +m — ulx, y)P
and letting m — oo we obtain that

g(x, y)

Du(x, y) = 1 (2.4)
" Vg, P +1-1
We notice that Du(x, y) verifies for any g(x, y) because the maximum value of the
function f(z) = 1; on (0, +o0) equals to x/ V1«2
~Vi+z2-1

K
If g(x,y) = (§1(x, ), £2(x, y)), then from an elementary calculus theorem about exact
differentials there is u € C? solving if and only if

1%, ) _ &(x, ) , (2.5)

1 1
;\/lg(x,y)|2+1—1 , Exllg(x,y)|2+1—1
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Fig. 2. Two views refracting surface with xk =2/3 and g = 2

In particular, when we seek for a surface magnifying the image, that is, if gi1(x,y) = px

and g»(x,y) = By with g > 0 it is easy to see that this condition is satisfied and so there

exists a refracting surface solving (2.4). Therefore, in this case one can solve explicitly the

equation (2.4) obtaining

u(x’y):faxl Bs ds+fby1 Bt

_ 2 _
- g, P +1-1

An elementary integration shows that

u(y) = P (PO + ) - p (P@ + 1),

where

1}1(1’):% r+1+%210g<\/m—1<).

If we look at the problem in the plane, then equation becomes
8(x)

u'(x) =
- lgx)P+1-1

and therefore

u(x):f"l g(t) ”
" —IgOPFT-1
5

_ 2 _
- Ig(a, P +1-1

(2.6)

2.7)



that can be integrated for many functions g for example when the magnification g is
a continuous function. This provides by rotational symmetry surfaces that refract radi-
ation with magnification g. Another approach to find these curves using the Legendre

transformation in the plane is in the paper [Gut11].

3. Reflector problem

We seek for a surface with equation z = u(x, y) reflecting all collimated rays emanating
with direction k = (0,0, 1) from (x, y) into the points (g1(x, y), m, g2(x, y)). From the Snell
law the reflected ray has unit direction

2 2 2
v = k=200 NN = (e D T D TR )

(Du(x,y),-1)
1+ |Du(x, y)|?
(x, v, u(x, y) hits (g1(x, y), m, g2(x, y)) when

with unit normal N = . The ray with direction v emanating from

(x, y,u(x,y)) +dv = (g1(x, y), m, $2(x, 1))

with

d = 0= 16, )2 + (v = m)P + (u(x,y) = gl 1)

2d

m Du(x,y)and g (x, y)—u(x,y) =d (1 ;)

So(g1(x, y)—x,m-y) = 1+ |Du(x, y)|?

and therefore

(81(x, y) —x,m —y)

d—gx,y) +ulx,y)

For the far field problem we assume g1(x, y) = mhi(x, y) and g(x, y) = mhy(x, y), with m

Du(x, y) =

that will tend to co. We then have

m ((x, y) — (x/m),1 = (y/m))

2 2 2
m[—hz(x, y) + u(x, ) + \/(% — hi(x, y)) + (% - 1) + (u(i;y) — hy(x, y)) )

Du(x,y) =

m

and letting m — oo yields the equation

(hl(x/ y)/ 1) .
V1+h(x,y)? + ho(x, y)? — ho(x, y)

Du(x,y) = (3.8)
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Therefore there exists a C? solution u to if and only if

& = . . (3.9)
,/1+h§+h§—h2y ,/1+h§+h§—h2x
Similarly as in (2.6), the solution u has the form
x h , Y
u(x,y) = 1) ds +f ! dt.
a1 +h(s, y)? + ha(s, y)? = ha(s, y) b N1+ hi(a, 02+ ha(a, ) — ha(a, £)
(3.10)

When hi(x,y) = Ax and hy(x, y) = Ay, it is easy to verify that does not hold, which
shows as in [HP05], that the reflector problem does not have a solution for constant scaling.

In the case of the plane if we seek for a curve y = u(x) reflecting off collimated rays
emanating from each point (x, 0) with direction j = (0, 1) to a point (1, g(x), then proceeding
in the same way we obtain that u satisfies the equation

m-—x
d— g(x) + u(x)’

u'(x) =

where d = \/ (m —x)? + (g(x) — u(x))>. For the far field case letting g(x) = m h(x) and letting

m — oo, we obtain the equation

’

u'(x)

1
1) - k()

giving

* 1
u(x) = f dt.
0 +/1+h(t)? = h(t)
4. Energy minimizing solution

Given a domain Q C IR" with sufficiently regular boundary and f a continuous function
on the boundary dQ, and suppose we have a F(x) = (Fi(x),--- ,F,(x)) a field that is C}(Q)
we want to find u defined in Q such that u € C*(Q) N C(Q) such that u minimizes the
integral

I(u) = fg |Du(x) — F(x)[> dx (4.11)
among all functions u € C*Q) N CY(Q) such that u = f on JQ. For our application,
n = 2 and F(x, y) is the right hand side of equation in case of the reflector or F(x, )
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equals the right hand side of in case of the refractor. Obviously, if holds in
case of the reflector or holds in case of the refractor, then is zero and the
minumum is attained at the solutions of the reflector and refractor problems previously
found, respectively. In general, the minimum of the integral (.11)), if it exists, is not zero.

We show that this minimum is attained when u is the solution of the Poisson equation
Au=D-F  inQ (4.12)

with boundary data u = f on dQ; D - F denotes the divergence of the field F. Indeed, let
v € C3(Q) N CY(Q) such that v = f on dQ. Let ¢ = v — u. We have

I(v):f(DqZ)+Du—F)-(DqZ)+Du—F)dx
Q
:ZfQ(qu)-(Du—P)dx+f(;qu~D¢)dx+L(Du—F)-(Du—P)dx.

We have from the first Green identity that

fQqu-Dudx:—fQ(Au)qbdx

since ¢ = 0 on dQ. Also from the divergence theorem we have that

fqu-Fdx:—fqb(D-F)dx
Q Q
since ¢ = 0 on dQ). Therefore,

I(v) = fQD(f) -D dx + 1(u) > I(u),

and we are done.
Therefore, the solution u of the reflector or the refractor problems that minimizes the
energy (4.11) for a given image transformation is the solution of the Poisson equation

(4.12).
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