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We introduce a version of discrete Morse theory for posets. This theory studies the
topology of the order complexes K(X) of h-regular posets X from the critical points
of admissible matchings on X . Our approach is related to R. Forman’s discrete Morse
theory for CW-complexes and generalizes Forman and Chari’s results on the face posets
of regular CW-complexes. We also introduce a homological variant of the theory that can
be used to study the topology of triangulable homology manifolds by means of their order
triangulations.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Morse theory is a powerful tool to study the topology of differentiable manifolds from the critical points of smooth real-
valued functions. The homotopy type of a compact manifold N can be expressed in terms of the critical points of a Morse
function defined on N . Concretely, N has the homotopy type of a CW-complex with one cell of dimension p for each critical
point of index p. There are many applications of this theory in geometry, topology and physics, including its applications
to surgery and cobordism, Bott periodicity theorem [6], the h-cobordism theorem [19] and J. Milnor’s construction of exotic
spheres [17]. A classical reference for Morse theory is Milnor’s book [18].

In [10] R. Forman introduced a combinatorial version of Morse theory that can be applied to study the topology of
polyhedra by means of discrete analogues of Morse functions and gradient vector fields defined on their triangulations.
Forman’s theory has, as well, a large number of applications in topology and combinatorics. M. Chari observed that Forman’s
discrete Morse theory for regular CW-complexes can be formulated in terms of acyclic matchings on the Hasse diagrams
of their face posets [9]. More recently Rietsch and Williams described Forman’s discrete Morse theory for general CW-
complexes in terms of a certain kind of matchings on the associated posets [21], but the condition required is that only the
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regular cells are allowed to be matched. In Chari’s and Rietsch–Williams’ approaches, the face posets are used to restate
Forman’s discrete Morse theory for CW-complexes in terms of matchings and the proofs rely precisely on the fact that
the posets considered are the face posets of some complexes. More concretely, the edges of the matching correspond to
elementary collapses of regular faces of the CW-complex.

In this paper we study Morse theory for a class of posets, called h-regular posets, which includes the face posets of
regular CW-complexes, and extend the main results of discrete Morse theory to this wider class. In contrast to the previous
approaches, we don’t require the posets to be the face posets of some complex. The Morse theory for h-regular posets
studies the topology of the order complexes of the posets from the critical points of the matchings. Concretely, given an h-
regular poset X together with an admissible Morse matching, we show that its order complex K(X) is homotopy equivalent
to a CW-complex with exactly one p-cell for each critical point of X of height p. If K is a regular CW-complex, the order
complex of its face poset K(X (K )) coincides with its barycentric subdivision, therefore our approach extends Forman and
Chari’s result on regular CW-complexes. On the other hand, this approach provides a new insight into discrete Morse theory.
We exhibit various examples, which are not covered by the previous works on this subject, to illustrate the applications of
this theory.

In the second part of the article, we develop a homological version of Morse theory for posets. The homological version
can be applied to an even larger class, namely the class of cellular posets. This class includes for instance the posets whose
order complexes are closed homology manifolds. Given a homologically admissible Morse matching on a cellular poset X ,
one can compute the homology of X with a chain complex (C̃, d̃) where C̃ p is the free abelian group generated by the
critical points of X of degree p. From this result, one can immediately deduce the well-known strong and weak Morse
inequalities.

In the last section we show examples and applications of this theory. We prove that our results can be applied to the
class of h-regular CW-complexes, introduced in [4], without requiring regularity of the cells to be matched. Finally we show
that the homological version of the theory can be used to study homology manifolds via their order triangulations.

It is known that a finite poset is essentially the same as a finite T0-topological space (see for example [1,3,4,15,16,22]),
and therefore this theory could also be applied to investigate the topology of finite spaces. In this article we don’t adopt
explicitly the finite space point of view. Moreover, the homology and the homotopy of the posets are formulated exclusively
in terms of the homology and homotopy of their associated order complexes. Nevertheless some of the constructions that
appear in this article are based on results of the theory of finite spaces developed in previous papers in collaboration with
J. Barmak [3,4].

For a comprehensive exposition on discrete Morse theory and applications, the reader may consult Forman’s articles [10–
12], Chari’s paper [9], and D. Kozlov’s book [13].

In this paper, all the posets, simplicial complexes and CW-complexes that we deal with, are assumed to be finite, and
the homology groups H∗(X) are reduced and with integer coefficients.

2. Morse theory for posets

We start by fixing some notation and terminology. Given a poset X and an element x ∈ X , we denote

Ux = {y ∈ X, y � x}, Û x = {y ∈ X, y < x}
and

Fx = {y ∈ X, x � y}, F̂ x = {y ∈ X, x < y}.
We write x ≺ y if x is covered by y, i.e. if x < y and there is no z ∈ X such that x < z < y. The Hasse diagram H(X) of

a poset X is the digraph whose vertices are the points of X and whose edges are the pairs (x, y) such that x ≺ y. In the
graphical representation of H(X), instead of writing the edge (x, y) with an arrow, we simply put y over x (see Fig. 1).

The order complex K(X) associated to a poset X is the simplicial complex of non-empty chains of X . This construction is
functorial. It is known that a finite poset is equivalent to a finite T0-topological space, where the downsets correspond to
open sets. A result of McCord [16] asserts that a poset X , viewed as a finite topological space, is weak homotopy equivalent
to its order complex K(X). In particular, its singular homology coincides with the homology of K(X) (cf. [1,3,4]). As we
pointed out above, we will not use explicitly the finite space viewpoint and, for the purpose of this paper, the reader may
regard the homology and homotopy groups of X as those of the complex K(X).

We say that a poset X is a model of a CW-complex Y if its order complex K(X) is homotopy equivalent to Y . The
underlying polyhedron or realization of a simplicial complex K will also be denoted by K . We say that X or K(X) is an
order triangulation of its realization. Given a finite regular CW-complex L, the face poset X (L) is the poset of cells of L
ordered by inclusion. Note that K(X (L)) = L′ , the barycentric subdivision of L.

The height h(X) of a poset X is the maximum of the lengths of the chains in X , where the length of a chain x0 < x1 <

· · · < xn is n. The height h(x) of an element x ∈ X is the height of Ux . We say that a poset X is homogeneous of dimension
(or degree) n if all maximal chains in X have length n. Note that X is homogeneous of dimension n if and only if K(X) is
a homogeneous (= pure) simplicial complex of dimension n. Also, a simplicial complex L is homogeneous of dimension n if
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Fig. 1. An h-regular (and non-graded) poset.

and only if X (L) is. A poset is graded if Ux is homogeneous for every x ∈ X . In that case, the degree of x, denoted by deg(x),
is its height.

Note that for any regular CW-complex L, the poset X (L) is always graded and the degree of x ∈ X is the dimension of x
(as a cell of L). If X is homogeneous then it is graded. Moreover, a connected poset X is homogeneous if and only if X and
its opposite Xop are graded.

The join X � Y of two posets X and Y is the disjoint union X � Y keeping the giving ordering within X and Y and
setting x � y for every x ∈ X and y ∈ Y . Note that K(X � Y ) =K(X) ∗K(Y ), the simplicial join of the order complexes.

Definition 2.1. Let X be a poset and let x ∈ X . The link of x in X is the subposet Ĉx = Ûx � F̂ x = {y ∈ X, x < y or y < x}.

Remark 2.2. K(Ĉx) = lk(x,K(X)), the link of the vertex x in K(X).

Definition 2.3. A poset X is called h-regular if for every x ∈ X , Û X is a model of Sn−1 (i.e. its order complex is homotopy
equivalent to Sn−1), where n is the height of x.

Note that the face poset X (K ) of any regular CW-complex K is h-regular. In Section 4 we will deal with the face posets
of h-regular CW-complexes. By definition, these posets are also h-regular.

Example 2.4. Fig. 1 shows the Hasse diagram of an h-regular poset which is not the face poset of a regular CW-complex.
Note that an h-regular poset is not necessarily graded.

Definition 2.5. We say that an edge (x, y) ∈H(X) of a poset X is admissible (in the homotopical sense) if the subposet Ûx −{y}
is homotopically trivial (i.e. its order complex is contractible). A poset is admissible if all its edges are admissible.

Remark 2.6. It is not difficult to prove that any admissible poset is automatically h-regular. Note also that the face poset
X (K ) of any regular CW-complex K is admissible.

The next example shows an admissible poset which is not the face poset of a regular CW-complex. Recall that X =X (K )

for some regular CW-complex K if and only if K(Ûx) is homeomorphic to a sphere for all x ∈ X (cf. [5, Proposition 4.7.23]).

Example 2.7. Let L be a triangulation of the Poincaré homology 3-sphere and let M = Σ L the simplicial suspension of L.
It is known that M is a 4-homology manifold which is homotopy equivalent to S4 but it is not a topological manifold. Let
X = X (M). Note that if x ∈ X is a maximal point, X − {x} is homotopically trivial since K(X − {x}) is homotopy equivalent
to K(X) − {x}, which is the barycentric subdivision of M with a point removed. This implies that the cone Y = X � ∗ is
admissible. Note that Y is not of the form X (K ) since K(Û∗) =K(X) = M ′ , which is not homeomorphic to a sphere.

Lemma 2.8. Let X be an h-regular poset. If an edge (x, y) ∈H(X) is admissible, then h(x) = h(y) − 1. In particular, every admissible
poset is graded.

Proof. Let h(y) = n, then K(Û y) is homotopy equivalent to Sn−1 and the dimension of K(Û y) is n − 1. Since x ≺ y,
h(x) � n − 1. Suppose h(x) < n − 1. Then any simplex in K(Û y) which contains x has dimension less than n − 1. Therefore
K(Û y − x) has the same (n − 1)-simplices as K(Û y), and since Hn−1(K(Û y)) = Z, it follows that Hn−1(K(Û y − x)) �= 0,
which contradicts the fact that K(Û y − x) is contractible. �

Let X be an h-regular poset and let H(X) be its Hasse diagram. Following Chari’s construction [9], given a matching
M on H(X), let HM(X) be the directed graph obtained from H(X) by reversing the orientations of the edges which are
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not in M . We say that a matching is a Morse matching provided that the directed graph HM(X) is acyclic. As usual, the
points of H(X) not incident to any edge in M will be called critical. The set of critical points will be denoted by CM .
A Morse matching is called admissible if every edge in M is admissible. Note that, by definition, if X is admissible, any
Morse matching on H(X) is admissible.

Lemma 2.9. Let M be an admissible Morse matching on H(X) and let x0, . . . , xr be a directed path in HM(X). Then h(xr)� h(x0)+1.

Proof. It follows from Lemma 2.8 and the fact that, if x < y, h(x) < h(y). �
The next two lemmas follow immediately from the Gluing theorem [7, 7.5.7]. A proof of the first lemma can be found

in [2] and a proof of the second one can be found in [4].

Lemma 2.10. Let K and L be contractible simplicial complexes and let T = K ∪ L. Then T is homotopy equivalent to Σ(K ∩ L), the
suspension of their intersection.

Lemma 2.11. Let X be a poset and let x ∈ X such that Ĉx is homotopically trivial, then the inclusion K(X −{x}) ↪→K(X) is a homotopy
equivalence.

A point x ∈ X such that Ĉx is homotopically trivial, as in the preceding lemma, is called a γ -point of X . This kind of
points is used in [4] to investigate reduction methods of finite topological spaces.

The following result extends the main result on discrete Morse theory to the class of h-regular posets. The techniques
that we use in our proof are similar to those of Chari’s [9]. However in our case the poset is not the face poset of some
complex so we cannot use that the edges of the matching correspond to collapses of regular cells (cf. [9,10]). Moreover, in
our context the posets are not necessarily graded, and Lemma 2.9 of above is used to circumvent this problem.

Theorem 2.12. Let X be an h-regular poset and let M be an admissible Morse matching on its Hasse diagram H(X). Then the order
complex K(X) is homotopy equivalent to a CW-complex with exactly one p-cell for each critical point of X of height p.

Proof. Let x ∈ X be a source node of HM(X) of maximum height. If x is a maximal point of X , then it is critical. Let
h(x) = n. Since Ûx is a model of Sn−1 and K(X) = K(X − {x}) ∪ K(Ux) with K(X − {x}) ∩ K(Ux) = K(Ûx), by the Gluing
theorem [7, 7.5.7] it turns out that K(X) is homotopy equivalent to K(X −{x})∪en , a CW-complex obtained from K(X −{x})
by attaching an n-cell. On the other hand, X − {x} is still h-regular and the admissible Morse matching M restricts to an
admissible Morse matching on H(X − {x}).

If x is not a maximal point, there exists y ∈ X such that x ≺ y. Since x is a source node, it follows that (x, y) ∈ M and that
there is no z �= y such that x ≺ z. Suppose there is an element w ∈ X such that x ≺ y ≺ w . Since (x, y) ∈ M , then (y, w) /∈ M .
Let s be a source node such that s = x0, . . . , xr = w is a directed path in HM(X). Then, by Lemma 2.9 h(s) � h(w) − 1 �
h(x) + 1, which contradicts the maximality of the height of x. It follows that F̂ x = {y} with y a maximal element of X . Note
that the link lk(x,K(X)) is a cone. In particular, Ĉx is homotopically trivial and, by Lemma 2.11, K(X − {x}) ⊂ K(X) is a
strong deformation retract.

Note also that Ĉ X−{x}
y = Û X−{x}

y = Û X
y − {x}, which is homotopically trivial. Here we write Ĉ X−{x}

y , Û X−{x}
y and Û X

y to

distinguish whether the subposets Ĉ y, Û y are considered in X − {x} or in X .
Again by Lemma 2.11 we have

K
(

X − {x, y}) � K
(

X − {x}) � K(X).

Therefore we can remove x and y from X without affecting the homotopy type of the order complex. On the other hand,
since y is a maximal point of X and F̂ x = {y}, the subposet X − {x, y} is still h-regular and the admissible Morse matching
M on H(X) restricts to an admissible Morse matching on H(X − {x, y}).

The result now follows inductively. �
Remark 2.13. Note that Theorem 2.12 extends the theory of Forman and Chari for regular CW-complexes since the face
posets X (K ) of regular CW-complexes are admissible and the order complex K(X (K )) of a regular CW-complex K is the
barycentric subdivision of K .

A point x ∈ X such that F̂ x = {y} (or more generally, if F̂ x has a minimum), as in the proof of Theorem 2.12, is called an
up beat point or a linear point of X . This kind of points was studied by R. Stong [22] to classify the homotopy types of finite
spaces (see also [1,3,4,15]).

We finish this section with two examples of h-regular posets with admissible Morse matchings, to illustrate the situation.
Note that they are not the face posets of regular complexes.
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Fig. 2. An admissible Morse matching on an h-regular model of S3.

Fig. 3. An admissible Morse matching on a homotopically trivial h-regular poset.

Example 2.14. Fig. 2 shows an admissible Morse matching on the h-regular poset X of Fig. 1. The edges of the matching
are represented with dashed arrows. Its order complex is homotopy equivalent to a CW-complex with one 0-cell and one
3-cell, thus X is a model of S3.

Example 2.15. The admissible Morse matching on the poset of Fig. 3 shows that its order complex is contractible.

3. Homological Morse theory and cellular posets

In this section we will investigate a homological variant of our theory. First we introduce the notion of cellular poset
and show that the homology of these posets can be computed using the cellular chain complex (C∗,d) which, in degree p,
consists of the free abelian group generated by the elements of the poset of degree p. In the second part of this section we
construct the Morse complex of a cellular poset with a homologically admissible matching, adapting Forman’s techniques to
this context [10, Proposition 6.3 to Theorem 8.2].

Definition 3.1. A cellular poset is a graded poset X such that for every x ∈ X , Ûx has the homology of a (p − 1)-sphere,
where p = deg(x).

Remark 3.2. Note that, by definition, any graded h-regular poset is cellular.

The p-skeleton of a graded poset X is the subposet X p = {x ∈ X, deg(x) � p}. There is a filtration

X0 ⊆ X1 ⊆ · · · ⊆ Xn = X .

Note that if X = X (L) is the poset of cells of a regular CW-complex L, then X p = X (L p), the poset associated to the
p-skeleton of L.

The proof of the following result is routine and therefore omitted.

Proposition 3.3. Let X be a graded poset and let X p be its p-skeleton. Then

Hr
(

X p, X p−1) =
⊕

deg(x)=p

Hr(Ux, Û x) =
⊕

deg(x)=p

Hr−1(Û x).
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Applying the long exact sequence of the pair (X p+1, X p), we deduce the following

Corollary 3.4. Let X be a cellular poset. Then, the inclusion X p ⊆ X induces an isomorphism Hr(X p) = Hr(X) for any r < p.

Remark 3.5. Note that, by a dimension argument, if X is a graded poset and r > p, then Hr(X p) = 0.

Definition 3.6. Given a cellular poset X , its cellular chain complex (C∗,d) is defined as follows

C p := H p
(

X p, X p−1) =
⊕

deg(x)=p

H p−1(Û x)

which is a free abelian group with one generator for each element of X of degree p. The differential d : C p → C p−1 is
defined as the composition

H p
(

X p, X p−1
) ∂ H p−1

(
X p−1

) j
H p−1

(
X p−1, X p−2

)
.

Here j is the canonical map induced by the inclusion.

Theorem 3.7. Let X be a cellular poset and let (C∗,d) be its cellular chain complex. Then H∗(C∗) = H∗(X).

Proof. Follows from Corollary 3.4 and Remark 3.5. �
We choose a generator of H p−1(Ûx) = Z for every x ∈ X of degree p and then we identify C p with the free abelian group

with basis {x ∈ X,deg(x) = p}. It is not hard to prove that the differential d : C p → C p−1 has the form

d(x) =
∑
w≺x

ε(x, w)w

where the incidence number ε(x, w) ∈ Z is the degree of the map

∂̃ : Z= H p−1(Û x) → H p−2(Û w) = Z,

which coincides with the connecting morphism of the Mayer–Vietoris sequence associated to the covering Ûx =
(Ûx − {w}) ∪ U w . This means that ∂̃(x) = ε(x, w)w , where x and w represent the chosen generators of H p−1(Ûx) and
H p−2(Û w) respectively.

Definition 3.8. Let X be a poset. An edge (w, x) ∈H(X) is homologically admissible if Ûx − {w} is acyclic.

A poset is homologically admissible if all its edges are homologically admissible. It is not difficult to see that such posets
are cellular.

Remark 3.9. If (w, x) is a homologically admissible edge of a cellular poset X , the incidence number ε(x, w) is 1 or −1.
This follows from the fact that the map ∂̃ of above is an isomorphism, since H∗(Ûx − {w}) = H∗(U w) = 0.

Remark 3.10. Note that an admissible poset in the homotopical sense is homologically admissible. An example of a ho-
mologically admissible poset which is not admissible in the homotopical sense is the cone X (L) � ∗ of the poset X (L)

associated to a triangulation of the Poincaré homology 3-sphere L (see Section 4.2).

We will show that the homology of a cellular poset X can be computed, from a homologically admissible Morse match-
ing M , with a chain complex (C̃∗, d̃) which in degree p consists of the abelian group generated by the critical points of X
of degree p. This extends the classical and Forman’s theories to the class of cellular posets. In particular, we will deduce the
strong and weak Morse inequalities similarly as in the classical theory.

Our construction of the Morse chain complex will follow Forman’s [10]. We need first to define the Morse function
f : X →R associated to a Morse matching M . This function will be used as an auxiliary tool in the proofs.

Definition 3.11. A Morse function f : X →R is a set theoretic function such that for every x ∈ X

• #{y ∈ X, x ≺ y and f (x) � f (y)}� 1 and
• #{z ∈ X, z ≺ x and f (z) � f (x)} � 1.

A point x ∈ X is critical if
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Fig. 4. The Morse function associated to a Morse matching.

• #{y ∈ X, x ≺ y and f (x) � f (y)} = 0 and
• #{z ∈ X, z ≺ x and f (z) � f (x)} = 0.

The set of critical points of f is denoted by C f .

Given a Morse matching M on H(X), a Morse path is a path in HM(X) of the form x0, y0, x1, y1, . . . , xr such that
(xi, yi) ∈ M . Note that xi+1 ≺ yi for every i. The length of the path x0, y0, x1, y1, . . . , xr is r. We define lM(x) ∈N0 to be the
maximum of the lengths of the Morse paths which start in x. Note that, if x is a critical point, lM(x) = 0.

Lemma 3.12. Given a Morse matching on a cellular poset X , there is a Morse function f on X such that C f = CM .

Proof. The proof is similar to Forman’s [10] (see also [8] for an alternative proof). We construct by induction a function
fr : Xr → R, where Xr is the r-skeleton of X . Let f0 : X0 → R be the constant map 0. Suppose we have already defined
fr−1 : Xr−1 →R. Let L = max{lM(x),deg(x) = r − 1}. Define fr as follows.

fr(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

fr−1(x) deg(x) � r − 2,

fr−1(x) + lM (x)
L+1 deg(x) = r − 1,

r deg(x) = r and �w ≺ x such that (w, x) ∈ M,

fr−1(w) + lM (w)
L+1 deg(x) = r and (w, x) ∈ M.

�

Example 3.13. Fig. 4 shows the Morse function associated to a Morse matching.

We define now the Morse complex associated to a cellular poset X with a homologically admissible Morse matching M
following Forman’s construction [10, Proposition 6.3 to Theorem 8.2]. In order to adapt Forman’s construction and proofs to
our setting, we use Remark 3.9 and the Morse function f associated to M , constructed in Lemma 3.12.

Following Forman’s notation, we define a map V : C p → C p+1 as follows.

V (x) =
{−ε(y, x)y if there is y ∈ X with (x, y) ∈ M,

0 otherwise.

The gradient flow φ : C∗ → C∗ is defined as φ = 1+dV + V d. Since dφ = φd, the φ-invariant chains Cφ∗ form a well-defined
subcomplex. Concretely,

Cφ
p (X) = {

c ∈ C p(X), φ(c) = c
}
.

The complex (Cφ∗ ,d) is the Morse complex of the cellular poset X .
Note that Theorems 6.4, 7.1, 7.2 and 7.3 of [10] remain valid in our context. The proofs are exactly the same as in the case

of regular CW-complexes. In our setting we use the cellular chain complex of the poset and the associated Morse function
f of Lemma 3.12. Therefore we have proved

Theorem 3.14. If X is a cellular poset and M is a homologically admissible Morse matching on H(X), the homology of the associated
Morse complex (Cφ∗ ,d) coincides with the homology of X .

On the other hand, similarly as in Forman’s setting, for each p, the abelian group Cφ
p is isomorphic to the free abelian

group C̃ p spanned by the critical p-cells. This follows from the results 7.1, 8.1 and 8.2 of [10]. The extension of Forman’s
theory to cellular posets follows immediately.
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Corollary 3.15. If X is a cellular poset with a homologically admissible Morse matching M, the homology of X can be computed with
a chain complex (C̃, d̃), where C̃ p is the free abelian group generated by the critical points of X of degree p. In particular, the strong
Morse inequalities (and hence, the weak Morse inequalities) hold.

4. Examples and applications

4.1. h-regular CW-complexes

The concept of h-regular CW-complex was introduced in [4] (see also [1]). It generalizes the notion of a regular complex
and allows one to manipulate less rigid CW-structures than the regular ones (and therefore with fewer cells), but with
similar nice properties as the properties of the regular complexes.

A CW-complex K is h-regular if the attaching map of each cell en is a homotopy equivalence onto its image ėn and the
closed cells en are subcomplexes of K . Equivalently, K is h-regular if the closed cells are contractible subcomplexes. The
reader can find various examples of h-regular structures on CW-complexes in [1,4].

If K is a regular complex, K(X (K )) = K ′ , the barycentric subdivision of K . If K is any CW-complex, K(X (K )) is not in
general homeomorphic to K , they are not even homotopy equivalent. The following result, which was proved in [4], allows
us to apply the results of the previous sections to the h-regular CW-complexes.

Proposition 4.1. If K is an h-regular CW-complex, K(X (K )) and K are homotopy equivalent.

The last proposition asserts that the face poset of an h-regular complex is a model of the complex. Since, by definition,
the face poset of an h-regular CW-complex is h-regular, then by Theorem 2.12, we obtain the following result.

Corollary 4.2. Let K be an h-regular CW-complex and let M be an admissible Morse matching on its face poset X (K ). Then K is
homotopy equivalent to a CW-complex with exactly one p-cell for each critical p-cell of K .

The next example illustrates this situation.

Example 4.3. Consider the following h-regular structure on the space K which is obtained from the square by identifying
all its boundary edges as indicated in the picture.

The following admissible Morse matching on X (K ) shows that K is homotopy equivalent to S2 (cf. [4, Example 4.8]).

Note that Corollary 4.2 cannot be deduced from Forman and Chari’s results, nor from Rietsch–Williams’s approach. In
our context we allow non-regular cells to be matched.

4.2. Finite manifolds and finite homology manifolds

An interesting class of admissible posets is constituted by the closed finite manifolds. A finite manifold is a poset X such
that its order complex K(X) is a combinatorial manifold. An alternative definition is the following.
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Definition 4.4. A poset X is called an n-sphere if its order complex K(X) is a combinatorial n-sphere, i.e. if K(X) is PL-
homeomorphic to the boundary of an (n + 1)-simplex. A poset X is an n-ball if K(X) is a combinatorial n-ball, i.e. if it is
PL-homeomorphic to an n-simplex. A poset X is a finite manifold of dimension n, or an n-manifold, if it is homogeneous of
dimension n and for each x ∈ X of degree 0, F̂ x is a ball or a sphere of dimension n − 1 and for each x ∈ X of degree n,
Ûx is a ball or a sphere of dimension n − 1.

Recall that a combinatorial n-manifold is a simplicial complex M such that for every vertex x ∈ M , lk(x, M) is a sphere
or a ball of dimension n − 1. For a comprehensive exposition of the theory of combinatorial manifolds, we refer the reader
to [14].

The following proposition relates finite manifolds with combinatorial manifolds (cf. [20]).

Proposition 4.5. A poset X is an n-manifold if and only if K(X) is a combinatorial n-manifold.

Proof. Since the join of a ball or a sphere with a ball or a sphere is again a ball or sphere, by Remark 2.2 it suffices to
prove that if X is an n-manifold and x ∈ X , the subposets Ûx and F̂ x are balls or spheres. We prove this by induction on n.
Suppose the assertion is true for manifolds of dimension n − 1 and let x ∈ X , with X a manifold of dimension n. If x is a
maximal or minimal point of X , then there is nothing to prove. In other case, let y ∈ X be a minimal element of X which is
comparable with x. Since F̂ y is ball or sphere of dimension n − 1, in particular it is an (n − 1)-manifold and, by induction F̂ x

is a ball or sphere. Similarly, consider a maximal element z ∈ X comparable with x. Since Û z is ball or sphere of dimension
n − 1, in particular it is an (n − 1)-manifold and, by induction Ûx is a ball or sphere. �

A finite manifold X is closed if K(X) is a closed manifold, i.e. if the links of the points are spheres. If X is an n-sphere
and x ∈ X , then by Newman’s theorem, X − {x} is an n-ball (cf. [14]). It follows that closed finite manifolds are admissible.
In fact, by [5, Proposition 4.7.23], it is easy to see that a closed manifold has the form X (K ) for some regular CW-complex K .

We focus our attention now on the class of finite closed homology manifolds. A poset X is a finite closed homology
manifold if its order complex K(X) is a closed homology manifold, i.e. if the link of every simplex σ ∈ K(X) has the
homology of Sn−k−1, where n is the dimension of the manifold and k the dimension of the simplex. It is clear that the links
of homology manifolds are also homology manifolds.

We will show that closed homology manifolds are homologically admissible. This allows one to use the homological
version of Morse theory developed in the previous section to investigate the topology of triangulable homology manifolds
by means of their order triangulations. In general a closed homology manifold is not necessarily admissible in the homo-
topical sense. We show below an example of an order triangulation of a homology sphere which is not admissible in the
homotopical sense.

Theorem 4.6. If X is a closed homology manifold, it is homologically admissible.

Proof. Let X be a closed homology n-manifold and let x ∈ X of degree r. Note that Ûx is a homology sphere, i.e. a homology
manifold with the homology of a sphere, since its order complex is the link in K(X) of the simplex associated to any
maximal chain x = xr < xr+1 < · · · < xn with minimum x. If y ∈ Ûx is a maximal element, K(Ûx − {y}) ⊂ K(Ûx) − {y} is a
strong deformation retract and, since a homology sphere with a point removed is acyclic, it follows that X is homologically
admissible. �
Example 4.7. Let L be a triangulation of the Poincaré homology 3-sphere. The poset X (L) � X (L) is a homology sphere,
since K(X (L)�X (L)) = L′ ∗ L′ . On the other hand, X (L)�X (L) is not admissible in the homotopical sense, since for every
minimal point x of the second copy of X (L), ÛX (L)�X (L)

x =X (L) which is not simply connected.
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