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Abstract−− The closing valve law is a mathemati-

cal function that describes the speed variation of the 
fluid as it is closing. This reduction of the speed de-
termines the shape of the pressure wave during the 
development of the water-hammer. A wide variety of 
closing modes exists, depending on the valve type 
and their operation, each one is mathematically giv-
en by a function. A generic function was formulated 
that allows to model an extensive variety of closing 
laws by means of a polygonal segmented structure. 
An algorithm has been generated that includes this 
closing law as boundary condition for describing the 
transitory. The pressure wave shape and amplitude 
depends on closing function in a unique relationship. 

Keywords−− Water-hammer, valve, closing law, 
pressure wave, transitory. 

I. INTRODUCTION 
The water-hammer has its origins in accidental or pro-
grammed perturbations on hydraulic systems. The oper-
ation of a valve generates a transitory in the hydrody-
namic system that produces changes on the flow condi-
tions. These changes are observed in the ondulatory be-
havior that shows the pressure and the fluid speed, an 
alternate succession of crests and troughs that attenuates 
in time. This transitory is known as water-hammer.  

The earlier studies on the water-hammer phenomena 
have been found in the works of Young (1808), Wer-
theim (1848) and Michaud (1878) among others.  

Joukowsky (1900, 1904) published the results of the 
experimental studies carried out on the water system 
distribution of Moscow. In that work it was extended 
the transitory description to the total time of duration. 
Established a rational expression for the complex varia-
tions of pressure that experiences a pipe net taking into 
account the reflection and transmission in pipe bounda-
ries, and introduced the pipe period concept. These 
works were based on the observations and develop-
ments of Wertheim (1848), von Helmholtz (1847), Kor-
teweg (1878) and Lamb (1898).  

During that period (1903-1913) Lorenzo Allievi was 
an active investigator in this theme, arriving to the same 
results as Joukowsky, assuming pipe flow without fric-
tion, uniform section, homogeneous wall and uniform 
distribution of speed of the fluid. Allievi has developed 
the wave equations, rejecting the convective terms and 
solving it by the general method proposed by Riemann 
and D'Alembert. Allievi (1925) has extended the Jou-
kowsky results to the cases of non instantaneous valve 
closing, that is to say, closing times higher than the pipe 

period being able to predict the variations of pressure 
along the pipe and not only on the valve (Murga and 
Molina; 1997).  

Wood (1938) introduced the Heaviside operational 
calculus and presented a solution for a simple pipe with 
instantaneous valve closing. Rich (1945) proposed the 
use of the Laplace-Mellin transform for the same sys-
tem.  

With the advancement in computing technology ap-
peared the firsts numeric methods for the Water-
hammer modeling (Harding, 1966). The Method of the 
Characteristics is a particularly appropriate technique 
for the solution of hyperbolic partial differential equa-
tions (Abbott, 1966). Gray (1953, 1954), Ezekial and 
Paynter (1957) and Streeter et al. (1962, 1967, 1972, 
1983) have found useful the use of this technique.  

In Europe, Fox (1968), Evangelisti (1969) and 
Swaffield (1970) were the precursors in the use of this 
method, which has settled down as a standard technique 
for the transitory analysis (Brunone et al., 1991).  

Some authors have indicated the influence of the 
closing perturbation on the pressure wave transient, 
however the closing functions that have been included 
in successive works in models of the Water-hammer are 
restricted to the instantaneous, the lineal and the cose-
noidal closing (Hager, 2001).  

The objective of the present work is the develop-
ment of a mathematical model that takes into account 
the closing law, and the formulation of an algorithm that 
allows to describe a wide range of closing functions. 

II. THE MODEL 
The most common cause of Water-hammer is an acci-
dental (a pump getting out of service) or programmed 
(valve closing) flow perturbation. The location where 
the perturbation takes place is considered a frontier of 
the system. Before and after this location, the flow 
changes are different. A π angle shift appears between 
the upstream and downstream pressure waves that travel 
across the pipe. These characteristics allow to evaluate 
the valve closing (or any device that generates a pertur-
bation) as a boundary condition.  

A water-hammer mathematical model was devel-
oped using a simple system, constituted by a reservoir, a 
single horizontal constant diameter conduction with a 
valve at the pipe end (Fig. 1). 

The set of equations that define the analytic pattern 
of water-hammer is:  
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Figure 1: model system 
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Applying the Laplace Transform to the equation 
system (1) and solving:  

0Psx sxP = A cosh + B sinh +
a a s

⎛ ⎞ ⎛ ⎞⋅ ⋅⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

   (2) 

The generic equation was obtained, where P  is the 
pressure transient in Laplace’s Transform field.  

The particular solution is obtained determining the 
expressions of the integration constants A and B of the 
Eq. (2), applying the boundary conditions. These boun-
dary conditions are:  

for t>τ t = 0, V = V0 

for t≥0 x = 0, P = Pstatic = constant 
for 0<t≤τ x = L, V = V(t) (closing law)  
There are many ways in which the fluid speed can 

be modified by action of a valve (closing law). These 
closing functions, like the operations of flow reduction, 
can be classified into:  

- Convex closing laws: A low decrease of the speed 
flow during the early closing time (τ) that increases 
with time.  

- Concave closing laws: An initial high decrease of the 
speed flow at the early closing time (τ) that follows 
with a slow reduction that involves most of that time.  

- Linear closing law: The speed flow reduction is uni-
form during the whole closing time.  

- Instantaneous closing law: The flow speed changes in-
stantly from the régime value to the final value or ze-
ro.  

A stepped procedure was developed, by means of 
which all closing functions can be approached by poly-
gonal closing functions constructed by an ordered suc-
cession of segments. The closing time (τ) was stepped 
in k equal parts (ß).  

The following closing function was proposed (Fig. 
2): 

( ) ( )0 – 1–  
mtV t V V Vτ ττ

⎡ ⎤⎛ ⎞= +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

.    (3.a) 

It can be steeped as follows: 

( ) 1
m

i 0 τ τ
iV = V -V - + V
τ
β⎡ ⎤⎛ ⎞

⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

    (3.b) 

where 0 ≤ i ≤ N, τ = Nβ, 0 ≤ m < ∞ and Vτ is the fluid 
speed at the end of the closing operation.  

 
Figure 2: Closing laws corresponding to different m values. 
(Eq. 3.a) 

 

Figure 3: Convex closing, m = 2, and their polygonal approach 
by means of 1, 2 and 4 segments. 

Equation (3.b) allows to find the speed values at 
each of the stepped times iß.  

The m exponent in Eq. (3.a) and Eq. (3.b) deter-
mines the closing curve law and the polygonal ap-
proaching at true closing law:  

m = 0   instantaneous closing, 
0 ≤ m < 1  concave closing, 
m = 1   lineal closing, 
1 ≤ m < ∞   convex closing. 

Figure 3 shows a convex closing function and their 
approach by means a polygonal with one, two and four 
segments. 

The closing law model gets better as more segments 
are included in the polygonal approach; therefore a ge-
neric solution for k segments was developed. 

Applying the polygonal approach procedure to the 
closing function and the Laplace Transform to the Eq. 
(2) with boundary conditions (closing law) and solving 
it, a solution that models the Water-hammer was ob-
tained.  

The solution for times before the closing end 
(0 < t ≤ τ) is: 
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and for times after the closing end (t > τ) is: 
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III. RESULTS AND DISCUSSION 
The Water-hammer analysis was carried out for differ-
ent closing functions, by means of the Eq. (4) and Eq. 
(5). Different transient pressure wave shapes and over-
pressure peaks were obtained, some of them are shown 
in Fig. 4. 

The Fig. 4a) to Fig. 4h) give information about the 
wave shape as a function of the closing law. 

The shape of pressure wave evolves from square for 
small values of m (m < 0.05) toward trapezoidal shapes 
(0.05 < m < 0.3) with right bias. 

When the value of m increases (0.3 < m < 8) the 
wave shape is practically triangular evolving toward 
trapezoidal shapes with left bias for 8 < m < 48, and ac-
quiring square form for higher m values. The wave 
phase in each case has stayed unalterable, without ob-
servable shift. 

The wave presented a strictly triangular form for 
m = 1 and the over-pressure peak has been 36% of the 
maximum, constituting the lower over-pressure peak 
registration of the whole series. 

It has been possible to model, by means of this de-
velopment, the water-hammer from the beginning of the 
closing operation.  

IV. CONCLUSIONS 
The inclusion of the closing function in water-hammer 
analysis gives a mathematical solution that provides in-
formation about the shape, over-pressure peak and 
phase of the pressure wave during the transient devel-
opment.  

The application of the shift operator and an adequate 
combination of segments (polygonal), can appropriately 
model the behavior of any mechanism at the end of a 

pipe. The polygonal modeling procedure of the closing 
law has allowed the analysis of a wide variety of closing 
shapes that appears in the operation of hydraulic sys-
tems. 

For the linear law (m = 1), triangular type waves are 
predicted giving a lower over-pressure peak than other 
closing laws. 

The solution obtained has also allowed to explore 
the behavior of the pressure during the closing period, 
extending the analysis at the beginning of the valve op-
eration. 

Quasi linear functions present a defined wave oscil-
lation inside the closing time τ, and it reaches the peak 
value in the first oscillation, that appears at t = τ / 3. 

The convex functions show very moderate oscilla-
tions during closing and the pressure reaches the first 
peak value at t = τ. The concave closing functions pro-
duce the maximum pressure peak inside the closing in-
terval at t = τ/3. This result reinforces the importance of 
the transitory evaluation from the beginning of the clos-
ing operation. However in most of the models and expe-
rimental studies only the transitory description for t > τ  
is considered 
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Figure 4: Transient pressure waves for different closing laws, at x = L (Fluid: water; Fluid speed: 3.66 m/s; Conduction length 
(L): 1520 m; Wave velocity: 915 m/s; Closing time (τ): 10 s.) 
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