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Velocity autocorrelation of a free particle driven by a Mittag-Leffler noise:
Fractional dynamics and temporal behaviors
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We investigate the dynamical phase diagram of the generalized Langevin equation of the free particle driven
by a Mittag-Leffler noise and show critical curves and a critical value of the exponent parameter of the Mittag-
Leffler function that mark different dynamical regimes. By considering that the modeling of a Mittag-Leffer
memory kernel corresponds to a power-law second-order memory kernel, we show that the generalized Langevin
equation of the velocity autocorrelation function (VACF) is transformed in a fractional Langevin equation. In the
superdiffusive case our results exhibit oscillations and negative correlations of the VACF that are not provided
by the usual power-law noise model.

DOI: 10.1103/PhysRevE.90.062103 PACS number(s): 05.40.Ca, 05.10.Gg, 02.50.Ey

I. INTRODUCTION

The study of anomalous diffusion in a complex or dis-
ordered medium has achieved a substantial progress during
the last years [1–9]. Anomalous diffusion in physical and
biological systems can be formulated in the framework of
the generalized Langevin equation (GLE) [1,2,8,10–19]. If
one considers the dynamics of a particle under the influence
of a random force modeled as Gaussian colored noise, the
corresponding GLE is written as [12,13,20]

v̇(t) +
∫ t

0
dt ′γ (t − t ′)v(t ′) = ξ (t), (1)

where v(t) represents the velocity of a particle of mass m = 1
at time t , and γ (t) is the frictional memory kernel. The random
force ξ (t) is a zero centered and stationary Gaussian that obeys
the fluctuation-dissipation theorem [21,22],

〈ξ (t)ξ (t ′)〉 = C(|t − t ′|) = kBT γ (|t − t ′|), (2)

where kB is the Boltzmann constant, and T is the absolute
temperature of the environment.

It is now well established that the physical origin of
anomalous diffusion is related to the long-time tail corre-
lations [1–3]. Therefore, in order to model the anomalous
diffusion process, pure power-law correlation functions are
usually employed [1,2,11,13,20,23,24].

The GLE with a power-law-type memory kernel is very
useful for modeling anomalous diffusion processes; however,
the corresponding power-law correlated noises have some
nonphysical properties like absence of a characteristic memory
time and infinite variance.

In Ref. [25] a more general noise whose correlation is
proportional to a Mittag-Leffler function was introduced. Re-
markably, for certain values of the parameters that characterize
this noise, one can reproduce a power-law correlation function,
a standard Ornstein-Uhlenbeck noise with an exponential one,
and a white noise. This correlation behaves as a power law
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for large times, but is nonsingular at the origin due to the
inclusion of a characteristic time and as a consequence has
finite variance. Some applications of a generalized Langevin
equation with a Mittag-Leffler noise can be seen in [26–28].
In [28], the anomalous diffusive behavior of a harmonic
oscillator driven by a Mittag-Leffler noise is studied, and the
results for free particle given in [25] are recovered as the limit
case.

The normalized velocity autocorrelation function (VACF)
is defined as

Cv(t) = 〈v(t)v(0)〉
〈v(0)2〉 . (3)

This function is an important quantity that can be measured
in the laboratory and from which it is possible to obtain
experimentally the physical properties of the system, in
particular, information about the diffusive behavior [29,30].

Although the VACF of a free particle driven by a Mittag-
Leffler noise was obtained analytically in [25] [see relaxation
function g(t) given by Eqs. (32) and (33)], its practical use from
a numerical point of view is limited because it is expressed
as an infinite double series with high-order derivatives of
Mittag-Leffler functions. On the other hand, the detailed study
of the temporal behavior of the VACF is still missing in
the literature. This is quite surprising given the relevance of
colored noise and viscoelasticity for biological systems. In
this way, our main purpose in this paper is to investigate
the dynamical effects of the Mittag-Leffler noise on a free
particle governed by the GLE (1) making use of an effective
approach based in a hierarchical relationship between memory
kernels. Remarkably, this approach turns out to be a valuable
method that allows us, among other dynamics characteristics,
to investigate the dynamical phase diagram obtaining critical
curves and a critical value of the exponent parameter of the
Mittag-Leffler function that mark different dynamical regimes
in the behavior of the system.

We first began with a generalized Langevin equation for
the VACF with a memory kernel γ (t). In turn, we assume that
γ (t) satisfies a generalized Langevin equation with a memory
kernel η(t) that plays the role of a second-order memory
kernel. In particular, we show that if the memory kernel γ (t)
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is a Mittag-Leffler function, then the second-order memory
kernel η(t) is a power-law function. From this relationship, a
fractional Langevin equation of the VACF for the superdif-
fusive case can be obtained, which is formally the same as
that corresponding to the normalized position autocorrelation
function of a particle harmonically bounded in the subdiffusive
case. The solution in the last case is a known matter in the
literature [31,32]. As a consequence of this approach we found
that—for the superdiffusive case—the VACF may exhibit
different types of relaxations and oscillations depending on
the values of the noise parameters. We show the existence
of critical curves that mark different dynamical regimes in
the behavior of the VACF. In addition, we determine a critical
value of the exponent parameter of Mittag-Leffler noise and the
phase diagrams that define the different dynamical behavior.
This paper is organized as follows. In Sec. II, we show that
there exists a correspondence between the VACF of a free
particle driven by a noise with the memory kernel γ (t) and
the autocorrelation position of a harmonic oscillator driven by
a noise with the memory kernel η(t). In Sec. III we discuss
some characteristics of the Mittag-Leffler noise. In Sec. IV, we
obtain the analytical expression of the VACF for a free particle
driven by a Mittag-Leffler noise using the correspondence
described in Sec. II. In Sec. V we obtain the temporal limits
behavior of the VACF, and in Sec. VI we derive the temporal
behavior of the VACF in the superdiffusive case obtaining
a phase diagram with critical curves and critical value of
the exponent parameter of the Mittag-Leffler function that
points out different dynamical behaviors. The conclusions are
presented in Sec. VII. Finally, the appendixes deal with the
analytical expression of the VACF for particular cases.

II. LANGEVIN EQUATION FOR THE VACF

We multiply Eq. (1) by v(0) to perform an ensemble
average. Since 〈v(0)ξ (t)〉 = 0, and using (3) we obtain

Ċv(t) +
∫ t

0
dt ′γ (t − t ′)Cv(t ′) = 0. (4)

Now, we assume that the memory kernel γ (t) satisfies the
Langevin equation,

γ̇ (t) +
∫ t

0
dt ′η(t − t ′)γ (t ′) = 0, (5)

where the function η(t) is called second-order memory [33,34].
In the Laplace domain, Eqs. (4) and (5) can be written as

Ĉv(s) = 1

s + γ̂ (s)
, (6)

and

γ̂ (s) = γ (0)

s + η̂(s)
, (7)

inserting Eq. (7) in Eq. (6), we have

Ĉv(s) = s + η̂(s)

s2 + s η̂(s) + ω2
, (8)

where we have defined ω2 = γ (0). Taking the inverse of
Laplace transform of (8) and considering the initial conditions

Cv(0) = 1 and Ċv(0) = 0, the equation for Cv(t) in the time
domain can be written as

C̈v(t) +
∫ t

0
dt ′η(t − t ′)Ċv(t ′) + ω2Cv(t) = 0. (9)

As pointed out by Bonn and Yip in [33], this last equation
is quite suggestive because it reminds us of a restoring force
in the medium with a characteristic frequency proportional
to ω, while the integral term represents a time-dependent
frictional force which is specified through η(t). Following [33],
the presence of these two kinds of forces means that the
behavior of Cv(t) is influenced by both, and depending on the
competition between them, Cv(t) will appear more solidlike
or more fluidlike.

On the other hand, Eq. (8) for Ĉv(s) can be written as

Ĉv(s) = 1

s

(s2 + sη̂(s) + ω2 − ω2)

(s2 + s η̂(s) + ω2)

= 1

s
− ω2s−1

s2 + s η̂(s) + ω2
. (10)

Then, the Laplace inversion produce,

Cv(t) = 1 − ω2I (t), (11)

where I (t) is the Laplace inversion of

Î (s) = s−1

s2 + η̂(s)s + ω2
. (12)

III. MITTAG-LEFFLER NOISE

It is well known that if the correlation function (2) is a Dirac
delta function, the stochastic process is Markovian and its
dynamics can be directly obtained [35]. However, in a complex
or viscoelastic environment one must take into account the
memory effects through a long-time tail noise to describe the
effect of the environment on the particle. The non-Markovian
dynamics is involved in these physical processes.

In recent years a Mittag-Leffler noise was introduced [25],

C(t) = C

τλ
Eλ(−(|t |/τ )λ), (13)

where τ acts as a characteristic memory time, and C is
a coefficient of proportionality independent of time. The
exponent λ can be taken as 0 < λ < 2, which is determined by
the dynamical mechanism of the physical process considered.
The Eα(y) function denotes the Mittag-Leffler function [36]
defined through the following series:

Eα(y) =
∞∑

j=0

yj

	(αj + 1)
, α > 0. (14)

Using the asymptotic behaviors of the Mittag-Leffler func-
tion [37] one can easily deduce that for λ �= 1, the correlation
function (13) behaves as a stretched exponential for short times
and as an inverse power law in the long-time regime [37,38].
Setting λ = 1, the correlation function (13) is reduced to an
exponential form,

C(t) = C

τ
e−|t |/τ , (15)
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which describes a standard Ornstein-Uhlenbeck process [35].
Moreover, in the limit τ → 0 and from the limit representation
of the Dirac delta [39], we get that C(t) = 2 C δ(t) corre-
sponding to a white noise, nonretarded friction, and standard
Brownian motion [35]. On the other hand, for λ �= 1 the limit
τ → 0 of the proposed correlation function (13) reproduces
the power-law correlation function,

C(t) = C
|t |−λ

	(1 − λ)
. (16)

This last result is obtained introducing in expression (13)
the asymptotic behavior at large y of the Mittag-Leffler
function [37],

Eα(−y) ∼ [y 	(1 − α)]−1, y > 0. (17)

It is worth pointing out that the Mittag-Leffler correlation
function (13) is a well-defined and nonsingular function.
Its value at t = 0 is C(0) = C/τλ, while for the power-law
correlation (16) C(0) diverges. Then, the introduction of the
characteristic time τ enables us to avoid the singularity of the
power law at the origin.

IV. ANALYTICAL VACF FOR FREE PARTICLE DRIVEN
BY A MITTAG-LEFFLER NOISE

From relation (2), the memory kernel γ (t) corresponding
to the Mittag-Leffler noise (13) can be written as

γ (t) = γ

τλ
Eλ(−(|t |/τ )λ), (18)

where γ = C/kBT . The Laplace transform of the memory
kernel reads [37]

γ̂ (s) = γ sλ−1

1 + sλτ λ
= γ (0)

s + s1−λτ−λ
, (19)

where γ (0) = γ

τλ . Comparing Eqs. (19) and (7) as [34] we can
deduce that

η̂(s) = s1−λτ−λ. (20)

Therefore, from Eq. (12) the relaxation function I (t) can be
written as the Laplace inversion of

Î (s) = s−1

s2 + τ−λs2−λ + ω2
. (21)

Following the approach given in Ref. [40] we have

I (t) =
∞∑

n=0

(−ω2 t2)
n

n!
t2E

(n)
λ,3+(2−λ)n(−(t/τ )λ), (22)

where Eα,β (y) is the generalized Mittag-Leffler function [37]
defined by the series expansion,

Eα,β(y) =
∞∑

j=0

yj

	(αj + β)
, α > 0, β > 0, (23)

and E
(k)
α,β(y) is the derivative of the Mittag-Leffler function,

E
(k)
α,β(y) = dk

dyk
Eα,β(y) =

∞∑
j=0

(j + k)! yj

j ! 	(α(j + k) + β)
. (24)

Then, from (22) and (11) we obtain

Cv(t) = 1 +
∞∑

n=0

(−ω2 t2)
n+1

n!
E

(n)
λ,3+(2−λ)n(−(t/τ )λ). (25)

As a direct consequence of this approach, we get for the
VACF an analytical expression as a single series, instead of
the expression as sum of two series obtained in [25] for
the same relaxation function derived by Laplace inversion.
Moreover, in Appendixes A and B we show that for λ = 1 and
rational λ, respectively, Eq. (25) can be written as a simple
sum of functions instead a series. Although the expression (25)
obtained for Cv(t) is valid for all 0 < λ < 2, the corresponding
expression for rational λ showed in the appendixes is much
more convenient for numerical computations.

V. TEMPORAL LIMITS BEHAVIOR OF THE VACF

The behavior of the VACF in the short-time limit can be
obtained replacing the series (23) and (24) and taking t → 0
in Eq. (25), we have

Cv(t) ≈ 1 − ω2 t2

2
, (26)

which is the expected expression for a free particle driven by
an internal noise with a finite correlation at the origin [12,13].
From (26), clearly the VACF of a free particle driven by a
Mittag-Leffler noise has derivative zero at the origin, which
is a property required according to [41]. In contrast the
respective derivative for the power-law model diverges in the
superdiffusive range [24], violating the recognized condition
that the VACF must have zero initial slope [42]. In the
following we will see more qualitative differences between
both noise models. On the other hand, introducing in (25)
the asymptotic behaviors of the generalized Mittag-Leffler
function [40],

Eα,β (−y) ∼ 1

y 	(β − α)
, y > 0, (27)

and its derivative,

E
(n)
α,β(−y) ∼ n!

yn+1

1

	(β − α)
, (28)

we obtain the behavior of the VACF Cv(t) for times bigger
than the noise characteristic time τ , i.e., t 
 τ,

Cv(t) ≈ E2−λ(−γ t2−λ). (29)

The VACF given by (29) has the same expression of that
obtained for a pure power-law model [23,24].

The strict asymptotic behavior of the VACF Cv(t) can
be obtained introducing the asymptotic behavior (17) of the
Mittag-Leffler function in Eq. (29). Then, for γ t2−λ 
 1, with
λ �= 1, the velocity autocorrelation can be written as

Cv(t) ≈ 1

γ	(λ − 1)
tλ−2. (30)

As expected, the VACF (30) behaves as a power law in the
long-time limit. These results are in agreement with those
obtained in Refs. [23–25].

From Eq. (30), one realizes that the VACF decays with
a positive power-law tail for 1 < λ < 2. This fact implies
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that the particle is more likely to move always in the same
direction. However, when 0 < λ < 1, the VACF decays with
a long negative tail. This negative correlation is called the
whip-back effect [1,23,43], which implies that if the particle
moves in the positive direction at this instant, it is more likely
to move in the negative direction in the next instant. This
effect is responsible for the slower diffusion of the particle
(subdiffusion).

VI. TEMPORAL BEHAVIOR OF THE VACF IN THE
SUPERDIFFUSIVE CASE

In this section we study in more detail the temporal behavior
of the VACF for 1 < λ < 2 (superdiffusive case).

The second-order memory kernel η(t) is the Laplace
inversion of the Eq. (20) and therefore,

η(t) = tλ−2τ−λ

	(λ − 1)
, t � 0. (31)

By replacing (31) in Eq. (9) we obtain

C̈v(t) + 1

τλ

∫ t

0
dt ′

(t − t ′)λ−2

	(λ − 1)
Ċv(t ′) + ω2Cv(t) = 0, (32)

where ω2 = γ /τλ. This last equation can be written as a
fractional Langevin equation (FLE),

C̈v(t) + 1

τλ

d2−λ

dt2−λ
(Cv(t)) + ω2Cv(t) = 0, (33)

where the fractional derivative is defined in the Caputo
sense [44],

dαf (t)

dtα
= 1

	(1 − α)

∫ t

0
(t − t ′)−α df (t ′)

dt ′
dt ′, (34)

with 0 < α < 1. Using η = 1
τλ , and calling α = 2 − λ, we

rewrite (33) as

C̈v(t) + η
dαCv(t)

dtα
+ ω2Cv(t) = 0. (35)

The FLE for the VACF Cv(t) given by Eq. (35) is formally
the same as that corresponding to the position autocorre-
lation function Cx(t) obtained by Burov and Barkai for a
harmonically bound particle [see Eq. (8) in Ref [32]]. In other
words, the VACF for a free particle driven by a Mittag-Leffler
noise in the superdiffusive case has an equivalent analytical
expression to the position correlation function of the harmonic
oscillator with frequency ω driven by a power-law noise in the
subdiffusive case.

From Eq. (35) we can identify two contributions affecting
the movement of the particle due to the medium: a frictional
term (second term), which through η depends on τ and λ,
and a term (third term) from which we can infer that the
medium induces oscillations. This last one depends on all
noise parameters (γ,τ , and λ). The behavior of the VACF will
depend highly on the competition of these two always present
terms.

In Ref. [31], the exact solution Cx(t) of the FLE exhibits—
depending on the parameters α and ω, exponent of the
frictional kernel and harmonic frequency, respectively—three

FIG. 1. The VACF Cv(t) as a function of the time t for λ = 1.5
and τ = 1. Three types of behaviors are exhibited: (a) monotonical
decay for γ = 0.09, (b) nonmonotonical decay limit without zero
crossings at critical value γ = 1.1088, and (c) nonmonotical decay
with zero crossings for γ = 9.

different dynamical behaviors: monotonic decay, nonmono-
tonic decay with no zero crossings Cx(t) � 0, and nonmono-
tonic decay with zero crossings. From the aforementioned
mathematical analogy, it is clear that the VACF displays the
same three dynamical behaviors. In Fig. 1 we illustrate the
analytical solution for the VACF obtained from Eq. (25). Three
typical types of behavior are shown: (a) positive monotonic
decay of Cv(t); (b) nonmonotonic decay in the non-negative
half of the plane Cv(t) � 0; and (c) oscillations where
Cv(t) also takes negative values depicting transitions between
positive velocity correlations and velocity anticorrelations.

Some important result in [31] are the phase diagram
of the fractional oscillator and the existence of a critical
exponent αc ≈ 0.402 that marks a transition to a nonmonotonic
underdamped phase. In a similar way, we obtain an analogous
diagram and a critical value of the exponent λc for the
dynamics of the free particle driven by a Mittag-Leffler noise.
Investigating the exact analytical expression of Cv(t) Eq. (25)
for fixed time relaxation τ = 1, and different values of friction
γ and exponent λ, we get critical curves ηu(λ) and ηl(λ) that
depict the phase diagram of the Fig. 2. By numerical inspection
of the VACF, we found that the critical value of the exponent
parameter is λc ≈ 1.6. It is consistent with the expected value
λc = 2 − αc ≈ 1.598 that we can infer from the oscillator
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FIG. 2. (Color online) Regions in the (γ,λ) parameter plane with
different dynamical behavior of the VACF for τ = 1. The upper
solid line with diamonds separates the region with oscillations and
zero crossings regarding the region with oscillations without zero
crossings. The lower solid line with circles separates the region
of oscillations regarding the region with monotonic decay. Upper
and lower lines converge at γc = 0.25 for λ = 1. Note that for
λ > λc � 1.598, monotonic decay does not exist.

problem [31]. For 1 < λ < λc we have the three dynamical
behaviors outlined in Fig. 1. In contrast, for λ > λc only two
dynamical behaviors are possible. As in [31], a remarkable
result emerges: The VACF never decay monotonically in that
range. Thus, for λ > λc an oscillatory behavior is always found
for any γ value (except the case with no sense of γ = 0).
The discussion on a physical explanation of this result is
at the end of this section. Figure 2 shows that the critical
curves converge to γc = 1/4 when λ → 1. The specifical
case λ = 1 for any value of τ and γ is solved analytically
in Appendix A. We found that in this case exist only two
dynamical regions: one where the VACF has a monotonic
decay and another with oscillations with zero crossings. The
critical case that separates the regions is given for the relation
γ τ = 1/4. In particular for τ = 1, the critical coefficient γc is
exactly 1/4. When the λ parameter crosses from λ = 1 to the
range 1 < λ < λc, the VACF goes from two to three dynamical
regions. We point out that for λ = 1 and γ > 1/4 the VACF has
damped oscillations by an exponentially decreasing amplitude,
exhibiting an indefinite number of zeros. On the other side,
when 1 < λ < 2, the VACF decays as a positive power law
at long time [see Eq. (30)] and for above of ηu(λ) it exhibits
oscillations with an even finite number of zeros [45]. The phase
diagram showed in Fig. 2 can be generalized to other scales.
From dimensional analysis,

γu = ηu(λ)τλ−2 γl = ηl(λ)τλ−2, (36)

where ηu(λ) y ηl(λ) are functions depending on λ that represent
the critical curves previously mentioned. It is worth noting that
ηl(λ) ∝ (λ − λc) for λ near to λc. We can see that below ηu(λ)
the motion is persistent, i.e., Cv(t) > 0.

We now turn the attention to the evaluation of Cv(t)
for different values of the time relaxation τ and fixed γ .
We evaluate (25) as before and again we find three types
of dynamical behaviors. Figure 3 illustrates our results: (a)
positive monotonic decay, (b) nonmonotonic decay in the

FIG. 3. The VACF Cv(t) as a function of the time t for λ = 1.2 and
γ = 1. Three types of behaviors are exhibited: (a) monotonical decay
for τ = 0.4, (b) nonmonotonical decay limit without zero crossings
at critical value τ = 0.835, and (c) nonmonotonical decay with zero
crossings for τ = 3.

non-negative half of the plane Cv(t) � 0, and (c) oscillations
of the VACF where Cv(t) also takes negative values, denoting
transitions between positive velocity correlations and velocity
anti-correlations.

Regarding the negative correlation of the VACF we do the
following digression. The analytical expression of the VACF
for a free particle driven by a power-law noise [24] is

Cv(t) = E2−λ(−γ t2−λ), (37)

which is expressed as a one-parameter Mittag-Leffler function.
This function is completely monotone and positive, tending
to zero from above when t → ∞̀ for 1 < λ < 2 [37]. As a
consequence, the corresponding expression Cv(t) for a free
particle driven by a power-law noise does not provide negative
correlations (neither oscillations) in the superdiffusive range
whereas a Mittag-Leffler noise does it. We note that using
the asymptotic behaviors of the generalized Mittag-leffler
function, Eqs. (27) and (28), the limit τ → 0 of Cv(t) given
by (25) is reduced to the VACF of a free particle driven by
a power-law noise Eq. (37). As a consequence, we obtain a
monotonic behavior of the VACF for τ = 0.

Using the same numerical procedures, we investigate the
VACF for γ = 1 and different values of the parameters τ

and λ. From our results, we obtain critical curves κu(λ)
and κl(λ) performing the phase diagram showed in Fig. 4.
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FIG. 4. (Color online) Regions in the (τ,λ) parameter plane with
different dynamical behavior of the VACF for γ = 1. The upper
solid line with diamonds separates the region with oscillations and
zero crossings regarding the region with oscillations without zero
crossings. The lower solid line with circles separates the region of
oscillations regarding the region with monotonic decay. Upper and
lower lines converge at τc = 0.25 for λ = 1. Note that for λ > λc �
1.598, monotonic decay does not exist.

There, the exponent value λ = λc ≈ 1.598 is also a critical
value of the exponent parameter that marks the transition
in the behaviors of the VACF. For λ > λc, the VACF never
decays monotonically. We note that κl(λ) depicts the boundary
between the monotonic and nonmonotonic phases, and for
λ near to λc we have κl(λ) ∝ (λ − λc)2. We also note here
that below κu(λ) we have persistent motion (Cv(t) > 0). From
dimensional analysis we get

τu = κu(λ)γ
1

(λ−2) τl = κl(λ)γ
1

(λ−2) , (38)

where κu(λ) and κl(λ) are functions of λ.
As Fig. 4 illustrates, we can see that for λ > λc the VACF

never decays monotonically. These results are consistent with
theoretical statements expressed by Eq. (35). The dynamical
behavior of the VACF is determined by the competition given
by the frictional and oscillatory terms in the FLE. To illustrate
these phenomena, we explicitly work out two limit cases. First,
let us take the limit α → 0 (λ → 2) the FLE Eq. (35) yields

C̈v(t) + η(Cv(t) − Cv(0)) + ω2Cv(t) = 0. (39)

This shows that the existence of a purely oscillating behavior
is expected in this limit, even for small values of ω. In our
context, a plausible physical explanation is that, in this limit,
the medium is similar to a solid in which the particle is
compelled to move back and forth in a cage formed by the
surrounding particles in the environment. It is worth noting
that ω = 0 has no physical sense because in this case that
would imply absence of medium (and noise). Taking now the
opposite limit of α → 1 (λ → 1) we get

C̈v(t) + ηĊv(t) + ω2Cv(t) = 0, (40)

which is the equation of a standard damped oscillator. In this
limit, the medium operates as a viscous fluid where the particle
moves.

VII. SUMMARY AND CONCLUSION

In this paper, we studied the dynamics of an anomalously
diffusing free particle driven by a Mittag-Leffler noise, which
motion is described by a generalized Langevin equation. Our
main goal has been to describe the dynamical behaviors of
the system through the VACF—an experimentally measur-
able quantity—posing a hierarchical relationship of memory
kernels as the method. In this way, we show that a memory
kernel γ (t) described by a Mittag-Lefler function, satisfies
a generalized Langevin equation which has a power-law
function as the second-order memory kernel. Based on this
fact, we get a tractable general expression of the VACF for
a free particle driven by a Mittag-Leffler noise as a single
series for all real 0 < λ < 2. Moreover, we show that for
rational λ this VACF may be expressed as a simple sum
of functions, which is even more convenient for numerical
computations.

We found three different dynamical behaviors of the
VACF in the superdiffusive range. Depending on the noise
parameters (and ultimately from the properties of the en-
vironment where the particle moves) we obtained three regions
of distinct dynamical regimes defined by two critical curves
as is summarized in Figs. 2 and 4. We observed the existence
of a critical value for the exponent λ = λc ≈ 1.598, where
for λ > λc, the monotonic decay of the VACF is not already
possible and it only displays some type of nonmonotonic
decay.

The formalism of hierarchical memory kernels used al-
lowed us to establish a correspondence between the oscillator
driven by a power-law noise problem and that of a free particle
driven by a Mittag-Leffler noise. Specifically, we found that the
FLE of the VACF for a free particle driven by a Mittag-Leffler
noise in the superdiffusive range is formally identical to the
FLE for the normalized position autocorrelation function of
a harmonically bounded particle driven by a power-law noise
in the subdiffusive range. From a qualitative analysis of the
FLE, we may infer properties of the system and a physical
explanation of the dynamical behaviors. By taking the limit
λ → 1 in the FLE, we observe that the frictional term of the
FLE has an interplay with the oscillatory term and the particle
moves in an environment assimilable to viscous fluid. On the
other hand, if λ → 2, the FLE is reduced to an equation of
an oscillator and the particle has a rattling motion in the cage
formed by the surrounding particles, and the environment is
assimilable to a solid.

Another remarkable result is the dynamical difference
between the case λ = 1 corresponding to a free particle driven
by an exponential noise regarding the case λ → 1+ for which
the particle is driven by a Mittag-Leffler noise. As we showed,
when λ → 1+ the three dynamical regions in which the VACF
decays as a power law, collapses to two dynamical regions
with exponential decay at λ = 1.

We point out some relevant differences between power-
law and Mittag-Leffler models for a free particle in the
superdiffusive range. While the VACF always takes positive
values for a memory kernel power law, the VACF may take
positive and negative values for a Mittag-Leffler noise with
the appropriate parameter values. As a consequence, the
power-law model does not provide oscillations nor negative
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values of the VACF in the superdiffusive range whereas a
Mittag-Leffler noise model does.

To our knowledge, the behaviors of the VACF at intermedi-
ate times—as the oscillatory regime—has not been observed
in any natural system. In this way, the results presented in this
work require experimental validation.

Finally, in view of the utility provided by the formalism
of hierarchical memory kernels in our study, it deserves a
more detailed analysis in connection with its potential use as
a theoretical instrument.
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APPENDIX A: ANALYTICAL EXPRESSION
OF THE VACF FOR λ = 1

Inserting Eq. (20) in Eq. (8) we obtain the Laplace
expression for Cv(t) of a free particle driven by a Mittag-Leffler
noise, which reads

Ĉv(s) = s + s1−λτ−λ

s2 + s2−λτ−λ + γ τ−λ
. (A1)

In particular, for λ = 1 (corresponding to the free particle
driven by an exponential noise), we have

Ĉv(s) = s + τ−1

s2 + sτ−1 + γ τ−1
. (A2)

The Laplace inversion of Eq. (A2) [46] produces the following
three cases.

(1) For γ τ > 1
4 , we obtain the underdamped case,

Cv(t) = e−t/2τ

(
cos(
t) + 1

2
τ
sin(
t)

)
, (A3)

where


 = 1

τ

√
γ τ − 1

4
.

(2) For γ τ < 1
4 , we have the overdamped case,

Cv(t) = e−t/2τ

(
cosh(
t) + 1

2
τ
sinh(
t)

)
, (A4)

where


 = 1

τ

√
1

4
− γ τ .

(3) Finally, for γ τ = 1
4 , we get the critical case,

Cv(t) = e−t/2τ (1 + t/2τ ). (A5)

We note that for τ = 1, we obtain γc = 1/4, and for γ = 1,
we obtain τc = 1/4.

APPENDIX B: ANALYTICAL EXPRESSION
OF THE VACF FOR RATIONAL λ

In this appendix, following [47] we derive an analytical
expression of the VACF for all rational λ (with 0 < λ < 2) as

a simple summatory of Mittag-Leffler functions. This provides
an advantageous expression for it from a numerical perspec-
tive. In this way, we introduce a function G(t) defined as

G(t) = dI (t)

dt
, (B1)

where I (t) is given by the Laplace inversion of Eq. (21). From
Eqs. (B1) and (21), the Laplace transform of G(t) yields

Ĝ(s) = s Î (s) = 1

s2 + s2−λτ−λ + γ τ−λ
, (B2)

which can be written as

Ĝ(s) = τ 2

s2τ 2 + s2−λτ 2−λ + γ τ 2−λ
. (B3)

We rewrite (B3) as

τ 2

Ĝ(s)
= (sτ )2 + (sτ )α + γ τα, (B4)

where α = 2 − λ. Assuming rational α = p/q, where p and
q are positive integers and p �= q, we introduce the variable
z = (sτ )1/q , leading (B4) to a polynomial in z of degree 2q,

τ 2

Ĝ(s)
≡ P (z) = z2q + zp + γ τα. (B5)

The polynomial P (z) has 2q complex roots zj . Assuming that
all roots are different, we write

1

P (z)
=

2q∏
j=1

1

z − zj

=
2q∑

j=1

Aj

z − zj

, (B6)

where the coefficients Aj are

Aj = 1

[P ′(z)]z=zj

=
2q∏

k �=j

1

zj − zk

. (B7)

Now, we consider the following Laplace transform:∫ ∞

0
e−st tβ−1 Eα,β (ctα) dt = 1

sβ−α(sα − c)
, (B8)

where Eα,β (y) is the generalized Mittag-Lefler function
defined by Eq. (23).

Introducing z = (sτ )1/q in Eq. (B6) and making use of
Eq. (B8) we obtain

G(t) = τ

2q∑
j=1

Aj (t/τ )
1
q
−1

E 1
q
, 1

q

[
zj (t/τ )

1
q

]
. (B9)

Using the identity,

∂

∂t
[tβ−1 Eα,β (ctα)] = tβ−2 Eα,β−1(ctα), (B10)

and according to Eq. (B1), we get

I (t) = τ 2
2q∑

j=1

Aj (t/τ )
1
q E 1

q
, 1

q
+1

[
zj (t/τ )

1
q

]
. (B11)

Replacing (B11) in Eq. (11) we obtain

Cv(t) = 1 − (ωτ )2
2q∑

j=1

Aj (t/τ )
1
q E 1

q
, 1

q
+1

[
zj (t/τ )

1
q

]
. (B12)
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