AN OPTIMIZATION PROBLEM WITH VOLUME CONSTRAINT FOR AN
INHOMOGENEOUS OPERATOR WITH NONSTANDARD GROWTH
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ABSTRACT. We consider an optimization problem with volume constraint for an energy functional
associated to an inhomogeneous operator with nonstandard growth. By studying an auxiliary
penalized problem, we prove existence and regularity of solution to the original problem: every
optimal configuration is a solution to a one phase free boundary problem—for an operator with
nonstandard growth and non-zero right hand side—and the free boundary is a smooth surface.

1. INTRODUCTION

A classical problem asks for the properties of the following optimal configuration: given a body
and a fixed amount of insulating material, what is the best way of insulating it?

In general, the problem of minimizing the flow of heat through the boundary of a region 2 by
including in Q a fixed amount of insulating material, can be reduced to the problem of minimizing
an energy functional within €2 over functions satisfying a constraint on the measure of their support.
This reduction can be done, under the assumption that the temperature is constant on the boundary
of the region, by using that it satisfies a differential equation on its support. When there are external
sources, the equation satisfied by the temperature is inhomogeneous.

This, as well as other applications, suggest the interest of analyzing the minimization of func-
tionals associated to some differential equations with restrictions on the measure of the support of
the admissible functions.

In the pioneering article [3], Aguilera, Alt and Caffarelli studied an optimal design problem
with volume constraint of this type. The authors introduced a penalization term in the energy
functional (the Dirichlet integral) and minimized without the volume constraint. For fixed values
of the penalization parameter, the penalized functional was very similar to the one considered in
[5] and regularity results for minimizers of the penalized problem followed once the authors proved
that minimizers were weak solutions to the free boundary problem in [5].

The main result in [3]—that makes this method so useful—is that the right volume is already
attained for small values of the penalization parameter. In this way, all the regularity results apply
to the solution of the optimal design problem as well. Moreover, the minimizer is a solution of the
associated Euler Lagrange equation on its support so that, when the boundary datum is constant,
it is a solution to the problem of minimizing the boundary flux.

The regularity of the boundary of the support of the minimizers as well as the free boundary
condition allow, in many cases, to characterize the optimal configurations.

Key words and phrases. optimal design, shape optimization, minimization problem, free boundary problem, vari-
able exponent spaces, inhomogeneous problem, nonstandard growth, optimization, regularity of the free boundary,
non-zero right hand side.
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This method has been applied to other problems with similar success. In the first ones, the
differential equation satisfied by the minimizers was uniformly elliptic and homogeneous, i.e., having
zero right hand side (see [4, 15, 33]). Still in the homogeneous case, the method was applied for
nonlinear degenerate equations in [16, 28, 30] and in [34] a related problem for a space dependent
operator with p-Laplacian type growth with p constant was analyzed. The case of an equation with
non-zero right hand side was treated in the linear case in [23].

In this article we prove similar results for an inhomogeneous equation with nonstandard growth.
In fact, we study the following problem which is a generalization of the one in [3]:

We take Q a C' bounded domain in RY and ¢y € W0 (Q), a nonnegative Dirichlet datum,
with @9 > ¢g > 0 in A, where A is a nonempty relatively open subset of 9 of class C2. Let
feL>®(Q) and 0 <wpy < |Q|. Let

Koy = {v € WO(Q) / [{v > 0} = wo, v — @o € WP ()},

Our purpose is to find nonnegative solutions of the problem:

|V [P
(P) Minimize J(v) = / (7 + fv) dr in Ky,
o\ p)
and study their properties.
In order to find nonnegative solutions to problem (P) in a way that allows us to perform non
volume preserving perturbations we consider instead the following penalized problem: We let, for
0<e<l,

K = {ve WO Q) /v — g € Wi ()}

and

2= [ (T4 jo)ao+ Rl > 0p),

where

Fu(s) = e(s—wp) ifs<wp
S %(S—Wo) if s > wy.

Then, the penalized problem is
(P:) Find u. € £ such that J:(u.) = in}fC T (v).
ve

Existence of solutions to (P:) follows by direct minimization. We obtain the regularity of non-
negative solutions to (P:) and their free boundaries 9{u. > 0} by first proving that any nonnegative
local minimizer u. of J; is a weak solution of the free boundary problem: u. > 0 and

(PUp X)) Apayue = div(|Vue(z)P@=2Vu) = £ in {uc > 0}
© ue =0, |Vu| = A} () on O{ue > 0},

, Where \,_ > 0 is a constant.

with A} _(z) = (% )\ue)l/p(w)
Then, from [26] we obtain the regularity of 9{u. > 0}. In fact, in [26] we developed a regularity
theory for weak solutions of the free boundary problem P(f, p, A*), with the notion of weak solution
we employ here.
As in [3], the reason why this penalization method is so useful is that there is no need to pass
to the limit in the penalization parameter & for which uniform, in e, regularity estimates would be

needed. In fact, we show that, under suitable assumptions, for small values of € the right volume
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is already attained. That is, [{us > 0}| = wp for € small. Therefore, any nonnegative solution to
(P:) is a solution to our original problem (P).

In particular, the fact that, for small £, any nonnegative solution to (P:) satisfies [{us > 0}| = wy
implies that any nonnegative solution to our original optimization problem (P) is also a nonnegative
solution to (P.) so that it is locally Lipschitz continuous with smooth free boundary.

Let us remark that our study of the penalized problem (P.) presents new features—it required
delicate arguments due to the nonlinear degenerate/singular nature and the z-dependence of the
operator associated to the original energy functional 7.

On the one hand, in order to prove basic properties of nonnegative local minimizers of J. (see
Definition 3.1) such as Lipschitz continuity and nondegeneracy, we use a method introduced in [9]
and then used in [8] for a minimization problem related to the p-Laplacian with a linear dependence
on the volume of the positivity set. This method requires multiple rescalings. Due to the nonlinear
and nonlocal nature of our penalization term it is not clear that these rescalings are minimizers of
a similar functional so that the method cannot be directly applied. This difficulty is not due to the
presence of a right-hand side f nor to the fact that the exponent p(x) is not constant.

In order to see that a somewhat similar approach is still possible, we introduce the concepts of
local minimizers from above and from below of J?»*/ (see Definition 3.2). This allows us to deal
with the penalization term—which is nonlinear and nonlocal, depending on the positivity set of
the function in the whole domain Q—in a linear and local way, that at the same time is preserved
under successive rescalings. Once we change in this way our point of view, we are able to prove
the desired basic properties (Corollary 3.1 and Theorems 3.3 to 3.6) with the aid of the arguments
from our previous work [27].

On the other hand, the derivation of the free boundary condition—i.e., at points x in the free
boundary there holds that (p;az)m;l)|Vug(x)|p(x) = Ay, (in the weak sense of Definition 2.2), with
Ay, @ positive constant—required a subtle procedure not present in previous literature, that we
develop in Lemmas 4.2 to 4.4 and Theorems 4.1 to 4.3. This subtlety comes from several facts.

First, the free boundary condition is not constant, as was the case in previous results on these
kind of problems. But we prove that there is still something that is constant, namely, A, . This fact
is very important for some of the proofs leading to the main result in the following section. Next,
in the derivation of the free boundary condition we can not follow the arguments in [3] because
we are dealing with a different notion of weak solution more suitable for the nonlinear operator we
are dealing with. Finally, neither can we argue as it was done in [8] for the case of the p-Laplacian
because the derivation of the free boundary condition in [8] relies on their Theorem 2.1, which gives
the free boundary condition in a very weak sense. The proof of that theorem strongly uses the
linear dependence of the energy on the volume of the positivity set and does not make sense for a
nonlinear and nonlocal penalization term as ours.

Then, in Section 5 we recover the original optimization problem (P) and we prove our main
result. We point out that the fact that we are dealing with an operator with nonstandard growth
like the p(z)-Laplace operator, with a variable exponent p(x) and a possibly non identically zero
right hand side f, required the development of novel results such as Proposition 5.1, which is
of independent interest. In fact, this proposition extends to the variable exponent setting the
corresponding result proven in [5], Lemma 3.2, for the case p(z) = 2, f = 0, and it is new even
when p(z) = p. We remark that its proof is particularly delicate because of the form of the weak
Harnack inequality when p(z) is not constant and/or f is not identically zero. Also at this stage
it was necessary to construct new and nontrivial barriers (Lemma 5.3) on rings of arbitrarily small
width needed for the proof of Lemma 5.4. In fact, the proof of this latter lemma differs deeply from
the corresponding one for the case p constant and f = 0.
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We want to emphasize that there was no need to impose a sign restriction on f in the study of
problem (P:) performed in Sections 3 and 4.

On the other hand, given a nonnegative solution u. to (P:), in order to show that [{u. > 0}| =
wo for € small, we proved that the constant \,_, appearing in the free boundary condition in
P(f,p,X\;.), stays away from zero and infinity, independently of €.

We obtained the upper bound without a sign restriction on f. In order to obtain the lower bound
for A\,_, it was sufficient to have that nonnegative solutions u. satisfy a nondegeneracy condition at
some free boundary point, uniformly in . We called this condition (H,) (see Definition 5.1). Such
a condition is satisfied, for instance, if ||f||re is small enough (Lemma 5.5) or if the prescribed
volume wy is small enough (Lemma 5.6). In this situation we proved a partial existence and
regularity result for problem (P) (Theorem 5.1).

On the other hand, the assumption f < 0 implies that any solution to problem (P:) is nonnega-
tive. The same holds for any solution to problem (P).

The main result in the paper is:

Theorem 1.1. Let Q, p, f and g satisfying the assumptions in Subsection 1.3. Assume f < 0.

Then there erxists a nonnegative solution u to problem (P).

Moreover, any solution u to (P) is nonnegative and locally Lipschitz continuous.

Assume further that f € WH4(Q) and p € W9(Q) with ¢ > max{1, N/2}. Then, any solution u
to (P) satisfies that there is a subset R of QN d{u > 0} (R = drea{u > 0}) which is locally a C1*
surface, for some 0 < a < 1. Moreover, R is open and dense in QN d{u > 0} and the remainder
has HN~1—measure zero.

Assume moreover that p € C?(Q) and f € CY(Q), then R € C** for every 0 < p < 1. If
p € C™FL(Q) and f € C™H(Q) for some 0 < u < 1 and m > 1, then R € C™ 21, Finally, if p
and f are analytic, then R is analytic.

We remark that we did not use the regularity of the free boundary of the solutions to the
penalized problem (F.) in the existence proof for problem (P), as was the case in previous articles
(see Theorem 5.1).

Let us point out that in this article, for the sake of simplicity, we have chosen to work with the
p(z)-Laplacian since it is a prototype operator with nonstandard growth. This operator has been
used in the study of image processing ([1, 7]). The p(z)-Laplacian has also appeared as a model
for a stationary non-newtonian fluid with properties depending on the point in the region where it
moves. For example, such a situation corresponds to an electrorheological fluid. These are fluids
such that their properties depend on the magnitude of the electric field applied to it ([32]).

The ideas and techniques in our work can be applied to any optimal design problem with volume
constraint where the medium under consideration has properties possibly depending on the point,
and where the corresponding energy functional is associated to an operator with nonstandard
growth, with a possible non-zero right hand side.

Let us finally point out several problems similar to the one considered here that have appeared
in shape optimization: for instance, in optimization of torsional rigidity [22], insulation of pipelines
for hot liquids [18] and minimization of the current leakage from insulated wires and coaxial cables
[2]. See also [20] and the references therein.

The paper is organized as follows: In Section 2 we define the notion of weak solution to the free
boundary problem P(f,p,A*) and include some related definitions and results.
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In Section 3 we begin our analysis of problem (P:) for fixed e. First we prove the existence of a
solution. Then, for nonnegative local minimizers of 7., we prove local Lipschitz regularity and we
study the behavior near the free boundary, such as nondegeneracy.

Then, in Section 4 we prove that any nonnegative local minimizer u. of J. is a weak solution
to the free boundary problem P(f,p, A} )—as defined in [26]. And, as a consequence we obtain
that the free boundary is a C™® surface with the exception of a subset of H¥~!-measure zero. We
also get further regularity results on the free boundary, under further regularity assumptions on
the data.

In Section 5 we prove that, under suitable assumptions, for small values of € we recover our
original optimization problem (P).

We also include a final section—Section 6—with some conclusions and remarks.

We end the paper with an Appendix where we collect some results on variable exponent Sobolev
spaces as well as some other results that are used throughout the work.

We point out that we omit all the proofs that are very similar to the ones in other papers and
we clearly refer to the corresponding results for the reader’s convenience.

1.1. Preliminaries on Lebesgue and Sobolev spaces with variable exponent. Let p: ) —
[1,00) be a measurable bounded function, called a variable exponent on Q and denote pmax =
esssup p(z) and pyin = essinf p(z). We define the variable exponent Lebesgue space LrO(Q) to
consist of all measurable functions u : Q@ — R for which the modular g, (u) = [, [u(z) P(®) dz is
finite. We define the Luxemburg norm on this space by

[ull Lo (@) = Nlullpy = inf{A >0 gy (u/A) <1}

This norm makes LP()(Q) a Banach space.
There holds the following relation between g,.)(u) and [Jul| ()

win { ([ jup@ ) " ([ 1 dz) "} < oo
< max {(/Q |u|P(®) da:) Upmin, (/Q |u[P(®) d:r) Upmx}.

Moreover, the dual of LP()(Q) is L' ()(Q) with ﬁ + ﬁ =

Let WP()(Q) denote the space of measurable functions u such that u and the distributional
derivative Vu are in LP()(Q). The norm

ull1py = llullpey + [Vl
makes W1P()(Q) a Banach space.

The space Wol’p(’)(Q) is defined as the closure of C§°(Q) in W1P0) ().
For the sake of completeness we include in an Appendix at the end of the paper some additional
results on these spaces that are used throughout the paper.

1.2. Preliminaries on solutions to the p(x)-Laplacian. Let p(x) be as above and g € L*>(Q).
We say that u is a solution to

(1.1) Ayt = div(|Vu(z) [P Vu) = g(z) in Q
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if u € W) (Q) and, for every ¢ € C§°(€), there holds that

/Q|Vu(a:)]p(x)2Vu-Vgoda; = —/ngg(x) dzx.

Under the assumptions of the present paper (see 1.3 below) it follows as in Remark 3.2 in [36] that
u € L2 (Q).

loc

Moreover, for any = € Q, £,7 € RY fixed we have the following inequalities

In — &P < C(Inlp((x))”n — [¢P72) - (n =€) if p(z) > 2,
p(x)—2 .
n—€(Inl+ 1) < O 20— €D 2¢) (- &) if pla) <2,
with ¢ = C(N, Pmin, Pmax)- These inequalities imply that the function A(z,&) = |€[P®)=2¢ is

strictly monotone. Then, the comparison principle for equation (1.1) holds on bounded domains
since it follows from the monotonicity of A(z,¢).

(1.2)

1.3. Assumptions. Throughout the paper we let @ C RV a C'! bounded domain with a nonempty
relatively open subset A of 99 of class C2.

Assumptions on p(x). We assume that the function p(z) is measurable and verifies
1 < pmin < (%) < Pmax < 00, r€Q.

We also assume that p(x) is Lipschitz continuous in 2 and we denote by L the Lipschitz constant
of p(x), namely, ||Vpl|peq) < L.

Assumptions on f(z). We assume that f € L>°(Q).

Assumptions on . We assume that gy € WP (Q), o > 0, with ¢o > ¢ > 0 in A.

1.4. Notation.

e N  spatial dimension

e QN o{u>0} free boundary

e |S| N-dimensional Lebesgue measure of the set S
e HN=1 (N — 1)-dimensional Hausdorff measure

e B,(zp) open ball of radius r and center xg

e B, open ball of radius r and center 0

e B =B, n{xy >0}, B, =B.N{xy <0}

e B!(rg) open ball of radius r and center zo in RV~!
e B/ open ball of radius r and center 0 in RV~!

_ 1
* f5.(@0) ¥ = Bty {Br(:cw udz

— N-1
® :FBBT(xo) U= FN=T(0B,(z0)) faBr(xo) udH
® X, characteristic function of the set S
e vt = max(u,0), v~ = max(—u,0)
e (¢,n) and ¢-n  both denote scalar product in RY
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2. WEAK SOLUTIONS TO THE FREE BOUNDARY PROBLEM P(f,p, \*)

In this section, for the sake of completeness, we define the notion of weak solution to the free
boundary problem P(f,p, A\*) and we give other related definitions and results that we are going
to employ in the paper.

We point out that in [26] we derived some properties of the weak solutions to problem P(f, p, \*)
and we developed a theory for the regularity of the free boundary for weak solutions.

We first need

Definition 2.1. Let u be a continuous and nonnegative function in a domain Q C RY. We say
that v is the exterior unit normal to the free boundary QN o{u > 0} at a point g € QN I{u > 0}
in the measure theoretic sense, if v € RY| |v| = 1 and

1

(21) ll_I)I(l) TW /Br(xo) ‘X{u>0} - X{x/(w—xo,u)<0}‘ dx = 0.

Then we have

Definition 2.2. Let Q C RY be a domain. Let p be a measurable function in Q with 1 < ppin <
P(z) < Pmax < 00, A* continuous in ©Q with 0 < Apin < A" () < Apax < 0o and f € L*(Q). We
call u a weak solution of P(f,p, A*) in 2 if

(1) w is continuous and nonnegative in 2, u € VVli’Cp(')(Q) and Apu = f in QN {u > 0}.
(2) For D CC Q there are constants ¢min = ¢min(D), Cimax = Cmax(D), 10 = 10(D), 0 < ¢min <
Chax, 7o > 0, such that for balls B,(z) C D with z € 0{u > 0} and 0 < r <y

1
Cmin < — sup u < Crax-
T B.(z)

(3) For HV1 ae. 2o € Oreq{u > 0} (that is, for HY~L-almost every point z¢p € QN d{u > 0}
such that QN d{u > 0} has an exterior unit normal v(z¢) in the measure theoretic sense)
u has the asymptotic development
u(z) = A (zo)(z — o, v(20))~ + of|z — wol)-
(4) For every zp € QN o{u > 0},
lim sup [Vu(z)| < X*(xo).

If there is a ball B C {u = 0} touching QN d{u > 0} at zg, then
lim sup _ulm) > A (xo).

z—x( dlSt(l', B)
u(x)>0

Definition 2.3. Let v be a continuous nonnegative function in a domain © C RY. We say that
v is nondegenerate at a point z¢p € QN {v = 0} if there exist ¢ > 0, 7o > 0 such that one of the
following conditions holds:

(2.2) ][ vdr > cr  for 0 <r <y,
By (zo)

(2.3) ][ vdr >cr for 0 <r <7y,
OBr(x0)
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(2.4) sup v >cr for 0 <r < 7.
Br (o)

We say that v is uniformly nondegenerate on a set I' C 2N {v = 0} in the sense of (2.2) (resp.
(2.3), (2.4)) if the constants ¢ and 7o in (2.2) (resp. (2.3), (2.4)) can be taken independent of the
point xg € I'.

Remark 2.1. Assume that v > 0 is locally Lipschitz continuous in a domain Q C RY, v €
WEPO(Q) with Apgyv > fXqusop, where f € L®(9), 1 < pmin < p(z) < pmax < 00 and p(z) is
Lipschitz continuous. Then the three concepts of nondegeneracy in Definition 2.3 are equivalent
(for the idea of the proof, see Remark 3.1 in [24], where the case p(z) =2 and f = 0 is treated).

3. THE PENALIZED PROBLEM

In this section we begin by discussing the existence of solutions to problem (P:) stated in Section
1. Then, for nonnegative local minimizers of the functional 7. defined in Section 1, we prove local
Lipschitz regularity and we study the behavior near the free boundary, such as nondegeneracy.
Finally, we prove some results on the measure of the singular points of the boundary of the positivity
set as well as a representation formula for the measure Apyue — fx{u.>0}-

We first prove

Theorem 3.1. Assume that 1 < pmin < p(2) < Pmax < 00 with [|[Vp||re < L and f € L®(Q).
Then, there exists a solution u. to (P:).
Moreover, there exist positive constants C1,Co and Cs such that, for any solution u. to (P-),

1) Fe([{us > 0}]) < Ch,

2) HUaHWLp(»(Q) < Cy,

3) supgy us < C3, for every ' CC Q.
The constants depend only on N, [luo|l1 (), | f1l oo (@) Pmins Pmax, L and wo, with the exception of
Cs, which depends also on . Here ug is any function in K with |[{ug > 0}| < wp.

Proof. The proofs of the existence of a minimizer and estimates 1) and 2) are straightforward.

In fact, in order to bound the functional 7. from below we use Theorems A.3 and A.4 after
subtracting any function ug in K with [{ug > 0}| < wo.

In order to bound a minimizing sequence in ¢g + WO1 P0) e use Proposition A.1 and Theorem
A.1. These estimates allow to pass to the limit and they also give estimates 1) and 2) for the

|Vo[P)
minimizer. We use the convexity of the functional / (T
QN px
weak limit of the minimizing sequence is a minimizer of J.
Finally, estimate 3) is a consequence of the application of Proposition 2.1 in [36], since, by

Lemma 3.1 below, A, us > f > —||f|lpo(q) in Q. O

+ fv) dx in order to prove that the

We will next consider local minimizers of 7. We have
Definition 3.1. Let p and f be as in Theorem 3.1. We say that u. € W'?()(Q) is a local minimizer
of J. if for every Q' cC Q and for every v € W'P()(Q) such that v = u. in Q\ Q' there holds that
Te(v) = Te(ue).

Remark 3.1. If u. is a solution to (P:), then u. is a local minimizer of ..

From now on we denote by u instead of u. a solution to (P.). The same consideration applies
to local minimizers of J..
We first have
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Lemma 3.1. Let p and f be as in Theorem 3.1. Let u € WHPO)(Q) be a local minimizer of J..
Then

Ap(x)u > f in Q.
Proof. See Lemma 3.1 in [27]. O

Remark 3.2. We are interested in studying the behavior of nonnegative local minimizers of the
energy functional 7.

If w = u. is as in Theorem 3.1 and f < 0 in €2, since we have assumed that ¢g > 0 in 2, then
we have u > 0 in Q. In fact, the result follows by observing that £ = min(u,0) € Wol’p(')(Q) so, for
every 0 <t <1, u—t € @og+ Wol’p(')(Q), with [{u —t& > 0}| = [{u > 0}|. Then, proceeding in
a similar way as in Lemma 3.1 and using that f < 0, we obtain fQ |V§|p(m) dx = 0, which implies
u > 0in .

On the other hand, if v is any local minimizer of J;, the same argument employed at the end
of Theorem 3.1 gives supg u < C§/, for any ' CC Q. Therefore, if u is any nonnegative local
minimizer of Jz, then u € L (£2).

loc
Before continuing with the study of the behavior of nonnegative local minimizers of the energy
functional J:, we need to introduce the following concepts

Definition 3.2. Let p and f be as in Theorem 3.1, let A(z) measurable, A\(z) > 0 and let a €
L>*(Q), a(z) > 0. For an open set D C €, let

. Vo P@)
00 = [ (o) S M + )

We say that u € WP()(Q) is a local minimizer from below of J*P*7 in Q if for every B,.(zo) CC Q
and v € W'PO)(B,(20)) with v — u € Wol’p(')(Br(J:o)) and v > u in B, (xp), we have

a,p,\, f a,p,\, f
JBf’(wO)(u) < JBf’(xo)(v).

Analogously, we say that u € Wl’p(')(Q) is a local minimizer from above of J*P*f in Q if for every

By (20) cC Q and v € WHPO)(B,(x0)) with v —u € Wol’p(')(BT(:Uo)) and v < wu in B, (zg), we have

a,p,\, f a,p,\, f
Tp(an) (@) < JglG0 (©).

When a(z) = 1 we will denote JPAf = JapAS,
There holds

Lemma 3.2. Letp, f and u be as in Lemma 3.1. Then u is a local minimizer from below of Jped
and a local minimizer from above of JP<7in Q.

Proof. We first observe that
1

(3.1) e(s1 —s2) < Fe(s1) — Fe(s2) < .

(s1 —s2), if s1 > so.
Now let B, (z9) CC Q and v € WP (B, (x0)) with v —u € W&’p(')(Br(a:O)) and v > u in By ()

and define
{v in By (z)

w =
u  elsewhere,
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then w € W'P()(Q) and, since u is a local minimizer of 7., the second inequality in (3.1) gives

0 <Je(w) — Je(u)

:/Q (W + fw) dz + F.(|{w > 0}]) — /Q ('V;éf)(x) + fu) dx — Fz(|{u > 0}])

(z) ()
:/Br(%) (’V;E'; + o) do— /B,,,(xo) (‘wp fu) d
)

Vo |P(®) Vul|P®)
< / (I " fo ) / (I | +fu
BT(IO) p(z) Bo(zo) \ P(

< pvgvf
=Ty @) = T .

Therefore u is a local minimizer from below of Jp’é’f in Q.
Similarly, we can prove that u is a local minimizer from above of J?/ in Q. ]

z+ Fe({w > 0}]) — Fe({u > 0}))

dx + ({w >0} = [{u > 0}])

Next, we prove that nonnegative local minimizers of functional 7. are locally Hélder continuous.

Theorem 3.2. Let p and f be as in Theorem 3.1. Let u € W'P()(Q) be a nonnegative local
minimizer of J.. Then u € C7(Q) for some 0 < v < 1, v = v(N, pmin). Moreover, if Q' CC Q,
then Hu”m(ﬁ) < C with C depending only on N, pmin, Pmax, L || fllLee (@) Jull oo @y, dist(Q',002")
and e, with Q' cc Q" cc Q.

Proof. The proof can be done following the lines of Theorem 3.2 in [27], if we let a(z) =1 in that

proof.
In fact, we first recall that u € L{5.(€2) by Remark 3.2 and we use that Apyu > f in Q by

Lemma 3.1. Then, for B,(y) CC Q and v € W'P()(B,(y)) such that Apyv = f in By(y), with
v—u € Wol’p(')(Br(y)), we have v > u in B,(y). Therefore, the application of Lemma 3.2 gives

p.L.f p,L.f
Tp, (W) < Jp 1 (v):

Then, from (3.10) in [27], we obtain the bounds (3.11) and (3.12) in that paper, with a constant C'
depending on €. The rest of the proof follows as in [27] without changes. O

Hence, under the assumptions of the previous theorem we have that w is continuous in 2 and
therefore, {u > 0} is open. We can now prove the following property for nonnegative local mini-
mizers of J;

Lemma 3.3. Let p, f and u be as in Theorem 3.2. Then
Apyu=f in{u>0}.
Proof. See Lemma 3.3 in [27]. O
In order to get the Lipschitz continuity we prove first the following result

Theorem 3.3. Let p, f and u be as in Theorem 3.2. Let Q' CC Q. There exist constants C > 0,
ro > 0 such that if o € Q' NO{u > 0} and r < rg then

sup u < Cr.
By (zo)

The constants depend only on N, pmin, Pmax, L || fllzee), lullpee (), dist($2',090") and e, with
Occ Q' cc.
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Proof. The proof can be done following the lines of Theorem 3.3 in [27]. In fact, we use that
u e LY (),

loc

(32) Ap(r)u > f in Q,
(33) Ap(x)u =f in {u > 0},

and that u is a nonnegative local minimizer from below of Jr e in Q.
Although the proof of Theorem 3.3 in [27] is stated for bounded nonnegative local minimizers of

the energy functional
Vo)
——— + AM2)Xgos0r + fv) dx
| (Br5+ A + o)

> () satisfies (3.2), (3.3) and that w is a nonnegative local minimizer from

loc

it only uses that u € L
below of that energy.
As in Theorem 3.2, in order to be able to use the local minimality from below property of u for

functional J?=+f (and of the sucesive rescalings of it), we use (3.2) to guarantee that the comparison
of the corresponding energy functionals is allowed. O

We are now able to prove the Lipschitz continuity of nonnegative local minimizers of J;

Corollary 3.1. Let p, f and u be as in Theorem 3.2. Then u is locally Lipschitz continuous in
Q. Moreover, for any ¥ CC Q the Lipschitz constant of u in € can be estimated by a constant C
depending only on N, pmin, Pmax> L, |l zoe(q), lull Loy, dist(Q',09") and e, with ' cC Q" CC
Q.

Proof. The result is a consequence of Theorem 3.2, Lemma 3.3 and Theorem 3.3 above, and Propo-

sition 2.1 in [26]. m
We also obtain

Theorem 3.4. Let p, f and u be as in Theorem 3.2. Let ¥ CC Q. There exist constants ¢ > 0,

ro > 0 such that if xg € Q' NO{u > 0} and r < ry then

sup u > cr.
Br(w0)

The constants depend only on N, pmin, Pmax, Ly |fllpee(), ullzeeqry, dist(Q',09") and e, with
Y cccc.
Proof. The proof can be done following the lines of Theorem 3.5 in [27]. We use that
(34) Ap(x)u =f in {u > 0},
the local Lipschitz continuity of u and that u is a nonnegative local minimizer from above of JP:&:-f
in Q.

Although the proof of Theorem 3.5 in [27] is stated for Lipschitz continuous nonnegative local
minimizers of the energy functional

Vo)
—— + Ax)x + fv) dx

/Q ( p(l‘) ( ) {v>0}
it only uses that u satisfies (3.4) and is locally Lipschitz continuous and that u is a nonnegative
local minimizer from above of that energy. O

The following result in the section is
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Theorem 3.5. Let p, f and u be as in Theorem 3.2. Let Q' CC Q. There exist constants ¢ € (0,1)
and 79 > 0 such that, if zo € Q' N O{u > 0} with B.(x9) C Q' and r < 7g, there holds

| Br(z0)|
The constants depend only on N, pmin, Pmax, L, || fllzee), lullpee (), dist($2',090") and e, with
Qcc cca.

Proof. The lower bound follows from Lemma 2.3 in [26].
The proof of the upper bound can be done following the lines of Theorem 3.6 in [27]. In fact, we
use that

(3.5) Apyu > inQ,

the local Lipschitz continuity of u and that u is a nonnegative local minimizer from below of Jped
in Q. g

The next result gives a representation formula for nonnegative local minimizers of J.. We will
denote by HV 1| {u > 0} the measure H™ ! restricted to the set 9{u > 0}. We define the reduced
boundary as in [14], 4.5.5. (see also [11]) by, Orea{v > 0} := {z € QNI{u > 0}/|vy(z)| = 1}, where
vy, () is the exterior unit normal to the free boundary QNo{u > 0} at the point x € QN{u > 0} in
the measure theoretic sense (recall Definition 2.1), if such a vector exists, and v, () = 0 otherwise.

Theorem 3.6. Let p, f and u be as in Theorem 3.2. Then,

1) HN=Y(D N d{u > 0}) < oo, for every D CC Q.

2) There exist a borelian function ¢, defined on QN O{u > 0} such that
Apytt = fXqusoy = @ B 1 0{u > 0},

that is, for every & € C§°(Q) we have

- / IVuP@) 2Ty . VE de — / fédr = / qu€ dHN L
Q QN{u>0} QNo{u>0}

3) For every D CC Q there exist C > 0,¢ > 0 and r1 > 0 such that
Nt <HYTY(B,(20) N 0{u > 0}) < CrN !

for balls By(xo) C D with xo € DN o{u > 0} and 0 < r < r1 and, in addition,
4)c<q, <C in DNo{u>0}.
5) HN=H0{u > 0} \ Orea{u > 0}) = 0.
The constants depend only on N, pmin, Pmax, L, ||fllzee(), [[ullpe(pry, dist(D,0D") and e, with
DccD ccq.

Proof. Assertions 1) to 4) follow from Theorem 2.1 in [26] and assertion 5) follows from the appli-
cation of Theorem 3.5 and Theorem 4.5.6(3) in [14]. O

4. THE FREE BOUNDARY CONDITION FOR THE PENALIZED PROBLEM

We have already shown that nonnegative local minimizers of 7. satisfy properties (1) and (2) in
the definition of weak solution (Definition 2.2). We devote this section to discuss the fulfillment of
properties (3) and (4).

We will make use of the following result which was proven in [26].
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Lemma 4.1. ([26], Lemma 2.5) Assume that u satisfies hypotheses (1) and (2) of Definition 2.2.
Let By, (x) C Q be a sequence of balls with py, — 0, 1, — x9 € Q and u(zy) = 0. Let us consider
the blow-up sequence with respect to B, (xy). That is,

up(z) = —u(zp + prz).
Pk

Then, there exists a blow-up limit ug : RN — R such that, for a subsequence,
(1) w, — ug in CE(RY) for every 0 < o < 1,
2) O{ur > 0} — 9{up > 0} locally in Hausdorff distance,
3) Vuyp — Vug uniformly on compact subsets of {ug > 0},
4) Vuy, — Vug a.e. in RV,
5) If xp € 0{u > 0}, then 0 € 9{ug > 0},

) A

)

6) Ap(ze)uo = 0 in {ug > 0},

(
(
(
(
(
(

7) wg is Lipschitz continuous and satisfies property (2) of Definition 2.2 in RN with the same
constants as u in a ball By, (xo) CC § .

We will need the following lemma

Lemma 4.2. Let p, f and u be as in Theorem 3.2. Let xg,x1 € QN I{u > 0}. Fori = 0,1 let
xi K — x; with uw(x; ) = 0 such that B, (x; k) C Q, with pr, — 0, and such that the blow-up sequence
1
ujp(z) = —u(zik + pre)
Pk

has a limit u;(x) = Ni(x, v;)~, with 0 < \; < 0o and v; a unit vector.

Then ( gf&(i-)o) ) g(wo) _ ( (pﬁ)l)l)/\p(rl)

Proof. Assume that (p (‘T(l)) ))\p (@) - (%))\g(%), then we will perturb the local minimizer u
near g and z; and get an admissible function with less energy. To this end, we take a nonnegative
C§° function ¢ supported in the unit interval, ¢ # 0. For k large, define

;

T+ paﬁ(W)VO for z € By, (l'O,k’)v

(@) = ¢<M)m for z € By, (1),

T elsewhere,
which is a diffeomorphism if k is big enough. Now let

() = u(ry ! (),

that are admissible functions. Let us also define, for ¢ =0, 1,

ni(y) = (=1)'¢(ly|)vs

From Lemma 4.1 and Theorem 3.5 it follows that
X{u; >0} — X{yv;i<0} in Ll(Bl (0))
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This gives
(4.1)
o (How > 031 By (i) = Hu > 0} 1 By, (i)l
i Yy i -
Y / & (1)L s dy = (<1) / o(ly]) AHY 1 (y),
B1(0)n{y.v;<0} ‘y’ B1(0)n{y-v;=0}

which implies that

[{o > 0} = [{u> 0} = o(pp ™)
and therefore,
(4.2) Fu(l{on > 0}) — Fo(|{u > 0})) = oo ).

In order to estimate the other terms in Jz, we let pi(y) = p(x; + pry), we make a change of
variables and then,

p(z) p(z)
pkN/ <|VUI<:| _ [Vl )dl,

- / b [Fug P4 div() = ph () Vi PO (T ) DT ] + () dy.
B1(0)n{u; x>0} P(Y)

On the other hand, by Lemma 4.1, we have

VuM — Vuz = _)‘iViX{y-ui<0} a.e in Bl(()),
and, using that Vu, ; are uniformly bounded in B(0), we get
v Vo |P@) VP )\f(“i) .
oY 1/ (| L ) da — —— / (div(n:) — p(z:) vf Dnivi) dy.
By (zi) * P(T) p(z) (i) J B, (0)n{yri<0}
As there holds that,

div(m) — pls) vt Dy = (1) (1~ p(a:m‘ﬁ',(l'j(’) (- 1) = (1= pla))div(n),
we obtain
—N—1 ‘V0k|p(x)_‘vulp(x) - _ i (1= p(@i)) \p(a) N-1
e /B() o) Y gy /Bl(om{y.wof('y')d” )

We also observe that |vg — u| = O(p?) in By, (). Then,

N1 ‘VUHP(CU) ‘Vu|p(x) /
p / — dz + flop —u)dx
F ( Bpk(zi,k)< p(x) p(z) ) By, (@ix) (o — ) )

_yi (= p(i)) p(z:) N-1
— (1 sy /B ooy D)

(4.3)

Hence,

(4.4)
[VoP V™) - _
/Q p(z) o /Q p@) /Q fon de /Q fuds =

_ pé\f+1(<p(;3(1;1; 1)/\113(1’1) B (p(;r&)co; 1>/\g(a:0)> /Bl(O)ﬂ{y1=0} oyl dHY () + o(pN ).
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Combining (4.2) and (4.4), we get, if we take k large enough,
js(vk) < \76(“’)7

a contradiction. O
Our following result is

Lemma 4.3. Let p, f and u be as in Theorem 3.2. Let xg € QN 0{u > 0} and let
A = A(=zg) := limsup |Vu(z)].

z—x(Q

u(z)>0

Then 0 < X < co. Moreover, there exist sequences y, € N O{u > 0} with y, — xo, Ba, (yx) C Q
and di, — 0, such that the blow-up sequence ug, (v) = d—lku(yk- + dix) has a limit uy with

(4.5) uo(x) = Mz, v)~ + of|z]),
and v = v(xg) a unit vector.

Proof. Let
A = limsup |Vu(z)|.
T—rT(Q

u(x)>0
Since u € Lipioe(2), 0 < A < oo. By the definition of A there exists a sequence z; — xo such that

u(zk) > 0, [Vu(zi)| — A

Let yx be the nearest point from zx to @ N O{u > 0} and let dy, = |z — yk|-

Consider the blow-up sequence ug, with respect to By, (yx). That is, ug, (z) = iu(yk + dpx).
Since w is locally Lipschitz, and ug, (0) = 0 for every k, there exists ug, with uo(0) = 0, such that
(for a subsequence) ug, — uo uniformly on compact sets of RY. Moreover, using Lemma 3.3 and
interior Holder gradient estimates (Theorem 1.1 in [12]) we deduce that Vug, — Vug uniformly on
compact subsets of {up > 0} with |[Vug| < A in RY.

Now, if A = 0, since ug(0) = 0, it follows that ug = 0. This contradicts Theorem 3.4 and then,
A>0.

Finally, using Lemma 3.3 and Theorem 3.5 and proceeding as in the proof of Theorem 5.1 in
[25] we obtain that, after a rotation,

up(z) = Axy  in {z1 > 0},
and
uo(xz) = o(|z]) in {z1 < 0}.
That is, (4.5) holds. O

We will prove an identification result for the function ¢, given in Theorem 3.6, which holds at
points zg € dreq{u > 0} that are Lebesgue points of the function ¢, and are such that

HY=1O{u > 0} N B(zo,7))
4.6 lim su :
o T HY (B (a0,n))
(Here B'(zg,7) = {2/ e RN=1/|2/| < r}).
Notice that under our assumptions, " ! — a.e. point in Greq{u > 0} satisfies (4.6) (see Theorem
4.5.6(2) in [14]).
We have,

<1
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Lemma 4.4. Let p, f and u be as in Theorem 3.2. For HN=1 — a.e. point x¢ in QN Oreq{u > 0}
the following property holds:

If B, (z0) C Q is any sequence with py, — 0 such that the blow-up sequence uy(z) = piku(a:o%—pkx)
has limit ug, then

1 _
uo () = qu(o) PFO =" (2, v) ™ + o(|z)),
where v = v(xg) is the exterior unit normal to 0{u > 0} at x in the measure theoretic sense.
Proof. We take zg € Orea{u > 0} and v(xp) the exterior unit normal to d{u > 0} at zo in the

measure theoretic sense. We assume v(zgp) = ey. Consider any sequence pp — 0 such that the
blow-up sequence uy(x) = =u(xo + prz) has a limit ug.

T Pk
We claim that
(4.7) up >0 inzy <0,
(4.8) up=0 inzy>0.

In fact, from (2.1) we get
X{ur>0} —7 X{zn<0} in Llloc(RN)'
Thus assertion (4.8) follows. Using (2) in Lemma 4.1 and the second inequality in Theorem 3.5,

we deduce that O{ug > 0} N {zy < 0} = 0. Now, from (5) in Lemma 4.1 we obtain (4.7).
If € € C§°(2) we have

— / |Vul[P® =2V - VE de — / fédx = / Qu(@)EdHN T,
{u>0} {u>0} O{u>0}

and if we replace £ by &(z) = pkﬁ(%) with £ € C§°(Br), k > ko and we change variables, we
obtain
- / Vg, [PE®) =2y, - VE da — / fulda = / qu (o + prpx)EdHN L,
{ur>0} {ur>0} O{ur >0}
where pi(x) = p(zo + prz) and fi(z) = prf(xo + prx). From Lemma 4.1, it follows that, for a
subsequence, |Vug [P =2V, — |Vue|P*~2Vug a.e. in RY, with pg = p(zo). This, together with
(4.8), gives

—/ |Vuk|pk(x)72Vuk -V&dx — / fr&dr — — |Vu0|p°72Vuo - V& dax.
{ur>0} {up>0} {zn<0}

We now fix r > 0 and let

(4.9) €(r) = £ (x) = min (2(1 - ‘””;V‘f e, oy 1),

for x| < r and £ = 0 otherwise, where n € C§°(B,.), (where B, is a ball (N — 1) dimensional with
radius 7) and 7 > 0. Then, if zy is a Lebesgue point of ¢, satisfying (4.6), we proceed as in [5],
p-121 and we get

/ qu(z0 + prz)€ dHNT1 qu (o) / fd/HNfl.
{uy, >0} {zy=0}
It follows that

(4.10) —/ |Vuo[PO 2 Vug - VE da = qu(xo)/ gamN L.
{zn <0} {

zny=0}
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From Lemma 4.1, and from (4.7) and (4.8), we know that ug € VVli’Cw(RN), Apoup =0 in {xy < 0}
and up = 0 in {zx = 0}. Then, boundary regularity results for the p-Laplacian operator give, for
some B > 0, ug € C1F(B2(0) N {zn < 0}) and therefore, ug(z) = axy + o(|z|) for some a > 0.
Now Theorem 3.4 implies o > 0.

Finally, we let n € C§°(B]), n > 0, and take £ as in (4.9) with » = 1. For some r;, — 07, we
define &(x) = ¢ (%) and we thus obtain (4.10) with & replaced by ;. Changing variables and

passing to the limit, we get

afo~t / oy dr = qu(T0) / ganN 1,
{$N<0} {xN:O}

which concludes the proof. O
Next we prove the following identification result

Theorem 4.1. Let p, f and u be as in Theorem 3.2. There exists a constant Ay, > 0 such that

(4.11) limsup [Vu(x)| = A)(zo)  for all zp € QN d{u > 0},
u?;)g(]o
(4.12) qu(xo)P(I;)*l = Ni(zg)  for HN ' — ae.xg € QN O{u > 0},
1/p(x
where \i(x) = (pé’;f)le /\u> /p( ).

Proof. Choose x1 € Oreq{u > 0} for which the conclusion of Lemma 4.4 holds. Given z¢ € QNo{u >
0}, set
Ao = A(zg) = limsup |Vu(zx)|,
CL‘—»ZO

u(z)>0

and apply Lemma 4.3 to zo. We find in this way a sequence of balls By, (yx) C Q with y, €
QN o{u > 0}, yr — g, and dy, — 0, and a unit vector vy = v(xg), such that the blow-up sequence

ugk (x) = éU(yk + dix) has a limit ug with

uo(x) = Ao(z, vo)~ + o(|z]),

and 0 < A\g < oo.
We now consider the blow-up sequence ucllk (x) = iu(:ﬂl + dyx) that, for a subsequence that we
still call d, has a limit u;. By Lemma 4.4,

ur(x) = Ai(z, v1)~ + o(|z)),

where A\ = qu(:cl)f’(mlﬁ and 1 = v(x) is the exterior unit normal to d{u > 0} at z7 in the
measure theoretic sense.

We will show that an application of Lemma 4.2 to suitable blow-up sequences, constructed from
ugk and ucllk, gives

(4.13) (% Jazte) _ (29(;6(1:6)1—)1 ),

In fact, in order to obtain these blow-up sequences, we recall that

ugk —up and uglk — w;  uniformly in B;(0).
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Let us take a sequence u,, — 0 and denote

<%mw=;%wm,mmm=;mwm
(uﬁlik)ﬂn(x) = Iulnu(lik (),  (u1)p,(z) = Hlnu1(,unx).

Then,
(u0), — uoo and  (u1),, — w1 uniformly on compact sets of RY,
with ugo(x) = Ao(x, vo)~ and un(z) = A {z, v1)".
For i = 0,1, we have

() = ) = (- () = )

+ (i) (2) = wii(x)) = T+ I1.

Let m > 0 be fixed and § > 0 be arbitrary. We know that |[I1]| < ¢ in B,,(0) if n > n;(m,d). Let
us bound '
|ug, (pn) — wi(pn)|
Hn ‘
For each n there exists k;(n) > n such that if, k > k;(n),

1| =

g (2) = wi()] < B for 2 € By(0).
Therefore, if k > k;(n) with n > n(m) so that p, < % then,
1
17| < - for z € B,,(0).

So that if k£ > k;(n) and n > n;(m,d),
\(ufik)un () — ui(x)] < 20 for x € B, (0).
Then, if we take k,, = max{ko(n), k1(n)},
(ugkn) un — oo and (u}ikn) un — w11 uniformly on compact sets of RV,
Now, denoting p, = dj,, ttn, We have that p, — 0 and

1 _
(U?zkn)un (z) = ;u(ykn +pnx),  uoo(x) = Aolx, 1),

n

(ucllkn)un (z) = 1nu($1 +pnx), unn(@) = M(a, v)”

Consequently, the application of Lemma 4.2 to the blow-up sequences (ugk ), and (u}ik ) gives

(4.13).

o z1)—1 (z1) _ z1)—1 %pW)
To conclude the proof, we now set \, := (%))\If Vo= (p;(;)l) )(qu(xl)m ) 1) Y and
notice that z¢ was any point in QN 9{u > 0}. We thus get (4.11).
The result (4.12) is finally obtained, if we recall 5) in Theorem 3.6 and we observe that z; is any

point in Gpeq{u > 0} for which the conclusion of Lemma 4.4 holds. O

Our following result is
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Theorem 4.2. Let p, f and u be as in Theorem 3.2. Let xg € QN O{u > 0}. Assume there is a
ball B contained in {u = 0} touching xq, then

4.14 1 _
(4.14) IE(LSTlOlp dist(z, B)
u(z)>0

= )‘Z($0)7

1/p(x)
where X! (z) = (p(px()mll /\u> . , with Ay the constant in Theorem 4.1.

Proof. Let ¢ be the finite limit on the left hand side of (4.14) and let y; — xo with u(yx) > 0 be
such that

W) Ly g, = dist(ye, B).
dg
Consider the blow-up sequence u;, with respect to Bg, (x)), where x;, € OB are points with |z —
Y| = di, that is, ug(z) = W%:’“’E). Choose a subsequence, still denoted by dj, with blow-up limit
ug, such that there exists
o Yk — g
e:= lim .
k—o0 dp.

Using Lemma 3.3 and Theorem 3.4 and proceeding as in the proof of Theorem 5.2 in [25] we
have that ug(x) = £(z,e)* and £ > 0.

We now argue as in the proof of Theorem 4.1. We choose ;1 € Oreq{u > 0} for which the
conclusion of Lemma 4.4 holds and as in Theorem 4.1 we find sequences p,, — 0 and k,, — oo such
that the blow-up sequences

ton(®) = =@k, & pot), (@) = “Fu(zi+ o),
n n

satisfy that

+

o, — (x,e)” and wuy, — Ai(x, v1)”  uniformly on compact sets of RV,

1
where A\; = ¢y (z1)?@-1 and v; = v(z1) is the exterior unit normal to d{u > 0} at z; in the
measure theoretic sense. Hence the application of Lemma 4.2 now gives

—1 —1 z
(p(xo) )rieo) — (p(m) AT x
p(zo) p(z1)
That is, (4.14) holds. O
We finally have

Theorem 4.3. Let p, f and u be as in Theorem 3.2. Let xg € QN O{u > 0} be such that d{u > 0}
has at xo an inward unit normal v in the measure theoretic sense. Then,

u(z) = Ay (x0)(x — o, v)* + o(|lz — 20)),

1/p(x
where X! (z) = ( p(z) )\u> )

, with Ay the constant in Theorem 4.1.

Proof. Take uy(z) = fu(zo + Az). Let p > 0 such that B,(z) CC €. Since uy € Lip(B,/»)
uniformly in A, uy(0) = 0, there exist A\; = 0 and U such that uy; — U uniformly on compact sets
of RY with |[VU(z)| < Lo in RY for some constant Lg.
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Without loss of generality we assume that zo = 0, and v = e1. From Lemma 3.3, A,z )ux =
Af(Az) in {uy > 0}. Using the fact that e; is the inward normal in the measure theoretic sense,
we have, for fixed k,

Hux >0}N{z1 <0}NBg -0 asA—0.
Hence, U = 0 in {21 < 0}. Moreover, U is nonnegative in {z; > 0}, A, U = 0 in {U > 0} with
po = p(zo) and U vanishes in {x; < 0}. Then, by Lemma A.1 we have that there exists o > 0 such
that
U(z) = axf + o(|z]).
1

Define Uy (z) = U (M), then Uy — az; uniformly on compact sets of RY.
Now, by Theorem 3.4 and Remark 2.1, we have, for some ¢ > 0 and 0 < r < ro,

- dr >
7‘7N U)\j xXr =2 Cr

and then
1

T’N/ UA]. dx > er.

Therefore o > 0.

Now, applying Lemma 4.2 in a similar way as we did in Theorems 4.1 and 4.2, we obtain that
a= (% M) 1/P@0) = \* (24), with A, the constant in Theorem 4.1.

We have shown that

Ulz) = Au(@o)zr +o(lz]) 21 >0
0 I S 0.

Then, using that A,z ux = Af(Ax) in {uy > 0}, by interior Holder gradient estimates (Theorem
1.1 in [12]) we have Vuy, — VU uniformly on compact subsets of {U' > 0}. Then, by Theorem 4.1,
|VU| < Xi(x9) in RY. As U = 0 on {z; = 0} we have, U < X! (xg)x1 in {z1 > 0}.

Now, proceeding as in the proof of Theorem 5.3 in [25], we conclude that U = X! (xo)z{ and the
result follows. g

We next obtain results on the regularity of the free boundary for nonnegative local minimizers
to the energy functional 7., which are a consequence of the previous results and the results in our
work [26].

First, we get

Theorem 4.4. Assume that 1 < pmin < p(z) < Pmax < 00 with |Vp|re < L and f € L*>(Q). Let
u € WHPON(Q) be a nonnegative local minimizer of J-.
Then, u is a weak solution to the free boundary problem: u > 0 and

Apyu=f in {u >0}

(P(f,p, AY) {u =0, |[Vu| = \:(2) on 0{u> 0}

% p(x) 1/p(x) . X
where X! (z) = (p(x)—l /\u> , with A\, the constant in Theorem 4.1.
Proof. The result follows by applying Lemma 3.3, Corollary 3.1 and Theorems 3.3, 3.4, 4.1, 4.2
and 4.3. U

Now, we can apply the results in [26] and deduce
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Theorem 4.5. Let p, f and u be as in Theorem 4.4. Assume moreover that f € WH4(Q) and
p € W29(Q) with ¢ > max{1, N/2}.

Then, there is a subset R of the free boundary N O{u > 0} (R = Orea{u > 0}) which is locally
a CY% surface, for some 0 < o < 1, and the free boundary condition is satisfied in the classical
sense in a neighborhood of R. Moreover, R is open and dense in QN O{u > 0} and the remainder
of the free boundary has (N — 1)—dimensional Hausdorff measure zero.

If moreover Vp and f are Holder continuous in ), then the equation is satisfied in the classical
sense in a neighborhood of R.

Proof. We first observe that, by Theorem 4.4, Theorem 4.4 in [26] applies at every g € QNreqa{u >

0}.
Finally we recall that, from 5) in Theorem 3.6, we know that HY~1(0{u > 0} \ Orea{u > 0}) =
0. ]

We also obtain higher regularity from the application of Corollary 4.1 in [26]

Corollary 4.1. Let p, f and u be as in Theorem 4.5. Assume moreover that p € C%*(Q) and
f € CHQ), then drea{u > 0} € C3H for every 0 < p < 1.
If p € C™LH(Q) and f € C™H(Q) for some 0 < u <1 and m > 1, then Oreq{u > 0} € C™F2H,
Finally, if p and f are analytic, then Oyeqa{u > 0} is analytic.

5. BEHAVIOR OF MINIMIZERS FOR SMALL €.

In this section, since we want to analyze the dependence of problem (P.) with respect to e, we
will again denote by wu. a solution to problem (P.). We will consider nonnegative solutions u. to
(P:). We recall that Q, p, f and ¢¢ satisfy the assumptions in Subsection 1.3.

To complete the analysis of the problem, we will now show that if € is small enough, then

{ue > 0} = wo,

under suitable assumptions. To this end, we will prove that the constant A,_ in Theorem 4.1 and
the function
p(x) 1/p(x)
N = (20,
(1 ('r) p(x) _ 1 Ue

are bounded from above and below by positive constants independent of €. We will perform this
task in a series of lemmas.

As a consequence, we will finally obtain existence and regularity results for our original problem
(P) (Theorem 5.1 and Theorem 1.1—stated in Section 1).

We start the section by setting an assumption we are going to work with
Definition 5.1. Let k > 0. Let u € C(Q) be a nonnegative function. We say that u satisfies

assumption (Hy) if

1 1/
(Hy) 3 20€QnNd{u>0} and 7o >0 / <][ u”dx) >k Vr <y,
r BT(CE())
where v > 0 is the constant in Lemma 5.1 below.
In Lemmas 5.5 and 5.6 below we find conditions that guarantee that nonnegative solutions to
(P:) satisfy assumption (Hy), uniformly in .
We will also use
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Lemma 5.1. Let pyg € [Pmin, Pmax] and let v € T/Vll’pO(Bl) N L>®(B1) such that Apyv = 0 in By,

ocC

v > 0. There exist positive constants y = (N, pmin) and C = C(N, Pmin, Pmax) Such that

1/
invaC’(][ zﬂdaz) 7.
Bi/a By /2

Proof. The result follows from Theorem 1.2 in [35]. O
Our first result in the section is

Lemma 5.2. Let u. be a nonnegative solution to (FP.). Then, there exists a constant C > 0,
independent of €, such that, for ¢ small,

Ay () <C, A, <C.
Proof. First we will prove that there exist & C > 0, independent of ¢, such that
(5.1) ¢ < {ue > 0} < Ce + wyo.

In fact, from 1) in Theorem 3.1, we have that F.(|{u. > 0}|) < C; and we thus obtain the bound
from above. On the other hand, we recall that 2) in Theorem 3.1 gives [|uc||y1p() () < Cs. Now
taking 1 < ¢ < pmin and using the Sobolev trace Theorem, the Holder inequality and the embedding
Theorem A.2, we get

Wl’pmin

4 yN-1 < Pmin—d q
po dH" ™" < Ol{ue > 0F] Pmin [Juc|
o0

Pmin

—4q
< Cl{ue > O] Pminlucll

Pmin—9
?,Vl,p(q < CHue > 0} Pmin
Hence the bound from below follows.
Next, take D CC € smooth, such that 6 = |D| > wy and |2\ D| < ¢, with ¢ the lower bound in

(5.1). Then,

|ID N {ue >0} <wp+ Ce <

wo + 0
0
2 <%

for £ small enough. On the other hand,

1D A {ue > 0] > |{ue > 0} — |2\ D| > &— |2\ D| > 0.

Therefore, by the relative isoperimetric inequality, we have

N—-1

HN-1(D N d{u. > 0}) > C(D, N) min{|Dm {ue > 0}, |D N {ue = o}y} > ¢ > 0.

Now let w € WP (Q) be such that
Apyw = —||fllLe() in €, w =@y on L.

We can construct such a function by a minimization argument, as that employed in Theorem 3.1.
This argument also gives [|w||y1,5()(q) < Co, with Co depending only on N, €2, [l¢o|l1p(): [1f ][z ()
Pmins Pmax and L.

From Proposition 2.1 in [36] we deduce that w € LS (Q) and thus, Theorem 1.1 in [12] implies
that w € C1(Q). On the other hand, since ¢o > 0, we get w > 0 in Q. Recalling that ¢o > cg > 0
on a subset A of 92 of positive measure, and using Theorem 4.1 in [36], we conclude that w > 0
in .

We now obtain, using Lemma 3.1 and the fact that w — u. € Wol’p(')(Q), that w —u. > 0 in Q.
We also notice that w — u. € C(9).
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Now, let D’ be a smooth domain such that D cc D’ cC €, let n be such that
neCge(D), 0<n<1, n=1inD,

and define v = n(w — u.).
By a regularization argument on the function v and the passage to the limit in the regularization
parameter, we obtain from Theorem 3.6,

—/ V[P ~2Vu, Vo dr — / fode = / Gu.v dHN L
Q QN{u.>0} QNo{us>0}

Now, if _Pmaxr ) > 1 we get,

Pmax
C > —/ \Vug\p(x)_QVUEVv dx —/ fvdx
Q QN {u. >0}
= / Qu.V dHN1 > / Gu. (W — ug) dHN T
QNo{us>0} DNo{us>0}
_ p(@) y B wdHN-1
/Dﬂa{u5>0} (1)
Pmin—1 Pmin—1
> (pﬁ;"ffﬂus) pmin (infp w)HY (D N O{us > 0}) > c(%)\us) Pmin

which gives the result. Noticing that the desired result also holds if Z%)\us < 1, we conclude
the proof. 0O

As a corollary we have

Corollary 5.1. Let u. be a nonnegative solution to (P:). Let xg € QN O{us > 0}. Then, there
exist a constant C > 0, independent of €, and ro > 0 such that, for r <rq,

Vu:| < C, Ju| <C in Br(zo),
for € small.
Proof. By Theorem 4.1, there exists 71 > 0 such that, for r < rq,

|Vue| < N, (z0) +1 < C  in By(xg),
where we can choose C independent of € by Lemma 5.2, if € is small. Then,

|ue ()] = |ue(x) — ue(wo)| < C in By (o),
if r <rp=min{ry, 1}. O
We will need

Lemma 5.3. Assume that 1 < pyin < p(x) < pmax < 00, with ||Vpl||p~ < L, for some L > 0. For
2o €RN, >0, A>0,6>0 and @ > 0, consider

_Jz—xg)?
e HorT _ o n

w($) = _ 02

e Mo+ _ o—n

Assume moreover that 6 < 6 and c10 < A < Ay, for some c; >0 and Ag > 0. Then, given D > 0,
there exist 0 = 0(pmin, L) and 6 = §(N, Pmin, Pmax, €1, 4o, 0, L, D) such that, if p = |logd|, 0 < 6
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and § < 5, there holds that

Apyw > D in Byys(wo) \ By(2o),
w=A on 0By(xo),
w=0 on 0Bg4s(xo),

and |[Vw| > £ in Byys(20) \ Bo(xo), for some positive constant ¢ = &(cy, 0).

Proof. We denote 6, =0 + 4§, w(x) = w(m@itelm) and p(z) = p(zg + 012). Then,

(5.2)

0
L<o<o,
2

and 4 )
w(z) = M(e 1 — ™) with M= _—-——f
O —n%
e I —e™#
The calculations in the proof of Lemma B.4 in [17] show that there exist figp = fio(N, Pmins Pmax)
and g9 = £0(Pmin) such that, if > fip and ||Vp||p~ < €g, then
Pmin — 1
4
Notice that we have ||Vp||p~ < 61L < eq, if 8 < o(Pmin, L)
We observe that

2 _ _12—i(x _ _ .
(5.3) el eMp) Ve PO AL @ > p— ||Vl |log M| in By \ Bys.

) 62 26
5.4 —<1—=<—
( ) 01 — 9% — 0’
and using the inequality 1%67,5 < %t, for ¢t > 0, we obtain, if u > 1,
Apet A e 1 c1 on ~
>M=——— > — >1 if >
5 2 o aE 2tz > fu(er)
1—e o1
Then,
(5.5) |log M| =log M < |log Ap| + p + |log .
Combining (5.3) and (5.5), we get
7] min — 1 .
(5.6) e”‘x|2(2Mu)*1\Vw|2*p(‘r)Ap(x)w > pT,u — LO1]logd| in B\ By,

if 4 S él(pminyL) and 1% Z ﬂ2(pmina AOvL)'
If we now take p = |logd|, then we deduce from (5.6)

= min — 1 :
e“'””'z(2Mu)_1|V7IJ|2_p($)Ap(:c)TD > pT\ logd| in By '\ By 2,

if 6 < ég(pmin,L) and § < SO(N, Pmins Pmax, €1, Ao, L). As a consequence, in By \ By 2,

5 ] min — 1
Ap(y > (2M e 1ol Pe) =L | ple)=2 P = 216 )

B 16
pl’nin - 1 6101 —M ﬁ(l)*l pmax_2
Prmin — 1 /€10 _ 251056\ P(z)—1 Pmax—2
> T(ﬁe ; ) (1/2) |log d].
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Here we have used (5.2) and (5.4), the inequality 1 — e < ¢, for ¢ > 0 and the choice y = |log |
we have made. .

We now fix 6 as small as needed for the previous steps to hold. Then, if 6 < 61(Pmin, Pmax, ¢1,0, D),
we have

min — 1 C 0 pmin_1 max — .
Aﬁ(q})u_) > Z)T(fé) (1/2)p 2“Og(5| > 91D m Bl \Bl/2a

which implies

Ap(x)w > D in Byis(xo) \ By(xo).
Finally we have

B ozl 1@ _28110851 1 10 .
|V'UJ| Z 2M/L€ ;4|LE‘ 5 Z ﬁe 0 § Z g m B1 \ Bl/27
if § < 5(#). We thus conclude
c10 .

Vuw| > % in Bps(x0) \ Bo(wo).

The proof is now complete. O

Now we prove a positivity result that will be used later. Recall that we have assumed that there
is a nonempty relatively open subset A of 9§ of class C? such that u. > ¢ on A, for some positive
constant cg.

Lemma 5.4. Let u. be a nonnegative solution to (P.). For every e > 0 there exists a neighborhood
of A in Q such that us > 0 in this neighborhood.

Proof. Let yp € A. Let us prove that dist(yp, 2 N O{u. > 0}) > 0. Assume it is 0. Let 6§ > 0 be
such that, for some zg, the ball By(z9) N Q = {yo} and, for § > 0, let w be the solution to

Apyw > [ in Byys(20) \ Bo(20),

w = o on 0By(2p),
w=20 on 0Bgis(20),
constructed in Lemma 5.3 for A = Ay = ¢p, ¢ = 1 and D = ||f||r. Moreover, we take 6 =

0(Pmin, L, co) and § < 6(N, Pmin, Pmax, €0, L, || ||z ) as indicated in that lemma. We make § small
enough so that, in addition, By;s(z0) N0 C A. By construction we have 0 < w < ¢g in Bypys5(20) \

BQ(ZO).
Let

v = max{us, w} in  Bgys(20) NQ,
V= U in Q\ Bapys(20)-

Then, v € WHP()(Q) is admissible, so that
0< js(v) - u7s(us)

olP@) u |P(®)
- /Q (|VP(L) a ‘Vp(i) ) dx +/Qf(7f —ue)dx + Fo([{v > 0}|) — F-({ue > 0}|)

p(z) p(z)
_/ (|Vv| _ [Vl )dx—i—/ f(v—ue)dz
QQBQ_H;(Z()) p(x) p(ﬂf) QﬂB@+5 (Z())

+ Fe(|[{v > 0}]) — Fe({ue > 0}]).
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Hence,

p(x) p(x)
/ <\Vu€\ _ vl )dfc+/ flue —v)dx
QﬁBg_‘_(;(zo) p(.’l?) p($) QNBo4s5(20)

< F.(|{v > 0}]) — F-({u. > 0}]) < e '|Qn{v > 0} N {u. = 0}
= QN Byys(z0) N {u. =0} = V]|,

where we have called V' = QN Byis(20) N {us = 0}.
Observe that, by the positive density of {u. = 0} at the free boundary (Theorem 3.5) and, since
dist(yo, 2 N 9{u. > 0}) = 0, there holds that |V| > 0.

On the other hand, using that A, w > f and the definition of v, we have

— / Vol =2T0 - V(v — u,) da
QﬁBng(;(ZQ)

—/ V[P 2Ty - V(v — u,) da
QﬁBg+5(Zo)ﬂ{u5<w}

—/ IVw[P@2Tw . V(w — u.) dz
QﬁBg+5(Zo)ﬂ{ug<w}

flw—uydo = [ f(0 - ue) da.

QﬂBe+5(Zo)

).
QﬁBg+5 (Zo)ﬂ{ua <’LU}

Therefore,

p(z) p(z)
/ (\Vus\ _ vl )dzx+/ f(us —v)dx
QNBy4s(20) p(l’) ( ) QﬂBg_H;(zo)

p(z) p(z)
z/ ('v%' VP G2y v(u, ~ ) dz
QﬂBg+5(ZQ) p(fL’) (:Z:)

Z/ |V |P®) (1 — L) de>c(__min  |[VwP@)V|.
14 p(z) QNBo5(20)

Observe that, by Lemma 5.3, |[Vw| > ¢6~! for a positive constant ¢ = &(pmin, L, co)- So that, we
deduce that § > ¢ > 0 and this is a contradiction to the fact that J is any small enough positive
constant and c. is independent of §.

Therefore, dist(yp, 2 N {us > 0}) > 0. So that, there is a neighborhood of A in 2 where either
ue = 0 or ue, > 0. Since us > ¢g > 0 in A, we have that u. > 0 in that neighborhood of A in Q and
the lemma is proved. O

Let us show conditions implying assumption (H,). The first one is

Lemma 5.5. There exist 0o > 0 and r > 0 such that if || f ||~ < 00 and € is small enough, then
any nonnegative solution u. to (P:) satisfies assumption (Hy).

Proof. We recall that we have assumed that there is a nonempty relatively open subset A of 9S2 of
class C? such that u. > cg on A, for some positive constant cg. We will use the following fact that
we have proved in Lemma 5.4: For every £ > 0 there is a neighborhood of A in Q where u. > 0.
Let yo € A and let D; with 0 < ¢t < 1 be a continuous and increasing family of open sets with
smooth boundary and (uniformly in ¢) bounded curvatures, such that Dy is an exterior tangent
ball to Q at yo, Do = Byy(20), Dt = Bry4t(20) if 0 < t < n, for some n > 0 small. Dy CC Dy for
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t>0, D:N I C A, and the measure of D; is large enough so that there is a free boundary point
of u; in D; for every e small enough (here we use the upper uniform bound in (5.1)).
Now, for 0 < t < 1, take w; such that

Ap(a:)wt = f+ in &\ Dny
(5.7) wy = ¢ in Do,
0 in Dtc.

Wt

So that, w; < ¢ in Dy \ Do.

Since the domains D; have smooth boundaries, by Theorem 4.1 in [13] and Theorem 1.2 in [12]
we know that w; € C1(D; \ D). Moreover, by Lemma 5.3, there holds that there exists a positive
constant ¢, such that

(5.8) |Vw(z)| > ¢, forevery te€ (0,7 andevery z€ 9Dy, if rgand n are small.
Let us see that there exist positive constants ¢ and o, such that
(5.9) |Vwy(z)] > ¢, forevery te(0,1] andevery z€ 0Dy, if ||fT]|r~ < oo.

By the observation above, we only have to prove it for ¢ > 7. In fact, if this is not the case,
there exist f, € L>(Q) with ||f,7 ]|z~ < 1, and sequences {t,} C [,1] and Z,, € 0Dy, , such that
|Vwy,(Zy,)| < 1/n, where we denote w,, the solution to (5.7) for f = f, and ¢t = ¢,. By taking
subsequences, we may assume that t, — to € [n,1] and Z,, — To.

Using that D, C D; C Dy, for t > 7, and with similar energy estimates as those in Theorem 3.1,
we get HwnHWLP(-)(Dtn) = HwnHWW(O(RN) <C.

Now, since the domains D; have uniformly bounded curvatures, the regularity estimates in [13]
and [12] give ||wy]| Cra(Dr\Dy) = C' and then, for a subsequence, there holds that w, — wp in
Clloc(Dto \Do) So that, Ap(x)
subsequence, w, — wg uniformly on compact sets of RY. Then, wyp =0 in Dy, wo = ¢ in Dy and
0 < wp < ¢ in Dy, \ Do.

From the fact that z,, € 0D, we deduce that 9 € 0Dy,. Using again that the domains D
have uniformly bounded curvatures, we find ; > 0 and points 7, such that B, (7,) C Dy, \ Do
and By, (¢n) N 0Dy, = {Z,}. Then, for a subsequence, §, — yo with By, (%) C Dy, \ Do and
By, (%0) N 0Dy, = {Zo}- 5 ~

Now let @y (x) = wn (@ + Tn), fn(x) = f;f (x + Fn) and pp(z) = p(z + Fn). Then Aj yn = fn
in By,. We have ”IDNHCLQ(BTl) < C, therefore w,, — wg and Vw,, — Vg uniformly on B,, with
wWo(z) = wo(x + yo). This implies that Vw,, (Z,) — Vwy(Zp) and thus |Vwy(Zo)| = 0.

But Ap(x)wo = 01in B, (:lj()), wo > 0 in B, (go) and wo(i‘o) = 0 with Zg € OBm (go) This in
contradiction with Hopf’s Lemma (Theorem 4.2 in [36]). So (5.9) follows.

wo = 0 in Dy, \ Do. We also have |[wn|lw1.00mry < C. Hence, for a

Now, let ¢t € (0,1] be the first time such that D, touches the free boundary. Let zo € QN 9D, N
O{u. > 0}. So that, since w; < ¢y and Dy N OQ C A, by comparison in Dy N Q, w; < ue in Dy N
and thus wy < u. in 2. Therefore, for r small enough, (5.9) gives

1/~ 1/
(5.10) ][ u) dz > ][ wy” dx > ré,
By (w0) By(z0)

with ¢ independent of €, where ~ is the constant in Lemma 5.1. That is, u. satisfies assumption
(H,) with & = ¢, if ||fT]|r~ < 0. O
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Another condition implying (H,) is

Lemma 5.6. Assume A = 9. There exist o1 > 0 and xk > 0 such that if wg < o1 and € is small
enough, then any nonnegative solution u. to (P.) satisfies assumption (Hy).

Proof. Since we have assumed A = 0f), we know that u. > 0 in a neighborhood of 92 by Lemma
5.4.
From (5.1) we know that

[{ue > 0} < Ce + wo < 2wy,

if € is small enough. For §p > 0, to be fixed later, we define Q5, = {z € Q /dist(z, Q) < Jp}.

Then, if 2wy < |Qs,|, there is a free boundary point of u. in 5, for every ¢ small enough.

Let y§ € 09 be the closest point to 2N d{u. > 0}. Then, 0 < dist(yg, 2NI{u > 0}) < dp. Asin
Lemma 5.5 we consider a family Dy, with 0 <t <7, such that Dy is an exterior tangent ball to €2
at y5, Do = Byry(2]), Dt = Byro4¢(2§) if 0 <t <7, for some > 0 small, with ry and 7 independent
of .

Now, for 0 < t < 7, we take w; satisfying (5.7), and as in Lemma 5.5 we get (5.8), with ¢
independent of €, for g and 7 small, independent of €.

We now fix 0 < dgp < n. Let ¢ € (0,7] be the first time such that D, touches the free boundary,
and let zg € QN 9D, N O{u. > 0}. Then, as in Lemma 5.5, we obtain (5.10) at z¢, for r small
enough, with ¢ independent of €, and v the constant in Lemma 5.1. That is, u. satisfies assumption
(H,) with k = ¢, if wy < o1, for a suitable constant o1 independent of ¢. O

We will need

Lemma 5.7. Assume that 1 < ppmin < p(2) < Pmax < 00 with p(x) Lipschitz continuous and
|VpllLe < L, for some L > 0. For zg € RN, >0, r >0, A>0, consider

_ lo—wg)?
e 2 — ek

w(z)=A

e—ﬂ/lﬁ — e H

Assume moreover that cir < A < Ag, for some ¢y > 0 and Ag > 0. Then, given D > 0, there
exist fi = fi(N, Pmins Pmax) and 7 = T(Pmin, Pmax, L, D, c1, Ao, ) such that, if u > i and r < 7, there
holds that

Ap(a:)w >D in BT(xO) \ Br/4(x0)7
w=A on 0B, 4(x0),
w=0 on 0By (xo).

Proof. The result is proven in Lemma 2.2 in [25] for the case ¢; = 1. For arbitrary ¢; > 0, the
proof follows, with minor modifications, as that in [25]. O

We will also need

Proposition 5.1. Assume that 1 < pyin < p(z) < Pmax < 00 with p(x) Lipschitz continuous and
|Vp|lpe < L, for some L > 0, and f € L=(). Let u € C(Q) N WPO)(Q) be nonnegative and
Appyu > fin Q. Let zg € QN 0{u > 0} and assume that |Vu| < Ly in By (z0) C Q, for some
Ly > 0, and that assumption (Hy) holds at xq, for some k > 0.

For 0 <r <y, let v be the solution to

Apyv = f in B(z0), v=u on B, (xg).
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Then, there exist positive constants C' and 1o, such that, if v < ro,

Vu — VolP®) d:c+/ (IVu| + Vo )PD2|Vu — Vo|? da

/Br(fo)ﬁ{p(w)22} Br(zo)n{p(z)<2}

> C|B,(z0) N {u = 0}],

where C' = C(N, Pmin, Pmax, K, L1) and ro = ro(N, Pmin; Pmax, K, L1, L, HfHLOO(Q)a 71,7T0), with ¥y such
that (Hy) holds.

Proof. For 0 < r < ry, let us take u,(z) = Lu(zg + rz) and v,(z) = Lo(zg + rz). Then there holds
that Apr(gc)ur > fr in B and

(5.11) Ay (zyvr = fr in By, vy = u, on 0B,

with p.(x) = p(xo + rz), fr(x) = rf(xo + rx). Also, assumption (H,) at xo implies

1/y 1 1/y
(5.12) (][ u! dx) =- <][ u’ dy) >
By r B,./a(wo)

if r < fo.

We fix z such that |z| < £ and we consider a change of variables from By into itself such that 2
becomes the new origin. We call uZ(z) = u,((1 — |z|)z + z), vZ(z) = v, ((1 — |z[)z + z). Observe
that this change of variables leaves the boundary fixed.

Given £ € 0B, we define

Y

| =

s§:inf{s/é <s<1 and ui(sf):O},

if this set is nonempty and s¢ = 1 otherwise.
Now, for HN~1- almost every & € 9By, if s¢ < 1, we have

1 1
(5.13) vilse) = [ i~ o) ds < [ (93— )| ds.
S¢ S¢

Let us assume that the following inequality holds

(5.14) 0 (36€) > O(N, Py Prmas) (1 — 5 )
We denote C' = C(N, pmin, Pmax) and pZ(z) = p, ((1 — |z])z + ).
Let s € [s¢, 1] be such that [V (uZ —v7)(s§)| > %Fo. Then,

V(i —0)(sQ)] _ [V (i — v) (s[5
- jord

(G0

where C' = C(N, Puin, Pmax, £). Thus,

L C
(5.15) |V (uZ —vZ)(s€)|ds < Bl
Putting together (5.13), (5.14) and (5.15), we get

C ral 1
g““*ﬁﬁgﬁ/www—ﬁwmmﬁm.
S¢
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That is,
1
(5.16) O(1 —s¢) < / IV (w2 — v2) (s€)[PFE) ds,
s¢

where C = C (N, Pmin, Pmax; k). Note that this inequality also holds if s¢ = 1.
Let us define A?i = {s € [s¢, 1]/ pi(s§) < 2} and Ag = {s € [s¢, 1]/ pi(s§) > 2}. Then,

1
1) [ 905 = P ds = [ V(- D)0 ds + [ (9 - o) (s 0 s,
s¢ A1 A2
Let 0 < n <1 to be chosen later. Then, by Young’s inequality, we obtain

[V = D OP 0 ds < [ (Fu(s6) -+ TN (0 - o) (56) P s
A3 A7

7”2/pmin
+ Cn/g(IVUi(Sé)I + Vo (s6)))77 ) ds,
Al

where C'= C(N, Pmin, Pmax)-
Since, |VvZ|? < C(|VuZ — VoZ|? + |Vuz])?), for any ¢ > 1, with C' = C(q), we have

z z Z (s C z z Z(s€)— z z
/ V(7 — 02) (sE)PFCO) ds <— 0 / (V2 (€)| + [V () )75 929 (uZ — oF) (s€) P ds
A§ 7’] /pmln A§

" CO”/ V(w7 = 7) ()" ds + Con / |V (s ds,
A3 A3

where Cy = Co(N, Pmin, Pmax)- Lhen, taking n such that 1 — Cyn > %, we obtain
(5.18)

IV (uf = 07) ()P ds

AL
200 z z pZ(s&)—2 z z 2 P P2 (s€)
< e [ VU GOV GO IV — 7)) ds +2Con [ _|Tui(s€) P70 ds
' 1
20, . o
< o /Ag(\Vur(Si)HWT(Sf)I)”T( =29 (w2 — v?)(s€)|> ds + Can(1 — s¢),
1

"72/pmin

where we have used that |Vu| < L; in B, (z9). Here C1 = C1 (N, Pmin, Pmax, L1)-
Now, from (5.16), (5.17) and (5.18), we get

C(1 =50 < [ IV = of) O ds
AQ

2Cy

+ 772/pmin

[ (V€ + VNP9 (05 = ) P ds -+ Cunl1 — s0)
1
If we now take n such that C - Cin > %, we get

(=) 9/ V(= o) (s P70 ds
A2

4C,
772/pmin

/Ag(IVUi(SOI + Vo7 (s€)))P7 072V (uf — 0f) () ds,
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which gives

Co(1 =50 < [ V(i = o) (P70 ds
A2

+/5(\Vuf(8§)\ + Vi (s§))Pre8 =21V (uf — v7) () ds,
Al
where Co = Co(N, Pmin, Pmax, K, L1). Then, integrating over 0B, we obtain

C3|B1 N (Byg)° N {u; = 0} g/ IVuZ — Vo |Pre) dg
Bin{p;(x)>2}

+f (1Vas] + [VoF 792 Vs - Vil da.
Bin{pi(z)<2}
where C5 = C3(N, Pmin, Pmax, &, L1). We now deduce that

CulB1 N (By4(2))° N {u, = 0}] < / Yy — Vo, [P dy

+/ (V| + [V )Pr®=2 |V, — Vo, |? dy,
Bin{pr(y)<2}

where Cy = C4(N, Pmin, Pmax; K, L1)- If we now consider (5.19) for z; and 25 in By o with B1/4(z1) N
Bijs(22) = () and we add both inequalities, we obtain

C51B1 N {uy = 0} g/ T — Ty [ dy
Bin{pr(y)>2}

(5.20)
+/ (V| + [ Vo )Pr=2 |V, — Vo, |* dy,
Blm{pr(y)<2}

where C5 = C5(N, pmin, Pmaxs K, L1). Now, making the change of variables x = ry + z¢ in (5.20),
we get the desired result.
Therefore we only have to prove (5.14). Let us show first that

1 .
(5.21) vy 2> ZC(N7pmin7pmax)/‘3 m B1/47

where C'(N, pmin, Pmax) 18 the constant in Lemma 5.1, if 7 is small enough.

Suppose (5.21) does not hold. Then, there exist 7, — 0 and zy € By such that v, (zx) <
%C(N, Pmin, Pmax)k. We denote vy, = vy, , Pk = Pry, f& = fr, and up = u,,. Since |Vug| < Ly in By
and uk(0) = 0, then |ugx| < L; in By. Then, for a subsequence, uy — ug uniformly on compacts of
B;.

Since there holds (5.11) with |Vpg(x)| < Lrg, ||fellpe < k|| f]|zee and |ug| < L in By, then
Lemma 3.2 and Remark 3.4 in [27] give |vg| < M in By, for k large enough. Now by Theorem 1.1
in [12], for some 0 < a < 1, [|vg|[cre(y < Car, for every Q' CC By.

Then, for a subsequence, vy — vg in Cllo’g(Bl). Also, for a subsequence, z;, — T € B, /45
with vo(z) < %C(N,pmin,pmax)n. There holds that vy > 0, A,yvg = 0 in By, for pg = p(zg) =
limg 00 P(T0 + T%).
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From the comparison principle, vy > ug in By and thus vg > ug in B;. Then, Lemma 5.1 gives

‘ 1/~
inf vy > C(N7 pminypmaX) (][ Ug d]:)
Bya

By

1/ p
ug dx) > C(N7 Pmin, pmax)ga

Z C(N, pminapmax) (][

By 2

where we have used (5.12). Since ¥ € B /4, we have

K _ . K
C(Napminvpmax)z > UO(-T) > éﬂf vy > C(Napminapmax)gv
1/4

a contradiction. Then (5.21) holds.
Now, if |(1 — s¢)z + s¢€| < 1, the application of (5.21) gives

1
05(355) = U""((l - 85)2 + Sﬁg) Z ZC(Napminvpmax)H-

If |(1 — s¢)z + s¢€| > § we prove by a comparison argument that inequality (5.14) also holds. In
fact, let W, be the solution to

Apa)yWr > || f]|Loo in By(zo0) \ Bya(70),
Wy = %C(N, pminvpmax)ﬁr on a-Br/4(*730)7
Wy =0 on 0B, (xy),

constructed in Lemma 5.7, for A = %C(N,pmin,pmax)nr, c1 = Ay = iC(N,pmin,pmax)/i, D =
[|fllzee and g = @(N, Pmin, Pmax), with < 1 and 7 < 7(N, Pmin, Pmax; Ls || f|| o0, ¢1) as indicated in
that lemma. Then, w,(z) = 11, (2o + rz) satisfies

Ap, @ywr 2 ]| f]|Le in B\ By a,
Wy = iC(ngmirhpmax)H on 831/4,
wy =0 on 0B;.

We use again (5.21). By comparison and the construction of w;.,
o 2w, 2 O(1 = [e]) L CN, pin, ) in By \ By
where C' = C (N, Pmin, Pmax). Therefore
v (s¢€) > C’(l — (1 —s¢)z + 355\) %C(N,pmin,pmax)m > C’(l — s@éC’(N,pmm,pmax)ﬁ

since |z| < 3. So that (5.14) holds for every s¢ > %.
This completes the proof. ]

As a consequence, we obtain

Lemma 5.8. Let u. be a nonnegative solution to (P:) satisfying assumption (Hy), for k > 0.
Then, there exists ¢ = c¢(k) > 0, independent of €, such that

Ay () > ¢, A > ¢

for e small.
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Proof. Let xy € QN 0{us > 0} be such that (H,) holds at zg.
For r small, let vg be the solution to

(5.2 Bpero = in Br(zo)
V) = Ug on 0B, (zp),
then, vg > u. and thus vg > 0 in B,(z9). In particular vo > 0 in B,(z¢) N {us > 0}. Let
(5.23) Oy = |Br(zo) N {vy > 0} N {ue = 0}].
We claim that d, > 0. If not, vg = 0 in B,(xzg) N {us = 0}. Then we have
Ap(x)’l)() = Ap(x)us in BT(.Z'()) N {U,E > 0},
V) = Ue on 8(BT(3:0) N{ue > O}),

implying that vg = u. in By(zo) N {us > 0} and thus, vg = u. in B, (z9). But vg € C*(B,(20))
and then u. € C'(B,(xg)). This contradicts the results in Theorems 3.4 and 3.5, satisfied at
xo € QN J{ue. > 0} and thus, 6, > 0.

Next, let uf(x) = sus(z) + (1 — s)vo(x). By using (5.22) and the inequalities in (1.2), we get

|Vu [P |V [P /
— dz+ fue —vo) dx
/Br(zo)< p(x) p(x) ) By (w0) (e = %0)

La
= /0 SS/ . (\Vu§|p(z)72Vu§ - |Vv0|p(z)72Vvo> -V (ui —v) dzx
r{Z0o

>C |\Vu, — Vvolp(x) dx
By (z0)N{p(z)>2}

(z)-2
+C |Vu, — vvo\2(|Vu€| + |VUO|)P dz,
By (x0)N{p(z)<2}

where C' = C(pminapmaxa N)
Now, from Corollary 5.1 and Proposition 5.1, we get, if r is small enough,

[V [P V[P / ] N
5.24 / — dxr + f(us —vg)dx > ¢|Br(x9) N {u. = 0} > &b,
(524 Br(xo)( p(z) p(z) ) B (x0) (ue = vo) |Br(x0) N {u: = 0}

where ¢ is a positive constant independent of ¢, and ¢, is as in (5.23).

Consider now a free boundary point x; away from xg. We can choose x1 € Oeq{ue > 0}. We
will use that Theorem 4.3 applies at x1, so

1 N _
(5.25) ;ug(azl + px) = Ay _(z1)(T, v (21)) as p— 0,
where v,_(x1) is the exterior unit normal to 0{u. > 0} at z7.
Let us take
2, (|7 — =
- 2= 2 for 2 € B,(z1),
(5.26) N e ) R I
T elsewhere,

where ¢ is a nonnegative C§° function supported in the unit interval, ¢ # 0.
Now take v,(7,(z)) = ue(x) in By(z1). Since there holds (5.25), we can use the arguments in
Lemma 4.2, where a similar construction was carried out.
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We choose p small such that
(5.27) b, = [{ue > 0} N By(a1)| — [{v, > 0} N By(ar)| = Co™H 4 0.(pNH),

if 7 is small enough. Here C > 0 is independent of £ and the last inequality follows from (4.1) in
Lemma 4.2.
We next define

vo  in By(zo)
v=1qwv, in By(z)

us  elsewhere.
Then, v € WHP(*)(Q) is an admissible function and we have
(5.28) {v > 0}| = [{ue > 0}].

On the other hand as in (4.3) in Lemma 4.2, we have, as p — 0,

—N-1 ‘va’p(x) |vua|p(x) /
p / — dx + flv, —ue)de
( BP(I1)< p(x) p(m) ) Bp(x1) ( ’ 6) )

—1
S WUy e [ B(lyl) YL (y) = M,
p(z1) By (0)n{y-vu. (21)=0}

with ¢ > 0 independent of . Then,

|va’p($) |V [P / A N+1 N+1
— dx + fv, —ue)dx = M ép" T+ o (p ).
/Bp(;m) ( p(z) p(z) ) B, (x1) (0p = ue) o )

But as (5.27) shows that &, has the same order of pV*!, uniformly in e,

|vvp|p(rc) |V |P@) / -
5.29 / — dxr + flv, —ue)dr < kX 6r + 02(6yr),
(5.29) Bp(x1)< p(z) p(z) ) B,(x1) (v ) (0r)

with k > 0 independent of «.
Therefore by (5.24), (5.29) and (5.28), we have

0< je(v) - je(ue) < —¢o, + ];)\ug(sr + 05((57")
and then A\, > c¢ > 0. O

With these uniform bounds on \,_, we can prove the following partial existence and regularity
result for our original problem (P). We point out that our proof is different from the ones in
previous articles, since we do not use the regularity of the free boundary of the solutions of the
penalized problems (P.) to prove existence of a solution to problem (P). We only use that there
exists a free boundary point satisfying Theorem 4.3 and that there hold Lemmas 5.2 and 5.8, that
do not use the regularity of the free boundary either.

Theorem 5.1. Let k > 0. There exists g = £9(k) > 0 such that, if u. is a nonnegative solution to
(P:) satisfying assumption (H,) and € < g¢, there holds that |{us > 0}| = wo. Therefore, u = u, is
a nonnegative solution to problem (P).

In the situation above, the reqularity results in Corollary 3.1, Theorem 4.5 and Corollary 4.1
apply to the solution u and to any other nonnegative solution to (P).
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Proof. Let us show that [{u. > 0}| = wp. Arguing by contradiction, we assume first that [{u. >
0} > wo. Let 21 € Oreq{us > 0}. We will proceed as in the proof of Lemma 5.8. Given 6 > 0, we
perturb the domain {u. > 0} in a neighborhood of z1, decreasing its measure by 6. We choose ¢
small so that the measure of the perturbed set is still larger than wg. We take v,(7,(2)) = u(z),

and we let
. {vp in B,(x1)

ue  elsewhere,

where 7, is the function that we have considered in (5.26) in Lemma 5.8.
Arguing as in Lemma 5.8 and using Lemma 5.2, we get, for a constant C' > 0 independent of ¢,

0< J.(v) |Vv‘p /|Vu5| e +/f
+F |{U>0}|) |{Ua>0}|)

< kA0 + 0-(8) — 25 = (C - g)a + 0-(8) <0,

if € < g and then § < dp(g). A contradiction.

Now assume that [{u: > 0}| < wy. We proceed as in the previous case but this time we perturb
the set {ue > 0} in a neighborhood of z; increasing its measure by 6. We choose § small so that
the measure of the perturbed set is still smaller than wgy. That is, we take

T+ p2¢ <’x_p$1’> Vug(xl) for z € Bp(xl)a

T elsewhere,

Tp(z) =

where v,,_(x1) is the exterior unit normal to d{u. > 0} at z1 and ¢ is a nonnegative C§° function
supported in the unit interval, ¢ # 0. We take v,(7,(x)) = u.(r) and

- {’Up in B,(x1)
us  elsewhere,
and we choose p small such that
(5.30) 0 = [{v >0} = [{uc > 0} = CpM* ! +o-(p™"1),

if r is small. Here C' > 0 is independent of e and the last inequality follows from (4.1) in Lemma
4.2. We can argue here again as in Lemma 4.2, since x; € Oreq{u- > 0} and then, by Theorem 4.3,
%ug(zl +px) = Ay _(w1){2, vy, (21)) 7, s p — 0.

Now (5.30) gives

(5.31) F.({v > 0}]) — F-(|{ue > 0}]) = 4.
On the other hand, as in (4.3) in Lemma 4.2, we get, as p — 0,

N1 |va|p(w) |Vu€|p(u’v) /
— dx + fv, —ue) dx
g </Bp(z1)< p(@) p(x) ) By(a1) (v~ e )

1-— N
S L)y e [ Bl dHY () = A,
p(x1) B1(0)N{y-va, (21)=0}

with ¢ > 0 independent of €. Therefore,

(@) (o)
(5.32) / (‘V”ﬂ| _ Vel ) de + / Py — ) dae = A epV 4 0 (PN,
Bp(ﬁl) Bp(xl)

p(x) p(z)
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We now combine (5.31) and (5.32), and use that § has the same order of pV*! uniformly in e by
(5.30). We then apply Lemma 5.8 and obtain, for a constant C' > 0 independent of ¢,

(5.33) 0< J:(v) = Te(ue) < (=C + )8 + 0-(6) <0,

if € < &7 and then § < dp(e). Again a contradiction that shows that |[{u. > 0}| = wo.

Therefore, u = u, is a nonnegative solution to problem (P).

For the regularity results satisfied by this solution u and any other nonnegative solution to (P),
we refer to the last part of the proof of Theorem 1.1. O

As a corollary, we can now prove the main result in the paper, Theorem 1.1—stated in Section
1—of existence and regularity of solution to our original problem (P)

Proof of Theorem 1.1. If f < 0, by Theorem 3.1 and Remark 3.2 there exists a nonnegative
solution u. to (P:), for every € > 0. Then, by Lemma 5.5 and Theorem 5.1 there exists a nonnegative
solution u to problem (P).

In particular, this nonnegative solution u to problem (P) is a nonnegative solution to (F.), for
e small, satisfying [{u > 0} = wp.

Now let @ be any solution to (P). Then, J.(u) = J(u) = J(u) = J-(u) and therefore, u is
a solution to (P:), for € small. Then, by Remark 3.2 4 is nonnegative, and finally, the regularity
results for u follow from the application of Corollary 3.1, Theorem 4.5 and Corollary 4.1. U

6. CONCLUSIONS

In this section we include some final comments regarding our results. Namely, under the as-
sumptions of our main result:

e We proved existence of a nonnegative solution to problem (P).

e We proved the nonnegativity and regularity of the solution u and of d{u > 0} for any
solution u to problem (P).

e We remark that we did not use the regularity of the free boundary of the solutions to the
penalized problem (P:) in the existence proof for problem (P), as was the case in previous
articles.

e We remark that, in several domain optimization problems the regularity of the boundary of
the optimal configuration was a necessary tool in order to derive geometric properties such
as symmetries, for instance. This makes the knowledge of its regularity a very important
result.

e We remark that we have shown that any solution to problem (P) is a solution to the pe-
nalized problem (P;) and thus, the penalized problem provides all the solutions to problem
(P).

APPENDIX A

In Section 1 we included some preliminaries on Lebesgue and Sobolev spaces with variable
exponent. For the sake of completeness we collect here some additional results on these spaces as
well as some other results that are used throughout the paper.
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Proposition A.1. There holds

win { ([ fup@ ) " ([ 1 da) "} < oo
< max {(/Q |u|P(®) d:l:) Upmin, (/Q |u[P(®) d:r) Upmx}.

Some important results for these spaces are

Theorem A.1l. Let p'(x) such that

Then LP'O)(Q) is the dual of LP") (). Moreover, if pmin > 1, LPO(Q) and W'P)(Q) are reflexive.
Theorem A.2. Let q(z) < p(z). If Q has finite measure, then LPO)(Q) < LIO(Q) continuously.
We also have the following Holder’s inequality

Theorem A.3. Let p'(x) be as in Theorem A.1. Then there holds

/Q Fllgldz < 2o gl

for all f € LPO(Q) and g € L' O)(Q).
The following version of Poincare’s inequality holds

Theorem A.4. Let Q) be bounded. Assume that p(x) is log-Hélder continuous in Q0 (that is, p has
a modulus of continuity w(r) = C(log 1)~). For every u € Wol’p(')(Q), the inequality

||U||Lp<~)(Q) < CHVUHLP(‘)(Q)

holds with a constant C depending only on N, diam(Q) and the log-Hélder modulus of continuity
of p(x).

For the proof of these results and more about these spaces, see [10], [19], [21], [31] and the
references therein.
We will also need

Lemma A.1. Let 1 < pg < +o0. Let u be Lipschitz continuous in Ff, u >0 n Bf“, Apou =0 in
{u>0} and u=0 on {xxy = 0}. Then, in B u has the asymptotic development

u(z) = azy + of|zl),
with o > 0.

Proof. See [6] for pg = 2, [9] for 1 < py < +o00 and [29] for a more general operator. O
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