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In this paper, we generalise the partly linear autoregression model considered in the literature by including
moving average errors when we want to allow a large dependence to the past observations. The strong
ergodicity of the process is derived. A consistent procedure to estimate the parametric and nonparametric
components is provided together with a test statistic that allows to check the presence of a moving average
component in the model. Also, a Monte Carlo study is carried out to check the performance of the given
proposals.

Keywords: ergodicity; Fisher-consistency; moving average errors; partly linear autoregression; smoothing
techniques
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1. Introduction

When dealing with time series data, autoregressive models with moving average errors (ARMA
models) have been extensively used in applications. They correspond to linear autoregressive
models where the errors are described by a moving average process. More precisely, an ARMA
(p, q) model is a stationary process {y, : t > 1} verifying

)4
Ve = Z‘Pjyt—j + &, (1)
j=1

where ¢, = u, — ijl 0;u,—; with u, independent and identically distributed (i.i.d.) random
variables and u;, is independent of {y,_;, j > 1} with Eu, =0, Euf < 00.

It is well known that, when there is large dependence to the past observations, ARMA models
have several advantages with respect to autoregressive models. However, the assumption of a
linear autoregression function is quite restrictive. As pointed by Bosq (1996), a nonparametric
predictor is ‘in general more efficient and more flexible than the predictor based on Box and
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Jenkins method and nearly equivalent if the underlying model is truly linear’, see also Carbon
and Delecroix (1993) for a comparative study on 17 series. Nevertheless, the nonparametric
autoregression model y, = m(X,) + u,, where X, = (y,_1, ..., y,_,)7, faces the problem known
as the ‘curse of dimensionality’. In order to solve the problem of empty neighbourhoods, an
approach can be to introduce moving average errors, which reduce the dependence to the past in
X, obtaining, thus, a smaller dimension r. This approach was followed by Boente and Fraiman
(2002) who introduced nonparametric ARMA models that allow the autoregressive part of the
model to be nonparametric, while the moving average part remains linear.

As noted by Gao and Yee (2000), another disadvantage of the fully nonparametric autoregressive
model is that it neglects a possible linear relationship between y, and any lag y,_, . To solve the
‘curse of dimensionality’, following a semiparametric approach, several authors have introduced
the partly linear models for autoregressive models in order to combine the advantages of both
parametric and nonparametric methods. A stochastic process {y; }, defined over a probability space
(2, A, P), satisfies a partly linear autoregressive model if it can be written as

P1 p2
Vi = Z,Bo,iyz—i + Zgo,j(yr—pl—j) +uy, )
i=1 j=1

where g, ; : R — R are smooth functions and u, are i.i.d. random variables independent of
{yi—j, j =1}, Eu, =0 and Eu? < oo. However, these models do not take into account a large
dependence on the past unless p; and p, are large. To reduce the order of the process, we can
allow a dependence structure in the errors as in Equation (1). Combining models (1) and (2), one
can consider a stationary process {y, : t > 1} verifying

p1 D2 q
Y = Zﬂo,iytfi + Zgo,j(ytfplfj) + &, & =u — Zeo,jutfjv 3
i=1 j=1 j=1

with u, i.i.d. random variables and u, independent of {y;_;, j > 1}, Fu, = Oand Eu,2 < 00. From
now on, we will refer to a stochastic process verifying (3) as a partly linear ARMA (p1, p2, ¢) model
and it will be denoted by PARTLIARMA (p1, p2, ¢) model.

This paper is organised as follows. In Section 2, we establish conditions for the strong ergodicity
of a PARTLIARMA (p1, p2, g) process. From this last statement, under Harris recurrence and ape-
riodicity of the chain, it follows that the process is also a geometric «-mixing process. As is well
known, mixing conditions have shown to be useful to derive asymptotic properties of kernel esti-
mates for nonparametric autoregression models and partially linear time series models (Bosq 1996;
Gao 1998 and Gao 2007). Related results for purely nonparametric ARCH time series were given by,
for example, Masry and Tjastheim (1995). In Section 3.1, we discuss several issues regarding how
to define a Fisher-consistent functional for g,, B, = (Bo.1, ..., Bo,p)" @aNd 8, = (Bp1, ..., 0,4)",
which will lead to the estimation procedure to be introduced in Section 3.2 and to the algorithm
described in Section 3.3. Furthermore, in Section 3.2, the asymptotic behaviour of the proposals
is studied. In Section 4, we define a statisticto test Hy : @ = (01, .. ., 6,)" = 0. When defining the
estimators and the test statistics, for simplicity we will assume that p, = 1. Finally, in Section 5,
we describe the results of a simulation study. Proofs are given in the Appendix.

2. Ergodicity of PARTLIARMA(p1, p2, q) models

LetY, = (v, Y1, - - s Yi—pr—pp+1) " ANAV; = (&, 0p, 4 p,—1)" With O, the null vector in R”. Thus,
the process {y, }, defined by Equation (3), has the following markovian representation:

Yz = F(thl) “I‘Vt» (4)
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where F(Y) = (F1(y), ..., Fp1+pz (y))T, Fi(y) = lpil ,30,1‘ yi+ 25)2:1 go,j()’p1+j) and Fj ) =
yi-ifor2 < j < pi+p2,withy = (y1, ..., Ypap)"

In this section, we will use similar techniques to those considered in Mokkadem (1987)
and Ango Nze (1998) to derive the ergodicity and strong ergodicity of the process defined by
Equation (1) using the representation (4). 3

Denote U;—1 = (u;—1, Us—2, ..., us—g)" and @, = (6,1, ..., 0, 4—1)". Let f and f, , be the den-
sities of u, and u,|Y, =y, respectively, both with respect to the Lebesgue measure A. Then,
&|Y:—1 =y has a density f;y given by

Ce— B
fey(e) = / @ / foy (w, ZZ—““) dz dw,
0.9

where W = (w1, ..., wy—1)". Let r].*(y) = E(lu;—jl|1Y,—1=y) and assume the following
conditions: '

H1. Forall 1 < j < py, g,,; is bounded over compact sets.
H2. inf.cx, yex, fey(e) > b(K1, K7) > 0 for any compact sets K1 C R and K, € RP1F72,
H3. There exist M > 0 and n > E (uz1]) such that the following holds:
@) 10 Boi i+ 302 8o i s )| + X0y 100,177 (y) < Nyl = n, for [lyll > M.
(1) supyyy<m rf()’) <oo, 1<j<gq.

Note that H1 and H3 (ii) entail that sup;y,-y[Im,(Y)| + >_9_; 160.1r; (¥)] < oo, where
my(y) = leil ﬂo,i yi + 272:1 go,j())lerj)-

Remark 2.1 Let P"(y, -) and A stand for the law of Y,|Y,_, =y and the Lebesque measure,
respectively. It is easy to see that similar arguments to those used in Proposition 1 of Mokkadem
(1987) (using the ergodicity criterion given by Tweedie 1975) reduce the problem of proving
ergodicity to show the following conditions:

Al Forall Borelianset A with A(A) # 0and any compact set C C R”1*72 there exists a positive
integer ng such that

inf P(y, A) > 0.
yek

A2. Thereexist M > 0,n > 0and s > 0 such that
(i) EI X Boivi + Zfil 8o.j Vpi+j) + &y’ < YIS —m,  for iyl > M,

(i) Sup||y||§M E| Zip; ﬂo,i_yi + Zfzzl _go,J_‘()’p_lJrj) + eyl° < 00,
where ¢y, is a random variable with distribution given by the law of ,|Y,_; =y,

while aperiodicity is implied by condition

A3. There exists n; € N such that P"(y, -) and A are equivalent for all y.

Clearly, H1 and H3 imply A2 with s = 1. The following Proposition shows that A1 and A3
follow from H1 and H2.

ProposiTION 2.1  Under H1 and H2, the chain defined by Equation (4) satisfies conditions Al
and A3.

Remark 2.2 Since P" is absolutely continuous with respect to A, forn > p1 + p, under Althe
chain is strongly irreducible.
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Let 7w be a sub-invariant measure for {Y,}; in the ergodic case, n is the invariant probability.
As in Lemma 1 of Mokkadem (1987), we have that, under H1 and H2, for each compact set
K c RPrrP2 3 (K) > 0implies 0 < m(K) < oo. Therefore, we have the following result.

ProposITION 2.2 Under H1to H3, any PARTLIARMA(p1, p2, ¢) is ergodic.

We recall the following definition and results:

e A Markov chain {X,} is geometrically ergodic if there exists 0 < p < 1 such that || P"(x, -) —
|| = O(p") for almost all x(7r), where || - || stands for the total variation norm.

e In Nummelin and Tuominen (1982), it is shown that if {X,} is geometrically ergodic Harris
recurrent and aperiodic, then

/ 1P (x, ) — 7 (dx) = O™, 5)

e Finally, in Rosenblatt (1971) it is shown that Equation (5) implies that the process {X,} is
a-mixing with a(n) = a”, for some 0 < a < 1 (geometrically «-mixing process).

ProposiTION 2.3 Under H1, H2 and H3, the chain {Y;} defined by Equation (4) is Harris
recurrent and 7 and 2 are equivalent.

Proposition 3 in Mokkadem (1987) entails that A1, A2 and the following condition:

A4. Thereexists >0, M > 0and 0 < p < 1 such that
(i) EIX1 Boi yi + Zfil 8o.j Vpitj) + eyl < pllyll*,  for |lyll > M,
(i) supyyy<pr E1 2700 Boi yi + 2521 80,j Vpyt) + eyul” < 00

imply the geometric ergodicity. Moreover, 7 has a moment of order s.

A4 can be derived from H1 and H4 with

H4. (i) There exist M >0 and 0 < p <1 such that, for [ly|l > M, |>" Boivi+
3 8o p )+ X0y 100517 () < ol -
(i1) supyyy<m rf(y) <o00,1<j<gq,forany M > 0, with rf(y) = E(lu;—j| [Yi—1 =Y).
Putting all together we have the following result.

ProposITION 2.4 Under H1 to H4, any PARTLIARMA(p1, p2, g) process is a geometrically o-
mixing process.

3. Estimation in PARTLIARMA(p1, 1, ¢) models

For simplicity and convenience, from now on, we will focus our attention to the case p, = 1,
which leads to the PARTLIARMA(p3, 1, ¢) model

pP1

q
= Z Bo.iyi—i + go(yt—pl—l) + &, & =u — Zeo,jut—j (6)
i=1 j=1

with u, i.i.d. and u, independent of {y,_;, j > 1}, Eu, = 0 and Eu,2 < co. When p, > 1, the
autoregression components g, ;, 1 < j < pp, can be estimated using, for instance, marginal
integration under suitable conditions such as E(g,, j (y;—p,—;)) = 0.

Denote by y,_1 = Vi1, Yi—p)"s 1(0) = E(Y,_1lYi—py-1 =y) and ¢2(y) = E(y|
Yi—p—1 = y)
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3.1. A Fisher-consistent functional

When1 < g < p1, model (6) implies that g,(y) = ¢2(y) — B, ¢, (y) and so model (6) can be writ-
tenasr, = Byz: +ur — 35 _q 6 juts— With e = yi — G2 (yi—p—1) AN Z, =Y, 1 — I1 (31— py-1)-
This implies that the autoregression parameter 8, and the autoregression function g, can be esti-
mated as in the partly linear autoregressive case (i.e. when 6, ; = 0). Finally, the moving average
parameter can be estimated by considering the residuals, as in the linear case.

A more interesting situation ariseswhen g > p1.Usingthaty, = By, 1 + go(Vi—p,—1) + u; —

3:1 0, ju.—;, we getthat the function g, depends not only on the conditional expectations ¢, and

¢> and the autoregression parameter g, but also on the moving average parameters 6, ; for j >

p1+ 1. Indeed, g,(y) = ¢2(y) — Bod1(») + 371 60,jm; (), where n;(y) =0,1 < j < ps and
n;(y) = E@—j|yi—p,—1 = y) for j > p1 + 1. Hence, the unknown parameters and the unknown
autoregression function cannot be estimated as easily as in the previous case. However, using that
u, = (1— Z?:l 6, ;B)te, and €, = y, — BLY,_1 + 8o(Vi—p,—1), it can easily be seen that

e g,(y) minimises

2

q
Ll(a) =E Yt — B;yz—l + Z 91),.]'141—.]' —da Yi—pi-1 =Y |5
j=p1t+l

e B, minimises

2

q
LZ(b) =FE Yt — go(ytfplfl) + Zen,jutfj - bT ytfl ;
j=1

e 0, = (6,1, ,0,4)" Minimises

-1 2

q
La(1,....0) =E [[L=D_9,B/| (= B3Yio1 — 20(ipi-1)| -
j=1

This suggests to consider the following system of equations

2
q
8.9 r(y) = argmin Ex |y, —b'y,_; + Z Vju—j —a| |yi—p-1=Y|,
aeR P—
j=p1+l
2

q
(B} 0%) = i argmin |y = o.0.r Gr-pi-t) + D Wu;—bly,
0", 97)TeR”1L x®

(7
j=1
= argmin  M(b, 9,

(b",#")TeR’ xO

where F denotes the distribution of the process. The index F will be omitted when the notation
does not lead to misunderstanding; in particular, it will be omitted in the conditional expectations.
Asiswellknown, g 5 £(y) = ¢2(y) — b1 () + >%_, 11 9n, (). Thus, the solution (87, 67)
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of Equation (7) will be a solution of the differentiated equations

Lo(b, #) =0,

8
L¢(b,9) =0, ®)

where forl < ¢ < g,

Lo(,9) = Er{ly: — d2(yi—p,-1) =B (Y, — 10— py-1)) + #'$1Y, -1 — $1 (Vi p—1))}s
Li(0,?) = Er{ly: — p2(yi—p1—1) = 0" (Y,_1 = D1(Vi—p1-1)) + #'S 1 —e — ne(yi—p,—1))},

with s, = (u;—1 — 771(yt—p1—1)’ ceeyUp—g — g (Yz—,>1—1))T and nj = 0 fOI’j <P

The following result states that the unique solution of Equation (7) is (g,, 8, 67), which entails
the Fisher-consistency of the functional. The relevance of considering Fisher-consistent function-
als is that Fisher-consistency is the property one usually first derives, since it means that we are
estimating the right quantities at the idealised model as it also guarantees uniqueness of solution
in the functional equations.

THEOREM 3.1.1 If model (6) holds and

@ PO diviei = h(yi—p—1) + 2321 aju—j) <1,1<s<p,
(b) P(”t*@ + Zz:g_;,_]_ ajuyj = h(ytfplfl)) < 1! 1 = 4 =q

foranyd = (di,...,dp,)", a= (a1, ..., a,)" and any smooth function % that are not simultane-
ously equal to 0, then (B, 87) is the unique solution of Equation (7).

Remark 3.1.1 Condition (b) holds if the conditional distribution of (utfj)lj]'=1|yt7p1—l = yhasa
density almost surely. Condition (a) states that model (6) is effectively partly linear and not purely
nonparametric, that is, the process cannot be written as y, = h, (y—p,—1) + &;. For instance, when
p1 =1, ifa; =0, Condition (a) prevents y,_; from being a.s. perfectly predictable from y,_, (see
Robinson (1988)). On the other hand, if 4~ = 0, Condition (a) prevents the nonidentificability of
the moving average coefficients.

The following result states that under the same conditions of Theorem 3.1.1, Equation (8)
admits as unique solution (B}, ") and so the differentiated system of equations can be used to
define the functional.

THEOREM 3.1.2  If model (6) holds and

(@ PO diyimi = h(yi—pi—1) + Z?:l aju;—;) <1,1<s < p1,
(0) P(ui—e + Z?=l+1 aju—j =h(yi—p-1) <1,1<L€=<gq

foranyd = (dy,...,dp,)",a= (as, ..., a,)" and any smooth function 4 that are not simultane-
ously equal to 0, then (B, 87) is the unique solution of Equation (8).
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3.2. Parameter estimation

The system of equations (7) suggests that estimators may be obtained by replacing the true
distribution F by its empirical version, that is we can define (g, [ST, 9T) as the solution

2

T q
8b.9(y) = argmin Z wir () (v — by, 4 + Z Vjur—j—a
aeR t=p1+1 j=p1+1
r g G
AT AT\ T . 1 ~
(B.07) = agmin = 3" |y = @oo0ipn) + D Ouj — by,

b orernxe L =)

= argmin M7 (¥, b),
b",9")TeRP1Lx O
where the local weights w,7 may be taken, for instance, as the kernel weights

-1
T

wir(y) = K = Yp-0)/hr) | D K = Yiep-1)/h7)
t=p1+1

The kernel K : R — R is a density function with 0 mean and finite variance and the band-
width k7 satisfies hy — 0, Thy — oo as T — oo. Note that g, »(y) = ¢2(y) — b'@1(y) +
i pirr 05 (), where

T T T
$1)= D wr(¥i $0) = Y wr®y. O = Y. wr(u_;.
t=p1+1 t=p1+1 t=p1+1

THEOREM 3.2.1 Let us assume that model (6) holds.

(i) If, in addition,
@ Y, 2 @2(Vimpi—1) — b2(yi—p—1))2/T > 0,
0) Y, 2 161 ps—1) — b1 Gi—p—DI2/T > 0,
© X2 imp—1) = 0jGi—p—)¥/T 50,1 < j < ¢,
(d) the covariance matrix Cof (Z, s7)" is nonsingular, where z, =y, _y — @1 (yi—p,—1), 81,j =
U—j — 7]]‘()’1—171—1) ands = (Sz,l’ ey Sz,q)T:
we have that, 8 %> 8,,0 > 4,,.
(ii) Let K C R be a compact set. If B 2> B,, § > 6, and sup, ., [d2(y) — ¢2(3)| = 0 and

sup, i l161(y) — @1 (»)1 = 0, we have that sup, ., 18(y) — g, (y)| = O.

Remark 3.2.1 When considering kernel-based smoothers, conditions ensuring that assumptions
(a) to (c) hold can be found in Lemma 6.6.7 in Hardle, Liang and Gao (2000). On the other hand,
the uniform convergence conditions required in (ii) imply (a) and (b) if the process y, is bounded.
Besides, the uniform consistency over compact sets can be obtained from Theorem 3.2 in Bosq
(1996). When considering the nearest neighbour with kernel weights, uniform consistency results
can be found in Collomb (1985).

THEOREM 3.2.2 Let us assume that model (6) holds and that {y; : r € Z} is a geometric «-
mixing process. Denote & = riX, — E(r;X,), where r, = y, — ¢p2(y,—p,—1) and x, = (z', s )7,
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withz, =y, — @1 (yi—p—1), 81.j = ts—j — 1;(V—py—1) @A S, = (5,1, ..., 8:,4)" . Assume that
for some § > 0, E|la ||**? < oo. If, in addition,

~ 2

@ Xz (b0 p) = b2y ) VT L0,
A 2

(b) ZZT:I;H-Z H¢l(yt7p1*l) - ¢1(yt717171) H /ﬁ i) 01

~ 2 .
© X2 M1 Gi—p1) = 1, Gi—py—)) /T 50,1 < j < ¢q
(d) the matrix C = EXx,x] is non-singular,
(e) thematrix D = > ;2 Cov(ap, &) is non-singular,

we have that

f(ﬁ g)iN(o, %),

where ¥ = C"1DCL.

As mentioned above, for kernel-based smoothers, conditions ensuring that assumptions (a) to
(c) hold can be found in Lemma 6.6.7 in Hardle et al. (2000).

3.3. Algorithm

In order to obtain a genuine estimator (i.e. that does not depend on the unknown residuals u,)
it is sufficient to replace in Equation (9) the unknown residuals by predicted ones. The follow-
ing iterative procedure provides a method to compute these estimators from initial estimates

g®(y) of g,(y) and B of B,. Denote by 7 = y, — G2 (yi—p,—1) ANd 2, =Y, 1 — $1(Vi—p,—1).
The estimators can be computed through the following procedure:

(i) Denote by

-1

q
i@ =[1->"98 ] (=B, — &9 (v-p1))- (10)

As in Durbin (1959), the infinite sum can be approximated by a finite sum. Compute §V=
argmin, o L@ (#), where LO(#) = 1/T Y1 (" (#))2. Define a” = o (0.

(ii) Given 4", define for p, + 1 < j < ¢, the smoothers

A (y) = Z wirs; (i,

t=j+1

where
K((y = Yi—p—1)/ hr)

Y K = yiep1)/ hr)
and 3 = ", — 3% (- py-1), for1 < j < g with 4 =0, for 1 < j < p1.
(iii) leen 9 and 5 A(”) , define B as

w,r;j (y) =

2

B™ = argmin Z 7 ZQ(”) §.

beRr p1+2
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(iv) Given ﬁ;”)(y), 6™ and ™, let

q
g () =d2() —BTh N+ D 0 (y)

j=m+l

(v) Given 8™ and g™, denote by
-1

q
a3 =1-3"98" | (=B, 1~ 8” (Vi-p-1))
j=1

and compute §”+Y = argmin,_o L"+D(9), where LD () = Zfzpﬁz(ﬁﬁ””)(ﬂ))z/T.
Define 4" = 4"t (g1,

Iterate (ii) to (v) until convergence is obtained. Denote by g, B and @ the resulting estimates.

Remark 3.2.2 Forecasting is one the most important goals in ARMmAa models. When moving
averages are present, it is typically performed after the parameters have been estimated by using
‘estimated residuals’. For our model prediction may be done as follows:

L ~T R R -~ .

e Forpy+2 <t <1t—1,defined, =y, — By, 1 — & (yc—p,—1), Where g and B are the esti-
mators of the autoregression function and the autoregression parameters, respectively, and
e, = 0 otherwise.

R RN |
o Given 6 an estimate of the moving average parameters, letz, = (1 — 23:1 9,-31) £r.

e Predict the observation at time  as ETy,,l + 8 (impm1) = X1 0,10

Remark 3.2.3 The initial estimates, g (y) of g,(y) and B© of B, can be computed by taking
0; =0,1 < j < ¢ (i.e.assuming a partly linear autoregressive model). These estimates are linear
kernel-based estimators and are described in Hardle et al. (2000), where their asymptotic properties
are stated.

3.4. Data-driven selection of the smoothing parameters

An important issue in any smoothing procedure is the choice of the smoothing parameter. Under a
nonparametric regression model, two commonly used approaches are cross-validation and plug-
in. Cross-validation methods have been also extended to the dependent setting. Hart and Wehrly
(1986) studied the properties of the asymptotic mean square error of kernel smoothers and found
optimal bandwidths in the context of repeated measurements data. Hart and Vieu (1990) studied the
behaviour of a cross-validated bandwidth selector for kernel density estimators under an «- mixing
condition. They modified the leave-out technique involved in the cross-validation method and they
proved that if the leave-out sequence, ¢,,, does not increase too fast, the bandwidth that minimises
the cross—validation criterion is asymptotically optimal. In the case of the autoregression function,
Hérdle and Vieu (1992) considered the kernel estimator when dealing with a stationary o —mixing
process and constructed data-driven bandwidths that asymptotically minimise the averaged square
error. On the other hand, Hall, Lahiri and Truong (1995) proved that, except for long-range
dependent data, under general conditions, the asymptotically optimal bandwidth for the density
estimation under independence is still a good choice. They proposed a plug-in rule and through
a simulation study they compared their proposal with the leave-out cross-validation bandwidths.
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See also, Gyorfi, Hardle, Sarda and Vieu (1989) and Hart (1996) for a review. In the context of
partly linear autoregression models, the selection of the smoothing parameter has been described
in Hardle et al. (2000).

We may consider a cross-validation approach as follows, where to make explicit the dependence
on the bandwidth /# we introduce the superindex & for the estimators.

o Splitthe sample into two subsets by selecting a proportion 0 < « < 1 of the number of observa-
tion. LetZ, = {1, ..., [aT]} stand for the indexes of these observations and .7, for the indexes
of the remaining ones.

e For each given &, compute the estimates ﬁ 2™ and 0 based only on the observations
{ytvt S I }'
e Choose

R 2
hy, = argmin > (y, —’y‘,””) ,

b ed.
h ST h) A~ (h -
A(l) B yt l+g( )(Yz p1i— 1)_ j= 19/() t(l)j’IS

computed as suggested in Remark 3.2.2 using ﬁ gw 0 and the observations {y,, t € Ju}.
For small sample sizes, one may adapt the time serles cross-validation criterion introduced by
Hart (1994).

where the predicted observation at time ¢,

4. Anasymptotictest for Hy:0; =0,1< j <gq.

Usually, the moving average component is introduced in order to decrease, in the autoregression
function, the dependence of the past. Therefore, it is quite natural to check for a given data set if
it is worth to include the ma component. Hence, the aim of this section is to provide a test statistic
totest Hop: 0 = (61,...,6,)T =

According to the following Lemma, we can consider an equivalent test for the first ¢ coefficients
of the inverted MA operator.

LEmma 4.1  Let us assume that model (6) holds. Then, Hy : 0 = (64, . .. ,eq)T = 0is equivalent
to Ho: y' = (y1,..., 7,)" = 0, where y; are the coefficients of (1 — >~9_, 6,B/)"*, thatiis, y;
satisty (1 — Y0, 6,57 v, = Y50 vyur.

N ~(0) . . . .
Let $©@(y) and B be the linear kernel estimates of the autoregression function and autore-
gression parameters computed under the null hypothesis, that is, assuming a partly linear

autoregressive model y, = ﬂTy,,l + 80(Yi—p,—1) + u;, With u, independent of {y,_;, j > 1}.
~OT
Denote o, = y, — ﬂ() Y1 — 89(y—p,—1). Following Durbin (1959), given o, ..., 9, we

approximate the infinite sum

-1

o0
1= 0B | 0 =) yi,
r=0

by a finite sum Y~ y,9,_, with N fairly large. Thus, we will denote &'” (») = SN y,0, .,
where y = (yo, ..., yy)" With yp = 1.
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Inordertotest Hy : 0 = (64, ..., eq)T = 0, we define y as

1 < 2
o . ~(1) )
= argmin — i
p=agminz 37 (a"0)
t=p1+2
Therefore, p solves
T
Y i@y =0, forj=0,... N
t=p1+2

or, equivalently,
N
> - Preov(di—j, ) =0,
r=0

A A A T A A
where cOV(0;—j, Br—r) = 3,42 0=/ T.

The following theorem shows that, in order to test Hy : 6 = (64, ..., Bq)T = 0, we can reject
Hy with asymptotic « level if for some 1 <i < g,
VTl > s,

where § = (1 + (1 — a)¥4)/2 with P(Z < z,) = a and Z ~ N(0, 1).

~(0 R
THEOREM 4.1 Let us assume that model (6) holds. Assume that ﬁ( : and ¢© are consistent

estimators of 8, and g, such that /T (8, — [9(0)) = 0,(1). Then,under Hy : 6 = (61, ...,6,)" =
0, we have that

VT 32 N, . (11)

5. MonteCarlo

5.1. Estimation

A simulation study was carried out to study the performance of the proposal given in Section
3.2. We have considered a Gaussian kernel smoother such that its interquartile range is 0.5 and
we performed 500 replications. In order to stabilise the series, we first generate a series of size
N = 2000 following the model

2t = BoZi—1 + 8o (ze—2) +uy — Orus—1 — bous—p, 3 <t <N, (12)

where 8, = 0.25, 6, = 6, = —0.1 and g,(z) = 0.1257 sin(rrz) + 0.25z or g,(z) = 0.5z. With
the second choice of g,, Equation (12) results in an ARMA (2,2) model. As initial values, we
took z1 = z, = 0. The innovations were i.i.d. normally distributed, u, ~ N (0, 1), such that i, is
independent of {z,_1, z;_2, . . .}. The data set of size T = 1000 to be considered consists of the
series {y, : 1 <t < T}, where y, = z;11000-

We considered three different bandwidth values, 7 = hr = 0.4,0.8 and 1.2.

We have performed 10 steps with two different initial estimates ¢ @ (y) and 8@ of g, (y) and ,,
respectively. As suggested in Remark 3.2.3, we computed g (y) and 8@ assuming a partly linear
autoregressive model (i.e. 6; = 0, i = 1, 2). This will be denoted as Method 1 in all tables and
figures. On the other hand, the so-called Method 2 consists in fitting an ARMA(2,2) to the data and
then taking 8@ = ¢; and g©@(y) = ¢y, where ¢; are the estimated autoregressive coefficients.



17: 33 3 March 2011

Downl oaded By: [University of Santiago de Conpostela] At:

808 A. Bianco and G. Boente

When g,(z) = 0.125x sin(xrz) + 0.25z, Figures 1-3 give the boxplots of 0,0,V for j = 1, 2
computed in the first step of the iterative procedure and the resulting estimates obtained in the
final step B9, 9,19 for j = 1, 2. Besides, Tables 1 and 2 give the mean square errors of the
final parameter estimates and the mean over replications of the estimated mean square errors
M(g®, g,) and M (g9, g,), where M(2, g) = Y_5_, -7 ([8(y)) — g(3)]1?)/ T, respectively.

On the other hand, when g,(z) = 0.5 z, the left column of Figures 4-6 gives the boxplots of
Y, ;Y for j = 1, 2 and the resulting estimates obtained in final step 8%, 6,29 for j = 1,2
computed using Method 1. In order to compare with the optimal estimating procedure for an
ARMA(2,2) model, as it is the case, the right column in Figures 4-6, shows the boxplots of the
initial estimates 8@, 6,© for j = 1, 2 computed under the ArRmA(2,2) and those of the first and
final steps %, 6;,, j = 1,2, and 19, 9,10 for j = 1, 2, respectively, when using Method
2. Similarly, Tables 3 and 4 give the mean square errors of the final parameter estimates and the
mean over replications of M (g©, g,), M(g®, g,) and M(g1?, g,), respectively.

Method 1 Method 2
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Figure 1. Boxplot of the estimates of the autoregression parameter when g, (z) = 0.125x sin(;rz) + 0.25z.
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When g,(z) = 0.125x sin(zrz) + 0.25z, the best results are obtained for 2 = 0.4, the other two
bandwiths seem to oversmooth the autoregression function (see Table 2). The initial estimates of
the parameters and those obtained after 10 steps are more stable and less biased using Method
2 than Method 1, for all the considered bandwidths. Some benefit in variability is obtained after
10 steps of the iterative procedure in all cases, but the final estimates are more biased for larger
bandwidths. Besides, using Method 2, the final estimates of 8, are more spread, while with Method
1 a larger bias is observed for the estimates of g,. Similar comments hold for the estimates of 6,
and 6,, even when the effect on the bias is more evident for the estimates of these parameters,
especially for greater values of the bandwidth. However, when balancing bias and variability, better
mean square errors are obtained using Method 1, in particular, when estimating the autoregression
parameter (Table 1). Table 2 shows that there is a clear improvement in the fit of ¢ when we iterate
Method 2, while Methods 1 and 2 give mean square errors of the same order after 10 steps. On

Method 1 Method 2
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o
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Figure 2. Boxplot of the estimates of the moving average parameter 6; when g,(z) = 0.125x sin(wz) + 0.25z.



[University of Santiago de Conpostela] At: 17:33 3 March 2011

Downl oaded By:

810 A. Bianco and G. Boente

Method 1 Method 2

>
1

o
~

%

0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2
-
04 -0.3 -0.2 -0.1 0.0 0.1 0.2

Y_loooo

=3
S~
=
S
B
=3

h=

o
®

0.2
‘
0.2
b o
b

%{{’4
0.4 -0.3 -0.2 -0.1 0.0 0.1
o FH: ———ooo

-04 -0.3 -0.2 -0.1 0.0 0.1

~_loooo

<
=
N
2
=]
<)
B

>0
1l

—_
N

0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2
“Fm

F[}# -
oo

o%|{]4

.
-04 -0.3 -0.2 -0.1 0.0 0.1 0.2

~_loooo

0, 0,00

=2}

Figure 3. Boxplot of the estimates of the moving average parameter 6, when g,(z) = 0.125x sin(rrz) + 0.25z.

Table 1. Mean square error for the autoregressive and moving average parameter estimators for
g0(z) = 0.125 7 sin(rrz) + 0.25z.

(10) (10)
po 6y 6,
Method 1 Method 2 Method 1 Method 2 Method 1 Method 2
h=0.4 0.0046 0.0098 0.0043 0.0103 0.0035 0.0049
h=08 0.0060 0.0142 0.0056 0.0150 0.0051 0.0063
h=12 0.0096 0.0180 0.0094 0.0189 0.0085 0.0087
Data—driven 0.0051 0.0100 0.0047 0.0104 0.0039 0.0051

the other hand, when using Method 1, quite surprisingly, the first step estimators provide lower
mean square errors than those obtained after 10 iterations.

When g,(z) = 0.5 z, the choice & = 0.8 gives the lower mean square errors M (g™, g,) and
M (g19, g,) both for Methods 1 and 2, while 4 = 0.4 seems to be the best choice when estimating
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Table 2. Mean of M(g®, g,) and M(g1?, g,) for g,(z) = 0.125 7 sin( z) + 0.25z.
h=0.4 h=0.8 h=12 Data—driven
Method1  Method2 Method1l Method2 Method1l Method2 Method1l  Method 2
M(g(l), 8o) 0.01503 0.03818 0.01774 0.03823 0.03614 0.05170 0.01653 0.04152
M9 g,)  0.02002 0.02445 0.02674 0.03114 0.05093 0.05241 0.02275 0.02788
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Figure 4. Boxplot of the estimates of the autoregression parameter when g,(z) = 0.5z.

the moving average parameters (see Table 3). It is woth noticing that for this model, the first step
estimator ¢ using Method 1 gives smaller mean square errors than those obtained with Method
2. Moreover, the mean square error of g, when using Method 1, is quite closer to the optimal
one M(g©, g,) that corresponds to an ARMA(2,2) fit.
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Figure 5. Boxplot of the estimates of the moving average parameter 6; when g,(z) = 0.5z.

The good performance of the first step estimates is quite surprising since, even when there is
nonlinearity and dependence, with Method 2 iterating is almost as good as a one-step method
with respect to the estimator of g. It also shows that Method 2 gives better results than Method 1.
In conclusion, our recommendation is to use a ten-step iteration procedure combined with initial
estimators computed assuming no MA structure.

5.2. Bandwidth selection

As in any situation in which we deal with nonparametric estimators, we have to face the decision
of how much smoothing is necessary. In fact, in our simulation study we have computed the
estimators using Methods 1 and 2 for different values of the bandwidth parameter and the results
show that the estimators may be affected by the choice of the bandwidth.
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Figure 6. Boxplot of the estimates of the moving average parameter 6, when g,(z) = 0.5z.

Table 3. Mean square error for the autoregressive and moving average parameter estimators for g,(z) = 0.5z.

/3(10) 91(10) 02(10)
h Method 1 Method 2 Method 1 Method 2 Method 1 Method 2
0.4 0.0035 0.0042 0.0034 0.0043 0.0029 0.0033
0.8 0.0045 0.0050 0.0043 0.0051 0.0047 0.0048
1.2 0.0072 0.0073 0.0069 0.0071 0.0099 0.0096

In order to select the smoothing parameter i, we consider the cross-validation criterion
described in Section 3.4, in which the estimates of g,, ,, 8, = (61,6,)" are computed just
using the first half of the sample (i.e. « = 0.5) and the smoothing parameter is chosen as the
value that minimises a global error computed from the second half of the sample. We have carried
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Table 4. Mean of M(g©, g,), M(g®, g,) and M(g1?, g,) for g,(z) = 0.5z.

h=0.4 h=08 h=12
Method 1 Method 2 Method 1 Method 2 Method 1 Method 2
M, g, 0.00874 0.00874 0.00874
M(®D, g,) 0.01859 0.02459 0.01218 0.01611 0.01615 0.01524
Mg g,) 0.02429 0.02536 0.02147 0.02173 0.03521 0.03398

out a simulation study to assess the performance of the method. As in the previous section, we
performed 500 replications generating a series of size 7 = 1000 following model (12), where
B, =0.25,6; = 6, = —0.1and g,(z) = 0.125x sin(wz) + 0.25z.

For each bandwidth h, we computed the estimates ™, 3™, 4 and 4" using only

Y1, ..., yiryz) (i.e. the first half of the sample). We define the cross- valldatlon criterion
T
Clh) = —— Z - 5",
/ (172

where the predicted observation at time z, 5" = Ay, 1 + ™ (y,_5) — 65" 4", , is calculated

using ™, g™, 6", 4" and the second half of the sample, as described in Section 3.4. The
data-driven bandwidth selector is obtained as the value minimising C (k) over a grid of 50 points
in the interval [0.01, 1.5]. A refined search was performed if the minimum is attained at 1.5. The
final estimates of B,, g,, 61 and 6, are computed with the resulting bandwidth. Figure 7 shows
the boxplots of the optimal bandwiths using Methods 1 and 2. Figure 8 shows the boxplots of
the data-driven estimates of the parameters obtained in the first and last steps of the iterative
procedures. As shown in Figure 8, the bandwidth selector tends to choose bandwidths around 0.5
for both methods. Besides, the bandwidth selectors when using Method 2 are slightly more spread
than the corresponding ones for Method 1. With respect to the estimation of the finite-dimensional
parameters, the data-driven estimates performed better than those with fixed bandwidths. Method
1 shows its advantage when combined with cross-validation both with respect to the estimation
of the finite-dimensional parameters and with respect to the estimation of the autoregression
function g.
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Figure 7. Boxplot of the optimal data-driven bandwidths / obtained using Methods 1 and 2.
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Figure 8. Boxplot of the estimates of the autoregression parameter 8,, the moving average parameters 6, and 6, when
g0(2) = 0.1257 sin(rz) 4 0.25z and the cross-validation bandwidth is used.

53. Test

We conduct a simulation study in order to assess the performance of the test proposed in
Section 4. We consider the simulation scheme given in the previous section and we take
g0(2) = 0.1257 sin(;rz) + 0.25z and g,(z) = 0.5z. We perform 5000 replications of the series
taking 6; and 6, in the set {—0.1, —0.05, 0}. According to the results obtained in the previous
section, we select the bandwidth 27 = 0.4. We choose the nominal level of the tests as @ = 0.05.

Table 5. Observed frequencies of rejection under the null hypothesis.

g0(z) = 0.1257 sin(rz) + 0.25z g0(z) = 0.5z
01 01
0 —0.05 —0.10 0 —0.05 —0.10
0> 0 0 0 0.0020 0.0030 0.0086 0.0320
—0.05 0.0030 0.0078 0.0196 0.0410 0.1078 0.2318
—-0.10 0.0338 0.0846 0.1588 0.2822 0.4518 0.6434
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For each of the nine combinations, we compute the observed frequency of rejection of the null
hypothesis

Ho:¢91=92=0.

Table 5 summarises the results obtained for each model. For both models, we can see that the test
is conservative. On the other hand, as expected, in both cases the observed frequencies of rejection
increase as long as the true parameters become far away from the null hypothesis, showing the
power of the test to reject Hy when the values of the parameters lie in the alternative region.
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Proof of Proposition 2.1  As in Ango Nze (1998), in order to prove Al it is enough to show that Al holds for any
measurable set A = A1 x Az x -+ X Ap 4 p,, With A; measurables.

To fix ideas, we will begin with the simplest case p1 = p» = 1. Let A = A; x A, be aBorelian set such that »(A) > 0
and K c R? a compact set. Then, the transition probability satisfies the following

P(y, A) = Ia, (y1)/A Sey( —my(y))dv.
1
Since there exist bounded sets B; C A; such that A(B) > 0, where B = B; x Bp, we get
P2(y, A) = / P(v, A)P(y,dv) = / P((v1, y1)s A) fey(v1 — mo(y))duvr
= / [/ fs,(vl,)'l)(z - mo(vli M))dz] fs,y(vl - mo(y))dvl
A A1
> / [/ Se.w1.31) (2 —mo(v1, }’l))de| Sfey(vr —my(y))dvg.
By By

LetCy = Uye)C(Bz —my(y)) C Uye)c(BZ — m,(y)) = K1. Note that 1 C R is a compact set, since m,, is bounded on
K by H1. Similarly, define the compact sets

o Ki=Uyex K1 +mo(y) CR,

o K5 = Kj x proj,(K), where proj, () is the projection over the second component of the set IC,
o K" = UyeIC Uvelcl By —mo(v —mo(y), y1).

Therefore,

P2(y, A) = b(K1, K)b(K{*, K3)A(B1)A(B2) > 0

and A1 holds with ng = 2.
We will show that A3 holds for n1 = 2. Indeed, if L(A) = 0 then P2(y, A) = fA P(y, v)dv = 0 for all y. On the other

hand, since f y(u) > 0 from H2, if Pz(y, A) = 0 for all y, we have that A(A) = 0.
In the general situation, we have that the transition probability satisfies the following:

P1t+p2—1

PY.A) = [] Iamu0p /A Fey@ = my(y))dv.
1

j=1

Therefore, if A(A) > 0, there exist bounded sets B; C A; such that A(B) > 0, where B = By x -+ X B, 4p,, Which
entails that for some constant C

p1+p2
pritrzy A)y>C [] mB)) >0
j=1
and A1 holds with ng = p1 + p2. Arguing as above, it is easy to see that A3 holds for ny = p1 + pa. |

Proof of Proposition 2.3  Since H1 and H2 entail A1, the process {Y,} is strongly irreducible (Tweedie 1976). On the
other hand, Proposition 2.2, H1, H2 and H3 imply the ergodicity of {Y,} and, therefore, the conclusion follows from
Tweedie (1976). |

Proof of Theorem 3.1.1  Using that gp »(y) = ¢2(y) — bT¢l(y) + Z‘J’.zl ¥;n;(y) and
q
Yo =By Y1 = S0 py-1)) + b2 py 1) s — YO0 j i j = 0 (i py-1)), (A1)
j=1
we get that

q q
Vi = 8901+ ) Djutrj =BTy, = (B, =)z Fur + Y @) — 0 )51,
j=1 j=1
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where z; =Y, 3 — ¢1(yr—p1—1) and s, ; = us—j — 1 (yr—p,—1). Therefore, since Ey (u; s;,;) =0 for 1 < j < g and
EF (u; z,) = 0, we obtain that

2
q
Mb,®) = Er |:(ﬂa -0z +) @ - 60,_,-)3,,_,-i| + Eru?,

j=t

which implies that M (b, #) > M (B,,, 0,). The equality holds if and only if

q
P ((,Bo =0Tz + Y @) =, )5 = o) =1 (A2)

=1

Ifb # B,, Equation (A2) holds if and only if P(dTz, = Z‘/I.:l ajs;,j) = 1witha; = (9, — 6, ;),d =B, —band |d| #
0, which is equivalent to

q
p (dTyrl = h(yrfm—l) + Zaju,j) =1,

j=1

where h(y) = dTé; () — 23:1 a;n;(y), which contradicts assumption (a). Thus, b = B, and so Equation (A2) can be
written as

q
P (Z(ﬂj —05,j)51.j = 0) =1 (A3)
j=1

If 91 # 6,1, dividing by 91 — 6, 1, we get

q
p (”tl =m(i-p-1) + Z ajsr.j) =1

j=p1+1

for some constants a;. Using that u,_; is independent of {y,_,,_1,u,—;, j > 2}, we get again a contradiction with
assumption (b) which allows to conclude that ¢, = 6, 1. The proof follows iteratively using assumption (b). |

Proof of Theorem 3.1.2 Denotez; =Y, 1 — ¢1(Vi—p,—1),St,j = Us—j — 0 (Vi—py—1) aNd & = (sp.1, ..., s,,q)T. Using
Equation (A1), since Ep (u; (u;—j — 0 (yi—p;—1))) =0forl < j <gand Er (u;(Y,_1 — ¢1(yi—p;—1))) = 0, we get that
Equation (8) is equivalent to the linear system

q
Lo(b,0) = (B, —0) Erzz] + Y (60 —0))Ers: jz =0,
j=1

q
Le(b,0) = (B, =) Erz s+ (0o — 0))Ers; jsie =0.
j=1

This system of equations can be written as Cd = 0, whered = (b, 87)T and C is the covariance matrix of (z,T, s,T). Since
Lo(B,,0,,;) =0and L(B,.0, ;) =0, itwill be enough to show that C is non-singular, which follows from the required
assumptions. |

Proof of Theorem 3.2.1.(i) Note that

q
Y — §b,17(yt7plfl) + Z ﬂj”t*j - bT Vi1
=1

q
= = G20 p-1) =BT Vrog = b1Gpy-1) + 0 — A G py-1))-
j=1
So, if we denote 7, = y; — ‘Z’Z()’t—pl—l)y 2 =Y, — ‘;51()7r—p1—1)v Sij=u—j—NjG_p—)and§ = 1, ..., §r,q)Ty
~ AT AT
%=, 8T, A=b",9"HT, A= (8,6 )T, we obtain that

T

T

1 . . 1

M, (b, M= > (F-bz+ 7? Z ATX,
t=p1+2 t=p1+
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and A = argminy cre1 xo M (b, #), which implies that

Now, recall that r = yi — $a(yr—p;—1), 2t = Yy — D1 r—py—1)s $1.j = thr—j — 0j Ge—py—1) AN S = (51,1, ..., 51.9)"
and denote by x, = (2, §7)T. Using that from (d), C = E(x,x}) is non-singular and that A, = (8], 6])T solves Equation
(8), we get that A, = CYE@r%) and so it is enough to show that

1 < »
T Z riXe — "txt — 0, (Ad)
1=p1+
1 T
? Z (x,x —x,x) 2o (A5)

Note that 3, 1, (reX — #1%) /T = S1.7 + Sa.7, where

T
1
S1.r = T Z Xr - Xt (A6)
1=p1+
1 T
So.r = ? 72 —"1 ;. (A7)
Using Cauchy—Schwartz inequality, we get that
1 7 T ,
ISurl? < = Z Z Ix =%
t=p t=p1+2
1 T
=7 L H¢1<yt pi0) = 0|+ Z S (0t~ 110 )’
t=p1+ t pl+2 / lr=p1+2
(A8)
and
1< 21 o
1271 < = Z =) 7 2 %P
t=p; t=p1+2
T T T
1 2]1 2, 1 o 12
=z X (¢z<>t nD = 20pn-D) 17 2 PR Y e—%IPE (A9)
t=p1+ t=p1+2 t=p1+2

which together with assumptions (a) to (c) concludes the proof of Equation (A4). Similar arguments lead to Equation
(A5), concluding the proof of (i). The proof of (ii) is immediate. |

Proof of Theorem 3.2.2.()) As in Theorem 3.2.1, if A = (8", 8")T, we have that

In the proof of Theorem 3.2.1, we have shown that Z, —p1+2 KX, /T 2, ¢, thus it remains to obtain the asymptotic
distribution of

T \/» Z err_E(rtXt))
t=p1+2

Note that S7 = Sy — (S1.7 + S2.7), where S1.7 and Sp 7 are defined in Equations (A6) and (A7), respectively, and
St = Zf=p1+2(r,x, — E(rX))/ T. Using the bounds given in Equations (A8) and (A9) together with assumptions (a) to
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(c), it follows immediately that || S1.7 || + [|S2.7 |l 2, 0. On the other hand, using Theorem 1.7 in Bosq (1996), we obtain
that /7 St g N (0, D), which concludes the proof. |

Proof of Lemma 4.1 Denote I the identity operator. Note that since

q 00 00 0 00
= (129*Br> VB =3B =0} B =0, )y B
pa =0 =0 =0 =0

I=y0+ (1 —61y0)B+ (v2 — b1y1 — boy0) B> + - + (Vg —61v4—1 — O2¥qg—2 — - - — B4 v0) BY
s .
+ Y = 61yja—0ayj 2 — =0,y )B’,
Jj=q+1
we have that yo = 1and y; = Zfil 0,yj—r With h; = min(j, q). Therefore, 61 = 6, - -- = 6, = O isequivalentto y; =
V2o =y, =0. |

Proof of Theorem 4.1.  Denoting ¢;_, = Z,T=,,1+2 v,—;;—r/ T, we have that p satisfies ¢; + Zf’zl yr¢j—r = 0and so

Zivzl )}réj—r = _éjv ] =1,...,N.
In order to derive the asymptotic distribution under the null hypothesis, we will use the relationship among y and the

. . . . N ~(0
estimated covariances ¢;_,. Since y; = ﬂ(T,y,,l + 8o(Yi—py—1) + u;, under Hy, we have that o, = (8, — ,B( ))Ty,,l +
A ~(0) .
8oOi—py-1) = 8V (i—py1) +ur. Let Ag = (B, — B ) and A, (y) = go(y) — §¥(y), then we get that
by = A; Yemjoattimr +Yy_p_que—j} + A;yt—j—ly;r—r—lAﬂ
+ A; {Yt—j—lAg Ve—r—p1-1) + Ag(yrfjfprl)yz—r—l} + Ag Vr—r—p1—1) D g (Vi—j—p1—1)
+ Ag (ytfjfplfl)utfr + Ag (ytfrfplfl)utfj + Ut
and so we can write ¢;_, = ZZ:l S¢, corresponding to the seven terms of the above expression for 0;_ ;0;_.

Using analogous arguments to those considered in Lemma 6.6.7 of Hardle etal. (2000), it is easy to see that /T S; L0,
3 < j < 6. 0On the other hand, since v/7'(8, — B(O)) = 0,(1) and u, is independent of {y,_;};>1, we get that v/T (S1 +

S5) 2> 0. Thus, the asymptotic behaviour of ¢;_, isthat of ¢;_, = Z,T=P1+2 u—rus—j/T.
Besides, 7 = (1, ..., Pv) " solves C = —&, where
¢ ¢ ... CNa
o I
with 02 = Var(u,) and & = (¢1, ..., éy)T. As mentioned above, the asymptotic behaviour of & coincides with that of
c=(c1,...,cy)" which entails
N A1,
NTp=-CevT

= —éilcﬁ-i- 0p(1)
— ¢ 'BVTh+ 0,(1),

where D = diag(co, ..., co) = col and p = (41, ..., pn)T is the vector of estimated correlations. From Theorem 5.7.1
of Anderson (1994), we have that /T p N N (0, 1) and so Equation (11) follows. |



