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to the other variables (1 < p < q), with datum f belonging to a suitable Lebesgue space.

Msc: For this problem, we study the behaviour of the solutions as p goes to 1, showing that they
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35865 datum f. Moreover, we prove that this u is the unique solution of a limit problem having
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Keywords: Furthermore, the regularity of the solutions to the limit problem is studied and explicit

Anisotropic problems examples are shown.
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1-Laplacian equation

1. Introduction

Our aim is to study the Dirichlet problem for an anisotropic elliptic equation which is as the 1-Laplacian equation in some
directions (say x) and as the g-Laplacian equation in the others (say y), that is:

. Dyu . _ .
—div, (Lu) —divy (IVyu|"?Vyu) = f(x,y), in$2; (1.1)
u=20, onds2.

—

Here (x,y) € 2 = & x T with & and T bounded open subsets of RV and R¥ respectively and the subindices denote
differentiation with respect to x and y respectively. We also assume that = has a Lipschitz boundary. Concerning the right-
hand side, we assume that f belongs to L' (£2) with

[ N+K
r:mln:m, q}. (1.2)

To handle Eq. (1.1), we have to give a notion of solution and then consider a suitable functional framework. Adapting
the well-known definition of solution for the 1-Laplacian equation (see [1]), we consider an anisotropic subspace of BV (£2),
which consists, roughly speaking, of functions such that D,u is a Radon measure and V,u belongs to the Lebesgue space

L1(£2). Obviously any notion of solution have to give sense to the quotient ‘giz‘ where, in general, Dyu is not a function but
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a Radon measure. To this aim our definition (see Section 4) is based on a vector field { € L™ (£2; RV) satisfying || ||oo < 1,

—divy¢ — divy (|Vyu|?"2Vyu) = f in D'(2) and (¢, Dyu) = |Dyul. Observe that, formally, [|£ |l < 1and (¢, Dyu) = |Dyul

imply ¢ = ngzl . The meaning of (¢, Dyu) relies on an anisotropic extension of the theory of L>°-divergence-measure vector

fields by Anzéllotti [2] and by Chen-Frid [3-5].
In this paper we prove the existence, uniqueness and regularity of such a solution to problem (1.1), as well as we present
explicit examples. To this end, we consider approximate problems of the form

{—divx (IVxup P2 Viuy) — divy (IVyup| "2 Vyu,) =f,  in£2; (13)

u, =0, on 052;

where 1 < p, ¢ < 0o, and then we study the behaviour as p goesto 1 of the solutions uy,. Thus we may assume without lost
of generality that p < min{gq, N}; moreover we may also assume p < q 1< ifq > K, and < qif % <q.
We prove that the approximate solutions u, converge to a BV -function u that turns out to be a solution to Eq. (1.1).
Formally (1.1) is the limit problem of (1.3) as p goes to 1. A solution to this limit problem could be seen as a minimum
(or, more generally, as a critical point) in the anisotropic subset of BV described above of the functional defined by

Jlul = /IDqu+ /IVuI" ffu

However, if we try to show thatJ is bounded from below, then we will need to consider a datum f small enough. Instead, in
this paper we prove that the limit problem (1.1) has a solution for all f regardless of its size, whether large or small.

A similar approach has been used to study the isotropic version of problem (1.1), where the differential operator is
replaced by —div (|Vu|*1Vu). In such a case there is no stability result for solutions to p-Laplacian equation as p goes
to 1, in the sense that solutions of the p-Laplacian equation converge to a function that can be infinity on a set of positive
measure when the datum f is large enough (see [6,7] for particular data and [8,9] for more general data). Moreover, there
is no uniqueness of the solution to the limit problem. Eq. (1.1) shares some features with its isotropic version, as shown in
Section 4.3. Indeed, the solution is trivial (identically 0) when the considered datum f is small enough. This situation occurs
until the vector field ¢ satisfies || ||oc = 1. After that the two equations differ. When the norm of the datum increases, in the
isotropic problem it is not possible to find a vector field satisfying ||{ || < 1and solutions blow up, while in the anisotropic
problem the extra term div, (| Vyu|"*2 Vyu) absorbs the excess and a finite solution can always be obtained.

Anisotropic problems have been studied by many years. Recently the number of papers devoted to these kind of problems
has increased. We refer, for example, to [10-22]. We also point out that anisotropic problems appear in connections with
some problems in Physics [23-27], in Biology [10,11,28], and in Image Processing [29].

The plan of this paper is as follows. After introducing our precise hypotheses and notation, in Section 2 we study our
functional setting: we discuss two crucial inequalities and extend the Anzellotti theory of L>°-divergence-measure vector
fields to the anisotropic case, giving sense to (¢, Dyu) and obtaining a Green’s formula. In Section 3, we begin by studying
the asymptotic behaviour of the approximate solutions (up) to problem (1.3). Asp — 1, we get a limit function u and a
vector field ¢ which is the weak limit of | Vu, |P—2 Vu,. In Section 4 we introduce our notion of solution and we prove the
existence result stated in Theorem 4.2, which consists in proving that the limit function u above is a solution to (1.1). Our
uniqueness result is established in Theorem 4.3. We also show in Theorem 4.5 a regularity result when more regular data
are considered. Finally, we show some explicit examples of solutions to Eq. (1.1) regardless of the size of the datum, in which
it is seen how the extra term div,, (| Vyu|q*2Vyu) absorbs the excess when || ¢ || reaches 1.

2. Crucial tools
2.1. Notation and inequalities

Recall from the introduction that we denote by & and 7" bounded open subsets of RN and R, respectively. We assume
that Z has a Lipschitz boundary, so that we may handle a unit vector field (denoted by vy) normal to 0 Z and exterior to &,
defined #¢¥~'-a.e. on 3.5, where #"N~! denotes the (N — 1)-dimensional Hausdorff measure. Let 2 = & x T C RN*E.If
u: £2 — Risaregular enough function, we will denote

ou Ju u ou du u
Vii={ —, —,..., — and Viu=|—,—,....,— ).
Ix1’ 9%y XN ay1 0y» dyk
Thus, the gradient of u reads as Vu = (Viu, Vyu).
Ifz : 2 — RN*K is a smooth vector field, we will write { = (21,23, ...,2y) and A = (Zy41, ZN42, - - - » ZN4+k)» SO that
z = (¢, A). Then we will denote
N K
) 0z; . 0Zn i
divy¢ = — and divyA = _, (2.4)
" Z 0xi Y ; i

i=1
and this yields divz = divy¢ + divyA.
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Throughout this paper we will denote by WO1 '(”’Q)(.Q), with 1 < p, g < o0, the anisotropic Sobolev space defined as the

closure of the space C;°(£2) with respect to the norm |[ul|.q) = || Vxull, + [ Vyullq. A function u belonging to Wol‘(p‘q)(Q)
satisfies Viu € IP(£2; RN) and Vyu e L9(82; RKX). Moreover for almost all x € = the function y — u(x,y) belongs to
W, (7).

We will denote BV @ (£2), with 1 < g < 00, the anisotropic subspace of BV (§2) consisting of those functions u satisfying
that Dyu is a Radon measure and V,u belongs to LI($2; RX) in such a way that for almost all x € & the functiony — u(x, y)

belongs to WO 9(T). Some remarks concerning this space are in order. As in the corresponding isotropic space (see for
instance [30]), we may prove that, for a fixed u € BV @ (£2),

/ID uI—SUP{/ udive : ¢ € (25 RY), [[plloo < 1 }

Note that each ¢ € CO (£2; RN) defines a linear functional

ur—)/udivxq’),
2

which is continuous in L'(§2). Hence, the functional defined by

ur—)/ |Dyut] (2.5)
I

is lower semicontinuous with respect to the convergence in L' (£2). In the same way, we may see that each ¢ € Cg (£2), with
¢ > 0, defines a functional

U / @|Dyul,
2

which is lower semicontinuous in L'(£2). Furthermore, we may handle another lower semicontinuous functional which
takes into account the value of u on the boundary. Indeed, extend u € BV@(£2) to a larger domain &’ x T, withu = 0
outside of £2, and consider the total variation of the extended function. The divergence theorem gives

/ udivx¢:—f¢-Dxu+/ U@ - vy deN =T
E'XT 2 IEXT
forall¢ € Cj (&' x T'; RN). Hence, we deduce that the functional

ur—>[ |Dxu|+/ lu| dgeNTE=T, (2.6)
2 IEXT

is lower semicontinuous in L' (£2).
Obtaining a priori estimates for solutions of (1.3) depends on the following two inequalities. The first one is a Sobolev
type inequality, whose proof can be found in [21] (see also [18]). The second one is a Poincaré type inequality, for which we

give a proof below (see also [18]). Observe that, if p < N, then the first one is better when > q.
Theorem 2.1. Let (p, q)* = W. Then W, ®?(2) < L®9"(22) with continuous embedding and there exists a

positive constant S, o) (only depending on p, q, N and K ) such that

u N+K u N+K
lullp.gr =< Sp.0)
b.q p.q ll_[ 8)(1 ) l:[ ayl .
< S 19l 1% (27)

forallu € Wy PV (2).

Remark 2.2. Following the proof given in [21] an estimate of the constant S, 4) can be made. Indeed, we may take S, q) =
Wmiio=i- We explicitly remark that with this choice lim, 1 Sp.q) = S(1.9)-

Theorem 2.3. Let D denote the diameter of 1" and let u € BV @ (£2) be fixed. Then the following inequality holds
/ lux, )| dxdy < D"/ [Vyu(x, y)| dx dy. (2.8)
2 2

Proof. Fix x € Z and choose a direction in 77, say that of y;. Then there is a closed interval I of length D and an open
set Yy C RX"!suchthat Y C I x 73. To be more precise, if (y1, V2, ...,yx) € T, theny; € I and (y5,...,yx) € Ti.
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Next, extend the functionuto & x I x 7y:u = 0 outside of & x 7. For almost every (y», y3, ..., Yx) € 11, the function

t — u(x;t,y,,...,Yyx) is absolutely continuous and vanishes in the extremes of I. Applying Poincare’s inequality to this
function we obtain
D /
1

Dq/|Vyu(X; tay23y3a'-~7yl()|q dt.
I

u q
— X t,Y2,¥3, ..., yx)| dt
A

IA

/Iu(X; t,¥2,¥3, ..., y0)|7dt
1

IA

Integrating over & x 77, we end the proof. O

2.2. Anisotropic Anzellotti’s theory

In order to give sense to our notion of solution, we have to define certain pairings between vector fields and derivatives
of a BV-function, and to prove a Green’s formula. Throughout this subsection, we take z = (¢, 1) with ¢ € L®(£2; RV) and
A € L9(2; RX), satisfying divz € L' (£2). On the other hand, we assume that u € BV @ (£2).

We begin by defining three distributions on £2. For every ¢ € ({°(£2), we write

((z, Du), ) = —/ ugpdivz — / uz - Vo (2.9)
2 2

(A, Vyu), @) =/ YAr-Vyu (2.10)
2

(§7 DXu) = (Za Du) - (}"s Vyu)- (211)

Since the third distribution is the sum of the other two and (A, V,u) is a function, if we prove that (z, Du) is a Radon measure,
S0 is (¢, Dyu).
Following [2], we have the following result.

Proposition 2.4. (1) For every ¢ € C5°(£2), it holds

[((z, D), )| < [|@lloo [ looIDxtt|(£2) + A l¢ [ Vyullg] -
(2) For every open set U C 2 and every ¢ € C{°(U), we have

(¢, D), @)| < ||§0||oo||§||L°°(U)/ Dyl
u

Therefore, (z, Du) and (¢, Dyu) are Radon measures, and | (¢, Dytt)| < ||< |l oo | Dylt]-

In order to go on, we need the following anisotropic Meyer-Serrin theorem.

Proposition 2.5. For each u € BV@ (22) N L" (£2) there exists a sequence (u,) in W'1(£2) N C°(£2) such that
(1) uy, —u inl"(2),
2 / [Viun| — |Dxu|($2),
3) Viu, — Vyu inl9(2).

Moreover, since 0 Z is Lipschitz-continuous, we can find u, satisfying

Up lagxr = u|35><r .
Proof. Fixed § > 0, we claim the existence of a function us € W1(£2) N C*(£2) such that
/ lu—us|” <8 / |Vyu, — Vyul? < 89, and / [V,eus| < |Deul(£2) + 6.
2 2 2

In order to prove this claim, we denote by £2; a sequence of open sets defined as in the proof of the Meyers-Serrin
theorem (see for instance [30, p. 122]). Consider also a partition of unity subordinate to this covering: ¢, € C5°(£2) such
that supp ¢ C £2¢,0 < ¢ < 1and Z,fio ¢r(x) = 1forall x € £2. Moreover, let (p,), be a sequence of positive symmetric
mollifiers. Finally, let (6x)x be a sequence of positive numbers satisfying Z,fil Sk < 8. Now, for each k € N, we can find
€r > 0 such that
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SUpp pg, * (Prtt) C 2%, f [0e, * (Prut) — Prul” < 8y,
2

[ 100 @) ~ il <81 and [ 1+ ¥y - ol <51
2 2
Letting us = Z,fio Pe, * (U @), we next follow the steps of the proof of [30, p. 123], to conclude the result. O

Proposition 2.6. Let (u,), be a sequence in W'1(£2) N C*>(£2) which converges to u as in the above Proposition 2.5. Then

/ ¢, Vyup) — / (¢, Dyu) and / A-Vyu, — / A-Vyu.
2 2 2 2
Proof. For any ¢ € ({°(§2), we have

(&, Viun), ) — (&, Dxu), )| < [{(z, Vuy), ¢) — ((z, Du), )| + ‘/ @A Vyuy —/ @A Vyu
2 2
Therefore the first assertion follows from the analogous result proved by Anzellotti (see [2]), and from the strong

convergence V,u, — V,uinL1(£2).
The second assertion is also a straightforward consequence of the strong convergence V,u, — V,uinLi(£2). O

Now we prove a Green's formula for function belonging to BV @ (£2).
As in [2] (see also [31, pp. 126-127]) we may define the weak trace of the exterior normal component of { on 9 &, which
will be denoted by [£, vx].
Theorem 2.7. Let & be an open subset of RN with Lipschitz boundary and let T be an open subset of RX. Denote 2 = £ x T C

RNHK_If z = (¢, M) satisfies ¢ € L1°(2; RN), A € L9(2; RX), and divz € L'(£2), then for every u € BV @ (£2) the following
formula holds

/udiVZ+/({,Dxu)+/ A-Vyu:f ule, vy dgeN KT,
2 2 2 IEXT

Proof. Consider asequence (u,), in W1(£2)NC>(§2) which converges to u as in Proposition 2.5. Applying Green’s formula
to each u,, we obtain

/ u”diVX§ +/ { . qun = / Lln[g’ Vx] de}fN_H(_ly
2 2 EXT

/ Updivy,A —i—/ A Vyu, =0.

2 2

Hence,
/ updivz + f z-Vu, = / Uplz, vl daeN =T, (2.12)
2 2 dEXT

We next study the convergence of each term in the above equality. Since u, — u in r (£2), we get

lim u,divz = / udivz. (2.13)
n—oo 0 o

By applying Proposition 2.6, we deduce that

lim z-Vu, = lim / ¢ - Vyu, + lim / A - Vyup
Q n—oo Q

n—oo Q n—oo
=/(C,Dxu)+/ A-Vyu. (2.14)
2 2
Finally, since up |pzxr = Ulyzyr,
lim Uplz, vl daeN =1 = / ulz, vl daeN =1, (2.15)
=00 Jagxr AEXT

Therefore, on account of (2.13)-(2.15), Theorem 2.7 follows by lettingn — oo in(2.12). O
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3. Behaviour of u, as p goes to 1

Letu, € Wol ) (£2) be the unique solution to the anisotropic elliptic equation

—divy (IVattp " Vittp) — divy (IVyup " *Vyrp) =f.  in @ (3.16)
u, =0, onds2,
where 1 < p, ¢ < oo and f belongs to L' (£2) with r as in (1.2). This means that the following equality holds
f |Vt [P~ Vit - Vg + / |Vyup |2 Vyu, - Vyp = / fo, (3.17)
fe) o) fe)

forany ¢ € WOL(M) (£2). Existence of a unique solution u, to (3.16) can be easily obtained minimizing the functional

1 1
=*f|VXUIp+*/IVyUIq—ffu
DJe qJe Q

in the space W, " (2). Indeed, first we note that
N+K ,
, q

(N/P) + (K/q) +1

so, f € L'®(£2). Observe also that every minimizing sequence is bounded in WO]'(" D (£2) and as a consequence we
obtain a minimizing sequence which is weakly convergent to some u in Wg’(p’q) (£2). Applying Theorems 2.1 and 2.3,

one deduces that the sequence weakly converges to u in L'» (£2). Finally, the lower semicontinuity of the gradient terms
% Jo IVeulP + % o, |Vyu|? and the continuity of [, fu imply that u is a minimizer of the functional G.

In what follows, with abuse of notation, we will say that u, is a sequence and we will consider subsequences of it, as p
goes to 1.

r>r, :=min{

Theorem 3.1. Let u, be a solution to (3.16) forany 1 < p < oc. Then there exist u € BV (§2) N I"($2)anda subsequence of u,,
not relabelled, such that as p goes to 1,

Viup, — Dyu *—weakly in the sense of measures; (3.18)
Vyu, — Vyu  weakly in L(2; R¥); (3.19)
u, — u ae.inf2; (3.20)
up—>u inl™(R2) fort<m<r'. (3.21)

Proof. Taking u, as test function in (3.17), we obtain

/ | Vitp|” + / A% uplq—ffup < IFllrluplle- (3.22)

Our aim is to obtain an inequality as

/ Iqup|p+/ [Vyup|? < M, (3.23)
2 2

being M a positive constant that does not depend on p. To get this estimate, first recall that
N +K

N—-1+ (1</q)’q}

So that two possibilities have to be taken into account.

. - ;) _ N+K
We begin by considering the case whenr’ = NI D)

= max{

thatis, g < ™. Applying Theorem 2.1, we obtain

K
/ |vxup|”+/ 19,17 < S I 1 IVt 9 T
2

Then Young’s inequality implies

/) + (/) A K
[ v+ [ it < SR S 171 T il + s ISl



3552 A. Mercaldo et al. / Nonlinear Analysis 73 (2010) 3546-3560

from where it follows that

N K N K Nk
- +K [VitplP + | N+ — IVyupl? < | = + = ) SglIfllr) W+
p 2 T/ Je pr q

Thus, since K > gandN > g, this yields

N4k
/ |Vt [P +/ [Vyup|? < Sep.g If Il) WPO+ET)
2 2

N+K N+K q
(N/p )+(K/q) -

We now turn to analyze the case when r’ = g, thatis, q¢ > lf we take ¢ = 1/(2D7), then Young’s inequality and
Theorem 2.3 imply

Hence, we have obtained an inequality as (3.23) since and limp_,1 Sp,q) = S(1,9)-

/ 1 /
IF I llupllq SG/QIUpIquC(é)IIfII? = 5/9|Vyup|q+C(€)llf||?-

Thus (3.22) becomes

f [Vt P + /leyup|q = C(fll--D.q) (3.24)

and so inequality (3.23) is also obtained in the second case.
Applying Young's inequality, it follows from (3.23) that

/|Vup| §/|qup|+/ [Vyup|
2

—1
p */ |Vup|p+7|9|+ / IVyupI"+qT|9|§M+2|QI, (3.25)
2
for p small enough. Hence, uj, is bounded in BV (£2) and we may find u € BV (§2) satisfying
Viup — Dyu  *—weakly in the sense of measures; (3.26)
Vyup, — Dyu *—weakly in the sense of measures; (3.27)
u, — u in L'(£2) and a.e. in £2. (3.28)

Since, by (3.23), the sequence V,u, is bounded in L(£2), it follows that, actually, V,u, — V,u weakly in L9(§2). Moreover,

N+K
Theorem 2.1 implies that uj, is bounded in LN+®/9-T (£2) and Theorem 2.3 implies that u, is bounded in LY(£2), so that it

is bounded in L" (£2). Therefore, u € Lr/(.Q) and it follows by interpolation and from (3.28) that u, — uin L™(£2), where
1<m<r/. O

Remark 3.2. We explicitly remark that inequality (2.7) is usually written replacing the right-hand side with the norm of
the anisotropic Sobolev space (that do not contain a product), i.e.,

lull .o < Sp.a (IVxtll, + 1Vyully) e WHPP(2).

Nevertheless, this inequality is not suitable for our purposes, since from here we cannot obtain the a priori estimates (3.23).
Indeed, taking u, as test function in (3.17) and using the previous Sobolev inequality, we get

f |Vt |? + / Vyup|7 < 57 IFIP + s(,, HIF1E
from where we are not able to deduce the a priori estimate (3.23) since p’ — +o0o0, whenp — 1.

Theorem 3.3. Under the same assumptions of Theorem 3.1, there exist z = (£, X)) with { € L®(2; RV) and A € L"/(SZ; RF)
and a subsequence of up, not relabelled, satisfying

IZleo <1, A =[Vyu"?V,u

and
|Vt [P~2Veu, — ¢ weakly in [5(22; RY) Vs < oo,
Vyup, — Vyu  inL9(52; RY)

as p goesto 1.
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Proof. It follows from the fundamental inequality (3.23) that there exists z = (£, A) where ¢ € L*(£2; RV), for all s < oo,
and 1 € L9 (£2; RX) such that, up to subsequences, |V,u, [P~>V,u, — ¢ weakly in L*(£2), and |V, u,|?2V,u, — A weakly in
19(2).

To prove that ¢ € L®(£2; RV) and ||¢||o < 1 we may follow the same arguments of [ 1], which we sketch for the sake of
completeness. Fixed k > 0, define

By = {x € 2 : |Viu,(x)| > k}.

As a consequence of (3.23) we have that

o
[Bp k| < @ foreveryp > 1, k > 0. (3.29)
The same inequality (3.23) implies that (|qup|p72qupXBp,k) is bounded in any L*(£2; R") with s < oco. Thus, there is some
g € L1(£2, RY) such that
|qup|F’72V)<7vll7)(BIJ.;< — 8k
weakly in L'(£2, R¥) as p — 1. Now for any ¢ € L®(£2, R") with ||¢ [« < 1, we easily prove that
C

< —.
~k

‘/; |qup|p_zvxup : ¢XBp_k
Letting p goes to 1, we get that

C
/gk'¢
2

< —
~k
holds for all ¢ € L*(£2, RN) with ||¢|« < 1. By duality, we obtain

C
f gk < Ph (3.30)
2

On the other hand, we also have that

< kP~! foranyp > 1.

-2
| | Vi, P qupXQ\pr,(

Taking the limit as p tends to 1, we obtain that |Vup|p*2Vupx_Q\prk weakly converges in L'(£2, RY) to some function

fi € L'(£2,RV) such that ||fy]lsc < 1. Hence, we may write ¢ = fi + g with ||fi|l.c < 1 and g satisfying (3.30), for all
k > 0.1t follows that ¢ = limy_ o fi in L1(£2; RY) and 50 || [leo < 1.
To prove the strong convergence of the gradients V,u, to V,u, we will compute

lim /Q (IVyup| "2 Vyu, — [Vyu|"=>Vyu) - Vy(up — u) = 0. (3.31)
Observe that, by (3.19), we already have

I!i_r)n] ; [Vyu|"2Vyu - V,(u, — u) = 0. (3.32)
To handle the remaining terms, we consider € > 0 and v € C*°(£2) such that

ftf||u—v|+
2

Taking u, — v as test function in (3.17), it yields

/ |qup|P—/ |vxup|P—2vxu,,-va+/ |Vyuy |92 Vyuy, - Vy (1, — v) :/f(up—v).
2 2 2 2

If we apply Young’s inequality and let p goes to 1 applying the lower semicontinuity of (2.5), we obtain

< €. (3.33)

/ Vo] — Dl (£2)
2

|Dyul|(£2) — ¢-Viv+ limsup/ |Vyup|"’2Vyu,J -Vy(up —v) < / fu—v).
2 Q Q

p—1
/c~vxv sn;noo/ |vxv|s/ Ve,
2 2 2

Since
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it follows that

limsup/ |Vyup|q’2Vyup -Vy(u, —v) < / Ifllu —v| —I—f |Vyv| — |Dyul|(£2) < €,
fo) 2 fe)

p—1
by (3.33). Now the arbitrariness of € > 0 implies
lim sup / [Vyup |92 Vyu, - Vy (1, — v) < 0.
1 Jo
From it and (3.32) we deduce that

lim sup / (IVyup| "2 Vyu, — [Vyul"™?Vyu) - Vy (u, — u) < 0.
p—1 2

Since the integrand is nonnegative, we get (3.31). Once (3.31) has been proved, we apply the same argument of [32] (see

also [33]) and passing to a subsequence, if necessary, we deduce that V,u, converge pointwise to V,u in £2.

Therefore, A = |V, u|""2V,u, that is,
V1,972V, — |Vyu|"2V,u  weakly in L9 (2; R¥).

As a consequence of (3.19), (3.34) and (3.31), we obtain

p%

From this convergence and (3.19), we deduce Vyu, — V,uinL?(£2; RX). O

4. Main results

lim [ |V, up|q_11m/ [Vyul"2Vyu - V, (u, — u)+11m/ [V, |72V, u,, - Vu_/ [Vyul?.
2

(3.34)

In this section, we begin by introducing the definition of solution to problem (1.1) and then we prove existence,

uniqueness and regularity results for such a solution.

Definition 4.1. We say that u € BV@(£2) is a solution to (1.1) if the following conditions hold:

There exists z = (¢, A) with ¢ € [2°(2; RV) and A € L7 (2; R¥) satisfying

IElleo <1 and 2= [Vyul"™?

—divz=f inD'(Q);

[, v €sign(—u) FH"E1ae0ondE x T;
(¢, Dyu) is a Radon measure and (¢, Dyu) = |Dyu|.

By applying Green’s formula given by Theorem 2.7, one can easily deduce the following variational formulation of

problem (1.1): the identity

/|Du| f(; Dv)+f|Vu|q 2Vyu - Vy(u — v)

:/f(u_v) _/ |u|d}€N+K-1 _f U[{,Ux]dﬂN_H(_l
2 AEXT AEXT

holds for every v € BV@(£2).

4.1. Existence and uniqueness
We have the following existence result.

Theorem 4.2. There exists, at least, a solution to problem (1.1).

Proof. First apply Theorem 3.1 to getu € BV (£2) N L (£2) that, by Theorem 3.3, satisfies

lim/ / IVyu,(x,y) — Vyu(x, y)|9dy dx = 0.
zJr

p—1 =

(4.39)
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Then there exists a sequence p,, satisfying p, > 1, lim,_. o, p, = 1and

lim / [Vyup, (x,y) — Vyu(x, y)|idy = 0,
T

n—oo

for almost all x € =. We may assume, without loss of generality, that for those x € & each function y — up, (x, y) belongs

to W, (). Hence, for almost all x € &, the functiony — u(x, y) belongs to W, (1) and so u € BV @ (52). Moreover, from
Theorem 3.3, we obtain z = (¢, A) satisfying (4.35) in Definition 4.1. O

We next proceed to prove the other three conditions of Definition 4.1.

Proof of (4.36). Taking ¢ € (5°(£2) as test function in (3.17) we get

/ |Vtp P2V, - Vg + / |Vyuy| T2 Vyu, - Vyp = f fo.
2 2 2

Letting p goes to 1, by Theorem 3.3, we obtain

/C-Vx¢+/k-Vy<ﬂ=/f¢- O
2 2 2

Proof of (4.38). As usual, we denote the truncation at level &=k by

s —k <s <k,
Ti(s) = {k s >k,

—k s< —k.

We now choose Ty (u,) ¢, with ¢ € C5°(£2) and ¢ > 0, as test function in (3.17). Then

/ 90|Vka(up)|p +f Tk(up)|vxup|p_zvxup - Vi
2 2

+ / Qolvka(uqu +/ Tk(up)|vyup|q_zvyup : Vy‘ﬂ = / ka(Up)<P~ (4.40)
2 Q 2
Applying Young’s inequality, we get

1 s, P— 1
@leTk(up” <= §0|VXTI<(up)| +— @,
Q bPJe p 2
so that it follows from (4.40) that

1 1
/ @lvka(up” + */ Tk(up)|vxup|p_zvxup - Vyp + */ (P|Vka(up)|q
Q DJe PJe

1 -2 1 p—1
+ - Tk(up)|vyup| Vyup . Vyﬁo < - ka(up)(p + — @.
bJe pJa p Q

In order to pass to the limit in the first term on the left-hand side, we may apply the lower semicontinuity of the functional
U fg @|Dyu|, obtaining

/ oIDLT W) + / Tt - Vg + / IV, T + / T - Vyp < / .
2 2 2 2 2

Letting now k — oo, we get

/goleul—l—/ ug-ngo—l—/ goIVyqu—i—/ uir - Vyo §/fu¢)=—/(divz)u<p.
2 I?) I?) I?) I?) I?)

It follows from Green'’s formula that
/wIDxu|+/ pIVyul? < ((é,Dxu),</>>+/ @A Vyu
2 2 2

By the definition of A, we get fg @|Dyu| < ((¢, Dyu), ) for all ¢ € C5°(£2) satisfying ¢ > 0. Hence,
|Dyu| < (¢, Dyu) as measures.
The equality follows since

(¢, Dyu) < ¢ lo|Dxtt| < [Dyul. O
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Proof of (4.37). Considering u, as test function in (3.17), we get

/|qup|p+/ |Vyup|q:/fup.
2 I7) 2

By applying Young's inequality and the lower semicontinuity of the functional (2.6) we obtain

/leuH—/ |u|d;f”+’<*1+/ |Vyu|q§/fu. (4.41)
2 IEXT 2 2

Now, f = —divz in £’(£2) and Green's formula imply

[ == [ dven= [ @ow+ [avu- [ ucouaae
2 2 2 2 AEXT

Therefore, it follows from (4.41) that

/ |Dxu|+/ lu| dgeN+K=1 +/ |Vyul? 5/(C,Dxu)—|—/ )wau—/ ulZ, vl dgeV T,
@ =T 2 2 2 AEXT

Since |Dyu| = (¢, Dyu) and [, [Vyu|? = [, & - V,u, it yields
/ (Ju] 4 ulg, ve]) d# T < 0.
IEXT

Since |u| + u[¢, vy] = 0#NK~1_3e.in 5 x T we obtain |u| + u[¢, ] = 0#VTK-1.ae in 95 x T and so [¢, ]
€ sign (—u), #N K" 1aeind=Z x 1. O

Now we prove the uniqueness result.

Theorem 4.3. There exists, at most, a solution to problem (1.1).

Proof. Suppose that u; and u; are two solutions to problem (1.1). Thus, there exist z; = (1, A1) and z; = ({3, A7) satisfying
(4.35)-(4.38). Taking u; as test function in the variational formulation (4.39) corresponding to uy, it yields

/ |Dyttr] — / (&1, Dyuz) +/ IVyur |9 Vyuy - Vy(uy — up)
2 2 2

— / f(ul _ uz) _ / |U]| d]fN+l<7] _ / [;l’ Vx]uz dﬂNJ»Kfl.
2 AEXT AEXT

Analogously, we obtain

/ Dyt | —/(gz,Dxu1)+/ [V, |92Vt - Vy(up — uy)
2 2 2

N / f (2 =) _/ Juz| e —/ (&2, veluq daeN T,
2 AEXT AEXT

Adding both equalities, we deduce

/ |Dxu1|_/(§27Dxu1)+f IDxuzI—/(§1,Dxuz)+/ (IVyu1 1972 Vyuy — [Vyua |97 Vyup) - Vi (ug — o)
2 2 2 2 2

=— f |up| dFeN T — / (L1, vylup dFeNHET — f |ug| d#eN T — / (L2, vilug d#N T (4.42)
IEXY IEXT IEXTY bl

EXT

By Proposition 2.4, since ||{1]lco < 1and ||52]lc0 < 1, we get

/ |Dxuy| — f (&2, Dyuy) > 0, / |Dyuz| — f (¢1, Dyup) > 0,
2 17 oy 2

/ |y | AN / (1. vlup AN T > 0,
AEXT

AEXT

/ uq| dgeN T +/ (&2, vilug d#N T > 0,
IEXT IEXTY

and so (4.42) becomes

/ (IVyun |2 Vyuy — [Vyua | > Vyup) - Vy (g — ) < 0.
2
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Hence, since the integrand is nonnegative,
72 72 .
(IVyu |72 Vyuy — V|2 Vyuo) - Vy(uy — ) =0 ae.in £2,

and as a consequence V,uq = V,u, a.e. in £2. Finally, applying Theorem 2.3, we conclude u; = u, a.e.in £2, as desired. 0O

Remark 4.4. If there is no direction where the operator is a g-Laplacian with ¢ > 1, it cannot be expected a uniqueness
result. Assume, to simplify, that u is a regular solution to the problem

dv (22) =5, g
—div|— ) =, in £2;

|Du| (4.43)
u=0, on 0£2;

and h € C'(R, R) is strictly increasing and satisfies h(0) = 0, then v = h(u) is also a solution to (4.43). Hence uniqueness
in general does not hold (see also [31], p. 61).

4.2. Regularity
The following regularity result holds.
Theorem 4.5. Let f € L™(£2), withm > r. We also assume that m < N + % when q < {*=. Thenu € L°(R2), where

m'(N+K)(g—1)
((N=Dg+K)ym' — (N+K)’

s=max{

m(q — 1)}.

Proof. We are going to prove that the sequence u, is bounded in L*(£2). To this end, we will follow the arguments in [34].
Let k > 1 and consider, as test function in (3.17),

1, if lup| > k;
v=14(upl —k+1)signup, ifk—1<uy| <k;
0, if lup| < k—1.
We get
/ Vol + [ Wl [ (4.44)
{k=1<Jup| <k} {k=1<Jup| <k} {lupl=k—1)

N
N-T1

/ [Vyu,|? < / If|, forallk > 1. (4.45)
{k—1<lup| <k) {Jup|=k—1}

Consider a parameter ¥ > 1 to be determined. Then, by Theorem 2.3, we get

q -1
/|up|y"§c/ 1V, 4, | :c/ 11, 7D |V, 1,9
2 2 2

e}

0
-1 -1
= CZ/ |up|Q()/ )|Vyup|q < CZ/ kI )|Vyup|q.
k=1 (k—1§|up\<k} k=1 {k—]g\up|<k]

Assume first that g > so that ¢ = r and our datum belongs to L™ (£2) with m > ¢'. Thus, by (4.44), we have

By applying (4.45) in each term of the right-hand side, one deduces

o0 (o] (o]
/ |y §CZ/ K1 =D)f| :szkq(yﬁ)/ If].
2 k=1 ¢ {lup|=k—1} k=1 h=k th

~1<lup| <h)

Changing the order of summation and using Y_j_, k%7 =" < Ch9~D+1 we have

o0 o0
/ lup |79 < CZhQ(y—lHl/ If| = CZ/ (1 + |u DI VHf| = C/ (14 u, )7 =D+ |
2 h=1 {h {h—1=<|up|<h} 2

—1§\up|<h) h=1
1/m 1/m'
<C </ |f|m> (/ 1+ |up|)<Q(y1)+1)m,) .
2 2
If we take y satisfying yq = (q(y — 1) + 1) m’, then we obtain y = g > 1(sincem’ < q) and an estimate of u, in L"9(£2).

Since yq = m(q — 1), we are done.
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Assume now that ¢ < . It implies ¢ < ﬁ/lg)_] = r’. The proof follows the same lines as above but applying

Theorem 2.1 instead of Theorem 2.3. We only point out the differences.
Consider parameters y, > 1 to be determined. Then, by Theorem 2.1 and Young’s inequality, we get

(N/P)+(K/q)—1

N/p K/q
Vo N+K (N/p)+(K/q) Vo [P (N/p)+(K/q) vy |4 (N/p)+(K/q)
|up | P WK DT < So. |Vx|up| p| |Vy|up| p|
2 2 2
p q
= Sp.9 [/ | Vlup| 7| +/ | Vylup |7 | }
k2] 2

0
= Spa¥y YKV f Vit + / Yyl |
k=1 {k—1=<up| <k} {k—1<up| <k}

Now we apply (4.44) and perform similar computations as those done in the previous case to get

N /D+E /91 1ym'
Vo N-+K (N/p)+(K/q) q (q(y 71)“)”1/
|up| ™ NPT =S¥y If llm (T Jup) P . (4.46)
2 e}
We remark that - < %{f}; sincem < N + X. Thus, we may consider p small enough to satisfy L < %.
s N+K _ / ;
we take y, satisfying Yo Wit &1 = (q(yp -1+ l) m’, then we obtain
m'(q—1)
W= N+K

/o NTR
am = Wip+ k-1

Observe that y, is bounded by a constant not depending on p. Hence, we have
N+K
/ |up |"P KT < C,
Q

where C depends on f through its m-norm, and on p through the parameter y,, the Sobolev constant S, ¢ and the exponent

%. Therefore, we may let p goes to 1 and get an estimate of u in a Lebesgue space:

. N +K m'(qg — 1N +K)
lim y, = =s.
=1 (N/p)+K/q) —1 gqm'(N+ (K/q) —1) — (N +K)

Now some remarks are in order. Observe that N — q(N — 1) > 0 since q < % So that, we obtain

K N+K
Ngp— w2
g N-qgN-1)
Thusm < % and so qm’ — ﬁ/’q{)q > 0. As a consequence, lim,_.; , > 1ifand only if m > m’;’q% Since this last

inequality holds, we have really improved the regularity of our solution. Finally, we point out that this improvement needs

: i N+K K S ; N+K K
that the inequalities KjHia <m < N+ 7 hold, and it is easy to see that we indeed have ®aH+T < N + ;- O

4.3. Examples

Wetake 2 = 5 x 7, with & = B{(0) in R¥Y (N > 2) and ¥ = B;(0) in R¥, and we will assume throughout this
subsection that ¢ > % sor = q' < N.Our aim is to show examples of problems (1.1) having solutions of the form
u(x,y) = a(x)b(y).
Consider f; a positive radial decreasing function belonging to the Marcinkiewicz space IN'*°(&) and satisfying
Ifill ooz < 1.Leta € Wol’](E) N L*°(Z) be a solution to

di Da fi. ingZ
—div|{— ) =f1, inZ&;

\Dal ! (4.47)
a=20, onozk.

Thus, a is a radial nonnegative function and there exists { € L*°(&; RV) satisfying

(1) Illoo< 1,
(2) =div¢ = f1in D'(&),
(3) (¢, Da) = |Da| as measures on &.

We refer to [8], Section 3, for a detailed discussion of all matters concerning radial solutions to problem (4.47).
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Now letf, € L"/(T), withf, > 0,and leth € Wol’q(T) be the unique solution to

{—Aqb =f, inT; (4.48)

b=0, onoY.

It is straightforward thatbh > 0in 7.
Let us check that u(x, y) = a(x)b(y) is a solution to (1.1) with datum

fxy) =& +L@a?! € I'(£2). (4.49)
To this end, define ¢ (x,y) = ¢(X), A(x,y) = ax)4"'|Vby)|9?Vb(y) and z = (¢,A). Then ¢ e L®(£2;RN) with
[Zlloo = IZlloe < 1,and A(x,y) € L7 (£2; R¥) with A = |V,u|?"2V,u. Moreover,

—divy¢ =fi(x) and —divyA = a®)"*L(y) in D'(2),

so that —divz = f in the sense of distributions.
To show that (¢, Dxu) is aRadon measure on £2, take first o (x, y) = ¢ (x)¥ (y), where ¢ (x) € C°(E) and ¥ (y) € C5°(7).
Then

((€, D), @)

—/ a(X)b(V)fﬁ(X)W(V)diVZ(X)—/ a@)by) Y )¢ (X) - VX)
2 2

(/Tpr) [_/Ead’di“‘fsaf'v‘ﬁ] = (f#ﬂ#) (. Da), ).

Let us denote Cp(£2) = {p € C(R2) : @pe = 0}, and let us write Co (&) and Co(7") with a similar meaning. Since C§° (&) is
uniformly dense in Co(&) and C5°(7") is uniformly dense in Co ("), it follows that

(¢ Dyu). @) = ( / bw) (. Da). ), (450)
Y

for all p(x,y) = ¢V (), with ¢p(x) € Co(&) and ¥ (y) € Co(T). Thus, by linearity, we continuously extend (¢, Dyu)

to functions ¢ € Co(§2) which can be written as ¢(x,y) = Z};l i (X)Yi(y) with ¢; € Co(&) and ; € Co(T). Further,

appealing to a variant of the Stone-Weierstrass Theorem, we may continuously extend (¢, Dyut) to Co(£2), so that (¢, Dyu)

is a Radon measure.

_ We also deduce from (4.50) that if Bz is a Borel subset of = and By is a Borel subset of 7", then (¢, Dxu)(Bz x By) =

(¢, Da)(Bg) fBr b. Since we also have |Dyu|(Bz x By) = |Da|(Bz) /Br b, we conclude that (¢, Dyu) = |Dyu| as measures.
Let us study now some special choices of f; and f,. First consider

N—1
fl(x)z)\ﬁ, with0 < A < 1.
X

It is well-known that a(x) = 0 for all x € & is a solution of (4.47), with ¢ (x) = —A‘ﬁ—‘ (cf. [8]). So that the solution to (1.1)
with datum
N—-1
fxy) =r—
Ix|

is given by u(x, y) = 0, whatever datum f, (y) be considered in (4.49). We explicitly observe that in this case || ||;0c = A < 1.
Now let us consider
N-—1
fix) = ——.
x|
Then a(x) = 1 — |x| is a solution to (4.47) with ¢ (x) = _IXTI‘ Thus, taking f,(y) = 0 in (4.49), the solution to (1.1) is also
given by u(x,y) = 0.
On the other hand, taking
N—1
fix) = e and fr(y) #0,
the solution to (1.1) is given by

ux,y) = (1= [x)) b(y),

which is nontrivial since b(y) is nontrivial. So the datum

N-—1
fx,y) =’\T + (@), with0 <X <1,
X
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produces the trivial solution for any choice of f,, and the datum
-1

N -1
fxy) = N + LA = xDT,

which is larger than % gives a nontrivial solution u(x,y) as well. In others words, once the vector field ¢ satisfies

I¢ loo > 1, the solution to (1.1) becomes nontrivial. Roughly speaking, data large enough produce an excess which have to
be absorbed only by the term —div, (| V,u|?"'Vu).

Since we may consider every f, € Lq/(T), it follows that we may start from a datum f (x, y) with norm ||f ||, as large as
we want.

Furthermore, the above argument shows that if we take f(x,y) = A%, with A > 1, as datum, we cannot expect the

solution to problem (1.1) to be a product of two functions with separate variables.
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