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We obtain a black hole solution in the Einstein–Gauss–Bonnet theory for the string cloud model in a
five-dimensional spacetime. We analyze the event horizons and naked singularities. Later, we compute
the Hawking temperature TH, the specific heat C , the entropy S , and the Helmholtz free energy F of the
black hole. The entropy was computed using the Wald formulation. In addition, the quantum correction
to the Wald’s entropy is considered for the string cloud source.
We mainly explore the thermodynamical global and local stability of the system with vanishing or non-
vanishing cosmological constant. The global thermodynamic phase structure indicates that the Hawking–
Page transition is achieved for this model. Further, we observe that there exist stable black holes with
small radii and that these regions are enlarged when choosing small values of the string cloud density
and of the Gauss–Bonnet parameter. Besides, the rate of evaporation for these black holes are studied,
determining whether the evaporation time is finite or not. Then, we concentrate on the dynamical
stability of the system, studying the effective potential for s-waves propagating on the string cloud
background.

© 2010 Elsevier B.V. All rights reserved.
1. Introduction

Black holes are one of the most exciting and fascinating objects
on gravity physics, mostly because their thermodynamical proper-
ties have a deep similarity with statistical mechanics [22,7,5]. In
the last decades there has been a renewal of interest in higher
dimensional spacetimes associated with this kind of objects. More-
over, a lot of effort to understand the quadratic corrections to the
Einstein–Hilbert action has been put.

At the present time, it is well known that for a spacetime
with dimension D � 5 the Einstein–Hilbert action of gravity ad-
mits quadratic corrections constructed from coordinate-invariant
tensors which scale as fourth derivatives of the metric. In partic-
ular, when D = 5, the most general theory leading to second or-
der equations for the metric is the so-called Einstein–Gauss–Bonnet
(EGB) theory or Lovelock theory up to second order. This class of
model for higher dimensional gravity has been widely studied, be-
cause it can be obtained in the low energy limit of string theory
(see [40]). For a D-dimensional spacetime with D < 5, the Gauss–
Bonnet (GB) term does not give any contribution to the dynamical
equations.
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According to the recent theoretical developments, a scenario
in which the fundamental building blocks of nature are extended
objects instead of point objects should be considered quite seri-
ously. In particular, one-dimensional objects (strings) are the most
popular candidates. The study of the gravitational effects of mat-
ter in the form of clouds of both cosmic and fundamental strings
has then deserved considerable attention (see [6,25,35]). Many au-
thors have found exact black hole solutions in Einstein–Gauss–
Bonnet models with different kind of sources, for instance, with
Maxwell and Born–Infeld energy–momentum tensor, matter, a ra-
diating source and Yang–Mills fields (see [18,19,27,38,28,21]). Also,
some authors have put great attention to the thermodynamics of
these solutions, as a way to characterize the black holes (see [11,
13,16,15,17,32]). In particular, Cai has studied the phase structure
of the topological black holes in the EGB theory with negative cos-
mological constant (see [9]). More recently, in [14] the authors
have investigated the entropy of black holes in GB and Lovelock
gravity using the Noether charge approach. In addition, in [30] the
authors have explored all the thermodynamics quantities for the
EGB model with AdS backgrounds. They have concentrated on the
role of the sign of the Gauss–Bonnet coupling constant α.

We are interested in the construction of black hole solutions in
a five-dimensional spacetime with an energy–momentum tensor
coming from a string cloud model. In the present work our starting
point is to solve the full non-linear Einstein–Gauss–Bonnet equa-
tions for a static and spherically symmetric metric. We study not
only the structure of the geometry but also the thermodynamical
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stability of the system. Later, we shall concentrate on the dynam-
ical stability, i.e. we will study the effective potential arising from
the scalar waves perturbation satisfying either the massive or non-
massive Klein–Gordon equation.

2. Generalities

2.1. The Einstein–Gauss–Bonnet theory

We first recall the general facts about the Einstein–Gauss–
Bonnet model on five dimensions. It is a generalization of Einstein
Relativity, since its action also involves quadratic corrections con-
structed from coordinate-invariant tensors which scale as fourth
derivatives of the metric (see [26]). The action for this theory cou-
pled on a 5-dimensional Lorentzian manifold (M, g) with matter
fields is as follows

S = 1

2

∫
M

√−g
(

R − 2Λ + αR2
GB

)
d5x + Smat,

where Smat denotes the action associated with the matter fields, α
is the so-called Gauss–Bonnet coupling constant, which we consider
to be non-negative, g is the determinant of the metric g and

R2
GB = Rμνρσ Rμνρσ + R2 − 4Rμν Rμν.

Hereafter we will adopt the signature (−,+,+,+,+) for the met-
ric and we shall follow all the main conventions of General Rela-
tivity (GR) explained in [34].

The corresponding Euler–Lagrange equations (also called EGB
equations) for the metric are

Gμν = G 0
μν + G 1

μν + G 2
μν = Tμν, (2.1)

where Tμν is the energy–momentum tensor and

G 0
μν = Λgμν, G 1

μν = Rμν − 1

2
Rgμν,

G 2
μν = −α

(
1

2
gμν R2

GB − 2R Rμν + 4Rμρ Rρ
ν

+ 4Rρσ Rρσ
μν − 2Rμρση Rν

ρση

)
.

We point out that, as in the plain General Relativity, the divergence
of the EGB tensor Gμν vanishes.

As a remarkable property of this theory we may say that the
resulting equations of motion have no more than second order
derivatives of the metric and the theory has been shown to be free
of ghosts when it is expanded around the flat space, avoiding any
problem concerning unitarity (see [8]). Further, it has been argued
that the Gauss–Bonnet term appears as the leading correction to
the effective low-energy action of the heterotic string theory (see
[40,31]).

2.2. The string cloud model

In this subsection we shall briefly review the theory of clouds
of strings (see [25]). This cloud of strings will be the source of the
subsequent families of spacetimes satisfying the Einstein–Gauss–
Bonnet model.

The Nambu–Goto action of a string evolving in the base mani-
fold (M, g) is

SNG =
∫

p
√

−h dλ0 dλ1,
Σ

where p is a positive constant related to the string tension, (λ0, λ1)

is a parametrization of the world sheet Σ described by the string
with induced metric given by

hab = gμν
∂xμ

∂λa

∂xν

∂λb

and h is the determinant of h.
Alternatively, we may describe the world sheet by a bivector

Σ ∈ Γ (Λ2T M) of the form

Σμν = εab ∂xμ

∂λa

∂xν

∂λb
, (2.2)

where εab denotes the two-dimensional Levi-Civita tensor given by
ε01 = −ε10 = 1. The former satisfies the following identities

Σμ[αΣβγ ] = 0, ∇μΣμ[αΣβγ ] = 0, (2.3)

where the square brackets indicate antisymmetrization in the en-
closed indices. By the Frobenius’ theorem, any bivector satisfying
the previous identities leads to a parametrized surface such that
(2.2) holds.

We would like to point out the following identity

Σμσ ΣστΣτν = hΣνμ, (2.4)

which will be used in the sequel and which follows directly from
the definition of h and Σ .

In this description, the Lagrangian density becomes

L = p

(
−1

2
ΣμνΣμν

)1/2

.

Taking into account that T μν = 2∂L/∂ gμν , we may obtain that
the energy–momentum tensor for one string is given by T μν =
pΣμρΣρ

ν/
√−h. Hence, we shall consider the following energy–

momentum tensor

T μν = ρ
Σμσ Σσ

ν

√−h

for a string cloud with density ρ .
By making use of the Bianchi identity and the fact that

the divergence of the Einstein tensor vanishes we see that
(−h)−1∇μ(ρΣμσ )Σσ

νΣντ = 0. Contracting the previous identity
with Στν and using equation (2.4), we obtain ∇μ(ρΣμσ )Σσ

ν = 0.
Employing a system of coordinates adapted to the parametrization
of the surface, we see that in fact

∂μ

(√−gρΣμσ
) = 0. (2.5)

3. Exact solutions

From now on, we shall restrict ourselves to the case of static
spherically symmetric 5-dimensional EGB spacetimes (M, g), so
we may suppose that (locally) there exists a system of coordinates
(t, r, φ, θ, ξ) such that the metric g is given by

gμν dxμ ⊗ dxν = −G(r)dt ⊗ dt + 1

G(r)
dr ⊗ dr + r2ω,

where G is a real-valued non-vanishing C∞ function of r and ω is
the volume form of S3 for the remaining coordinates, namely,

ω = dξ ⊗ dξ + sin2(ξ)
(
dθ ⊗ dθ + sin2(θ)dφ ⊗ dφ

)
.

We shall also assume that the string cloud is spherically sym-
metric, so the only non-vanishing component may be Σ tr = −Σrt ,
because Σ is a bivector. Therefore, the non-zero components of
bivector are given by

Σνμ = Σ0
1(r)

(
δν

0δ
μ

1 − δμ
0δ

ν
1
)
.
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This source corresponds physically to a collection of strings
which are extended along the radial direction, distributed uni-
formly over the sphere. That is, the worldsheet of each string
covers the t–r plane, which is the simplest case.

3.1. Computation of Tμν

Since the only possible non-vanishing component of the bivec-
tor Σ is Σ tr = −Σrt , we have

T tt = − ρ√−h
Σ trΣr

t .

Taking into account that h = 1
2 2Σ trΣtr = −(Σtr)2, we conclude

that T t
t = −ρ|Σ tr |, T r

r = −ρ|Σ tr |, and the other components
vanish. Furthermore, the identity (2.5) yields ∂r(r3T t

t) = 0. As a
consequence,

T r
r = T t

t = − a

r3
, 1 (3.1)

for some real constant a, that we will take to be non-negative for
physical reasons.

We shall now discuss the energy conditions for this source. For
the energy–momentum tensor written in diagonal form as T μ

ν =
diag(−σ , pr,0,0,0), the weak energy condition (WEC) means that
σ � 0, and pr +σ � 0, whereas the dominant energy condition (DEC)
says that σ � 0, and |pr | � σ . Moreover, the strong energy condition
(SEC) states that σ + pr � 0 and 3pr +σ � 0 (cf. [33]). The physical
meaning of σ and pr is the energy density and the radial pressure,
respectively. It is important to mention that the WEC implies the
so–called null energy condition (NEC) which says that σ + pr � 0
(cf. [33]).

In our model we obtain that σ = a/r3 and pr = −a/r3. We see
thus that the NEC is always satisfied. Also, the WEC and the DEC
are satisfied for a � 0, otherwise these conditions are violated. On
the other hand, we find that the SEC is violated for a > 0, whereas
for the opposite case the SEC holds.

3.2. Computation of the metric gab

The diagonal EGB equations (2.1) for the energy–momentum
tensor given in the previous subsection are

Gt
t = G r

r = − a

r3
, Gφ

φ = Gθ
θ = Gξ

ξ = 0. (3.2)

After a rather long manipulation we obtain that the components
of the EGB tensor are given by

Gt
t = 1

2r3

(
2r3Λ + 6rG − 6r + 3r2G ′)

+ 6

r3
αG ′(1 − G),

Gφ
φ = −1 + r2

(
Λ + G ′′

2

)
+ G + 2rG ′ − 2αG ′2

+ 2αG ′′(1 − G),

and the remaining EGB equations are trivial. We point out that the
second family of differential equations (3.2) are a consequence of
the first family in (3.2). In consequence, G(r) satisfies the identity

G2 − 2r2G + 1

6α

[
3r2 − 2ar + b − r4Λ

2

]
= 0,

1 In our convention, we easily see that the value of the tensor-energy–momentum
at a timelike vector (e.g. Ttt outside the black hole or Trr inside it) is always positive
(cf. [34]).
for some real constant b. Finally, there are two branches for the
solution

G(r) = 1 + r2

4α
(1 ±

√
�̄), (3.3)

where

�̄ = 1 + 8α(2α − 3b)

9r4
+ 4

3
αΛ + 16aα

3r3
.

Taking into account that a realistic physical solution must become
the classical Schwarzschild solution of General Relativity in five
dimensions without sources (i.e. for Λ = 0 and a = 0) when con-
sidering the limit α → 0, we conclude that the solution (3.3) with
plus sign has no physical interest, since in that case the mentioned
limit does not exist.2 Moreover, from the comparison of the expan-
sion up to first order terms of the square root of the solution (3.3)
and the classical Schwarzschild solution of general relativity (with
a = 0 and Λ = 0) we conclude that

G(r) = 1 + r2

4α

(
1 −

√
1 + 16αm

r4
+ 4

3
αΛ + 16aα

3r3

)
. (3.4)

In general, the solution may have two possible singularities: the
usual singularity at r = 0 and also the so-called branch singularity
at rb > 0 which is defined as follows. Since G(r) must be real-
valued, we should only consider the domain values r such that the
radicand in (3.4) is non-positive. If 1 + 4αΛ/3 � 0 this radicand is
always non-negative, but for 1 + 4αΛ/3 < 0 there exist values of
r such that it is negative. If 1 + 4αΛ/3 < 0 holds, we define rb as
the minimum positive real root of the quartic polynomial

r4
b

(
1 + 4

3
αΛ

)
+ 16α(ārb + m) = 0, (3.5)

if it has three different positive roots, or as the maximum positive
root, otherwise. Hence, the metric is a priori only defined for r ∈
(0, rb). So, as we said, if 1 + 4αΛ/3 < 0, there is a finite radius a
singularity and the allowed domain of the radial coordinate is then
no more 0 < r < ∞ (cf. [36]).

On the other hand, if r → 0, G(r) approaches to 1 − √
m/α,

which can be interpreted as the fact that the EGB term removes
the metric singularities at the origin (cf. [38]).

In a similar way, for the vacuum state (i.e. m = 0, a = 0) for
(3.3) the metric takes the form

G(r) = 1 + r2

2α

(
1 −

√
1 + 4

3
αΛ

)
.

In order that G(r) is real-valued, we must have that αΛ � −3/4.
Hence, if Λ � 0 this condition is fulfilled since α � 0, whereas for
a negative cosmological constant Λ, the GB coupling constant α
must be in the interval [0,−3/(4Λ)].

If 1 + 4αΛ/3 < 0, then the expansion of G(r) near rb is

G(r) 

(

1 + r2
b

4α

)
− 1

α

√
α

(
4m

rb
+ a

)
(rb − r)1/2.

Let us now suppose that 1 + 4αΛ/3 � 0. We may analyze the
asymptotic behaviour of the previous expression in the limit r →
+∞, which is of the form

G(r) 
 1 − Λ

3(1 +
√

1 + 4αΛ
3 )

r2.

This leads to the well-known fact that the Gauss–Bonnet term pro-
vides a correction to the original cosmological constant Λ (cf. [8]).

2 A detailed analysis of the positive branch with a = 0, and Λ = 0 was made
in [29].
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3.3. Event horizons of the black hole

In what follows we are going to briefly discuss the general
properties of the static solutions found in the last section. We
have there studied the conditions for the function G(r) to be real-
valued, but in order that it defines a metric it must be non-zero.

By definition an event horizon is a hypersurface of the form
r = rh in (M, g) where rh is determined as the maximum positive
root of G(rh) = 0. Therefore, using (3.4), rh is given by

Λ

12
r4

h − 1

2
r2

h + a

3
rh + (m − α) = 0. (3.6)

From the considerations of the previous subsection, in the case
1 + 4αΛ/3 < 0, there may be another constraint on the existence
of an event horizon, indicating that the event horizon should also
satisfy the inequality rh < rb . We shall assume that this is always
the case if we suppose that an event horizon exists and the in-
equality 1 + 4αΛ/3 < 0 holds.

If Λ = 0, then Eq. (3.6) becomes quadratic, and its solutions are

rh = ā ±
√

ā2 + 2(m − α), (3.7)

where ā = a/3. In this case the black hole solution has an inner
horizon (smaller positive root) and an event horizon (largest pos-
itive root or outer horizon). This solution exhibits a similar causal
structure of charged Reissner–Nordström (RN) black hole geometry
in 5 dimensions. As a consequence of Eq. (3.7), the horizons for
Λ = 0 are well-defined if and only if

ā2 + 2(m − α) � 0.

The special case where the equality holds is referred to as an
extreme black hole with the event horizon given by rext = ā. If
ā2 + 2(m − α) < 0, the string cloud solution describe a naked sin-
gularity at r = 0.

Now, we establish what the leading terms of the most relevant
quadratic invariants near the physical singularity (r = 0) are:

Rabcd Rabcd 
 12m

αr4
+ 4a

αr3
+ O

(
r−2),

Rab Rab 
 12m

αr4
+ 6a

αr3
+ O

(
r−2).

It turns out that the mass term dominates over the string
cloud contribution near the singularity. However, the last term is
smoother than the one for the 5-dimensional Schwarzschild met-
ric with negative mass, that possesses a timelike naked singular-
ity at the origin with Kretschmann scalar Rabcd Rabcd diverging as
r−8 (cf. [19]). On the other hand, the Kretschmann scalar for the
charged Gauss–Bonnet black hole has a leading term of the form
r−6 but it also has similar terms as in our case.

4. Thermodynamics of the black hole

In this section we shall discuss and reckon the main thermody-
namical properties of the string black holes solution within the
EGB framework. For the entire section ā will be treated as an
external parameter in relation with the thermodynamical consid-
erations.

Using the standard definition of surface gravity K = 1/2|G ′(rh)|
for a spherically symmetric static metric with a static Killing hori-
zon, it follows that

K = |rh − ā − Λ
3 r3

h|
r2 + 4α

. (4.1)

h

Fig. 1. The Hawking temperature as a function of the horizon radius for Λ = −0.1,
a = 1 and different values of α.

Using the identity TH = K/2π , we see that

TH = |rh − ā − Λ
3 r3

h|
2π(r2

h + 4α)
. (4.2)

Since it will useful later, we remark that in the formula of the
Hawking temperature we have omitted the Planck constant h̄ in
the numerator by our choice of units.

Let us consider the case with vanishing cosmological constant.
In the limit α → 0 and a → 0, we recover the classical result for
Schwarzschild spacetime saying that the Hawking temperature di-
verges when the event horizon shrinks to zero. On the contrary,
for vanishing a but non-zero EGB coupling constant α, the Hawk-
ing temperature remains finite when performing the limit rh → 0
(cf. [9]). Besides, for a �= 0 and α �= 0, there is a particular radius of
the event horizon for which the Hawking temperature vanishes, so
the black hole does not radiate energy. As a general behaviour, the
Hawking temperature exhibits a peak, which decreases and moves
to the right when the string cloud parameter a grows (see Fig. 1).

4.1. Global stability

It is a well-known fact that asymptotically AdS Schwarzschild
black holes are thermally favored when their temperature is suf-
ficiently high, whereas the pure AdS background is thermally pre-
ferred for low temperatures.

As the temperature decreases, there is a first order transition
such that the black hole spacetime leads to a pure AdS geometry.
This effect is known as the Hawking–Page transition (HPt) (see [23]).
The phase transition has been widely studied for others asymptot-
ically AdS black holes in the context of EGB gravity (cf. [9,13,16,15,
17,32]).

Now, we are going to study the thermodynamic phase structure
for EGB gravity with a source given by a string cloud. In order to
do so, we first need to express the black hole mass parameter m
as a function of the event horizon radius rh, which can be done
using (3.6). The mass parameter m is related to the ADM mass M
of the black hole, which takes the form M = 3Ω3m/(8π) for a 5-
dimensional spacetime, where Ω3 is the volume of the unit sphere
in R

3.
Our next step is to compute the entropy in the case Λ � 0. So,

from the first law of thermodynamics dM = T dS and the fact that
Λ � 0, we can obtain the entropy of the black hole

S =
r+∫

dM

dr+
dr+

T (r+)
,

0
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where r+ denotes the radius of the largest horizon event (see
[10]). We have imposed the physical assumption that the entropy
vanishes when the horizon of the black hole shrinks to zero as ex-
plained by Cai (see [9]). The expression is given by (cf. [29])

S = π

(
r3+
3

+ 4αr+
)

. (4.3)

As it is well known, the entropy for the EGB model does not satisfy
the Bekenstein–Hawking law S = A/4, since S = A(1 + 12α/r2+)/4,
where A = 4πr3+/3 is the area of the (spherical) event horizon
of radius r+ (cf. [9]). Interestingly, the energy–momentum tensor
of the string cloud does not lead to any correction in the en-
tropy (4.3).

In the previous computation we have assumed that the ADM
mass M is the energy of the black hole. In order to prove so,
we might proceed as follows: first, compute the entropy function
SW using the Wald formulation and then, from the first princi-
ple of thermodynamics dSW = MWdTH, deduce the (real) mass of
the black hole MW. We recall that the Wald formulation gives an
expression of the entropy for any N-dimensional spacetime with
a diffeomorphism invariant Lagrangian such that it admits sta-
tionary black hole solutions with a bifurcate Killing horizon (with
bifurcation surface Σ ), and that the canonical mass and angular
momentum of the solutions are well defined at infinity (see [37]).
We shall apply this formulation to the spacetime we are consider-
ing, for which the entropy is given by

SW = −2π

∫
Σ

δL
δRabcd

εabεcd

√
h dΩ3, (4.4)

where L = LEGB + Lmat is the sum of the Lagrangians correspond-
ing to the EGB model and the matter source, respectively,

√
h dΩ3

is the volume element induced on Σ by the metric of the space-
time, and εab is the binormal tensor of the spatial section Σ de-
fined by the horizon given by r = rh and t = cte, satisfying the
normalization condition εabε

ab = −2. Giving two null (local) vec-
tor fields ξ and ν normal to Σ and satisfying that g(ξ, ν) = 1, the
binormal tensor may be written as εab = ξaνb − νaξb .

We point out that in our case δLmat/δRabcd = 0, due to the fact
that the string cloud matter is minimally coupled to gravity. There-
fore, the matter term in (4.4) does not contribute to the entropy
SW. It is not difficult to see that for the variation of the gravity
action with respect to the Riemann tensor, regarding Rabcd as for-
mally independent to the metric gab , coincides with the entropy
given in (4.3). A detailed derivation of this result can be found in
[1] or [20].

Moreover, using the Wald’s entropy and the first law of ther-
modynamic dMW = T H dSW we get, up to a constant C0, the mass
of the black holes as

2MW(r+) = m(r+) + C0. (4.5)

Taking into account that we should obtain the Schwarzschild
spacetime in the GR limit studied in Section 3.2, we conclude that
the previous mass 2MW is equal to the mass of the Schwarzschild
black hole, which further implies that C0 vanishes. Hence, MW co-
incides with the ADM mass M .

The free energy F = M − TH S of the black hole is given by

F =
Λ
3 r6+ + 2(1 + 6αΛ)r4+ − 8ār3+ − 12αr2+ + 48α2

24(r2+ + 4α)
. (4.6)

For large values of r+ , F diverges to sgn(Λ)∞. On the other hand,
for small values of r+ , F goes to α.

In the limit ā → 0, (4.6) gives the same expression found in
[9]. For Λ < 0 we obtain that for small radius of event horizons
Fig. 2. The free energy as a function of r+ for a fixed value of Λ and several values
of a and α.

Fig. 3. The free energy F as a function of r+ for a fixed value of a = 1 and Λ = −0.1.

the free energy is positive, so the black hole is globally unstable
(in the thermodynamical sense), whereas for large values of r+ it
is negative (i.e. globally stable black hole) (cf. [3]). This is thus the
Hawking–Page transition mentioned above. Besides, using the Eq.
(4.6), we can explicitly obtain the critical temperature where the
free energy is zero (F (Tc) = 0). Then, the critical temperature in
term of the parameters Λ,a and the outer horizon r+ is given by

Tc = −Λr4+ + 6r2+ + 12(α − ār+)

24π(
r3+
3 + 4αr+)

. (4.7)

The latter critical temperature essentially indicates the point where
the HPt occurs. More precisely, for T > Tc the black hole solu-
tion is thermally globally preferred with respect to the reference
background while for T < Tc the reference background solution is
globally favored (for a detailed discussion on this point with ā = 0
and with Maxwell corrections, see [3]).

In Fig. 2 we indicate how the HPt is achieved by varying the
value of the string cloud parameter a: if the free energy only ad-
mits one zero the system passes from an unstable phase to a stable
regime. However, from a more careful analysis we see that the free
energy may have three roots, so the system exhibits two stable
phases: one for the small radius and the other for the large horizon
radius. Besides, we obtain that the first stability zone is enlarged
when increasing the parameter a over the range [0.5,1.3].

In Fig. 3 we fix Λ = −0.1 and a = 1. We examine F (r+) when
the Gauss–Bonnet parameter varies over the range [0.001,0.43]. It
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Fig. 4. Heap capacity C as a function of r+ for Λ = −0.1 with (α,a) = (0,0),
(α,a) = (0.5,0.5) or (α,a) = (0.9,0.02).

turns out that the function F (r+) has the same phase structure,
U-S-U-S (U denotes an unstable zone and S a stable one), then
our model seems not only to present the standard HPt but also to
offer new phases for the global stability of the EGB gravity. More-
over, the first stability region corresponding to small horizon radii
is amplified when increasing α.

Here we have only dealt with the case α � 0 because our model
is more related to string theory. However, some authors have con-
sidered the EGB model for α < 0 and its implications in the ther-
modynamics of black hole solutions (see [30]).

4.2. Local stability

Despite the fact that we have studied the condition for the
global stability of the solution we are also going to examine the lo-
cal thermodynamics structure by computing the specific heat. The
reason is that even when a black hole configuration is found to be
globally stable, it could also be locally unstable to some globally
favored configuration (cf. [3] and references therein).

The heat capacity C = ∂M/∂T turns out to be

C = π(r2
h + 4α)2|rh − ā − Λ

3 r3
h|

(1 − Λr2
h)(r2

h + 4α) − 2rh(rh − ā − Λ
3 r3

h)
. (4.8)

By simplicity, we shall only analyze the sign of C for Λ = 0. For
ā → 0 we recover the specific heat formula reported in [9].

It is a well-known fact that the local thermodynamic stability of
the system is related to the sign of the heat capacity. When rh > ā,
we get that the black hole is locally stable to thermal fluctuations
(i.e. C > 0) iff m < α, whereas the heat capacity is negative (so
the black hole is locally unstable) iff m > α. Notice that the point
where the heat capacity vanishes is α = m, corresponding to rh =
2ā. Furthermore, in this case, the critical temperature is

TH = ā

8π(ā2 + α)
.

In the opposite case rh < ā, the thermodynamical behaviour is in-
terchanged, i.e. the solution is stable (resp. unstable) iff m > α
(resp. m < α). The jump of the heat capacity at the point rh = 2ā
indicates a second order phase transition (see Fig. 4). Notice that
in the GR limit (α → 0), the critical temperature remains finite.

4.3. Entropy: Quantum corrections

In this subsection we shall analyze the quantum corrections to
the classical entropy computed in (4.3) for Λ = 0. Since we shall
consider formal series on the Planck constant h̄, we shall restore it
in the previous formulas for the entropy.

We shall denote SBH = A/(4h̄) the entropy given by the
Bekenstein–Hawking law and SGB the entropy computed in the
previous section (with the h̄)

SGB = A

4h̄

(
1 + 12α

r2+

)
.

In the semiclassical approximation for General Relativity, the
black hole entropy satisfies the Bekenstein–Hawking area law,
whereas when the full quantum effect is considered, this area law
should be corrected. Further, the corrected entropy Sq takes the
form

Sq = S + θ ln(S) + · · · , (4.9)

where S is the uncorrected semiclassical entropy of the black hole
and θ is a dimensionless constant.

Following the considerations on the tunneling method of [4],
the corrected Hawking temperature Tq of a black hole is given by

Tq = TH

(
1 +

∑
i�1

γi h̄
i
)−1

,

where TH is the standard semiclassical Hawking temperature of
the black hole and for some (dimensional) constants γi .

Whereas in the first three paragraphs of this section we have
considered α and ā as external parameters, we shall now allow
them to vary within the model. This in turn implies that they
should have a corresponding work-term in the expression of the
first of thermodynamics, i.e.

dM = TH dSGB + Wα dα + Wā dā,

where Wα and Wā are the work-terms of α and ā, respectively.
At this point, one may argue why these entropy and temperature
should coincide with the one we computed in the previous sub-
sections. We leave the proof of this simple fact to Appendix A.

Now, we see that, since the work-terms of α and ā are not
supposed to change by quantum effects, the semiclassical approxi-
mation leads to

TH dSGB = Tq dSq, (4.10)

which means that in fact we need not compute the work-terms
coming from the parameters α and ā.

As noted in [39], the constants γi should be determined us-
ing dimensional considerations. In this case, since the following
dimensions coincide [α] = [ā]2 = [r]2, we propose

γi = αi

(
∑

( j̄) ai
j̄
r j1+ ā j2α

3−( j1+ j2)

2 )i
,

where αi and ai
j̄

are dimensionless constants and the sum is in-

dexed by j̄ = ( j1, j2) ∈ R
2 and of finite support. This is a general-

ization of the Eq. (27) proposed in [39].
Hence, the corrected Hawking temperature has the form

Tq = TH

(
1 +

∑
i�1

αi h̄
i

(
∑

( j̄) ai
j̄
r j1+ ā j2α

3−( j1+ j2)

2 )i

)−1

. (4.11)

From Eq. (4.10), the differential of the corrected entropy is given
by

dSq = TH

T

((
πr2+ + 4πα

)
dr+ + 4πr+ dα

)
,

q
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where we have used Eq. (4.3). Since the entropy Sq is a state func-
tion, dSq should be an exact differential, so

∂

∂α

(
TH

Tq

(
πr2+ + 4πα

)) = ∂

∂r+

(
TH

Tq
4πr+

)
,

∂

∂ā

(
TH

Tq

(
πr2+ + 4πα

)) = 0,
∂

∂ā

(
TH

Tq
4πr+

)
= 0.

From the last two equations we see that TH/Tq should not depend
on ā, so

Tq = TH

(
1 +

∑
i�1

αi h̄
i

(
∑

( j∈R) ai
jr

j
+α

3− j
2 )i

)−1

. (4.12)

The remaining equation implies that∑
( j∈R)

(
6( j − 1)ai

j − 5 − j

2
ai

j−2

)
r j
+α

3− j
2 = 0.

Hence, for all j ∈ R we have that 12( j − 1)ai
j = (5 − j)ai

j−2. Since

the support of the sum was finite, we see that ai
j = 0 for all j < 1

and j > 5. Moreover, by the form of the previous expression we
conclude that ai

j vanishes if j /∈ 2Z + 1 and if j = 5. The only non-

trivial relation we obtain is 12ai
3 = ai

1, which means that

γi = 3ᾱi

π(r3+ + 12rα)i
,

for some new dimensionless constant ᾱi (cf. [39], Eqs. (27)
and (32)). So,

Tq = TH

(
1 +

∑
i�1

ᾱi

S i
GB

)−1

,

which in turn implies that (using Eq. (4.10))

Sq = SGB + ᾱ1 log(SGB) +
∑
i�2

ᾱi

(1 − i)Si−1
GB

+ const.

This expression coincides with the one found in Eq. (27) in [39],
which seems reasonable since the entropy does not depend on the
extra parameter ā. However, we would like to stress that we have
adopted a more general assumption than [39] for the expression of
the constants in the semiclassical expansion of the Hawking tem-
perature.

4.4. Evaporation rate of the black hole

We shall discuss the evaporation of the black hole with Λ = 0.
Taking into account the Stefan–Boltzmann law for the black body
in 5 dimensions we see that the evaporation rate is

dm

dt
∝ −T 5

Hr3
h. (4.13)

First, we see that we have a well-defined horizon radius if and
only the mass parameter fulfills the requirement

m � sup
{

0,α − ā2/2
}
. (4.14)

This in turn implies that, if α − ā2/2 > 0, then the black hole can-
not decay (this generalizes previous considerations in [2]).

Otherwise, if α − ā2/2 � 0, the black hole could decay or not.
More concretely, if α − ā2/2 = 0 then the evaporation time of the
black hole is infinite, whereas if α− ā2/2 < 0 it evaporates in finite
time for ā > 0 and in infinite time for ā = 0. This can be proved as
follows.
Since dm/dt = (r+ − ā)dr+/dt , we may assume that, as m varies
from the initial mass parameter m0 at time t0 to 0 at time te ,
r+ goes from r+,0 to r+,e = ā + √

ā2 − 2α. Then, if we denote by
�t = te − t0 the interval of time for that variation

�t =
r+,e∫

r+,0

(
dr+
dt

)−1

dr+ ∝
r+,0∫

r+,e

(r2+ + 4α)5

(r+ − ā)4r3+
dr+.

If α − ā2/2 = 0, then one limit of integration is r+,0 = ā and the
integral diverges since the integrand goes as (r+ − ā)−4. Hence the
evaporation time is infinite.

On the other hand, if α − ā2/2 < 0, and assuming that ā > 0,
we see that the integrand is bounded and continuous within the
integration interval, so the black holes evaporates in finite time. In
the case ā = 0, we easily see that the integral diverges.

5. Scalar waves propagating on string cloud background

In this section we shall consider the case of a scalar field Φ

with mass μ on a 5-dimensional spacetime with a string cloud
background. We follow mainly [24].

The scalar field Φ satisfies the Klein–Gordon equation

1√−g
∂a

(√−ggab∂bΦ
) − μ2Φ = 0.

We shall assume that, in local coordinates, Φ(r, t, φ, θ, ξ) =
Ψ (r, θ, ξ)e−i(ωt−l1φ) , where l1 ∈ Z, and further that Ψ (r, θ, ξ) =
R(r)Y (θ)Z(ξ). Since the solution in the angular part is the same
as in the classical case, we shall only analyze the radial part. In
this case, there exist a constant l̄3 ∈ N0 such that the radial Klein–
Gordon equation can be rewritten as

∂r(r3G∂r R)

rR
+

(
ω2

G
− μ2

)
r2 = l̄23. (5.1)

Now we choose R̄(r) = r3/2 R(r) and the so–called tortoise coor-
dinate r∗ = r∗(r) given by dr∗/dr = G(r)−1. We also set R∗(r∗) =
R̄(r). Therefore, if we divide Eq. (5.1) by r−1/2, we get

d2 R∗
dr2∗

+ (
ω2 − V (r)

)
R∗ = 0,

where

V (r) = G(r)

(
l̄23
r2

+ 3

4r2
G + 3G ′

2r
+ μ2

)
.

Using the expression for G(r) given in (3.4) and the dimensionless
variables r̂ = r/

√
m, Λ̂ = Λm, α̂ = 2α/m and â = a/

√
m, we obtain

that G(r̂) = 1 + r̂2

2α̂
(1 − y(r̂)), where

y(r̂) =
(

1 + 2α̂Λ̂

3
+ 8âα̂

3r̂3
+ 8α̂

r̂4

)1/2

.

Let us now assume that Λ = 0. This implies that there are no terms
of positive exponent in the expansion in r̂ of the potential. Its third
order approximation is

V (r̂) 
 μ2 − 2âμ2

3r̂
+

(
l̄23 + 3

4
− 2μ2

)
1

r̂2
− 2âl̄23

3r̂3
.

We see that the second order approximation coincides with the
one in [24] (when Λ̂ = α̂ = μ = 0) and that the parameter α̂ does
not provide any correction up to third order. We remark that the
parameter α̂ appears in the fourth order term of the expansion.

Moreover, from the analysis of Fig. 5, we see that the potentials
are real and positive outside the event horizon. Hence, following
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Fig. 5. Potential V as a function of r+ for a unit mass parameter m = 1 with fixed
values of Λ = 0, α = 0.5 and μ = 1 and different values of a and l3.

the argument given by S. Chandrasekhar in [12], the black hole
is stable under scalar perturbations. Besides, when a maximum of
V (r̂) exists, it seems to decrease as â increases.

6. Conclusions

To summarize, we have found black holes in Einstein–Gauss–
Bonnet gravity for a static and spherically symmetric 5-dimen-
sional spacetime with an energy–momentum given by a cloud
of strings. We characterized the solution, calculating the possi-
ble horizons, which could be at most two. Besides, we confirmed
the singular structure of the spacetime at the origin by computing
some quadratic invariants.

We performed a detailed analysis of the more relevant thermo-
dynamical aspects, focusing mainly on the global and local stability
of the system. In particular, the entropy of the black hole was com-
puted using the Wald prescription. We also found that the HPt can
be realized within this context. Interestingly, the region for small
stable black holes are considerably enlarged when choosing small
values of (α,a). This has been already observed in the literature
for other sources (cf. [3,9,13,16]).

Regarding the local stability of the black holes, we obtained that
the heat capacity can be negative or positive definite, depending
on the relation between m and α, which further tells us whether
the black hole is stable or not. In particular, the point where the
heat capacity is zero corresponds to the case rh = 2ā and non-zero
Hawking temperature. Notice that this critical temperature is zero
for a vacuum solution ā = 0 (cf. [8,9]).

Later on, we examined the quantum correction to the Hawk-
ing temperature and to the entropy, following the prescriptions of
tunneling method used in [4,39]. We have provided a proof of a
lemma which tells us that the expression for the GB entropy found
in the case that α and a are treated as external parameters holds
when these parameters are allowed to vary.

After that, we estimated the evaporation rate for the black hole.
Finally, we studied the propagation of scalar waves using this

metric as a background. We basically found that when the poten-
tial V (r) has a maximum, the black holes are stable.
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Appendix A

We shall sketch the proof of the elementary result stated in
Lemma A.1.

Let us suppose that two C p (p � 1) functions f : U ⊂ R
n+m →

R and g : U ⊂ R
n+m → R

n2 = Mn(R) defined on an open set U are
given, such that det(g) is non-vanishing. We denote an element of
R

n+m as (x̄, ȳ), with x̄ ∈ R
n and y ∈ R

m .
We want to find C p-morphisms f̄ : V ⊂ R

n+m → R and h :
U ⊂ R

n+m → R
n defined on an open set V such that the map

H : U → V given by (x̄, ȳ) �→ (h(x̄, ȳ), ȳ) is C p -isomorphism and
the following identities hold in U{

∂ f̄
∂ x̄ (h(x̄, ȳ), ȳ) = g(x̄, ȳ),

f̄ (h(x̄, ȳ), ȳ) = f (x̄, ȳ).
(A.1)

A problem as before will be called a change of domain problem.

Lemma A.1. Let us suppose that two C p functions f : U ⊂ R
n+m → R

and g : U ⊂ R
n+m → R

n2 = Mn(R) defined on an open set U , are
given, such that det(∂ f /∂ x̄(x̄0, ȳ0)) and det(g(x̄0, ȳ0)) do not vanish
for a fixed point (x̄0, ȳ0) ∈ U . Then a local solution to the change of do-
main problem in a neighbourhood of (x̄0, ȳ0) exists. Moreover, any two
(global) solutions to the change of domain problem ( f̄1,h1) and ( f̄2,h2)

satisfy that h1 − h2 is a function of ȳ ∈ R
m.

Proof. The local solution follows directly from the Existence and
Uniqueness Theorem for ODE’s. Moreover, the description of the
difference between global solutions is also clear. �

We now apply the Lemma to the case (n,m) = (1,2), x̄ = r+ ,
ȳ = (α, ā), f = M(r+,α, ā), and g = TH(r+,α, ā). In this case, the
function f̄ = S given by Eq. (4.3) provides a solution to the change
of domain problem, and from the physical assumption that the en-
tropy vanishes for r+ = 0 we conclude that the expression for the
entropy given by (4.3) also holds when allowing the parameters α
and ā to vary.
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