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Abstract

We study the CP(1) system in (2 + 1)-dimensional noncommutative space with and without Chern—
Simons term. Using the Seiberg—Witten map we convert the noncommutative CP(1) system to an action
written in terms of the commutative fields. We find that this system presents the same infinite size instanton
solution as the commutative Chern—Simons-CP(1) model without a potential term. Based on this result we
argue that the BPS equations are compatible with the full variational equations of motion, rejecting the
hypothesis of an “energy crisis”. In addition we examine the noncommutative CP(1) system with a Chern—
Simons interaction. In this case we find that when the theory is transformed by the Seiberg—Witten map it
also presents the same instanton solution as the commutative Chern—Simons-CP(1) model.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

The study of field theories in noncommutative space has received much attention in the last
few years [1]. The connection between these theories and string theory was first considered by
Connes, Douglas and Schwartz, who observed that noncommutative geometry arise as a possible
scenario for certain low energy of string theory and M-theory. Afterwards Seiberg and Witten
showed that the low energy dynamics of string theory can be described in terms of the noncom-
mutative Yang—Mills theory [2]. Since then many papers appeared covering diverse applications
of noncommutative theory in physical problems. One important aspect in these investigations has
been the study of noncommutative instantons and solitons. These play a fundamental role in un-
derstanding of the nonperturbative effects in noncommutative gauge theory. In four-dimensional
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Yang—Mills theory it was shown the existence of instantons even in the U (1) case [3], and non-
trivial solitons were found in noncommutative scalar theory [4].

The two-dimensional CP(N) sigma model presents many similarities to four-dimensional
Yang—Mills theory. An important one is the existence of the instanton solutions [5]. The extension
of this similarity to the case of noncommutative space was first analyzed by Lee et al. in Ref. [6].
After that many interesting properties of the CP(1) model in noncommutative space were found
[7]. The noncommutative CP(1) model was investigated by Ghosh using the Seiberg—Witten
map in Ref. [8]. The author utilizes there the Seiberg—Witten map to convert the noncommuta-
tive CP(1) action to an action written in terms of the commutative fields. He claims that in the
subsequent theory the BPS equations are not compatible with the variational equation of motion,
attributing this particular feature to an inadequate definition of energy—momentum tensor in non-
commutative space. In this paper we show, using the results recently obtained in Ref. [9], that the
BPS and Euler-Lagrange equations obtained in Ref. [8] are the same as the well-know BPS and
motion equations of the commutative CP(1) theory. Using the method explored in Ref. [8] we
also study the case of noncommutative Chern—Simons-CP(1) theory without a potential term.
We find that both models share the same instanton solution, which is the infinite size solution
found in Ref. [9] for commutative Chern—Simons-CP(1) in the absence of potential term.

The paper is organized as follows: In Section 2 we review the result obtained in Ref. [9].
Section 3 is advocated to show that the BPS and variational motion equation present in the model
study by Ghosh are compatible. Finally we analize in Section 4 the Chern—Simons-CP(1) case.

2. The commutative Chern-Simons-CP(1) instanton

In this section we shall describe briefly the characteristics of the Chern—Simons-CP(1) model
in commutative space, which was studies in Ref. [9]. We begin by considering a (2 4+ 1)-
dimensional Chern—Simons model coupled to a complex two component field n(x) described
by the action

S=Su+ [ dxiD,nP (1)

Here D, =9, —iA, (u=0,1,2) is the covariant derivative and Sy is the Chern—Simons
action given by

S =K/d3x eMP AL A, = 2K/d3x (AogF12 4+ A23pA1) )
where

Fuy=0,A, —0,A, 3)

The metric signature is (1, —1, —1) and the two component field n(x) is subject to the con-
straint n'n = 1. The constraint can be introduced in the variational process with a Lagrange
multiplier. Then we extremise the following action

S=Scs+/d3x|DMn|2+A(n1'n— 1) 4)
The obtained field equations are

D,D*n+in=0 %)
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and
A, = %(—2in'faun — k€ F™) (6)
From the first equation we can deduce
A= (nTDuD“n)n 7
to yield
D, DHn = (nTDMD“n)n 3)
The equation of notion for the gauge field can be rewritten as «ey,, F"” = J, where
Jy = —i[nTD,Ln - n(DMn)T] = 2(—inT8,Ln — Ay) is the matter current. The time component
of Eq. (6),
2k Fio = —Jo ©)

is Gauss’s law of the Chern—Simons dynamics [10].
Using the Gauss’s law, the energy functional for a static field configuration can be expressed
as

E=/d2x (k*B* +|Dinl?), i=1,2 (10)

where B = F,,,,. Using the identity |D;n|> = |(Dy £ iDy)n|> ¥ B £+ %"a,»Jj, the energy (10)
becomes

E:/dzx (2B* + |(Dy +iDy)n|*) F 27 Qcpay (11)

where Qcp(1) is the topological bound of the pure CP(1) system [5,9]. The saturation of the
bound take place when the first-order Bogomolnyi self-duality equations are satisfied,
(D1 £iDyn|*=0, B=0 (12)

It was shown in Ref. [9] that the N-solution for these equations are instantons of infinite size.
The infinite size of the solution is due to the condition B = 0 derived from the introduction of
the Chern—Simons term in the CP(1) model.

3. The noncommutative CP(1) model and the Seiberg—Witten map

We shall consider the Chern—Simons-CP(1) model before introduced, but now on (2 + 1)-
dimensional noncommutative space. The coordinates of the noncommutative space obey the
relations

[x1,x2] =10, [xi,1]=0 (13)
with 6 > 0. It will be convenient introduce complex variables z and z

Z=L(xl+ix2), z:i(xl—ixz) (14)

V2 V2

which can be related to an annihilation and creation operators a and a' acting on a Fock space,
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i= &T=i(x‘ —ix?) (15)

N 2

so that (13) becomes
[a.a"]=1 (16)

In this way, through the action of 4" on the vacuum state |0), eigenstates of the number
operator

N=a'a (17)
are generated. With our conventions, derivatives in the Fock space are given by

azz_%[aTv ]a 82:_[&7 ] (18)

and integration on the noncommutative plane should be interpreted as a trace
/dzx — 270 Tr (19)
The action of the noncommutative CP(1) model [8] is
§=/d3x |Dil? (20)
where the covariant derivative is defined as
Dyh =8, —ieA,h (21)

and with 7 and A « we indicate that the fields are noncommutative. The new gauge fields trans-
forms as follows

Si=iah, A, =0,a+ila. A, (22)

The noncommutative fields 7, A « and the noncommutative gauge parameter &, can be ex-
pressed as a function of the ordinary fields n, A, and the commutative gauge parameter « by the
so-called Seiberg—Witten [2] map, whose expression at the lowest order in 6 is

A 1
Au=A,L+07A, (a(,AM - EBMA(,),

1 1
n=n-— 59"‘714/)3011, a=oa— EgpaApadC( (23)

this map transforms a noncommutative gauge orbit in a commutative one. Following Ref. [8] we
substitute the above form of 7 and A, in the action (20), which reads

. 1
$= /d3x |:|D,Ln|2 + Eeaﬁ{FaM((Dﬁn)TD“n + (D“n)TDlgn)

oy o)

As in Ref. [8] we assume

Ah=n

Tn=1 (25)



L. Sourrouille / Nuclear Physics B 834 [FS] (2010) 471-484 475

The equation of motion, derived from the action (24), for the gauge field is
1
2i(—iA,+n"d,n) (1 —~ Eeaﬁ Faﬁ)

+ 30 [5{ (D) Dyn) — 35 (D%n) D+ (D) D% )]

- % ws[0°{(DPn) Dy + (D) DPn + iFS (n' DPn — (DPn) n)}] =0 (26)

This equation can be rewritten in a reduced form as
Ay =—in"d,n+a, ) 27)

where a,, () represent the O () correction obtained from (26). Nevertheless, as it is mentioned
in the paper of Ghosh [8], the term a,, (9) does not play any role when we introduce (27) in (24)
because, here, we are only interested on the first order correction in 8. Thus we drop the term
a,(0) in (27) and identify

+

Ay=—in"dun, n'n=1 (28)

Here we are interested in time-independent instanton solutions to the field equations that en-
sure the finiteness of the action (24). These are stationary points of the energy, which for static
field configuration reads as

. 1
E=-§= /dzx |:|D,-n|2 — A} - E0‘2{31/13(1‘1ﬂ82n + Az) — HAG(in"din + Ay)

—F12(|Din|2~|—A(2))}] (29)
By varying with respect to Ay we obtain the relation

Ap =ap(9) (30)

which, in virtue of our considerations, may be rewritten as Ag = 0. Replacing this relation in the
action (29) we arrive to

1
E= /dzx |D,-n|2(1 + 59121&12) (3D
Due to our interest on the first order 6-contribution, the last expression may be written as
1 2
E= /dzx |D,-n|2(1 + Ze”m) (32)

which show that the energy is zero or a positive number. The finiteness of the energy requires
that the covariant derivative must vanish asymptotically. This fixes the asymptotic behavior of
the fields

lim n(x) = n%/*@, lim A; = 0« (33)
r—>00 r—>00
0

where n? is a fixed complex vector with (n°)"'n® = 1 and « is common phase angle. This «
depend on ¢, the angle in coordinate space that parameterizes the boundary of the space. With
these conditions the magnetic flux reads
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<p=/d2xB= ?g A;dx' =27 N (34)
|x|=00

where N is a topological invariant which takes only integer values.
As in the commutative CP(1) model we can use to explore the minimum of the energy the
following identity

|Din? = |(Dy +iDyn|” + B (35)

Using this identity the energy functional becomes
2 112 2 : 2, Lo, 2
E= | d’x 1+Ze Fi2 ) |(D1 £iDy)n] :l:EQ B*|£ B+ 0(0%) (36)

Here we choose the upper signs for positive flux and for negative flux we choose the lower
signs. Choosing the upper sign we obtain the following lower bound on the energy

1
E>¢+/d2x 591232 (37)
which is saturated by fields satisfying the first-order Bogomolnyi self-duality equation [11]

|(Dy +iDy)n|> =0 (38)

This is the result arrived in Ref. [8]. However the term & + f d*x %91282 is not really a lower
bound on the energy. We will show that the integral in Eq. (37) goes to zero when the region of
integration becomes infinity. We begin the proof by the considering the following ansatz for the
N -instanton solution

cos(@)emd’
n(¢1 r) = . f(r) ) Ar = 0
sin(+5~)

Ap(r) = —in"dyn = N cos%%) (39)
r

where r =, /xl2 + x12 and ¢ = tan~! (f{—f). Introducing this ansatz in Eq. (36) we obtain

R
. 2
E(R)=2n/drr[<1 = l912Nw>
4 2r
0

1 2 sin(f(r)a, £(r) sin(f£ () \?
x <Z(8,f(r)) +N 5 + (N > ) )
. 2
L1 912<N81n(f(r))3rf(r)> ] P “0)
2 2r

whereas the substitution in Eq. (38) gives

. . 2
Sln(f(r))arf(r)+<NSln(f(r))> _
2r 2r

HON G 0 (41

In (40) we have integrated over a two-dimensional disc D of radius R. From here it follows
that the appropriate boundary conditions for finite energy solution are [9]



L. Sourrouille / Nuclear Physics B 834 [FS] (2010) 471-484 477

rlf(l) f@r)y=m, rILH}Q f(r)=0 (42)

Following Ref. [9] we shall denote the solution of Eq. (41) subject to the boundary conditions
(42) on a disc Dg, as fg, (r). Consider now the following configuration defined on a disc Djg,

~ r
i, (r) = fR1<x> (43)
where A > 1. According to (42) this configuration is subject to the following boundary conditions
lim fig,(r) = fr, (O =7,  lim fig,(r) = fr,(R) =0 (44)
r—0 r—AR]

We can evaluate the energy (40) for the configuration (43) on the disc Djg,

ARy

- 7 2
E(AR1)=271/drr|:<1—%GIZNSIH(fARI(r))arfml(r)>
0

2r

1 -

L1 912<sin<fm ") firy (r)ﬂ i
2 2r

sin(fo.r, (1) 3y fir, (r) N ( v sin( fig, (r)) >2>

(45)
Since ﬂ g, (r) satisfies the same boundary conditions as the solution of Eq. (41) on the disc

D;g,, which we denote here as fj g, (r), we arrive to
® <EG(R)) < E(ARy) (46)

where E(AR7) denote the functional energy evaluated on the disc Dy g, for the solution fjg, (7).
Under the transformation » = x A the functional (45) becomes

Ry
- 1 ; 2
E(/\Rl):zn/dxx 1= L gra SinCR )3 fr, ()
4)2 2x
0
1 . 5 . 2
8 <—(8fo] (x))2+NSIH(fR1(x)) o SR () <NSIH(fR.(X))) >
4 2x 2x
1 sin(fr, (¥)0x fr, () |
—0" ' 1 @ 47
o ( ) ) " 7
Since fk, is a solution of (41) on the disc Dg,, the functional E (ARy) reduce to
T 1 i 5 2
E(ARQ:Zn/dxx L g (SInUR D3R N | (48)
242 2x
0
The limit for arbitrary large A gives
lim EAR) =@ (49)

A—00

which implies, in virtue of Eq. (46), that



478 L. Sourrouille / Nuclear Physics B 834 [FS] (2010) 471-484

lim E(ARl) =P (50)
A—00

Thus the topological bound is saturated for arbitrary large R and for the fields satisfying
the condition (38). This also shows that both the magnetic field and the integral of its square
should be zero for arbitrary large R. Nevertheless the magnetic flux remains constant for all two-
dimensional disc. This is because the magnetic flux depends only on the boundary conditions
which are fixed

R R
/de2=2n/drrB=2n/drrM=rA X = N cos (f( )>=2nN (51)
0 0 ]
As R — oo, B — 0 such that
R
Rli_)moo B(r, R)rdr =27 N (52)
0

One important aspect here is that the solution of our model, as R — oo, is the same as the
infinite size solution found in Ref. [9] for the Chern—Simons-CP(1) system. Both systems are
subject to identical boundary conditions and satisfied the same BPS equations. Thus the effect
of mapping to a first order in § the noncommutative CP(1) theory by Seiberg—Witten map is the
same as to add a Chern—Simons term in the commutative CP(1) theory.

By varying the action (24) with respect to CP(1) field n yields

1
D"[(l - ZQ“ﬁF“ﬁ>Dun:|

ew[z Do {(Dn)" DynDgn) + Dp{Fup D*n} + D*{FapDgn)
— iDe{((Dgn) D*n + (D"n) Dgn) D1}
+iD,{((Dgn)! D*n + (D*n) Dgn) Dgn}] — An =0 (53)
Following Ref. [8] we may eliminate the lagrange multiplier A
A=n"D'Din+ %elzn*(FuD,-n) (54)
Inserting X in the equation of motion we get
D'Din — (n"D' Din)n + %912[0"(17121),»;1) —n'D'(Fi,Din)n] =0 (55)
As we mentioned the magnetic field F, becomes zero as R — o0. So Eq. (31) reduce to
D'Din — (nTDiDin)n =0 (56)

This is the Euler-Lagrange equation of the CP(1) theory [5]. Hence the BPS and the Euler—
Lagrange equations are identical to those of the commutative CP(1) system and there are no
incompatibility between them. It is interesting to note that our result is valid only when we are
working in two-dimensional infinite disc. For finite space the BPS and the field equations are no
compatible and the result obtained by Ghosh is valid.
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4. Noncommutative Chern-Simons-CP(1) case

In this section we analyze the model obtained by the application of the Seiberg—Witten map
to the noncommutative Chern—Simons-CP(1) action. We show that this model admit the same
instanton solution as the system studied in the previous section. The action that describe this
model is

~ i ~ ~ 20 n A A N
S:/d3x xeM”A<AMavAA+éAMAUAA> +|D,Lﬁ|2:| (57)

Under the Seiberg—Witten map (23) this action transforms as follows

. I 1
S = /d3x ke A3y Ay + |Dyunl* + E9"“3{Fw((Dﬁn)TD“n + (D"n) Dgn)

P

This action differs from the action (24) only on the commutative Chern—Simons term [12].
Using the notation of Eq. (27) we can write the equation of motion for the gauge field as

5 K
A, =—in"d,n— 2w’ +a,(0) (59)

whereas the dynamical equation for the CP(1) field is the same as the equation obtained in the
previous section

D“[(l - l90‘/51“”/3)0 n]
4 "

+ %Gau[iDa{(D”n)TDanDﬂn} + Dg|Fup D n) + D*{FapDgn)
— iDe{((Dgn)! D*n + (D"n) Dgn)Dyn)
+iD,{((Dgn) D n + (D"n) Dgn) Don}] — 1n =0 (60)

In the static field configuration the action (58) leads to the following form of the functional
energy

E= /dzx |:—2/<A0F12 +|Din|* — A§+ %912{31A§(inT32n + Az)
— A} (indin + A1) —F12(|D,»n|2+A(%)}} (61)
The substitution of the time component of (59) in the expression of the energy yields
E= /dzx |:KF122 +|Din|? — %elz{xzal Fi(in"aon + A;)
— k*H Fh(in"din + Ay) — Fio(IDin|* + K2F122)}:| (62)

After integration by parts the last equation can be rewritten as
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1 ..
/dzx |:ICF12+|D, 2 - 5 012 k2 e (id;(n"9;n) + 8;A)
— Fio(|1Dinl? +I<2F122)}} (63)
1 1
E:/d2x [K2F122<1+§912{ o JCP(1)+2F12}> +|Din|2(1+§912F12>} (64)
CP(l) i

Here J, s=€iJ(Din)"(D7n) is the topological charge density of CP(1) model. For
k =0 the last expressmn reduce to the functional energy (31) of the mapped pure CP(1) model.
The energy (64) is further rewritten by using the identity

|Din|? = |(Dy £iDyn|” £ 27D (65)
1 2
E:fd2x [K2F122<1+1912{ 27TJCP(1)+2F12}>

1 2
+ |(Dy :I:iDz)n|2<1 + 191252) in@”JOCP(“Fu]
+ 27 f *x JPD 4 0(6?) (66)

where 27 [d 2x JOC P is connected with magnetic flux by following formula [9]

1 .
n/dzx IKF =0 — 3 7§ J; dx'! 67)

The line integral vanishes for any finite solution on the plane. We will choose the upper sings for
positive flux and the lower signs for negative flux. We shall show that the magnetic flux is lower
bound on the energy as the region of integration becomes infinity. This bound will be saturated
by static configuration obeying the self-duality equation

|(Dy £iDy)n|* =0 (68)
Let us consider the following ansatz for the N-instanton solution [9]
cos( @ )ei No
n(p,r)= e , Ap(r) =al(r), A, =0 (69)
sin(—-)

where r and ¢ are defined as in Section 3. Using this ansatz it is not very difficult to show that
the N-instanton energy functional (66) reads as

R
E(R)=2nfdrr[ (3 “"“’”) (1+ 912{Nsm(f<r>)a 42 ,<m<r))}>
0

4

3, 2
+<( FOR LS, 1) <f()>7<7_a(r)$a(r)>
ia2<r>>(1+ielzw) o D00 (f<r>)af<r>]+|a>|

(70)
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where we integrate over a two-dimensional disc Dg. Eq. (68) takes the form

2
CLOE 2 S0 ) 4o (L)X (T e 3000 a2y =0 an

It is reasonable to impose for finiteness of the energy the following boundary conditions

lirr%) fr)=m, lirr(l)a(r) =0 (72)
li =0 li . 73
S 0=0 fije0=% o

Notice that the boundary condition for f(r) are the same as the conditions (42), whereas the
Ay (r) defined in the ansatz (39) satisfies the boundary conditions (72) and (73) imposed to a(r).
As in Ref. [9] we consider ag, (r) and f, (r) the solutions of (71) on a disc Dg,, subject to the
boundary conditions (72) and (73). With these solutions we construct the following configuration
defined on a disc Dy g, [9]

~ Asr (%) ~ r
Arg, (r) = — iR (r) = for, x (74)
again A > 1. The boundary conditions for this configuration are

lim fig, (r) =7, lim G g, (r) =0 (75)
r—0 r—0

. = . ~ aR, (r) N

1 =0, 1 =—"=— 76
r—:lxl}el Sar, (1) r—PAan arg, (r) ; R (76)

The energy functional (70) evaluated in the configuration (74) gives

ARy

~ 2
E(AR1)=2n/drr|:K2<w> <1+%912{gsin(ﬁ&(r))a,fm(r)
0

+2 3 fur, (r)

r 4 2r
+ cos (fo] (r)> — (7 — R, (r) Fang, (r)> +arg, (r)>

r

8r(r51m.(r))}>2+ <(3rfue1 (r)? Sln(fue.(r))

(10 Jon BRIV 2N AOBRD o5 ) 0]

+ |P| (77

We will denote the solution of (71) corresponding to the disc Dy g, and subject to the boundary
conditions (72)—(73) as ayg, (r) and fyg, (r) and its energy as E(AR1). Then it is clear that the
configuration (74) do not minimize the energy on the disc Dy g, . From this and Eq. (66) we can
write

|q§|:tn9]2/d2x]CP(I)F12 EO.R) < E(AR)) (78)

Again we introduce the transformation r = xA
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Ry ) )
E(ARl):zn/dxx[ 2<M> (1+ I elz{ﬁsm(ma PR (aRJ})
A X 402 .
0

2
(B ()3 ) )

4

2
<1+41 9128 (xaRl)> g2 N 0, (xaRl)
x2

4)»2 (le)a fR1j|+|¢| (79)

The limit for large A gives

(8fo1)2 Sln(le a

2x Tay

R
lim E(AR1)=2n/dxx[
A—>00

0

+cos <f§1>x<x aR]q:aR])ia§1}+|q§| (80)

Since fg, is a solution of (71) on the disc Dg, the last expression reduce to
lim E(AR)) = |®| (81)
A—00

In order to complete the proof we show that | d’x JOC P(I)Flz becomes zero as A — oo. In

terms of the solution on the disc Dy g, this integral reads

AR
/ dx PV / dr eN DR G (), i, () (82)

272
0

Introducing the change of variable r = Ax, we obtain

Ry
N Ox (xaxr,) .
/dzx JEPD Fyy = T/dxxxT;' sin(fo.r,)0x ik, (83)
0

In a shorten form this integral may be rewritten as

/dzx ISPV, = %K(Rl) (84)
where K (R)) is finite since

K(R1) < E(ARy) (85)

Therefore for arbitrary large A Eq. (83) reads

lim | a*xJPVFL =0 (86)

A—>00

Finally this implies in virtue of Egs. (81) and (78) that
lim E(AR)) = |®| 87
A—>00

In the same form as the model studied in Section 3, here the saturation of topological bound
requires that the field satisfy the self-duality equation (68) as the region of integration in (70)
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becomes infinite. In addition notice that since the boundary conditions are the same in both
models, the solution of the model analyzed in Section 3 is also the N-instanton solution for this
model.

5. Conclusions

In this article we have discussed a model obtained by the application of the Seiberg—Witten
map to noncommutative CP(1) system. This model was studied previously by Ghosh in Ref. [8].
The author showed there that the BPS equations for this model are the same as those found in the
commutative CP(1) model. Nevertheless he claims that the variational equations in both mod-
els are different. The difference consists in the 6-term %9123" F12D;n. In the present paper we
showed that this term vanishes if boundary conditions are in an infinite plane. More specifically
we showed that

R
lim B(r, R) =0, lim /32(r, R)yrdr=0 (88)
R—o0 R—o0

0

This allows us to correct the result present in [8] and also show that for the fields satisfying
first order self-duality equations

|(Dy £iDy)n|* =0 (89)
the magnetic flux is the lower bound on the energy
lim E(Ry=@ (90)
R—o0

It is also remarkable that this model admits, as R — oo, the same infinite size N -instanton
solutions found in [9]. Finally, using the method of Section 3, we have studied the noncommuta-
tive Chern—Simons-CP(1) model, finding that this model also presents the infinite size instanton
solutions of the commutative Chern—Simons-CP(1) system.
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